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Abstract: This paper is devoted to the study of a certain type of martingale problems associated
to general operators corresponding to processes which have finite lifetime. We analyse several
properties and in particular the weak convergence of sequences of solutions for an appropriate
Skorokhod topology setting. We point out the Feller-type features of the associated solutions to
this type of martingale problem. Then localisation theorems for well-posed martingale problems
or for corresponding generators are proved.
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1 Introduction

The theory of Lévy-type processes stays an active domain of research during the last
two decades. Heuristically, a Lévy-type process X with symbol ¢ : R x R? — C is a
Markov process which behaves locally like a Lévy process with characteristic exponent
q(a,-), in a neighbourhood of each point a € R?. One associates to a Lévy-type process
the pseudo-differential operator L given by, for f € C°(R?),

Lf(a):=— /]Rd ¢q(a,a)f(a)de, where f(a):= (2r)"¢ /Rd e v f(q)da.

Does a sequence X (™ of Lévy-type processes, having symbols ¢, converges toward
some process, when the sequence of symbols ¢, converges to a symbol ¢7 What about a
sequence X (™ corresponding to operators L,, when the sequence of operators converges
to an operator L? What could be the appropriate setting when one wants to approximate
a Lévy-type processes by a family of discrete Markov chains? This is the kind of question
which naturally appears when we study the Lévy-type processes.



It was a very useful observation that a unified manner to tackle a lot of questions
about large classes of processes is the martingale problem approach (see, for instance,
Stroock [Str75] for Lévy-type processes, Stroock and Varadhan [SV06] for diffusion pro-
cesses, Kurtz [Kurll|] for Lévy-driven stochastic differential equations...). Often, con-
vergence results are obtained under technical restrictions: for instance, when the closure
of L is the generator of a Feller process (see Kallenberg [Kal02] Thm. 19.25, p. 385,
Thm. 19.28, p. 387 or Bottcher, Schilling and Wang [BSW13], Theorem 7.6 p. 172). In
a number of situations the cited condition is not satisfied.

In the present paper we describe a general method which should be the main tool to
tackle these difficulties and, even, should relax some of these technical restrictions. We
analyse sequences of martingale problems associated to large class of operators acting on
continuous functions and we look to Feller-type features of the associated of solutions.

In order to be more precise, let us point out that the local Skorokhod topology on a
locally compact Hausdorff space S constitutes a good setting when one needs to consider
explosions in finite time (see [GHI17Dh]). Heuristically, we modify the global Skorokhod
topology, on the space of cadlag paths, by localising with respect to space variable, in
order to include the eventual explosions. The definition of a martingale local problem
follows in a natural way: we need to stop the martingale when it exits from compact sets.
Similarly, a stochastic process is locally Feller if, for any compact set of .S, it coincides
with a Feller process before it exits from the compact set. Let us note that an useful tool
allowing to make the connection between local and global objects (Skorokhod topology,
martingale, infinitesimal generator or Feller processes) is the time change transformation.
Likewise, one has stability of all these local notions under the time change.

We study the existence and the uniqueness of solutions for martingale local prob-
lems and we illustrate their locally Feller-type features (see Theorem [4.5). Then we
deduce a description of the generator of a locally Feller family of probabilities by using
a martingale (see Theorem below). Furthermore we characterise the convergence
of a sequence of locally Feller processes in terms of convergence of operators, provided
that the sequence of martingale local problems are well-posed (see Theorem be-
low) and without supposing that the closure of the limit operator is an infinitesimal
generator. We also consider the localisation question (as described in Ethier and Kurtz
IEKS6], §4.6, pp. 216-221) and we give answers in terms of martingale local problem
or in terms of generator (Theorems and [1.18)). We stress that a Feller process is
locally Feller, hence our results, in particular the convergence theorems apply to Feller
processes. In Theorem we give a characterisation of Feller property in terms of locally
Feller property plus an additional condition.

