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Uniform-in-time convergence of numerical
schemes for a two-phase discrete fracture model

J. Droniou, J. Hennicker, R. Masson

Abstract Flow and transport in fractured porous media are of paramount impor-
tance for many applications such as petroleum exploration and production, geo-
logical storage of carbon dioxide, hydrogeology, or geothermal energy. We con-
sider here the two-phase discrete fracture model introduced in [3] which represents
explicitly the fractures as codimension one surfaces immersed in the surrounding
matrix domain. Then, the two-phase Darcy flow in the matrix is coupled with the
two-phase Darcy flow in the fractures using transmission conditions accounting for
fractures acting either as drains or barriers. The model takes into account complex
networks of fractures, discontinuous capillary pressure curves at the matrix frac-
ture interfaces and can be easily extended to account for gravity including in the
width of the fractures. It also includes a layer of damaged rock at the matrix fracture
interface with its own mobility and capillary pressure functions. In this work, the
convergence analysis carried out in [3] in the framework of gradient discretizations
[2] is extended to obtain the uniform-in-time convergence of the discrete solutions
to a weak solution of the model.
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1 Continuous model

We give here a brief overview of the notations, and refer to [3] for more details. Q2
is a bounded polytopal domain of R? (d = 2,3), partitioned into a fracture domain
I' and a matrix domain Q2\I". The network of fractures is I" = | J;; I7, where each I;
is planar and has therefore two faces a™ (i) and a™ (i). Set x = {a™ (i),a” (i) | i € I}
the set all faces and write, for simplicity, I'y+ ;) = Iq-(;) = I;. For a € x, 7a is the
one-sided trace operator on I'; and n, denotes the unit normal vector directed from
the face a to the matrix domain. The following notations, in which ﬁfj is the phase
pressure in the medium u and phase ¢, are used throughout the paper.

My=9,Mp=T and My =I3; s =max(0,s), s~ = (—s)";
(P Py) = (@) — ﬁ,zn,ﬁ} — ﬁ%) (capillary pressures); [#*]a = Yaliy, — 4y -
The assumptions in the rest of this paper are:

e The matrix-valued functions A, and Ay, permeability tensors in the matrix and
fracture domains, respectively, are uniformly coercive tensors.

e The functions 7 (half-normal transmissibility in the fracture network), ¢, and
¢y (porosities of the matrix and fracture, respectively), and dy (fracture width)
are bounded measurable and uniformly positive.

e The phase mobilities kff: M, x [0,1] — R are bounded uniformly positive
Caratheodory functions, hf € L*((0,T) x My ) and n > 0.

e The saturation S}l : My x R — [0, 1] of the non wetting phase is a Caratheodory
function; for a.e. x € M, SL (x,-) is a non-decreasing Lipschitz continuous
function on R; SL(~,q) is piecewise constant on a finite partition (M) ;e g, of
polytopal subsets of M,,, for all g € R. Not indicating the phase in the saturation
means that o = 1, thatis, §, =S L Of course, Si =1- S}L The initial capillary
pressures (P, o, P ) belong to H'(Q\T)x L*(T").

For ¢, € L*((0,T) x My) and a.e. (1,x) € (0,T) x My, we let
Sﬁ(q)u)(tvx) :Sﬁ(x»%(ﬁx)) and [kS]z((p/J)(t,X) Zkg(X,Sg(X,(pu(l,X))).

The PDEs model writes: find phase pressures (i, %) and velocities (q;,9%)
(a = 1,2), such that ‘ '

90 S (D) +div(ay,) = on (0,7) x 2\
;= — kS|, (B) AnVitg,  on (0,7) x Q\T
0,drdiSH(py) +dive(qf) — Y, OF o = dshf on (0,T)x I’
acy
~ af = —4/kSIF(py) AVt on (0.T) xT
(pmvpf)|t:0: (pm’mpf’o) on (Q\F) x T,

coupled with the matrix-fracture transmission conditions for all a € ¥
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{ qr% ‘Ng + Q%a = narsg(%lﬁm)

0%, = S|4y [a]; — kSIS (rap )Ty Ialy. )

dy

a S¢(YaPm)
/q'” o Fig. 1 Tllustration of the coupling con-
— Sy dition. It can be seen as an upwind two
Q. ‘QT:_G' point approximation of Q‘/’c‘ The up-
— winding takes into account the damaged
rocktype of porous thickness 7 at the
Pt e matrix-fracture interfaces.

