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Abstract

We present a novel Hybrid High-Order (HHO) discretization of fourth-order elliptic problems
arising from the mechanical modeling of the bending behavior of Kirchhoff-Love plates, in-
cluding the biharmonic equation as a particular case. The proposed HHO method supports
arbitrary approximation orders on general polygonal meshes, and reproduces the key mechan-
ical equilibrium relations locally inside each element. When polynomials of degree k > 1 are
used as unknowns, we prove convergence in k! (with h denoting, as usual, the meshsize)
in an energy-like norm. A key ingredient in the proof are novel approximation results for
the oblique biharmonic projector on local polynomial spaces. Under biharmonic regularity
assumptions, a sharp estimate in h**2 is also derived for the L?-norm of the error on the de-
flection. The theoretical results are supported by numerical experiments, which additionally
show the robustness of the method with respect to the choice of the stabilization.

MSC2010: 65N30, 65N12, 74K20

Keywords: Hybrid High-Order methods, Kirchhoff-Love plates, biharmonic problems, oblique
biharmonic projector

1 Introduction

As remarked by O. C. Zienkiewicz [29], “one of the early requirements of the Finite Element (FE)
approximation was the choice of shape functions which did not lead to infinite strains on element
interfaces and which therefore preserved a necessary degree of continuity”. This requirement
(also called of conformity) appeared easy to satisfy for simple self-adjoint problems governed by
second-order equations, where C%-continuity at interfaces is enough. The situation is different
as far as it concerns the knowledge, essential in structural engineering, of the bending of plates,
whose numerical treatment has always been a goal of FE computations. Since thin plate bending
in the Kirchhoff-Love approximation is governed by a fourth-order equation, C'-continuity has
to be introduced (and the continuity of both the function and of its normal gradient assured
at interfaces). This was difficult to achieve and computationally expensive in the classical FE
framework, see e.g. Zienkiewicz [30] for a first engineering-oriented discussion and Ciarlet [15]
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for a mathematically-oriented one. In order to relax such C'-continuity condition, many non-
conforming, mixed, hybrid plates elements have been studied and tested all over the last fifty
years, and the literature on this subject is very broad; a minimal and by far non-exhaustive sample
includes the seminal paper by Lascaux—Lesaint [26], as well as the classical works of Bathe [4],
Boffi-Brezzi-Fortin [7], Brenner [8], Brenner—Scott [9], Brezzi-Fortin [11], Ciarlet [15], Hughes
[25]; see also references therein. More recent nonconforming methods which have similarities
(and differences) with the one presented here include the Hybridizable Discontinuous Galerkin
method [16] of Cockburn-Dong—-Guzman and the Weak Galerkin method [28] of Lin-Wang—Ye;
see also [17] concerning the passage from Discontinuous Galerkin to hybrid methods. We also cite
here [13], where the fourth-order operator in the Cahn—Hilliard equations is treated as a system
of second-order operators.

A recent approach to the construction of FE spaces with C!-regularity, on the other hand, has been
developed in the context of the Virtual Element Method (VEM) [6], [10]. Here, global continuity
requirements are enforced by renouncing an explicit expression of the basis functions at each
point, and local contributions are built using computable projections thereof (a stabilization term
therefore has to be added). We refer the reader to [12] [14] for an application of C'-conforming
virtual spaces to plate-bending problems similar to the ones considered here. Nonconforming
versions of the VEM have also been developed for fourth order operators, see, e.g., the very
recent contributions by Antonietti-Manzini—Verani 3] (with virtual functions continuous at nodes)
and Zhao—Chen—Zhang [31] (with C%-continuous virtual functions). These results suggest that a
nonconforming version of HHO methods can be developed for the Kirchhoff-Love bending problem.

The Kirchhoff-Love plate bending model problem considered in this work reads

—divdivM = f in Q, (1a)
u=0 on 0€2, (1b)
Onu =10 on 042, (1c)

where = R? denotes a two-dimensional bounded and connected polygonal domain, representing
the middle surface of a plate in its reference configuration, and the divergence operator is denoted
by div or div, as to whether it acts on vector- or tensor-valued fields, respectively. In (la), f
represents a surface load orthogonal to the plane of the plate, and M is the moment tensor, a
second-order symmetric tensor field related to the scalar unknown wu, the deflection of the plate,
by the constitutive law

M = —AV?u,

where A is a fourth-order, symmetric and uniformly-elliptic tensor field, and —WV?u is referred to
as the curvature tensor. For the sake of simplicity, we assume in what follows that A is piecewise
constant on a finite polygonal partition Po = {€; : i € I} of Q, and that f € L*(Q). Variational
formulations are classical for problem (1). For X < Q, we denote by (-,-)x the scalar product
in L2(X), L?(X)? or L?(X)?*2, depending on the context, and by |-|x the associated norm; we
omit the subscript X whenever X = . The primal variational formulation of (1) reads: Find
u € HZ(Q) such that

(AV?u, V) = a(u,v) = (f,v) Vv e H3(Q). (2)

Owing to the Lax—Milgram Lemma, problem (2) is well-posed.

In this work, we propose and analyze a novel Hybrid High-Order (HHO) method for the approxi-
mation of problem (2) which sits at the far end of the spectrum of nonconforming methods, since
the underlying space does not even embed C%-continuity. HHO methods, introduced in [20] in
the context of quasi-incompressible linear elasticity, are a class of new-generation discretization
methods for partial differential equations with several advantageous features. The most relevant
in the context of plate bending problems are: (i) the support of arbitrary approximation orders
on general polygonal meshes; (i) the reproduction of key continuous properties (such as, e.g.,



local equilibrium relations) at the discrete level; (iii) reduced computational cost thanks to static
condensation and compact stencil. We refer the reader to [23] for an introduction covering the
salient aspects of HHO methods for linear and nonlinear problems.

The HHO method for problem (2) is formulated in terms of discrete unknowns defined on mesh
faces and elements (whence the term hybrid), and such unknowns are polynomials of arbitrary
degree k > 1 (whence the expression high-order). The construction is conceived so that only
face-based unknowns are globally coupled, whereas element-based unknowns can be eliminated by
the computation of static condensation; see Remark 9 below for further details. Element-based
unknowns play the role of the deflection v inside elements, whereas face unknowns play the role of
the traces of v and of its gradient on faces. From these unknowns, a reconstruction of the deflection
of degree (k +2) is obtained by solving a local problem inside each element. This reconstruction is
conceived so that, composed with a local reduction map, it coincides with the oblique biharmonic
projector and, as such, has optimal approximation properties in the space of polynomials of total
degree (up to) (k + 2); see Theorem 11 below, whose proof hinges on the recent results of [19].
The high-order deflection reconstruction is used to formulate a local contribution, which includes
a carefully tailored stabilization term. The role of the latter is to ensure coercivity with respect to
a H2-like seminorm while, at the same time, preserving the approximation properties of the local
deflection reconstruction.

