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The construction of the loschian landscape is a basic element in the Theory of Economic Regions. It is based on an hexagonal lattice and loschian numbers having properties used by DACEY (10,11,12,13) and MARSHALL (16,17,18,19,20). In fact, the former has not tested his model. In this paper our purpose is to prove that DACEY failed to build mathematically the Central Place System, and to propose a new method of construction of the loschian landscape.

INTRODUCTION CHRISTALLER (8 ) has created the Theory of Economic

Regions and LÖSCH (15) has developped it before the second World War, second chapter of his reference book : "The Economics of Location". TARRANT [START_REF] Tarrant | Comments on the LOSCH Central Place System[END_REF] has endeavored to show how it is possible to develop the löschian landscape on a rhombic lattice using non orthogonal reference axes.

Next to him, two different "schools" (BEAVON and MABIN (4,5,6,7), later on BEAVON (1,2,3) and MARSHALL (16,17,18,19)) began to deal with the same subject. MARSHALL (17) asserted that LÖSCH's single good model was too restrictive.

The aim of this paper is not to question the löschian Theory of Regions but to explain its construction. Of course, we could blame LÖSCH (15) for his lack of explanation concerning the structure of his landscape. A number of authors have ignored the problem in putting that part of the theory aside. MARSHALL(17,18,19,20) has constructed a landscape which is not a löschian one because its elaboration doesn't respect location and maximisation constraints enforced by LÖSCH (15). Then he denies the existence of alternating city rich and city poor sectors but his claim doesn't disturb the löschian scheme... In fact DACEY (10,11,12,13) in 1964 has been the forerunner of a strictly mathematical approach of this theory. He has worked out the first postulates which allow us to formulate the Central Place model, and has transformed a concealed structuration into an adequate mathematical language : mathematics revealed to be an effectual implement.

Farms have in this framework analysis equivalent properties to those of points in an hexagonal lattice, basis of the system. The number of farms completely supplied is characterized by a löschian number provided with properties of Number theory (10,11,16). To fix this number comes to the same thing as to resolve a Diophantine Equation, which uses integers only. In "Geometry of Central Place Theory" DACEY (12,p 120) has restated the essential elements of LÖSCH ' s argument and summarized the most important properties of the Central Place System. Our purpose is specially to examine the algorithm T5 (12, pl20). DACEY asserts that it must be able to give the primitive function point n(n+z). An attempt will be made here to prove that this method is not efficient to locate some centers of market areas. The mathematical proof will be given just as examples. These one will show that it is impossible to make a choice between several function points of the form n(n+z) in using T5.

A constructive solution allowing a logical construction of the landscape must be treated by computer. 
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The plane is constructed as a linear lattice having translation period repeated at an interval t (with n t i i = 1 et i i t i i = 1 ).
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In the lattice we use an angle of periodic rotation of n/3, t Ot = IT/3 (see figure 1). We get six sextants which cover the plane. If we note c p the six sextants we defined the lattice points P by : A parallelogram is formed by four points 0,X,XY,Y. The translation T = (X,Y) changes it into another one having point T' as first vertex (see figure 3). By joining the vertices X and Y of that reduced parallelogram and the two vertices corresponding of each "répliqua" we get six identical triangles whose vertices are the lattice points and have non obtus angle. If we connect the circumcenters of these six equilateral triangles we obtain a Dirichlet region : a polygon that contains a lattice point at its center and every point of the plane is closer to that lattice point than to any other lattice point.

The loschian system is developped on a six fold axis, for this axis the primitive Dirichlet region is always a regular hexagon which contains a lattice point as center.

Definition

The fundamental region of a plane is a parallelogram which has four lattice points for its vertices and no other points on its edges or faces. Such a region is defined by the points : that region has a lattice point at its center and one or more other points within its interior, on an edge or at a vertex. Each Dirichlet region is identified by degree. A region is said to have a degree q if the sum of the three following values equals q : i) the number of lattice points interior to the region ii) one half the number of lattice points on edges of the region iii) one third the number of lattice points at vertices of the region. A point that is interior to a Dirichlet region, including the center, is said to belong to that region. { u i t + v j t }, sublattice which includes the origin 0 . We can show by induction that the number of points in each region having as center (i,j) is given by :
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kij = i2 + ij + j2 -► -t
kij is called the order of the regions defined by {uit + v j t } and by any Dirichlet region determined by a vector of the1 form 2 i t^ + j t is called a first degree region.