Our results should be useful in several situations, for instance, to analyse the conver-
gence of a Markov chain toward a Lévy-type process under general conditions (improving
the results, for instance, Thm 11.2.3 from Stroock and Varadhan [SV06] p. 272, Thm.
19.28 from Kallenberg [Kal02], p. 387 or from Botcher and Schnurr [BS11]). We develop
some of these applications (as the Euler scheme of approximation for Lévy-type process
or the convergence of Sinai’s random walk toward the Brox diffusion) in a separate work
IGH17a]. The method which we develop should apply for other situations. In a work



in progress, we try to apply a similar method for some singular stochastic differential
equations driven by a-stable processes other than Brownian motion.

The present paper is organised as follows: in the next section we recall some no-
tations and results obtained in our previous paper [GHI7b] on the local Skorokhod
topology on spaces of cadlag functions, tightness and time change transformation. Sec-
tion 3 is devoted to the study of the martingale local problem : properties, tightness
and convergence, but also the existence of solutions. The most important results are
presented in Section 4. In §4.1 and §4.2 we give the definitions and point out character-
isations of a locally Feller family and its connection with a Feller family, essentially in
terms of martingale local problems. We also provide two corrections of a result by van
Casteren [vC92]. In §4.3 we give a generator description of a locally Feller family and
we characterise the convergence of a sequence of locally Feller families. §4.4 contains
the localisation procedure for martingale problems and generators. We collect in the
Appendix the most part of technical proofs.

2 Preliminary notations and results

We recall here some notations and results concerning the local Skorokhod topology, the
tightness criterion and a time change transformation which will be useful to state and
prove our main results. Complete statements and proofs are described in a entirely
dedicated paper [GHITh].

Let S be a locally compact Hausdorff space with countable base. The space S could
be endowed with a metric and so it is a Polish space. Take A ¢ S, and we will denote
by S® O S the one-point compactification of S, if S is not compact, or the topological
sum S U{A}, if S is compact (so A is an isolated point). Denote C(S) := C(S,R), resp.
C(S2) := C(S2,R), the set of real continuous functions on S, resp. on S2. If Co(S)
denotes the set of functions f € C(S) vanishing in A, we will identify

Co(8) = {f € C(s%) | F(8) =0}

We endow the set C(S) with the topology of uniform convergence on compact sets and
Co(S) with the topology of uniform convergence.

The fact that a subset A is compactly embedded in an open subset U C S will be
denoted A € U. If z € (§°)®+ we denote

{(z) == inf{t = 0[{zs}s<t & S}
Firstly, we introduce the set of cadlag paths with values in S2,

> =i
ID)(SA) — {x c (SA)R+ vVt >0, xy = lim,); x5, and }

Vt >0, x4 := limgy x5 exists in SA

endowed with the global Skorokhod topology (see, for instance, Chap. 3 in [EKS86],
pp. 116-147) which is Polish. A sequence (z¥);, in D(S?) converges to = for the latter



topology if and only if there exists a sequence (A¥) of increasing homeomorphisms on
R, such that

vt >0, lim supd(a:s,xﬁk) =0 and lim sup|\F —s| =0.
k—oo g<t s k—oo g<¢

The global Skorokhod topology does not depend on the arbitrary metric d on S2, but
only on the topology on S.
Secondly, we proceed with the definition of a set of exploding cadlag paths

vt > g(x)a Tt = A?
Dioe(S) == € (SA)R+ Vit >0, oy = limgy @, )
Vt > 0s.t. {zs}s<t €5, xp— := limgyy x5 exists

endowed with the local Skorokhod topology (see Theorem 2.6 in[GH17b]) which is Polish.
Similarly, a sequence (2*)en in Dioe(S) converges to z for the local Skorokhod topology if
and only if there exists a sequence (A*); of increasing homeomorphisms on R satisfying

Vt > 08t {z5}s<t €S, lim supd(ws,o5,) =0 and lim sup|\f —s| = 0.
k—o00 s<t s k—o00 s<t
Once again, the local Skorokhod topology does not depend on the arbitrary metric d on
S2 but only on the topology on S.