An extensive convergence analysis of the method is carried out. Specifically, in Theorem 11 below
we prove convergence in h**! (with h denoting, as usual, the meshsize) in an energy-like norm and,
in Theorem 15 below, a sharp estimate in A**3 for the L?-norm under biharmonic regularity as-
sumptions. The latter result highlights a salient feature of HHO methods, namely the fact that, by
construction, element-based unknowns superconverge to the L?-orthogonal projection of the exact
solution on general meshes. As this happens by design (i.e., this behavior is not serendipitous),
this phenomenon is henceforth referred to as supercloseness rather than superconvergence. We
also show that the method satisfies locally inside each element a discrete version of the principle
of virtual work with moments and shear forces obeying a law of action and reaction. The per-
formance of the method is showcased on numerical examples, including a study of the robustness
with respect to the choice of the stabilization.

The rest of the paper is organized as follows. In Section 2 we introduce the discrete setting:
regularity for polygonal meshes, basic results thereon, and local projectors. A novel general result
contained in this section is Theorem 1, where optimal approximation properties for the biharmonic
projector on local polynomial spaces are studied. The proof of this theorem is given in Section
6. In Section 3 we introduce the HHO method, state the main results corresponding to Theorems
11 and 15, and provide a few numerical examples. In Section 4 we prove the local equilibrium
properties of the HHO method and identify discrete equilibrated counterparts of moments and
shear forces at interfaces. Section 5 collects the technical proofs of the properties of the discrete
bilinear form relevant to the analysis. Some indications of possible developments are given in
Secion 7.

2 Discrete setting

In this section we introduce some assumptions on the mesh, recall a few known results, and define
two projectors on local polynomial spaces that will play a key role in the analysis of the method.

2.1 Mesh

The HHO method is built upon a polygonal mesh of the domain 2 defined prescribing a set of
elements T, and a set of faces Fy,.



The set of elements Ty, is a finite collection of open disjoint polygons T° with nonzero area such
that Q = UTeTh T and h = maxre7;, hr, with hy the diameter of T'. The set of faces Fj, is a
finite collection of open disjoint line segments in Q with nonzero length such that, for all F € Fj,
(i) either there exist two distinct mesh elements Ty, 75 € T, such that F < 077 n T, (and F is
called an interface) or (ii) there exists a mesh element T' € Ty, such that F' < 0T n 2 (and F is
called a boundary face). We assume that Fj, is a partition of the mesh skeleton in the sense that

UTGT;L oT = UFE]—';L F.

We denote by ]-",il the set of all interfaces and by .7-"}1’ the set of all boundary faces, so that Fj, =
Fi U FP. The length of a face F € F, is denoted by hp. For any T € Ty, Fr is the set of faces
that lie on 07" (the boundary of T) and, for any F' € Fr, npp is the unit normal to F' pointing
out of T. Symmetrically, for any F' € Fj, Tr is the set containing the mesh elements sharing face
F (two if F is an interface, one if F is a boundary face).

The notion of geometric reqularity for polygonal meshes is more subtle than for standard meshes.
To formulate it, we assume the existence of a matching simplicial submesh, meaning that there is
a conforming triangulation ¥} of the domain such that each mesh element T € 7}, is decomposed
into a finite number of triangles from ¥, and each mesh face F' € F}, is decomposed into a finite
number of edges from the skeleton of ¥,. We denote by ¢ the reqularity parameter such that (i)
for any triangle S € T, of diameter hg and inradius rg, ohs < rg and (ii) for any mesh element
T € 75 and any triangle S € ¥, such that S < T, phr < hg. When considering refined mesh
sequences, the regularity parameter should remain bounded away from zero.

In what follows, we also assume that the mesh is compliant with the data, i.e. for each mesh element
T € Ty, there exist a unique €; € Py such that T < ;. As a result, the material tensor field A is
element-wise constant, and we set for the sake of brevity

AT = A|T VT e 77L

We also denote by A} and A; the smallest and largest eigenvalues of Ar, regarded as an endo-
morphism of Rf;nzl, respectively. For [ > 0 we also introduce, for later use, the broken Sobolev
space

HYTp) = {ve L*(Q) : vp e H(T) VT €Ty}, (3)

equipped, unless noted otherwise, with the broken seminorm || (7, defined by

1/2
Voe H(Th), |vlun) = ( Z U%ﬂ(T)) : (4)

TeTh

2.2 Basic results

We next recall a few geometric and functional inequalities, whose proofs are straightforward adap-
tations of the results collected in [21, Chapter 1] (where a slightly different notion of mesh faces
is considered). For any mesh element T' € T, and any face F' € Fr it holds that

0*hr < hg < hr, (5)

which expresses the fact that we are working on isotropic meshes. Moreover, the maximum number
of faces of a mesh element is uniformly bounded: There is an integer N > 3 only depending on p
such that
d(Fr) < No. 6

max max card(Fr) < N; (6)
Let a polynomial degree [ > 0 be fixed, let X be a mesh element or face, and denote by P!(X) the
space spanned by the restrictions to X of two-variate polynomials of total degree at most [ > 0.
There exist three real numbers Ct, > 0, C, o > 0, and Cjy,, depending on g and possibly on [, but



independent of h, such that for any T € T, and F' € Fr, the following discrete trace, continuous
trace, and inverse inequalities hold:

lwlr < Co hp”? ] vw e P(T), (7a)
hiZlwlor < Cuee (Jwlz + he|Volr) — Vwe HYT), (7b)
IVw|r < Cinyhy w7 Yw e PY(T), (7c)

We also recall the following Poincaré inequality, valid for all T € T;, and all w € H!(T') such that
(’LU, I)T =0
lwlr < Cohr|Vw|r, (8)

where the real number C}, is independent of both hr and T, but possibly depends on o (for
instance, C, = 71 for convex elements [5]).

2.3 Projectors on local polynomial spaces

Projectors on local polynomial spaces are an essential ingredient in the construction and analysis
of our method. Let a polynomial degree | > 0 be fixed, and let X denote a mesh element or
face. The L2-orthogonal projector 7k : L2(X) — P!(X) is such that, for all v € L%(X), 7l v is the
unique polynomial satisfying the relation

(thv —v,w)x =0  VYwe PY(X). (9)

The corresponding vector-valued version, denoted by 7rlX7 acts component-wise. We recall the
following approximation results that are a special case of the ones proved in [22, Lemmas 3.4 and
3.6]: There exists a real number C' > 0 independent of h, but possibly depending on g and I, such
that, for all T € Ty, all s € {0,...,l+ 1}, and all v e H*(T),

[v — 7ho| gy < ChE ™ [0] g (1) Vm € {0,...,s}, (10a)
and, if s > 1,
[0 — 70| g ory < Chip ™ Plolgory  Yme {0,...,s —1}. (10b)
Here we have set, for any ¢ € H*(T),
|80\Hm(T) = Z |\3Q<P||L2(T), |<P|Hm(aT) = Z HaaSOHL2(6T)a
a€eN? |af1=m aeN? |afi=m

with m respectively as in (10a) and (10b), |a|1 = a1 + a2 and 0 := d7*052. Notice that, in the
second definition, ¢ and 0%y stand for the boundary traces of the function and of its derivatives
up to order m, respectively.

Let a mesh element T € Tj, be fixed. For u,v € H?(T), we let ajr(u,v) = (ATVZU,V%)T and

introduce the oblique biharmonic projector @, : H?(T) — PY(T) such that, for any integer [ > 2
and any function v € H?(T),

ayr(whv —v,w)r =0 for all w e PYT)  and 7p(whv —v) = 0. (11)

Optimal approximation properties for the oblique biharmonic projector are stated in the following
theorem, whose proof is given in Section 6.