Permissible orders of Dirichlet regions of degree 1

The order of a first degree region is by kij, Location of a point which is the center of Dirichlet region of order kij and adjacent to a region of same order centered in 0(0,0) is obtained in substituing in i ^ + j t every (i,j) (ie N, j e N) satisfying i2 + ij + j2 . For each (i,j) centers of these regions are determined by rotation and translation of the vector (i,j).

124 Orders of separable first degree regions.

An interesting collection of first degree Dirichlet regions having important economic implications to LOSCH's Theory of central Place are those orders in which all the lattice points are interior to a region, that is no lattice points are located on edges or at vertices of this region. This system is called separable Dirichlet regions. A separable region cannot be located on X axis or on a secondary symmetry axis (i=j). The number of points in a separable region must, to retain symmetry, be an integer multiple of six plus an additionnal center point. All centers of theses regions of

-♦ -♦
degree 1, noted { u i t + v j t }, are given by rotation and translation of (us, vs) for which the following three conditions hold: kij = 6z + 1 z e N* j * i I j J * 0 We can also see that t = ajn (a=l the distance between two lattice points is unitary). We can say that an integer is a loschian number, if and only if, its factorization satisfies the condition such as the prime number 2 and all the prime numbers of the form (6x-l) have even power. The proof of this assertion is given by MARSHALL (16, p422) and GAHITTE (22bis). A loschian number is also an integer as 3 or every prime number of the form (6x+l) having even or odd power. In fact we have prooved that an integer n such as n = i2 + ij + j2 is loschian if its factorization in prime numbers (as 2 or every prime number of the form 6x-l) is such as these numbers have odd power, and 3 or prime numbers of the form 6x+l have even or odd power.

Then we can conclude that not only loschian numbers have this kind of factorization, but every integer having this kind of factorization is a loschian number. See table 1. 

PI:

At least one lattice point in HN is the center of the Dirichlet region with degree q, q<N. P2:

if any lattice point in HN is assigned to a Dirichlet region with degree q, then every lattice point in HN is assigned to exactly one Dirichlet region with degree q. P3:

There is at least one sector of n/6 radians with locus at any lattice point (i,j) that contains at least one vertex of each Dirchlet region with center (i,j ). Al:

The origin of the lattice is the center of Dirichlet regions with degree q, q<N. This assumption is valid only if it exists a lattice point which is the center of a Dirichlet region in each tessalation occuring in HN. Tl:

There exist at least one lattice point which is the center of Dirichlet regions with degree q, q e { q },q<N. 

Dl

D4: definition of order :

A point that has function n, n< n ', n, n ' e { q } have order n. if (i,j) has order n and no other order n point is closer to 0(0,0), then (i,j) is a primitive order n point.

Some properties of the Central Place system HN

LI:

The value of q is an element of the set { q } = {i2 + ij + j2} i e N, j 6 N.

L2:

If N and N+z, z e N, and no integer between N and N+z, N+z is an element of { q }, then all system Hz for which N<Zl<z are identical. (1) when there is a single solution, the center of the DIRICHLET region will be located in (i,j ). This one will have an order kij. To locate centers of DIRICHLET adjacents regions primitive function point is displaced in the lattice with vectorial translation of what we call "primitive" vector (i,j) till a fixed couple of coordinates (in our case (50,50)). The part obtained after (k-1) translations is noted A 1 = k (i,j), this point is again displaced in the lattice by rotation of n/3 angle, it means that point A" image of A' by that rotation is get as follows :

A2

0 1 0 1 A" = A' -1 1 = k (i,j) -1 1 
A" is again translated by (i,j) we get point A''' such as A''1 = (-kj + i, ki + kj + j) till (50,50). Thus we obtain all the centers of adjacent Dirichlet region of function n. The points which are neither perfect squares nor multiple function points and which after this last translation have negative abscissa are rotated of -n/3 angle. In this case the matrix is 1 -1 1 0

The points obtained are then translated with the primitive vector (i,j)•

(2) when the solution is not unique the point is located prioritary where the maximum of points are already located (whatever the way they have been obtained). These points are previously the centers of function n and n+z. If there is the same number of centers we must choose the point which has the higher order.