To give the weak formulation of this model, set Vo= V,g X VJQ with

VO={ve H'(Q\T) | 13ov=00n 0},

VP ={veH'(I') | Yo,y =00n dI;NIQ forall i € I}.
The space H'(I") is made of functions whose restriction to each I belong to H' (I7),
and whose traces are continuous at fracture intersections dI; N dI';. Here, d1I; is the
boundary of I; respective to the hyperplane containing I';, and 7y is the trace operator.
We abridge Y. (.} Lacy and Zé:l into, respectively, },;, Y. and }q.

Definition 1 (Weak solution of the model). A weak solution of the model is
(e, uF )a=1 € [L*(0,T;V9) x Lz(O,T;VfO)]2 such that, for any & = 1,2 and any
(@ @F) €C([0,T) x Q) x CF([0,T) x I'),

T T
—/0 /M ¢usg(ﬁu)a,¢gdrydt+/ / KS](B,) Ay VS - V&d,dr
/ ¢p u pu O)(P/,L dT# +Z// Yaﬁmvﬁﬂ [[ﬁa]]a)[[aa]]adfdl
-X /0 /F 1Sa (YaP) 3t7a<pmdfdt+/ 15a (YaPi.0) Ya P (0, )df)
a a
T o=
= hyoydry, 2
;/0 ~/Mu u(pu Tu 2
where .7 (s1,s2,53) = Tr([kS]% (s1)s7 — [kS} (52)83 ), d7y(x) = dx and d7p(x) =
d;(x)dt(x) (d7 being the (d —1)- d1rnens10nal measure on the fractures).
2 The gradient scheme

Definition 2 (Gradient Discretization (GD)). A spatial gradient discretisation for
aDFN is g = (XO (HH js)”e{m e ([la.2g)acy (Tﬁs)aex) where
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o XY is a finite dimensional space of degrees of freedom,
. H;S : X — L2(M}) reconstructs a function on M, from the DOFs,

o VG 1 X0 = L*(My)
e [Ja.z : X° — L*(I,) reconstructs, from the DOFs, a jump on I between the

matrix and fracture,
. T‘,‘ﬁg : X — L?(I,) reconstructs, from the DOFs, a trace on I, from the matrix.

dimM, .
MY reconstructs a gradient on My, from the DOFs,

Here, H;S and T“@S are piecewise constant reconstructions in the sense of [2], which
implies that if g : R — R then H_g/)’sg(w) = g(H;Sw) and T, g(w) = g(T5 w). Ds is
e 0=1,<1t <--- <ty =T adiscretisation of the time interval [0,7],

o 12: H'(Q\T) — X% and I, : L*(I") — X° are operators designed to interpolate
initial conditions.

The spatial operators are extended into space-time operators the following way.
Ifw = (W,)n=o,.N+1 € (XN, and Wy, = Hgs, v‘gjs, [-a. or TS, then Wow is
defined on [0,T] x M, or [0,T] x I by

Yow(0,) = Wyeug and, Vn € {0,...,N — 1}, Vt € (1,,1,,1] Pow(t,-) = PosW,,1-

We also define the discrete time derivative 8w : (0,7] — X by, for the same n and

t as above, §,w(t) = %
n+ n
The gradient scheme for (2) is: find (u%*)g—12 € [(X®)¥*1]? such that, setting

1

p =u' —u?, we have Do = (I’éﬁmyo,lf;ﬁf,o) and, for o = 1,2 and v* € (XO)NJrI,

T
)3 /o /M (01 (8:S5(p) ) TSV + KS]5 (1T p) A, Vipu® - Vv ) dd
T u
T
+;</0 /1— F (T8 p, 1T, [4)a.9) [v* ], zdTdr

T T
a o a.,o _ aph o
+/0 /FanT@(&Sa (P))T@v drdt) _;/0 /M” hGIILv*dTde. (3)

3 Main result

Theorem 1. Under the assumptions of Section 1, let (2')1cn be a coercive, con-
sistent, limit-conforming and compact sequence of space-time GD (see [3]), and
let (u™!)1en be such that u®' € (XP)N*! is a sequence of solutions of (3) with
9 = 9. Then, there exists a weak solution (U, U} ) =1, of the model such that, for
allp € {m,f}andacy, S, (p,):[0,T] — L*(My) and Sy (YaPy) : [0,T] — L*(I)

are continuous and, up to a subsequence as | — oo, with p = u' — i,
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H;lsp (pl) - S[J (ﬁy) in Lm(0> T;LZ(M”)%
T5iSa(p') — Sa(YaPy) in L7(0, T:L3(I)).