Theorem 1 (Optimal approximation properties of the oblique biharmonic projector). There is
a real number C > 0 independent of h, but possibly depending on A, o and I, such that, for all
TeTh allse{2,...,1+ 1}, and allve H*(T), it holds

v — wlTv|Hm(T) < Chy "'l gs (1) Ym e {0,...,s}, (12a)

and
[v — @who|gm(ory < C’hsT*mfl/zMHs(T) Vme{0,...,s—1}. (12b)



Remark 2 (Dependence on the material tensor). It can be checked that the constant C' in the
right-hand side of (12) actually depends on Ay only through the ratio between A} and A

3 The Hybrid High-Order method

In this section we present the construction underlying the HHO method, state the discrete problem,
and discuss the main results.

3.1 Local discrete unknowns and interpolation

Let a mesh element T € T;, and a polynomial degree k > 1 be fixed. The local space of discrete
unknowns is defined as the set

Ufp = PH(T) x ( X Pk(F)2> X ( X Pk(F)>- (13)

FE]'-T FE]:T

For a general collection of discrete unknowns v € U, we use the standard HHO notation

Vpr = (UT7 (UV,F)FEJ:T 9 (UF)FGJ:T)7

where vr contains the element-based discrete unknowns, vy r the discrete unknowns related to
the trace of the gradient on the face F', and vp the discrete unknowns related to the trace on F.
For a variation of the method with boundary unknowns representing the normal component of
the gradient, we refer the reader to Section 7.1.

The local interpolation operator 15.: H*(T) — UL is such that, for all v e H?(T),

B = (who, (w5 (Vo) p) rerr, (T (0)p) perr) - (14)

Since the boundary of T' is piecewise smooth, the trace theorem ensures that the restrictions v|p
and (Vv)p of v appearing in (14) are both well-defined.

3.2 Local deflection reconstruction

Let again a mesh element T' € 7T, and a polynomial degree k > 1 be fixed. We introduce the
local deflection reconstruction operator p’%‘mz U — P*+2(T) such that, for all v € U%., p];fQKT €
PF+2(T') satisfies for all w € P*+2(T)

G|T(P§+2XT» w) =

— (’UT, diniVMw,T)T — Z ('UV,F; Mw,TnTF)F + 2 (UF, diVMwyT . TLTF)F, (15)
FE]“T Fe]:T

where My, = —A7V?2w. Here, the notation M., 7 is used to emphasize the fact that M,
is a moment tensor of wirtual nature (with space of virtual deflections equal to P¥*2(T')) unlike
tensor M appearing in bilinear form a introduced in (2). The right-hand side of (15) is conceived
so as to resemble an integration by parts formula where the roles of the function represented by
vy and of its gradient are played by element discrete unknowns inside volumetric integrals and by
face-based discrete unknowns on boundary integrals.

Since ker V2 = P1(T'), the compatibility condition for problem (15) requires that the linear form
on the right-hand side vanish on the elements of P!(T'); since M,, 1+ = 0 for all w € P}(T), this



condition is satisfied. The solution of (15) is not unique: if p&2v, e P*+2(T) is a solution,

p’%”yT + zp for any zp € P! (T) also is. To ensure uniqueness, we add the closure condition

W%p?ﬂ&r = W%UT- (16)

Notice, in passing, that element discrete unknowns do not contribute to the right-hand side of (15)
for k = 1, and they only appear in the closure condition (16).

For further use, we also observe that, since vy is smooth, performing an integration by parts on
the first term in the right-hand side of (15) and using the symmetry of Az leads to the following
reformulation, which points out the non-conformity of the method:
a|T(p17€"+2¥T7w) =
ar(vr, w) — Z (vw.r — Vor, My rnrr)p + Z (vp —vp, divMy 7 - nrp) oo (17)
FE]'-T FE]:T

The definition of p§+2 is justified by the following proposition, which establishes a link with the
oblique biharmonic projector defined by (11).
Proposition 3 (Link with the oblique biharmonic projector). It holds

phF2 o1k = wht2, (18)

Proof. We write (15) for v, = I¥o (cf. (14) for the definition of the local interpolator). Since
w € P**2(T) and At is a constant tensor, we infer that

divdivM,, r € P*"3(T) c P*(T)
and, for all F' € Frp,
(M, 1) prrr € PF(F)?, (divMy7)p - nrr € PFHE) < PR(F).
Consequently, recalling the definition (9) of 7%, %, and 7%, we have

(mhw, divdivM,, )1 = (v,divdivM,, ),
(75:(V0) p, My rnrr)r = (V) 1p, My rnrr)F,
=

(W;U‘F, divMy, 1 -nrr) (vp, divMy 1 - nrp)F.

Plugging the above identities into the right-hand side of (15), performing an integration by parts,
and using the symmetry of Ar, we arrive at the following orthogonality condition:

a‘T(p’%Hl]%v —v,w) = 0. (19)
Comparing (19) and (16) with the definition (11) of wh."? concludes the proof. O

Remark 4 (Approximation properties for p&2oI%). The above result implies that ph2ol%, = k2

has optimal approximation properties in P**2(7), in the sense precised by Theorem 1.

3.3 Local contribution

We introduce the local bilinear form ap(-,-) on UX x UL given by

ar(up,vy) = a\T(p§"+2ET7P§"+2¥T) + st (ur, vr). (20)



Here, the first contribution is the usual Galerkin term responsible for consistency. The second
contribution, in charge of stability, penalizes high-order differences between the reconstruction
and the unknowns and is such that, for all (up,v,) € Uk x UL,

.A+

ST(HT7XT) = h4 (ﬂ-T(pT Uupr — UT) W%(p§“+2!T - UT))T
A
+ TT (ﬂ-iﬂ(va up —wy r), 7 (Vpr vr — vy F))F (21)
T FG]‘-T
A5 (ki — ur)mb @5 — o)
T FEJ:T

Remark 5 (Stabilization). Other expressions are possible for the stabilization term, and the specific
choice can affect the accuracy of the results. In particular, the discussion below remains true if
we replace (20) by

k+2 k+2 )

ar(up,vy) = CL\T( P “Up,pp "V nst(Ur,vr), (22)

with n > 0 denoting a user-dependent parameter independent of h. In practice, it is important
that the numerical results be only marginally affected by the specific choice of the stabilization.
We refer the reader to Section 3.7 below for a study of the robustness of the method with respect
to 7.

The following proposition states a consistency result for the stabilization bilinear form (21).

Proposition 6 (Consistency of st). There is a real number C > 0 independent of h, but possibly
depending on A, o and k, such that, for all ve H*3(T),

sp(Lfv, 170)? < Chi o] gres o). (23)

Proof. We have
ST(lI;ﬂU,lI;ﬂ’U) =%+ %+ T3,

where, recalling Proposition 3 and using the linearity of projectors,

A ko At k+2 2
T = h4 ”WT(WT v —mh)|7 = h4 H”T(wT v =)z,
AT k k+2 k 2 _AF k+2 2
Tg = T 2 Imp (Vg v — wp(Vo))|p = i Z |75 (Ve — Vo) |3,
T FeFrp T FeFr
AL k42 Eo) |2 k+2 2
Ty = s Z |78 (w wq Cv — Tpv)| Z v = )|
T FeFr T FeFr

By the boundedness of L2-projectors, along with the approximation properties (12a)-(12b) of
w’%” with s = k + 3 and, respectively, m = 0 for ¥, m = 1 for %5, and again m = 0 for T3, the
conclusion follows. O

We equip the space Q’% with the following local discrete seminorm:

Ivrlar = Ay Vor|r + . > lvw.r— Vor|z + 3
T perr T FeFr

lor —vr|%. (24)

The following result shows that the bilinear form az induces on U4 a seminorm |:|, 7 uniformly
equivalent to ||-[|a, 7.