We will always denote by X the canonical process on D(S?) or on Dyee(S), without
danger of confusion. We endow each of D(S?) and Dy,.(S) with the Borel o-algebra
F :=0(Xs 0<s < o0)and a filtration F; := 0(Xs, 0 < s <t). We will always omit
the argument X for the explosion time £(X) of the canonical process. It is clear that £
is a stopping time. Furthermore, if U C S is an open subset,

V=inf{t>0| X,  ¢Uor Xs U} AE (2.1)

is a stopping time.

In [GHI17Db] we state and prove the following version of the Aldous criterion of tight-
ness: let (P,), be a sequence of probability measures on Dj,.(S). If for all t > 0, £ > 0,
and open subset U € S, we have:

lim sup sup Pn<d<X7—17XT2) > 5) — 0, (2.2)
n—o0 TISTZ 6—0
72§(7'1+6)/\t/\TU

then {P,}, is tight for the local Skorokhod topology. Here d is an arbitrary metric on
S2 and the supremum is taken on all stopping times 7;.

There are several ways to localise processes, for instance one can stop when they
leave a large compact set. Nevertheless this method does not preserve the convergence
and we need to adapt this procedure in order to recover continuity. Let us describe our
time change transformation. Since , we can write

7N (@) = inf {t > 0 | g(wi) Agla) = 0} AE(w).



Let g € C(S,Ry) be. For any = € Dj(S) and ¢t € R} we denote

s > 71970} op /S v t} . (2.3)

() :=1inf {s
t() f{ 20 Og(xu)

We define a time change transformation, which is F-measurable,

g-X: DIOC(S) — D]OC(S)
T = g-x,

as follows: for t € Ry

{g#0}

X ooy if ™= , X {970 _ exists and belongs to {g = 0},

(Q'X)t:{

X9 otherwise.
(2.4)

For any P € P(Dyoc(S5)), we also define g - P the pushforward of P by x +— g - x. Let us
stress that, 77 is a stopping time (see Corollary 2.3 in [GHI7D]). The time of explosion
of g - X is given by

. 0
if 7_{55«é }

00 < & or X¢_ exists and belongs to {g = 0},
g(g‘X):{fé du ¢

0 3(z) otherwise.
It is not difficult to see, using the definition of the time change (2.4)), that

Vgi,92 € C(S,Ry), Vo € Dioe(S), 91 (92-2) = (g192) - x. (2.5)

In [GHI7H]) Proposition 3.8, a connection between Dy,.(S) and D(S?) was given.
We recall here this result because it will employed several times.

Proposition 2.1 (Connection between Dio.(S) and D(S2)). Let S be an arbitrary locally
compact Hausdorff space with countable base and consider

P: S — PDp(S))
a P,

a weakly continuous mapping for the local Skorokhod topology. Then for any open subset
U of S, there ezists g € C(S,Ry) such that {g # 0} =U, for alla € S

g-Po(0<{<o0= Xe existsinU) =1,
and the application

g-P: S = PHO<E<o00= Xe exists in U})
a g-P,

is weakly continuous for the global Skorokhod topology from D(S%).



3 Martingale local problem

3.1 Definition and first properties

To begin with we recall the optional sampling theorem. Its proof can be found in
Theorem 2.13 and Remark 2.14. p. 61 from [EK86].

Theorem 3.1 (Optional sampling theorem). Let (2, (G¢)ier, ,P) be a filtered probability
space and let M be a cadlag (Gi)i-martingale, then for all (Giy)¢-stopping times T and
o, with T bounded,

E[M: | Got] = Mrps, P-almost surely.

In particular M is a (Gi4)i-martingale.

Definition 3.2 (Martingale local problem). Let L be a subset of Cy(S) x C(S).

a) The set M(L) of solutions of the martingale local problem associated to L is the
set of P € P (Dpe(5)) such that for all (f,g) € L and open subset U € S:

tAtY
f(Xiprv) — / g9(Xs)ds is a P-martingale
0

with respect to the filtration (F3); or, equivalent, to the filtration (F;4);. Recall
that 7V is given by (2.1). The martingale local problem should not be confused
with the local martingale problem (see Remark below for a connection).

b) We say that there is existence of a solution for the martingale local problem if for
any a € S there exists an element P in M(L) such that P(Xy =a) = 1.

c) We say that there is uniqueness of the solution for the martingale local problem if
for any a € S there is at most one element P in M(L) such that P(Xy =a) = 1.

d) The martingale local problem is said well-posed if there is existence and uniqueness
of the solution.