For example n(n+z) = 9 1 , two points are possible (6,5) and (9,1). In (6,5) there is no center of DIRICHLET region and in (9,1) there is one center of function n = 7. For n(n+z) = 273 we must choose between (11.8) and (16,1). In (11,8) there are three regions of function n = 3, 13, 21 then in (16,1) there is n = 3, 7, 13 therefore we choose (11.8 ). 

(ii)

the second one (case 2) chooses the primitive function point having the higher abscissa in the same situation as (i ). then according as the choice wich is made the landscape will be modified (table 2). For i < 50 (i e N) and j 1 50 (j e N), if we choose the point having the smaller abscissa (case 1) we locate 13 supplementary centers of region in the city rich sector (PI) than if we choose case 2. 

Figure 1 :

 1 Figure 1 : Hexagonal lattice used in the Central Dlace Sys tem.

Figure 2 :Figure 3 :

 23 Figure 2 : Coordinates of the typical parallelogram™.

  If 0(0,0) and any other point (i,j) are centers of two adjacent multiple Dirichlet regions they define a unique set of regions, because by rotation and translation (i,j) is carried into the lattice other point is the center of that Dirichlet region. Because of the symmetry of the lattice, the hexagons have identical area and contain identical numbers of lattice points, when they belong to the same set of regions

  ij + j , a positive integer; however not all integers values occur as permissible orders for first degree regions. The set of integers { k } which are orders of first degree regions is given by { k } = { i2 + ij + j2 } i>j and i>l.

Figure 4 :Figure 5 :

 45 Figure 4 : Superposition of three Dirichlet regions of order 7, 13, 19.

For example 2692 is a loschian number because 2692 = 22

 22 Diophantine equations n = i + ij + j we only can use iterative process. The construction of the loschian landscape (the test of the model) needs some postulates and definitions (DACEY(12). We note HN the Central Place system, it contains a set of Dirichlet regions for each degree lower than N.

  : definition of the function of a point : a point which is the center of a Dirichlet region with degree n has a function n. D2: definition of a primitive point : if (i,j) has the function n and no other function n point is closer to the origin point 0, (i,j) is a primitive function n point. D3: definition of multiple function : a point that is the center of Dirichlet regions of degrees n and (n+z), z e N, have function n(n+z).

"

  : N e { q }. The sublattice PI is partitionned into two sector of n/6 radians. These two 30°sectors are identified as the upper half of PI and the lower half of PI, labeled Pu and PI. Boundaries between Pu and PI are defined by secondary axis (i = j ) of PI. If (i,j) e PI then (i) (i,j) is interior to Pu if i>j>0 (ii) (i,j) is interior to PI if j>i>0 (iii) (i,j ) is on one edge if i=0, j=0 ou i=j A3: The PI does not contain any vertex of a Dirichlet region with center n+zIN and that n e { q }, then the primitive function n(n+z) point exists. Further the primitive function (n(n+z)....n+z') point exists if and only if, n, n+z,..n+z'<N and n,n+z...n+z' are all elements of { q }. 2 Location of the multiple function point. 21 Theorical review of DACEY's algorithm During the construction of the loschian Central Place system we must locate what DACEY calls the "primitive function points" Suppose that (i, j ) is a primitive function n point which is the center of a Dirichlet region (n = i + i j + j ). We must consider three cases (i) n is a prime number (ii) n is a perfect square (iii) n is a multiple function point neither prime number nor square. This last case is treated by DACEY (12, p 120) with the algorithm T5. 211 Terns of the algorithm T5 : Assume (i,j) and (h,k) are respectively primitive function n and n+z points. The primitive function n(n+z) point is located at (r,s) where s e N, r e N given by the equations : (4) r = [ ah + £(h+k) ] = [ yi + S(i + j) ] s = [ ak -(Sh ] = VJ " Si a and \ are positive integers and @ and 5 are integers subject to the conditions : (a) p(hk + h2 + k2 ) = \(ik -hj ) + S(ik + jk + ih) 't know an efficient algorithm. Also, the solution is not necessary unique. When (4) is solved iteratively the following inequalities may be used. (c) -ah < p < ak and a By repeated appications of T5 to pairs of functions an expression is obtained that gives coordinates of primitive points with multiplicity greater than 2" DACEY (12, p 120). 212 Discussion of the algorithm. In fact to resolve this system we must change it into an homogeneous one. We must find a, p, \, 6, and not r and s. r and s are known, we can find them in solving the next equations : n + z = h2 + hk + k2 .2 , . . . .2 n = i + i j + j n(n+z) = r2 + rs + s2 If (h,k) and (i,j) are known then n + z, n and so n(n+z) are known too n(n+z) = (h2 + hk + k2 ) (i2 + ij + j2 ) = r2 + rs + s2 The new system can be written as : f ah + ( 3 (h+k) -\i -S(i+j) the first equation (by k) and of the second one (by h) and by subtraction of them we obtain : <==> pk (h+k) -Yik ~ 5k(i+j) + ph + Yhj -Sih = Q £( kh + h2 + k2 ) = y ( ik -h j ) + 5 ( ki + k j + ih)which is exactly equation (a). a is obtained by transposing (3, y , 5 in the second equation of (7). We can see that (a), (b) are redundant equations relatively to the system (6). It was not necessary to introduce them next to (4). We solve (6) by linear combination of the last two equations, a minimization criterion. The required set of values is that which minimizes (\2 + y5 + S2 ). We can demonstrate that this criterion is not able to allow a choice between more than two multiple primitive function points :