Lemma 7 (Local coercivity and boundedness). There is a real number C > 0 independent of h,
but possibly depending on A, o and k, such that, for all T € Ty, the following inequalities hold
expressing, respectively, the coercivity and boundedness of ap:

071“KT

k
12&,T < H!T”Z,T = ar(Vy, vr) < C”XT”?&,T Vvp € Up. (25)

Proof. See Section 5.1. O

3.4 Global space, interpolation, and norm

We define the following global space of discrete unknowns:
Uy = ( X Pk(ﬂ) x ( X ]P”“(F)2> x < X IED'“(F))~ (26)
TeTh FeFp FeFy

Note that interface unknowns in Qﬁ are single-valued, i.e., their values match from one element
to the adjacent one. For a collection of discrete unknowns in Qﬁ, we use the notation

v, = ((v7)reT,, (vw,F)reF,, (VF)FeF,) s

and we denote by vy = (vr, (ve.r)reFy, (VF)Fery) € Uk its restriction to a mesh element T € 7Ty,.
We also denote by v, (no underline) the broken polynomial function on 7 such that

Up|T = VT VT € Tp.
We define the global interpolator I¥ : H2(Q) — U¥ such that, for all v € H2(Q),
(Lko)ir = Lp(vr) VT € Th. (27)

The space U} is equipped with the following seminorm (cf. (24) for the definition of || r):

A= 2 Iyl

TeTh

v, AT (28)

We notice that the couple of boundary conditions (1b)—(1c) is equivalent to the couple u = 0 on
092 and Vu = 0 on 092. Indeed, the fact that u vanishes on 02 implies its tangential derivative
to vanish on 02 as well. Accounting for this remark, we introduce the following subspace that
incorporates the latter couple of boundary conditions in a strong manner:

Qf%o = {v, € QZ tvp =0, vy p =0 for any F e .7-';’}. (29)

It is a simple matter to check that the image of the restriction of I} to H3(Q) is a subset of Qﬁﬁo.

Proposition 8 (Norm |v,|a.n). The mapping Qﬁ,o 3vy, — |vyla.n € R defines a norm on Q,’io.

Proof. The seminorm property is trivial. It then suffices to show that ||v,|an =0= v, =0¢€
Qﬁ,@ Clearly, |v,,|la.n = 0 implies V2vy =0 for all T € Tj, and vy p — Vur =0 and vp —vr =0
for all ' € F,,. By definition (29), we have vy r = 0 and vp = 0 for all F' € F?; thus, for
any T € Ty, if Frn ]—"}; # (J, then there exists F € ]-"};’ such that Vur = 0 and v = 0 on F.
Since V2vp = 0 in T, these facts imply that v = 0 in T, which in turn implies that vy = 0
and vy r = 0 for all F' € Fr. Repeating this argument for inner layers of elements yields the
assertion. O



3.5 Discrete problem
The discrete problem is formulated as follows: Find u, € Qﬁyo such that

an(up,,vy,) = (f,vn) Vv, € HZ,O (30)

with global bilinear form a; on Qﬁ X Qﬁ obtained by element-by-element assembly setting

an(y, vy) = Z ar(ur, Vo). (31)
TeTh

Remark 9 (Implementation). Problem (30) can be efficiently solved by first eliminating all element-
based discrete unknowns by static condensation (the computation of a local Schur complement
inside each element), and then inverting a global matrix where only face unknowns appear. Thus,
for a given mesh 7j, the main cost corresponds to the inversion of a sparse symmetric positive-
definite matrix.

The following lemma summarizes the properties of the global bilinear form ay,.
Lemma 10 (Properties of ay,). The bilinear form aj defined by (31) has the following properties:

(i) Coercivity and boundedness. There is a real number C > 0 independent of h, but possibly
depending on A, o and k, such that

- k
C 1HXh”?&,h < vy, |ih = ap(vy,,vy,) < CHXh“?&,h Vv, € U,. (32)

(i) Consistency. There is a real number C > 0 independent of h, but possibly depending on A, o
and k, such that, for all ve H**3(Q) n H2(R), it holds that

(divdiv AV?v, wy) — a, (v, w),)

Ah

sup < Chk+1|U‘Hk+3(Q). (33)

w, €Uk (\{0,} |y,

Proof. See Section 5.1. O

As a consequence of the first inequality in (32), the discrete problem (30) admits a unique solution.

3.6 Main results

We next present the main results of the analysis, namely error estimates in an energy-like norm,
in a jump-seminorm, and in the L?-norm. Inside the proofs of this section, we often abridge as
a < b the inequality a < Cb with C > 0 independent of h, but possibly depending on A, p, and k.

3.6.1 Energy error estimate

We introduce the global deflection reconstruction operator pﬁ” : Q’Z — L2(Q) such that, for all
Vi € Hfm
PP =ity YT e T

We also define the stabilization seminorm |-|s 5 on QZ setting, for all v;, € QZ,

lvp 2y = Z st (Y, V).
TeT
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Theorem 11 (Energy error estimate). Let u e HZ(Q) and u, € Q,’io denote the unique solutions
to the continuous (2) and discrete (30) problems, respectively. Assume the additional regularity
uwe H*3(Q). Then, it holds that

AV 30 2y — ) + ug o < CHE ul sy, (34

where V, denotes the usual broken gradient operator on Ty, and the real number C > 0 is inde-
pendent of h (but possibly depends on A, o, and k).

Remark 12 (Regularity of the solution). Concerning the regularity assumptions on u, we mention
as an example that, for k¥ = 1, such regularity is satisfied by the solution of the biharmonic
problem with Dirichlet boundary conditions (obtained taking A = I in (1)) posed on a cubic
three-dimensional domain, provided the load f is square-integrable (see, e.g., Maz’ya [27, Chapter
4]). In two dimensions, under the weaker assumption that f € H~1(), it holds that u € H3(Q)
provided Q is convex (see, e.g., Grisvard [24, Chapter 3|). In general, a regularity assumption
on the exact solution is actually the consequence of a compatibility condition between the datum
regularity and the domain geometry. As a further reference on the regularity for the solution of
fourth-order elliptic problems, we also refer the reader to Dauge [18, Chapter 4].

Proof of Theorem 11. Let, for the sake of brevity, G, = llfbu. We start by proving that

luy, — 1, ah < hk+1‘U|H’v+3(Q)7 (35)

with norm |||, 5 defined by (32). Using the linearity of ay, in its first argument together with the
discrete problem (30), and recalling that divdivAV?u = f a.e. in 2, we have, for all v, € Hﬁ,m

(divdivAV2u, wy) — ap (G, w),)

Ah

(7Y

an(uy, — Uy, v,) = (f,vn) —an(ly,v,) < sup

Ah-
w, €Uk \0,} [, |

Thus, choosing v;, = u, — U, and using the consistency (33) of a;, to bound the supremum in the
right-hand side, the basic estimate (35) follows.