Remark 3.3. 1) By using dominated convergence, for all L C Cy(S) x C(5), (f,g) €
LN Cy(S) x Cp(S) and P € M(L), we have that

tAE
f(Xy) — / 9(Xs)ds is a P-martingale.
0

Hence, if L C Cy(S) x Cp(.5), the martingale local problem and the classical martingale
problem are equivalent.
2) It can be proved that, for all L C Cy(S) x C(95), (f,g) € L and P € M(L) such that

P(f < oo implies {X}sc¢ € S) =1,
we have

tAE
f(Xy) — / g9(Xs)ds is a P-local martingale.
0

6



Indeed, it suffices to use the family of stopping times
{TU V (T]]'{TUST,TUzg}) ’ U & S, T Z 0} B

to obtain the assertion.

3) We shall see that the uniqueness or, respectively, the existence of a solution for the
martingale local problem when one starts from a fixed point implies the uniqueness or
the existence of a solution for the martingale local problem when one starts with an
arbitrary measure (see Proposition below).

4) Let L C Cp(S) x C(S) and P € M(L) be. If (f,g) € L and U € S is an open subset,
then, by dominated convergence

. B tATU _a.s.
B /() | 7 f<Xo>:EE [ s J’o]I;:;g(Xo)- .

Let us point out some useful properties concerning the martingale local problem:

Proposition 3.4 (Martingale local problem properties). Let L be a subset of Co(S) x

C(9).
1. (Time change) Take h € C(S,Ry) and denote
hL :={(f,hg) | (f,9) € L}. (3.1)
Then, for all P € M(L),
h-Pe M(hL). (3.2)

2. (Closer property) The closure with respect to Co(S) x C(S) satisfies
M (span(L)) = M(L). (3.3)
3. (Compactness and convexity property) Suppose that D(L) is a dense subset of
Co(S), where the domain of L is defined by
D(L) :={f € Co(S) | 39 € C(5), (f,9) € L}.
Then M(L) is a convex compact set for the local Skorokhod topology.

4. (Quasi-continuity) Suppose that D(L) is a dense subset of Co(S), then for any
P € M(L), P is (Fi4)i-quasi-continuous. More precisely this means that for any
(Fit)e-stopping times T,71,To . . .

X;, — X; P-almost surely on {’Tn — T < oo}, (3.4)
n—oo n—o0

with the convention X := A.
In particular for any t > 0, P(X;— = X;) =1,

P(ID)ZOC(S) O]D)(SA)> = P<§ € (0,00) = X¢_ emists in SA> =1,

and for any open subset U C S, P(1¥ < 0o = X,v ¢ U) = 1.



The following result tell that the mapping L — M(L) is somehow upper semi-
continuous.

Proposition 3.5. Let L,, L C Cy(S) x C(S) be such that
V(f,9) € L, 3(fn,gn) € Ln, such that [, n%o fs gn n%;o g. (3.5)

Then:

1. (Continuity) Let P™ P € P (Dyy(S)) be such that P™ € M(L,) and suppose that
{P"},, converges weakly to P for the local Skorokhod topology. Then P € M(L).

2. (Tightness) Suppose that D(L) is dense in Cy(S), then for any sequence P™ €
M(Ly,), {P"},, is tight for the local Skorokhod topology.

The proofs of the two latter propositions are interlaced and will be developed in the
appendix (see §A.1). During these proofs we use the following result concerning the
property of uniform continuity along stopping times of the martingale local problem. Its

proof is likewise postponed to the Appendix.

Lemma 3.6. Let L,,, L C Co(S) x C(S) be such that D(L) is dense in Co(S) and assume
the convergence of the operators in the sense given by . Consider IC a compact subset
of S andU an open subset of S* containing {(a,a)}acs. For an arbitrary (Fiy)¢-stopping
time 71 we denote the (Fy4)i-stopping time

7(r) i=1inf {t > 71 | {(Xry, Xs)}ri<sct €UT.