Notations and preliminary results. Before proving this theorem, we recall some
convergence results established in [3], under the assumptions of Theorem 1. Here,
if (w');en is a sequence of functions in L?((0,T) x M) for some measured space M,
“w! — win L?” means that the convergence holds in L>((0,7) x M).

There exists a weak solution # = (ﬁm,ﬁf) such that, up to a subsequence as [ — oo,

forall 4 € {m, f} and a € %, with p = u' —u* and p,, =, — 7,

mu®! — a4 V;,ua’l — Vi and [u®'], 5 — [@*]a weakly in L?,  (4)

7 o
Hg,S# (p') — Sy (py) and T;‘ﬂSa(pl) — Sq(YaP,,) strongly in L2, 3)

The functions S, (p,) : [0, T] — L*(My) and Sy (YaP,) : [0, T] — L?(I,) are contin-
uous for the weak topologies of L*(My,) and L (I, ), respectively. Moreover, for any
(T");en C [0, T] that converges to some T,

18,8, (p')(T") = S, (Py)(T™) weakly in L*(My), and

. (6)
TS0 (P')(T") = Sq(YaP,u) (T™) weakly in L*(I,).
There exists pq € L*((0,T) x I'y) such that
F (T80 11, ' [u*"] , 1) = pa weakly in L2, ©)

and, for all ¢ € [L*(0,T;V;0) x L*(0, T; V)%,

T T
Z /0 /Fupauw ]]adrdrz(; /0 /Fuf(yapm,pf,uu Jo)[0%adzdr.  (8)

For p=HE {m,f} or p=a € 2, let Ry, (x ) be the range of Sp(x,-) and
[Sp (x,)]' : Rs, (x,.) — R be its pseudo-inverse defined by

‘ inf{z € R[Sp(x,2) = ¢} if g>Sp(x,0),
[Sp(x,)]'(¢) =4 0 if g = Sp(x,0),
sup{z € R[S, (x,z) = q} if ¢ <Sp(x,0).

Let By (X, -) : R — [0, 0] be given by B, (X,q) = fs‘i (x.0)[Sp (% )]'(7)dTif g € Ry (),
By (x,q) = +oo otherwise. By(X,-) is convex lLs.c. and Bp(x,Sy(x,-)) has a sub-
quadratic growth: B, (x,S,(x,r)) < Kr? for some K not depending on x or r.

The following continuous (based on [1, Lemma 3.6]) and discrete energy rela-
tions hold. For all Ty € [0, T],
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+r / MB(Sa(267) (7)) — /nB (1P 0))] a7

+Z / / [kS] (P ) Ay Vit - Vityd,d

+Z//Jyapm,pf,[[u“]] )[@*]adtdr = Z// heu%dt,di (9)
and, if k is chosen such that Ty € (f¢, fx41],

r/, o [Bu<su(ng,p’><ro>> ~ B8y a5,

FX L0 [Bal5aToy ) (10)) = Bo(Sa(Thgpo))] a2
+Z// [kS)5 (T15, pH) ALV u®! -V u®deydi

" Z/ / y(Tzﬁ’p[’H;/pl’ [[”a’lﬂa,gl)[[Mml]]a’_@zdrdt
a,a
Tit1
<Z/ +/ ha glualdfﬁdl‘, (10)

Proof of Theorem 1. The proof follows the ideas initially introduced in [1]. By the
characterisation [2, Lemma 4.8] of uniform-in-time convergence, it suffices to prove
that, for any sequence (7*);cn C [0, 7] converging to some 7,

11,8, (p')(T") = S, (P ) (T™) in L*(My),
T5Sa(P)(T") = Sq(YaPp)(T7) in L*(I).