Let us now prove (34). Using the triangle inequality, we infer that

|A5 (P, — )| + [ s n
< AR ok Py = T) |+ [, = Balsn + 1AV (0128, — w)] + [y ]s.n

< 2|w, = Gy flan + AP V220, — )| + [T lsn,

where we have used the definition (32) of the ||, s-norm in the last line. The conclusion follows
using (35) to estimate the first term in the right-hand side, the optimal approximation properties
(12a) of pi2li, = whu with s = k + 3 and m = 2 for all T € T}, to estimate the second term,
and the consistency (23) of st for all T € T, to estimate the third term. O

3.6.2 Convergence of the jumps

From the estimate of Theorem 11, one can prove that the jumps of pZ“gh and of its gradient
converge to zero with optimal rate. To this end, define on H?(T;,) (cf. definition (3)) the following
Jjump seminorm:
2, Ar 2 Ar g 2
0[5, = Z THFF[VU]FHF + hT”WF[U]FHF )
FeFy F F

where [-]F is the usual jump operator if F' is an interface (the sign is irrelevant), whereas [¢]r ==
¢ if F'is a boundary face, and Ap = minrer;, At

11



Corollary 13 (Convergence of the jumps). Under the assumptions and notations of Theorem 11,
there exists a real number C > 0 independent of h, but possibly depending on A, o, and k, such
that

|p;€l+22h|J’h < Chk+1|u‘Hk+3(Q). (36)

Proof. Using the triangle inequality together with the uniform equivalence of the element and face
diameters expressed by (5), it is inferred that |p}**u,[3 , < 207%|u,|2,. The desired result follows
using the estimate (34) for the last factor in the right-hand side of the previous inequality. O

Remark 14 (Nonconformity of pf*?u,,). Broken polynomial functions are in HZ(f) if, along with
their gradient, they are continuous across interfaces and vanish on boundary faces. Thus, the
quantity \pz+2gh| J,» can be interpreted as a measure of the nonconformity of pff?gh. The esti-
mate (36) then shows that pf™?u,, approaches a H3(f)-conforming function as h — 0*.

3.6.3 LZ2-error estimate

A sharp L?-norm error estimate can also be inferred assuming bikarmonic reqularity, in the fol-
lowing form: For all ¢ € L?(f2), the unique solution z € H3(Q) to

a(z,v) = (q,v) Yov € HS(Q) (37)

satisfies the a priori estimate
2] 12y < Chienllall; (38)
with Cpienn > 0 only depending on €.

Theorem 15 (L?-error estimate). Let u € H3() and u, € Q;CLO denote the unique solutions
to the continuous (2) and discrete (30) problems, respectively. Assume biharmonic regularity,
ue H3(Q), and f € H**1(Ty). Then, there exists a real number C > 0 depending on A, o, and
k, but independent of h, such that

Ipy*?uy, —ul < CRMF? (HUHH’““"(Q) + HfHHHI(Th)) : (39)

Proof. Let, for the sake of brevity, 1, = lﬁu. By the triangle inequality, we have that
k k24 k ~
Ipy 2wy, —ul < oy 20, —ul + oy 2w, — 8, = T+ Ta.

By the approximation properties (12a) of p§+2 oIk = w’%” (cf. Remark 4) with s = k + 3 and

m = 0, we immediately have that
T < hk+3HUHHk+3(Q).

For the second term, on the other hand, we observe that

k ~
= ) IpF @ —ur)l7

TeTh
1 k A~ ~
< Y (WAL V252 (g — up) I + Ik (ir — ur) I}
TeTh

S A Y A

where we have used the triangle inequality and the approximation properties of 7+ for s = 2 and
m = 0, as well as the closure condition (16) to pass to the second line, and the definition of the
||la,n-norm to conclude. Using (35) and Lemma 16 below to bound respectively the first and
second addend in the right-hand side, the conclusion follows. O
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The following lemma, used in the proof of Theorem 15 above, shows that element-based discrete
unknowns behave “almost” like the L2?-orthogonal projection of the exact solution on the space of
broken polynomials of total degree at most k on 7p.

Lemma 16 (Supercloseness of element discrete unknowns). Under the assumptions and notations
of Theorem 15, it holds that

[an —unll < CR**2 (Jullgrss () + [ larscry) (40)

where @y, and uy, are the broken polynomial functions of total degree at most k such that Uy =
ur = Wéiu and upr = ur for any mesh element T' € Tp,.

Proof. Set, for the sake of brevity, e, = U, — u; and ep, = 4, — up. Let z solve (37) with ¢ = ey,
and set z;, = IZZ. Integrating by parts, using the linearity of a; in its first argument, as well as
the continuity of moments and shear forces at interfaces, and letting Zy = w§+2 (Z|T), we have

that |les||* = T1 + T2, with

(51 = Z Z ( ATV Z— ZT))nTF,€V7F — VGT)F

TeTn, FEFT

- (diVATV2(2 — \Z/T) ‘nNrr,ep — eT)F> - Z ST(ZT,QT)7 (41)
TeTh

‘IZ = ah(ﬁhaih) - (f7 7'('}]?2),

where 7 is such that (7fv);r = 7§ (vr) for all T € T, and all v € H*(Q). The Cauchy—Schwarz
inequality then yields

R ( > (5 3 v

TeTh T FeFr

1/2

h3 v

.A Z |divAr V(2 — ZT)|F> + (232 ) X (II@hHK,h + |§h|§,h) ‘.
T FeFr

The approximation properties (12) of wéﬂ” with s = 4, and the stability of a; together with the
energy error estimate (35) allow to conclude that

1T1] < B2|2|magoy D ul gress ) < BEFR ) sy llenl),

where in the last estimate we have used the biharmonic regularity hypothesis. Turning to %o,
using the fact that (f, 7k2)r = (7&f, 2)7 and exploiting the orthogonality property (19), we have

Ty = Z a|T(w§~+ u—u, w2z — 2) + Z sr(@ip,27) + (f — 7 f,2) = Fa1 + Tao + Taz.
TeTh TeTh

We have that |21 < h**3[u| grss(q)len] by the Cauchy-Schwarz inequality, the approximation

properties of wk+2, and biharmonic regularity. An analogous bound can be obtained for |Ts .

Finally, we observe that Ta3 = (f — 7 f, 2 — mF2) by the definition (9) of the L2-orthogonal
projector. Using the approximation properties (10a) of 7% with I = k, m = 0, and s = k + 1 for
the first factor, s = 2 for the second, we obtain

<|f = mhflle = mizl < B e oy 22l mz0) < B2 1 Flaee o lenl-

This concludes the proof. O
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3.7 Numerical examples

We solve problem (1) for A = I (i.e., the biharmonic equation) in the unit square = (0,1) x (0, 1),
with the right-hand side f set in agreement with the exact solution

u(z,y) = 2*(1 —2)*y*(1 — y)?,

on three different meshes: triangular, cartesian and hexagonal (cf. Fig. 1). Figures 2 and 3 show
convergence results in the energy norm and in the L2-norm, respectively, for different meshes and
polynomial degrees, up to three. We consider |G, — u,[a,n and |7Fu — up| as measures of the
error in the energy norm and in the L?-norm, respectively. The numerical results show asymptotic
convergence rates that match those predicted by the theory in all of the three cases.