Then for each € > 0 there exist ng € N and § > 0 such that: for any n > ng, (Fit)i-
stopping times 71 < Ty and P € M(Ly) satisfying E[(r; — 71)1(x, ex}] < 0, we have

P(Xn €K, T(Tl) < 7_2) <eg,

with the convention X = A.

3.2 Existence and conditioning

Before giving the result of existence of a solution for the martingale local problem, let us
recall that X7 = X a: for 7 a stopping time, and the classical positive maximal principle
(see [EKS86], p.165):

Definition 3.7. A subset L C Cy(S) x C(S) satisfies the positive maximum principle if
for all (f,g) € L and ag € S such that f(ag) = sup,cg f(a) > 0 then g(ap) < 0.

Remark 3.8. 1) A linear subspace L C Cy(S) x C(S) satisfying the positive maximum
principle is univariate. Indeed for any (f, g1), (f, g2) € L, applying the positive maximum
principle to (0, g2 — g1) and (0,91 — g2) we deduce that g; = go.

2) Suppose furthermore that D(L) is dense in Cq(.9), then as a consequence of the second
part of Proposition 3.4 and of Theorem [3.9) below, the closure L in Co(S) x C(S) satisfy
the positive maximum principle, too. O



The existence of a solution for the martingale local problem result will be a conse-
quence of Theorem 5.4 p. 199 from [EK86].

Theorem 3.9 (Existence). Let L be a linear subspace of Co(S) x C(S5).

1. If there is existence of a solution for the martingale local problem associated to L,
then L satisfies the positive mazrimum principle.

2. Conversely, if L satisfies the positive maximum principle and D(L) is dense in
Co(S), then there is existence of a solution for the martingale local problem asso-
ciated to L.

Proof. Suppose that there is existence of a solution for the martingale local problem, let
(f,g) € L and ap € S be such that f(ag) = sup,cg f(a) > 0. If we take P € M(L) such
that P(Xo = ag) = 1, then, by the fourth part of Remark

(a0) = lim = (f(Xipro) = J(a0)) <0,

so L satisfies the positive maximum principle.

Let us prove the second part of Theorem Consider Ly a countable dense subset
of L and Lo := span(Lo). There exists h € Co(S) such that for all (f,g) € Lo: hg € Co,
hence L = Ly and hLg C Co(S) x Co(S). We apply Theorem 5.4 p. 199 of [EKS6]
to the univariate operator hLg: for all a € S, there exists P € P(D(S?)) such that

P(Xo=a) =1 and for all (f,g) € hLg
t ~
f(Xy) — / 9(Xs)ds is a P-martingale.
0

Then P := .,?f,(XTS) S (DlOC(S) ﬂ]D(SA)), moreover for any (f,g) € hLg, for any
open subset U € S, for any s; < --- < s, < s < t in Ry and for any ¢, ..., ¢, € C(S?),

tarU

Q(Xu)du> 01(Xs,) - or(Xs,)

E Kﬂxmw I Kopp) — |

ATU

tATY

E Kf(wa — FXopee) = [ g(Xu>du> o1(Xe) -mxsk)] =0

ATU

Hence P € M(hLy). To conclude we use the two first parts of Proposition

M(L) = M(D) = M(Lo) = {7 - Q| Q € M(hLo)}

So % - P € M(L) and the existence of a solution for the martingale local problem is

proved. ]



Remark 3.10. Since F is the Borel o-algebra on the Polish space Dy, (S), we can use
Theorem 6.3, in [Kal02], p. 107. So, for any P € P (D,.(S)) and (Fi)-stopping time

7, the regular conditional distribution Qx P:_is' .,E/ﬂp((XT_HL)tZO ‘.FTJ’_) exists. It means
that there exists
Q: Dpc(S) — P (Dp(S))
T > Q.

such that for any A € F, Qx(A) is F,-measurable and

P((XTH)QO cA ‘ .7:T+) =Qx(A) P-almost surely. O
Proposition 3.11 (Conditioning). Take L C Cy(S) x C(S), P € M(L), and a (Fit)¢-
stopping time 7. As in Remark|3.10| we denote Qx Pras. fp((XTH)tZO .7-"T+), then

Qx € M(L), P-almost surely.