  use (\2 + \5 + 52 ) as a minimization criterion is equivalent to use n + z . Now as r and s verify n( n+z) = r2 + rs + s2 , in many cases the choice between numerous multiple primitive function points n(n+z) will be impossible because they will have the same n+z. For example : if n(n+z) = 273 two solutions exist (11,8) and (16,1) with n =3 and n+z = 91. For those points it is not possible to determine the optimal point. The same argument can be applied to a2 + ap + p2 if we choose it as a criterion of maximization or minimization. 2122 Inequality constraints Concerning inequality constraints (5) we can prove that they are always true whatever the values of r, s, i, j, k, h, n, n+z. Proof : the first inequality constraint c) become : 4), n = 21, i = 4, j = 1, n+z = 28, h = 4, k = 2, if we take DACEY's minimization criterion this solution will be preferred to the other because n+z = 28 we get a=-5, £=-1, \ =6, 6 =-2 with -10 < -1 < -1

  n = 4, i = 2, j =0, n+z = 147, h = 11, k = 2, this solution will not be taken into account because it does not minimize n+z, we obtain a = 2, p = 0, \ = 13, 5 + 5 , in any constraints are always verify. We can find cases for which the criterion is respected and the constraints always checked, the choice is then impossible. If we take n(n+z) = 868 the solutions are (18,16) and (26,that (18,16) and (26,6) are equivalent points, but it is incorrect ! The conclusion can be the following one T5 is an inefficient algorithm because . some of the equations are redundant the minimization criterion is incorrect because we can not choose between primitive function points . inequality constraints are inefficient because they are always true when r e N, s e N.

Figure G :

 G Figure G : Location of centers of Dirichlet regions in the Central Place System.

Figure 7 :

 7 Figure 7: Superposition of three market areas :(N02,N°2,N°5)
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 4 In 1965 DACEY(11) has written " when the vector cij such as : t + j t and the point 0 (0,0) are located and are the centers of adjacents DIRICHLET regions of degree n, by rotation of U/3 and translation of the vector (i,j) points of the lattice cp^ { cij } are obtained and are the centers of these regions".The strict application of this rule is unable to determine the landscape constructed by LOSCH.31 Explanation of the location of the pointsThis method must allow us to locate all the solutions (i,j) of the Diophantine equation :, . .

  the number of coinciding centers is the same and when they have the same functions (for example n(n+z) = 169 located in (8,7) or in (13,0) where is already the point of function n = 13). In fact no criterion can allow us to choose because the works of LOSCH are of no help (15) : "First we lay the nets so that all of them shall at least one center in common. Here a metropolis will arise.. .Second, we turn the nets about this center so as to get six sectors with many and six sectors with only a few production sites. With this arrangement the greatest number of location coincide..." These conditions are respected for two points (8,7) and (13,0) for the function n(n+z) = 169. This is not the single one and its location will influence the one of multiple function of 169: For example n(n+z) = 7x169 = 1183, the primitive function point 1183 can be located in (26,13), (29,9) or (31,9). If we locate the center of DIRICHLET region of order 169 in (8,7) the center of order 1183 region will be located in (26,13) as will as those of order 7, 13, 91, in (29,9) there is no center except the one of order 1 located everywhere in the lattice; in (31,9) we get the point which is the center of the region of order 1321. But if we locate the center of the DIRICHLET region of order 169 in (13,0) the region of order 1183 will be centered in (26,13) as the regions of function 7,13,91,169. In (29,9) there is a point of order 1, in (31,9) is centered a region of order 1321. We can identify two cases : (i ) the first one (case 1) chooses the primitive function point having the smaller abscissa, when at least two points have the same number of coinciding centers with the same function.