(a) Triangular (b) Cartesian (c) Hexagonal

Figure 1: Meshes used for the numerical tests
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(a) Triangular (b) Cartesian (c) Hexagonal

Figure 2: |G;, — u,[a,n vs. h for three different meshes

We also test the robustness of the variant of the HHO method based on the local bilinear form
(22) with respect to the user-dependent parameter 1. In Figures 4 and 5 we plot, respectively, the
energy- and L?-norms of the error when 7 varies from 1073 to 103 on fixed meshes corresponding to
the third refinement level of the ones in Figure 1. From these plots, the robustness of the method
can be appreciated, as the energy error spans only two orders of magnitude and the L?-error spans
four orders of magnitude, while the user-dependent parameter 7 spans six orders of magnutide.
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Figure 5: |mFu—uy| vs. 1 for the third refinement level of the Triangular, Cartesian, and Hexagonal
meshes
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4 Local principle of virtual work and laws of action-reaction

Let a mesh element T" € T, be fixed. At the continuous level, the deflection field u satisfies, for all
v e PHT),

a‘T(u, ’U) + Z (MTTLTF, V’U)F — Z (diVMT “Nrr, ’U)F = (f, U)T, (42&)
FE]'-T FGJ:T
where M1 == —A7V?2u. Equation (42a) expresses the principle of wvirtual work in the context of

Kirchhoff-Love plates, written for the mesh element element 7" and with P*(T") as the space of
virtual deflections. The quantities Mrnrr and divMr - nyp are internal actions and represent,
respectively, the moment and the (scalar) shear force exerted on the face F' € Fp by the adjacent
element. These two facts can be viewed as two-dimensional counterparts of Cauchy’s hypothesis
that the contact force density ¢ at a point of an oriented surface X in a three-dimensional continuum
depend on X only through the normal n to X at that point; indeed, this implies that there is a
second-order tensor field, the Cauchy stress S, such that, at each point of the three-dimensional
body, ¢ = Sn.

For an interface F' € Fp, n Fr,, with T3, T5 distinct elements of 7}, since np,r = —np p, both
moments and shear forces obey the following laws of action-reaction:

MTlnTlF + MT2TLT2F =0, CliV.Z\fT1 “nmF+ diV.Z\fT2 "N, p = 0. (42b)

The denomination for equations (42b) emphasizes the fact that the moment (resp., shear force)
exerted on element T; by element 75 through the common interface F' is the opposite of the
moment (resp., shear force) exerted on T» by 77 through F'.

We next show that the solution to discrete problem (30) satisfies discrete counterparts of (42a)
and (42b). This requires a reformulation of the stabilization contribution in terms of the differences
between face-based and element-based discrete unknowns. Define the space

(T(X PH(F ))X(X P’“(F)>
FeFr FeFr

and the boundary difference operator é’gT: Uk QST such that, for all v € Uk,

vy = ((6%7FKT)FefTa (6pvr)rers) = ((vw,r — Vor)rer,, (VF — V1) pery ).

Proposition 17 (Boundary difference reformulation of sy). The local stabilization bilinear form
st defined by (21) can be rewritten as

sr(up,vy) = ST((OvégTQT) (075 orYT))- (43)
Proof. As a consequence of (18), for all vy € P*(T) = P¥*+2(T) it holds
PP hor = wh2ur = v, (44)

where we have used the fact that, as a projector, wT 2 preserves polynomials up to degree (k+2).

Now, using (44) and the linearity of p%"2, we have
ka+2VT —vr = p§1+2<7 —Ijor) = p§’+2(07égTXT)' (45)

Also, for all F' € Frp, it holds

VP?QVT — Vv, F = V(P?QVT p§“+21TUT) - ('UV,F - VUT) VP (0 6PTVT) 5kv,FXT (46)

and, analogously,

p§+2KT —UF = (pI%JrQXT k+2ITUT) (vp —vrp) = p?Q(O,QQTXT) - 6];7‘!T' (47)

Using (45), (46), and (47) respectively in the first, second, and third term in the right-hand side
of (21), the conclusion follows. O
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Define now the residual operator
ko k k
Ror = ((RkV,F)FG}'T7 (R’;)FGFT) :Up — Dar

such that, for all v, € Q];’« and all ayr = (v, F)rer, (@F)Fer,) € DST,

(RErvr.aor)oor = Y, ((BY pyvr.avp)r + (Rivr,ar)r) = so((0,85v7), (0,007)  (48)
FEJ:T

Problem (48) is well-posed as a consequence of the Riesz representation theorem for the L2-like
product in the left-hand side.

Lemma 18 (Local principle of virtual work and laws of action-reaction). Denote by u, € QZ’O
the unique solution to (30) and, for all T € Ty and all F € Fr, define the discrete moment and
shear force

Mip(ug) = — (AV2p5 ur)nrr + Rkv,FET) ; (19)
Str(ur) = —div AV?pi - ur - nop + Ripug.

Then, the following discrete counterparts of (42a) and (42b) hold, respectively: For any mesh
element T € Ty,

a|T(p]1€"+QET’rUT) + Z (MI}CT(ET)7VUT)F - Z (S’éc"F(ET)v’UT)F = (f’UT)T’ vaePk(T)v

FE]:T FE]:T
(50a)
and, for any interface F' € Fp, n Fr,, with Ty, Ty distinct elements of T,
M e (ur,) + M, p(ug,) = 0, St r(ur,) + Sty p(ug,) = 0. (50b)

Proof. Recalling the definition (20) of ar, and using the reformulation (74) of sy together with
the definition (48) of the residual operator, it is inferred from the discrete problem (30) that, for
all v, € U}, it holds

> (e 2ur, p2ve) + Rbpur, dbrvr)oer ) = (f, o). (51)
TeTh

Using the definition (17) of p&t?v, with w = phus for the first term, and recalling (48) and
(49), we can rewrite (51) as

> (aT(p]ICj_QuTvUT) = > Mip(ur),vv = Vur)e + Y, (SEe(ugr),vr — vT)F) = (f,vn).
TeTh FeFr FeFr

(52)
Thus, for a given mesh element T’ € 7y, choosing in (52) v, such that vy spans P¥(T), vy = 0
for all 77 € T\{T'}, vv,r = 0 and vr = 0 for all F' € F}, immediately yields (50a). Next, for a
given interface F' € Fr, n Fr,, choosing in (52) v, such that vy =0 for all T' € Ty, vy g = 0 for
all F' € F,\{F}, vp = 0 for all F € F, and letting vy r span P¥(F)? yields the first equation
in (50b). Similarly, choosing in (52) v, such that vy = 0 for all T € Tj, vy, p = 0 for all
F e Fi\{F}, v =0 for all F € F;,\{F}, and letting vr span P¥(F) yields the second equation
in (50b). 0

5 Properties of the discrete bilinear form

This section contains the proofs of the technical Lemmas 7 and 10.
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5.1 Local coercivity and boundedness
Proof of Lemma 7. Let a mesh element T € T}, be fixed, and let v € Q?.
(i) Coercivity. Taking w = vy € PK(T) < P*+2(T) in (17) gives

a‘T(’uT,vT) = a‘T(p?'ZyT,vT) + Z ('UV,F - VUT,MUTTLTF)F - 2 (UF - UT;diVMyT 'nTF)F'
FeFr FeFr

Using the Cauchy—Schwarz inequality to bound the first term in the right-hand side, the Cauchy—
Schwarz and discrete trace (7a) inequalities to bound the second, and the Cauchy—Schwarz, discrete
trace (7a) and inverse (7¢) inequalities to bound the third, and simplifying we obtain:

1/2
Ar
[A7V2vr|r < (A”szpk*?ﬂ% T3 v - Vorlh+ o S o - vT|F) :
hr pez, hi FeFr
(53)
It remains to estimate the boundary terms inside the parentheses in terms of the ||, r-seminorm.