Proof. Let (f,g) bein L, s < --- < s, < s <t bein Ry, ¢1,...,¢k be in C(S*) and
U € S be a open subset. Here and elsewhere we will denote by EQ* the expectation
with respect to Q. Since

tatY
L B[ (F(Xoppv) = F(Xgn0) = / Ly I Au) 1 (X (X
SAT
P-as. (t+m)ATY
= ]lT<TUE|:<f(X(t+T)/\TU) - f(X(S—‘rT)/\TU) - /( CrArU Xu)du)
P-
X (PI(X31+T) T @k(Xsk+T) fﬂ'—i—} =° 0,

we have

tATU

E(EQX {(f(XtATu) — F(Xap) _/

sATU

9(Xu)du)e1(Xs,) - or(Xa)| #0)
<P(r¥<r<¢). (36

Let L be a countable dense subset of L, C' be a countable dense subset of C(S2) and

U, € S be an increasing sequence of open subsets such that S = J,, U,. Then Qx €

M(L) if and only if for all (f,g) € L, k € N, for any s; < --- < s, < s < t in Qy, for
any ¢i,...,pr € C, and for n large enough

tATUn

B [(F(Xyprin) = (Xoprin) — |

sATUn

9(Xu)du)p1(Xs,) - (Pk(Xsk)} = 0.

Hence {Qx € M(L)} is in Fr4 and by (3.6]), P-almost surely Qx € M(L). O
Proposition 3.12. Set L C Cy(S) x C(S).

1. If there is uniqueness of the solution for the martingale local problem then for any
1 € P(S?) there is at most one element P in M(L) such that Zp(Xq) = p.

10



2. If there is existence of a solution for the martingale local problem and D(L) is
dense in Co(S), then for any p € P(S?) there exists an element P in M(L) such
that gp(X()) = M.

Proof. Suppose that we have uniqueness of the solution for the martingale local problem.
Let 4 be in P(S?) and P!, P2 € M(L) be such that Zp1(Xo) = Lp2(Xo) = p. As in
Remark let Qo,Re : S® — P(Dyoe(S)) be such that
Qx, T Lo (X | Fo), Ry, 2% %o (X | Fo).

Then, by Proposition Qu, Ry, € M(L) for p-almost all a, so, by uniqueness of the
solution for the martingale local problem, Q, = R, for p-almost all a. We finally obtain
P! = [ Quv(da) = [ Ryv(da) = P2.

Suppose that we have existence of a solution for the martingale local problem and
that D(L) is dense in Cy(S). Thanks to 3| from Proposition M(L) is convex and
compact. Hence the set

C:={pueP(S?)|3IP € M(L) such that Lp(Xy) = u}

is convex and compact. Since there is existence of a solution for the martingale local
problem we have {6a ae SA} C CsoC =7P(S?). O

4 Locally Feller families of probabilities

In this section we will study a local counterpart of Feller families in connection with
Feller semi-groups and martingale local problems. The basic notions and facts on Feller
semi-groups can be founded in Chapter 19 pp. 367-389 from [Kal02].

4.1 Feller families of probabilities

Let (Gt)t>0 be a filtration containing (F;):>0. Recall that a family of probability mea-
sures (Po)acs € P(Dioe(S))° is called (G;)i-Markov if, for any B € F, a + P, (B) is
measurable, for any a € S, Po(Xo =a) =1, and for any B € F, a € S and ty € Ry

P, (Xig+t)t € B | Gyy) = Px, (B), P, — almost surely,

where P A is the unique element of P(Djoc(5)) such that Pa(§ = 0) = 1. If the latter
property is also satisfied by replacing ¢ty with any (G;):-stopping time, the family of
probability measures is (G;);-strong Markov. If G, = F; we just say that the family is
(strong) Markov. If v is a measure on S* we set P, := [ P,v(da). Then the distribution
of Xy under P, is v, and P, satisfies the (strong) Markov property.