When this region has the shortest possible sides we call it reduced parallelogram. Dirichlet region is a reguler hexagon whose interior consists of all points in the plane which are closer to particular lattice point than to any other lattice point. The set of Dirichlet regions (each of them surrounding a lattice point) exhausts the plane without overlapping. The fundamental or primitive Dirichlet region contains only one lattice point, which is the center of each region, and is called a region of degree 0 and order 1. The concept of Dirichlet region may be extended to polygons containing more than one lattice point, and such a region is called a multiple Dirichlet region :

  

	t 2; 1 \ + (J+1) t 2; (i+1) \ + (J+1) \

Table 1 : new test of T5 for n(n+z) = 399, aeR, p e R , \eR, SeR z s n( n+z) n n+z

 1 

				a	P	Y	6 a+p	Y+S	-a/P Y/S a-p Y-tt
	13 10	399	3 133 1,86 -0,29 11	1	1,57 12	6,41 11	2,1 10
	13 10	399	3 133 1,98 -0,73 11	1	1,25 12	2,71 11	2,7 10
	13 10	399	7 57 3	1	8	-1 2	7	3	-8	4	9
	13 10	399 19 21 4,86 -1,29 4,6 0,2 3,57	4,89 3,76 22, 6,1 4,
	17	5 399	3 133 1,64 0,14 9 4	1,78 13	11,7 2,2 1,5 5
	17	5 399	3 133 1,86 -0,29 9	4	1,57 13	6,41 2,2 2,1 5
	17	5 399	7 57 2,79 -0,32 7	1	2,47	8	8,71 7	3,1 6
	17	5 399 19 21 4,43 -0,14 4	1	4,29	5	31,6 4	4,5 3

If we only use the minimization criterion of DACEY (13,10) on line 4 and (17,5) on line 8 are possible and if we impose criterion 1 the choice proceeds on (17,5) when the solution is (13,10). If we maximize a + p it is insatisfactory because we will choose (17,5). A lot of other examples can be given revealing the same inefficiency. In view of these results we have forsaken the algorithm. Then, it was necessary to propose a new method of construction of the loschian landscape based on concepts set up by DACEY. 3 New method of elaboration of the Central Place System To throw out the algorithm doesn't mean that all the postulates and definitions of DACEY are incorrect.

  

table 2 : Differences between case 1 and case 2

 2 

		C£ ise 1 (8, 1 r... 7)	... 1 cas>e 2 ( 13, 0)
	max (i,j)	nb pts	nb pts		nb pts	nb pts	nb pts	nb pts
		I > J	I = J		I < J	I > J	I = J	I < J
	(50,50)	3731		412		2870	3709	418	2873
	(100,100)	16378		1011		13109	16295	1032	13129
	(150,150)	38542		1674		31414	38378	1716	31456
	(200,200)	70608		2407		58199	70304	2468	58292
	(250,250)	112610		3152	w T__	93645	112150	3236	93770
		I ca£ U i -( D	00	_____ r .... ... n	I cas i se 2 (13,( I i ))
	max (i,j ) nb pts	nb pts	casl / 2	cas 1 /2	cas 1 /2	cas 1/2
		E cas 1	E cas2	I > J	I = J	I < J	E
	(50,50)	7013		7000		22	-6	-3	13
	(100,100)	30498	30456		83	-21	-20	42
	(150,150)	71630	71550		164	-42	-42	80
	(200,200)	131214 131064		304	-61	-93	150
	(250,250)	209407 209156		460	-84	-125	251

remarques : I < J city poor sector I > J city rich sector I = J city rich and poor sectors boundary

  

CONCLUSION

This paper has provided a new method of construction of the loschian landscape and has proved the inefficiency of an algorithm elaborated by DACEY. Our system is based on translations and rotations. To settle the mosaic of Dirichlet regions two cases must be distinguished.

(i) if (i,j) is a primitive function point such as j =0. Then we must translate this point with a "primitive" vector (i,j) till a fixed point (50,50) for example. The point obtained is rotated with an angle of n/3, the matrix transformation is 0 1 -1 1 this point must again be translated with the primitive vector (i,j) till (50,50).