(i.a) Bound on h ZFE}-T |lvw,r—Vur|%. Forall F € Fr, inserting +w&V (pht?v, — nkpht?v,)

into the norm and using the linearity of % and the fact that it preserves polynomials in P*(F)?
as a projector, we obtain

|lvw,r — Vour|r

= Hﬂlﬁ (”VF - VP§+2VT) + 7"§V (P?LQVT - 7TTPT VT) +V (WTP§+2VT - UT) |

< |k (vo.r — VPR 2vg) |+ m bV (05 vy — mhph 2 vr) | p+ |V k(05 vy — or)| 6

=T + %9 + T3,

(54)

where we have used the triangle inequality to pass to the second line. By the definition (21) of
s, we readily infer that

hyPAJ AL < vy ar

Using the L?(F)2-boundedness of 7% followed by the discrete trace inequality (7a), we can write
|Ta] < h;1/2\|V( K2y p — mhpkt2y) 7. Then, by the approximation properties (10a) of 7% with
l=k, m=1, and s = 2, we infer that

%ol < AP IPE v ar) < W V205 v,

so that
hy A ALIT2| < vy lar

Finally, the third term in the right-hand side of (54) can be estimated using the discrete trace
(7a) and inverse (7c) inequalities together with the definition (21) of st as follows:

_1
hy A AF|Ts) € P\ JASImb 05 vy — vl < vl
Hence, multiplying (54) by h;l/ 2\//17} , squaring, summing over F' € Fr, using the above estimates

for T1, Ty, T3, and recalling the uniform bound (6) on card(Fr), we have

Ar

o (55)

>} lve.r — Vor|z s
FE]‘—T
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.
(i.b) Bound on %ZFE;T [vp — vr|%. For all F € Fr, inserting 7k (p]%”yT 77r’:f1p§+21T)

into the norm, and using the linearity of wf, and 71']} together with the fact that they preserve
polynomials up to degree k as projectors, we have that

[vp —vr|F = HW];“ (UF - p§“+2XT) + 7756«“ (p?rQYT - W§p§+QYT) + W%(p?ZKT —vr)|F
< |wp(ve — o5 2vp) e + |7 (05 vy — 7205 v | + |7 F (P 2y — vr) e (56)
=T+ %9+ 5.

By the definition (21) of sr, it is readily inferred that

—3/y
hy P AT < [ o

The second term can be estimated as follows:
-1 —1 3
%] S b P Ip5 vy — mE0 v e < b PR oy S BV PP v
where we have used the L?(F)-boundedness of 7%, the discrete trace inequality (7a), the uniform
equivalence of face and element diameters (5) to replace hp with hr, and the approximation
property (10a) with [ =k, s = 2, and m = 0. Hence,
-3
hy A AF|Te] < v lar
Finally, using the discrete trace inequality (7a) followed by the definition (21) of sz, we have

-3
hp A AEIT3] < |vglar-

Multiplying (56) by h;3/ %\ /A%, squaring, summing over F' € Fr, using the above estimates for
%1, T2, T3, and recalling the uniform bound (6) on card(Fr), we arrive at

A+
o 2 lor —vrli < vl (57)
T FG}-T

(i.c) Conclusion. Combining (53), (57), and (55), the first inequality in (25) follows.
(ii) Boundedness. Taking w = pi™v, in (17), using the Cauchy-Schwarz, discrete trace (7a) and
inverse inequalities (7¢), and simplifying, we get
1
[AF Vo v le < lvrlar, (58)

which bounds the portion of |vp|la,r stemming from the consistency term in (20).
It remains to bound on the local stabilization terms in s (v, vp).

+
(ii.a) Bound on ’:TTHWQQ (PhF2v — vr)|%. Inserting +£p% v, into the norm and using the triangle

T
inequality, we have that

| (P52 v — vr) |7 < 7Pyt vy — P52yl + |5 vy — vrllr = T + Ta. (59)

For the first term, using the approximation property (10a) with [ = k, m = 0, and s = 2, and
(58), we get

hAJ AFIZ] S |vrlar

For the second term, inserting 0 = —7whph?v, + mhor into the norm (see (16)) and using the
triangle inequality, we obtain
%ol = |5 2vy — mipr vy + wpor — vrlr < Py vy — 7wy Pvrle + [npor = vr|7.
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The approximation property (10a) with [ = 1, m = 0, and s = 2 gives |[ph2v, — 7hph2vr|r <

W2 |V 2k 2yl and v — mhor|lz S B2 V2ur||7 so that, accounting for (58),
hp?A/ AFI%2| < vzl

Squaring (59), multiplying the resulting inequality by A+ /h%., and using the above estimates for
%1 and o together with the uniform bound (6) on card(Fr), we conclude that

AT ko
hf |7 (05 25 — o) 17 S |vrlE 7
T

n
(ii.b) Bound on “:—qf D rery |7k (Vpht2y, — vy p)|%. For any F € Fr, inserting £ Vur into the
norm, invoking the linearity of 7% together with the fact that it preserves polynomials in P*(F)?

as a projector, and using the triangle inequality, we have that

|75 (Vi vy — vw )| r < |75V (P51 2vy —or) | F + | Vor —vw plr

< by PPk vy — vrlr + [Vor — v el

h?
< \/%VT|A,T + [ Vur —vv plr
Ar

where to pass to the second line we have used the L?(F)2-boundedness of 7%, the discrete trace
inequality (7a), and the inverse inequality (7c), while to pass to the third line we have estimated
the first addend as the term %o in (59). Thus, squaring the above inequality, summing over
F € Fr, multiplying it by A% /hr, and using the uniform bound (6) on card(Fr), we finally infer

(60)

.A+
S5 2w (Vv — v p)lE S Jvrlior (61)
T FG]'-T

+
(ii.c) Bound on % D rery |7k (phF 2y — vp)||3. For any F € Fr, inserting +vp into the norm,

invoking the linearity of Wfp together with the fact that it preserves polynomials in P*(F) as a
projector, and using the triangle inequality, we infer that

HW’;(P?QXT - UF)HF < HW;?(P?HXT - UT)HF + HUF — UTHF
< by Pty — vrlr + |op — vr|F

hil?