Definition 4.1 (Feller family). A Markov family (Py)a € P(Dioc(S))° is said to be
Feller if for all f € Cy(S) and ¢ € Ry the function

thl S — R
a Ea[f(Xt)]

11



is in Cp(.5). In this case it is no difficult to see that (73); is a Feller semi-group on Cq(5)
(see p. 369 in [Kal02]) called the semi-group of (P,),. Its generator L is is the set of
(f,9) € Co(S) x Cy(S) such that, for all a € S

Tif(a) — f(a)
3 9.

and we call it the Cy x Cy-generator of (Py),.

In [vC92] Theorem 2.5, p. 283, one states a connection between Feller families and
martingale problems. Unfortunately the proof given in the cited paper is correct only on
a compact space S. The fact that a Feller family of probabilities is the unique solution
of an appropriate martingale problem is stated in the proposition below. We will prove
the converse of this result in Theorem

To give this statement we need to introduce some notations. For L C Cy(S) x Cy(S)
we define

LA :=span (LU {(1g4a,0)}) € C(5?) x C(S?). (4.1)

We recall that we identified Cy(.S) by the set of functions f € C(S) such that f(A) = 0.
The set of solutions M (L) C P(Diec(S?)) of the martingale problem associated to L

satisfies
VP € M(L?), P(Xpe S? = X eD(S?)) =0.

Without loss of the generality, to study the martingale problem associated to L? it
suffices to study the set of solution with S®-conservative paths:

M(LR) := M(LA) N P(D(S2)) = {P € M(L?) \ P(Xo € 5%) =1}.

In fact M.(L?) is the set consisting of P € P(ID(S?)) such that for all (f,g) € L

t
f(X) —/ g(Xs)ds is a P-martingale. (4.2)
0

Proposition 4.2. If (T}); is a Feller semi-group on Co(S) with L its generator, then
there is a unique Feller family (Pg,), with semi-group (Ty)¢. Moreover the martingale
problem associate to L® is well-posed and

Mc(LA) = {Pu}ueP(SA)-
Remark 4.3. 1. For any P € M (L?) the distribution of X™° under P satisfies
Zp(X7) € Mo(L*) NDioe(S) € M(L).
Moreover if D(L) is dense in Cy(S), thanks to [4] from Proposition
M(L) = Me(L2) N Dioe(S).

12



So if D(L) is dense in Cy(S) there is existence of a solution for the martingale problem
associated to L if and only if there is existence of a solution to the martingale problem
associated to L. Moreover the uniqueness of the solution for the martingale problem
associated to L® imply uniqueness of the solution for the martingale problem associated
to L.

2. If S is compact and D(L) is dense in Co(S) = C(S), then it is straightforward to
obtain M(L) = M.(L?). O

For the sake of completeness we give:

Proof of Proposition[{.9 The existence of a solution for the martingale problem is a
consequence of Theorem Thanks to Proposition to prove our result we need
to prove that

VP € M (L?), ¥t > 0,VYf € D(L), E[f(X})] = E [T} f(Xo)]
Let 0 =ty < --- <ty41 =t be a subdivision of [0, ], then
N
E[f(Xy) | Fol = Tuf(Xo0) = Y E [Tty [ (Xtiny) | Fo] = E[Ti—s, f(Xe,) | Fol
=0
N
= ZE [E [Tt_ti+1f(Xti+1) ‘ ’th] - Tt—tif(Xti) ’ }—0] .
=0

Moreover for each i € {0,... N}, using martingales properties for the first part and
semi-groups properties (see for instance Theorem 19.6, p. 372 in [Kal02]) for the second

ftl} — T, f(Xy,) = E{/ttiﬂ LTt—ti-H f(Xs) = LTi—s f (Xy;)ds ’ ‘th}’

7

E {Tl’t—tiﬂ f(Xti+1 )

SO
N o i
B = T Kol € BY. [ Lo, S(X0) = LT (1) ds.
i=0 "t
By dominated convergence we can conclude. O

Before introducing the definition of a locally Feller family, let us state a result on an
application of a time change to a Feller family:

Proposition 4.4. Let (Py), € P(Dye(S))? be a Feller family with Co x Co-generator
L. Then, for any g € Cp(S,R%), (9-Pa)q is a Feller family with Co x Cy-generator gL,
taking the closure in Co(S) x Co(S5).