Applying the discrete energy relation (10) to Ty = T yields
) / 0,8, (S, (1T ) (T + X / MB, (ST p)(T")de
/ ¢/.L /,L jlp() dT/.l +Z/ TIB ( glp()))d
r it VA YR ol gk el
—Z/ /”[kS}”(H@,p VALV u®t -V u® dryde

T!
- Z/ / pl,Hépo [ g ) [ ] gndwds
o,a

an
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Tk(1)+1 al
L [ T = ot bk oh(2)

where k(I) is such that 7' € (tx(1)»tk(1)+1]- The consistency of (2")1en shows that
HQZPO H Iglpu{) — pﬂ(o) in LZ(MII)’ Tglpo T Ijlpmo — }/Clpm( ) in
L2( a)- Since Bp oSy is sub-quadratic, we infer

@mﬁfﬁ/ 9B, (S, (P (0 dru+2/ B, (S4(1aPn(0))dz.  (13)

The convergence of 2 is trivial from the weak convergence of H;uo"l and the fact
that tk(l)+1 — T

%%2/ / hifigdTyd. (14)
oap’0 My

Consider Lemma 1 applied to F'((¢,%),&) = 11 7, (1) [kS]; (ITL, p') (1,%) A, (x)&
and W' = V% u®! By (4) and (5), W' — W := Vi weakly 1nL2((O T) x My) and,
up toasubsequence 1(07T1>H9 S, (phA, — 1(0,T°°) [kS]“(p“)A a.e.on My x (0,T)
while remaining bounded. Since F' is monotonic with respect to its second argu-
ment, the assumptions of Lemma 1 are satisfied with p = 1(g 7) [kS}ff(ﬁ“)Au vy,
and therefore

. . o (— —O —Q
hlrgglf,ngg > OZ‘/O /Mu [kS]”(pﬂ)AuVuu -V, dtyde. (15)

To study the limit of .7, we apply again Lemma 1, this time with F'((,x),&) =
E(T“@lpl(t,x),nélpl(t,x),é) and W! = [u®'], ,i. From the definition of .7 it
can be readily checked that F! is monotonic W1th respect to its first argument. Us-
ing therefore the strong convergences (5) of Sg(T7, p') and Su(H;, p'), the weak
convergence (4) of [[Ma’l]]m_@l and the convergence property (7)—(8) of F!(-,W!) =

ﬁ(T;lpl,H;,pl, [*!] 4 1), the assumptions of Lemma 1 are satisfied and

[—o0

T
liminf.of > ¥ / / F (Yol Py [0] ) [A] addtr. (16)
o,a 0 JIq
Gathering (13), (14), (15) and (16) into (12) and using the energy equality (9) yields
lim sup Z/ 0, B, (S "))dry + Z/ 1B ( )(Tl))dr)

[—o0
= %:/Mu 0By (Su (Po) (T7))d7 + ) /1- NB(Se(p)(T™))dr.  (17)
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On the other hand, the weak L2 convergences (6) and the fact that the functions By
are convex lower semi-continuous give, by [1, Lemma 3.4],

¥/, Bu(SuP(T7)d5, < limint Y, / 0By (ST p)(T')dza (18)

/nB (T d1<11m1an/ MB,(Sa(Top')(T!))de. (19)
Combining (17), (18) and (19) yields, by [2, Lemma 4.33],
% [, 0uBulSu P (T = Jim Y [ 0,8, (5,01 (1),
L nBa(Su(p)(T)ar= im Y [ B, (5,(Typ!) (7).

The proof of (11), and thus of Theorem 1, is then completed using the exact same
reasoning as in [1, Section 4.3]. O

Lemma 1 (Weak Fatou by monotonicity). Let k > 1, M be a measured space, and
let (F');en be Caratheodory functions M x R* — R such that, for a.e. z € M and all
E,neRK [Fl(z,&) —F'(z,m)]-[E =] >0. Let (W!),en such that, as | — oo, W! —
W weakly in L*(M)¥, (F'(-,W)),en converges strongly in L*(M)*, and F'(-,W"') —
p weakly in L*(M)X. Then [y, p(z)-W(z)dz < liminf,_,.. [,, F'(z,W!(z)) -W!(z)dz.

Proof. We have [F!(z,W') — F!(z,W)]- W' — W] > 0. Integrate and develop:
og/ Fl(z,W’)-W’dz—/ F’(z,Wl)-Wdz+/ Fl(z,W)~[WZ—W]dz. (20)
M M M

The last term goes to 0 by strong convergence of F'(-,W) and weak convergence of
W!. By weak convergence of F'(-,W'), the second term goes to [y, p - W. The proof
is concluded by taking the inferior limit of (20).
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