< —* —lvrlar + lvr —vrlF,
A+
\/ T

where to pass to the second line we have used the L?(F)-boundedness of 7% followed by the
discrete trace inequality (7a) and the uniform equivalence of the element and face diameters
expressed by (5), while to pass to the third line we have estimated the first addend as the term ¥
in (59). Hence, multiplying (62) by h;?’/zq | A%, squaring, summing over F € Fr, recalling (59),
and using the uniform bound (6) on card(Fr), we conclude that

A+ k
T >, 7k vy — or)3 < vl
T FE]:T

A (63)

(ii.d) Conclusion. The second inequality in (25) then follows combining (58), (63), and (61) and
recalling the definition (24) of |-||a 7. O
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5.2 Global coercivity, boundedness, and consistency

Proof of Lemma 10. (1) Coercivity and boundedness. The norm equivalence (32) is an immediate
consequence of Lemma 7 together with the definition (28) of the ||| a,5-norm.

(ii) Consistency. Let us prove (33). An element-wise integration by parts yields

(divdivAV?v, wy,) = Z ((ATVQU7 Vwr)r — Z (divAr V20 - nrp, wp — wr)p
TETh FeFr

+ Z ATV v nTF,wv F— VIUT)F),
FE}—T

(64)

where we have used the fact that moments and Kirchhoff shear forces are continuous at interfaces
owing to the regularity of v (see (42b) for the expression of these continuity properties for the
exact solution u) and that homogeneous boundary conditions are embedded in Hﬁ,o- Now, let

T =Lv, $p= l?(U\T) and ¥p = phtiR, = p’qﬁzl?(U\T); (65)

we have

an (¥, wy,) = Z <(ATV25T, Viwr)r — Z (diVATVQET “MTE, WE — wT)F
TeTh FeFr

(66)
+ Z (ArV*¥r)nrp, wy p — VwT) + ST(‘7T7WT))-
FE]'_T
Thus, letting &, (w),) = (divdivAV2v,wy,) — an (¥, w,,), (64) and (66) yield
gh(ﬂh) = Z ((ATVQ(ET — 7)), VQ’LUT)T + ((ATV2(’\U/T - ’U))’ILTF, wv . F — VU)T)F
TeTh
- Z (divAr V2 (¥r —v) - nrp, wp — wT)F) + 2 st(¥p, wp)
FeFr TeTh
= T+ %o+ T3+ Fy.
By the definition (11) of the oblique biharmonic projector, we have that
T1=0. (67)

Also, using the approximation properties (12) with | = k + 2, s = k + 3, and m = 2,3, we infer
that

[Ty + Ta| S A Lw (68)

Moreover, we have s7 (¥, wy) < st (¥, ¥p) st (wpwy) 72; as for the first factor, by (23) we have

sr(¥r, 7)) S

HETHA,T, so that

A hhHl |v| gk+3(1y, whereas the second inequality in (25) gives st (wz, wr) 2 <

%4l S (69)

Using (67), (68), and (69) to estimate &, (w),), and using the resulting bound in the supremum in
(33) concludes the proof. O
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6 Proof of Theorem 1

(i) Proof of (12a). We apply [19, Lemma 3|. Therefore, proving (12a) amounts to proving the
following estimates:

|V2@polr < [V, (70a)
IVaio|r < (|Volr + he|V0[r), (70b)
|@rolr < ([vlr + he|Vo|r + b3 V0| r) . (70¢c)

where a < b means a < Cb with C' > 0 as in (12).
We start by proving (70a). The definition (11) of @ implies that
A7 [V2(0 = @ho)lr < |AF VA = @ho)lr

(71)
1
< ALV (v — 7ho) |7 < A/ AV,

where we have used the definition of A, (see Section 2.1) in the first line, the characterization of

wh as argmin,ep (1) HA%VQ (v—2)|r in the second line, along with the definition of A7 and the

H?-stability of the L2-orthogonal projector (resulting from (10a) with s = m = 2) to conclude.
Thus, using again the triangle inequality, we have that

|V2@holr < [V (@io — o) + [ V20l < [V20]r,

and (70a) is proved.
To prove (70b), we introduce the quantities 0 = —V7hwhv + Vv (recall the second condition
n (11)) and £V inside the L?(T)-norm of Vb to infer that
|Vaolr < [V(whv — mpwio) |z + [V (0 = 730) |7 + [Volr
< hr|VPwholr + hr| V20l + [Volz < (1Yol + he[V20|7)
where we have used the approximation estimate (10a) for 74 with m = 1 and s = 2 together with

the fact that, for any w € H*(T), |w|gz(r) < [|[V?w|r to estimate the first two terms, and (70a)
to conclude.

The proof of (70c) is completely analogous. We obtain

|tz < |@hv — mpwiolr + v —7pvlr + vl
< 07| V2@l + he| Vol + vlz
< (W |V20)r + he Vol + o]7)

where we have used (10a) to estimate the first two addends in the first line, with m = 0 and s = 2
for the first one and with m = 0 and s = 1 for the second one. This concludes the proof of (12a).

(ii) Proof of (12b). For m < s — 1, by applying the continuous trace inequality (7b) to w =
0%(v — whw) € HY(T) for all a € N? such that a; + g = m, we have

h%2|v — @Whv|grm o) S [0 — @] g ry + hr|v — @] g o).

The conclusion follows using (12a) for m and m + 1 to bound the terms in the right-hand side.
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7 Concluding remarks

Some concluding remarks are in order.

7.1 Other choices for the boundary gradient unknowns

It is possible to devise a local deflection reconstruction by using scalar face-based unknowns playing
the role of the normal derivative of the deflection, in place of vector face-based unknowns, playing
the role of its gradient. For this, one has to replace the local space of unknowns defined by (13)

by
U = PH(T) x < X ]P’k(F)> x ( X IP”“(F)),
FeFr FeFr (72)

~k
Ur 33y = (vr, (Un F)rerr, (V) Ferr),

and reformulate (15) as follows: Find pht2: U — P¥*+2(T) such that, for all w e P*+2(T),

a|T( ];“+2VT3 w) = - (UT7diV diVMw)T - Z ('Un,Fa Mynrp 'nTF)F +
FeFr (73)
+ Y (vp,divMy, - nrp + 0 (Mynrr - 7)) .,
FeFr

where 7 denotes the unit tangent vector to the boundary of the element. Correspondingly, the
expression (21) of stabilization bilinear form has to be modified as follows (compare, in particular,

. . o ~k o~k
the terms in the second line): For all (Up,Vp) € Up x Uy (cf. (72)),

~ A N
st(Uy,¥r) = hf (WT(p§“+2uT —ur), ™ (p!1€“+2VT - 'UT))T
A - ~
LY (T On D8 = ) T O Dy =00 F)) (74
T FG.FT
Z ( pT Uy — ur), W%(ﬁl}HiT - UF))F
T FE]'-T

7.2 Mixed formulations

The results of this paper concern the primal formulation (1) of the Kirchhoff-Love plate bending
model problem. As it is well known, this problem admits dual and mixed formulations that
have been the basis for the development of mixed and hybrid nonconforming finite elements (see,

g., [11]). A HHO discretization based on a mixed formulation will make the object of a future
work, as well as the study of its relation with the method presented here and its variations. We
notice, in passing, that a similar study for a second-order elliptic problem has been carried out
in [1].

Acknowledgements. The authors are grateful to Franco Brezzi (IMATI Pavia) for the fruitful
discussions that have helped shaping up this work.
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