Proof. Thanks to the first part of Proposition [3.4] and to the Proposition [£.2] the result
is only a reformulation of Theorem 2, p. 275 in [LumT73]. For the sake of completeness
we give the statement of this result in our context: if L C Cy(S) x Cy(S) is the generator
of a Feller semi-group, then for any g € Cy(S,R? ), gL is the generator of a Feller semi-
group. O

13



4.2 Local Feller families and connection with martingale problems

We are ready to introduce the notion of locally Feller family of probabilities. This is given
in the following theorem which proof is technical and it is postponed to the Appendix

W)

Theorem 4.5 (Definition of a locally Feller family). If (Py)a € P(Die(S))°, the fol-
lowing four assertions are equivalent:

1. (continuity) the family (Py)q is Markov and a — P, is continuous for the local
Skorokhod topology;

2. (time change) there exists g € C(S,R%) such that (g-Py,), is a Feller family;
3. (martingale) there exists L C Co(S) x C(S) such that D(L) is dense in Co(S) and

Vae S, PeM(L) and P(Xg=a)=1<= P =Py,;

4. (localisation) for any open subset U € S there exists a Feller family (ﬁa)a such
that for any a € S

o () = 5, (x7)

We will call a such family a locally Feller family.
Moreover a locally Feller family (Py)q is (Fii)i-strong Markov and for all u € P(S?),
P, is quasi-continuous.

Remark 4.6. A natural question is how can we construct locally Feller families? We
give here answers to this question.

i) A Feller family is locally Feller.

ii) If g € C(S,R%) and (P,)q € P(Dioc(S))* is locally Feller, then (g - Pg), is locally
Feller. This result is to be compared with the result of Proposition [£.4]

iii) If S is a compact space, a family is locally Feller if and only if it is Feller. This
sentence is an easy consequence of the third part of the latter theorem and of
Proposition [£.4]

iv) As consequence of the first assertion in Theorem if (Po)a € P(Dioe(9))? is
locally Feller then the family
U — PDic(U))

a fpa(X)

is locally Feller in the space U. Indeed, it is straightforward to verify that, for any
open subset U C S, the following mapping is continuous,

]D)loc(s) — DIOC(U)

O g {5 R
T — T

A otherwise. O
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Since a locally Feller family on S2 is also Feller we can deduce from Theorem a
characterisation of Feller families in terms of martingale problem. The following theorem
is the converse of Proposition [4.2] and provide a first correction of the result Theorem
2.5, p. 283 in [vC92].

Theorem 4.7 (Feller families - first characterisation). Let (Py)q € P(Dioe(S))* be, the
following assertions are equivalent:

1. (Pg)q is Feller;

2. the family (Py), is Markov, P, € P(D(S?)) for any a € S, and S > a + P, is
continuous for the global Skorokhod topology;

3. there exists L C Co(S) x Co(S) such that D(L) is dense in Co(S) and
VYae S?, Pe ML) and P(Xg=a)=1<=P =P,.
We recall that P is defined by PA(Vt >0, X; = A) =1.

Proof. Thanks to the fourth point of Proposition a Feller family in P (Djoc(5)) con-
tinues to be Feller also in P(D(S%)), so a family (Pg)e € P(Die(S))” is Feller if and
only if the family (P,), € P(D(S2))5" is Feller. Since S2 is compact, using the third
point of Remark this is also equivalent to say that (Pg),cga is locally Feller in SA.
Hence the theorem is a consequence of Theorem applied on the space S® and to
Proposition [£.2] O

The following theorem provides a new relationship between the local Feller property
and the Feller property. With the help of Theorem we obtain another correction of
the Theorem 2.5 p. 283 from [vC92] by adding the missing condition (4.3)).

Theorem 4.8 (Feller families - second characterisation). Let (Pg)q € P(Dye(S))° be,
the following assertions are equivalent:

1. (Pg)q is Feller;
2. (Pg)q is locally Feller and

YVt >0, VK C S compact set, P, (X; € K) — 0; (4.3)
a—

3. (Pga)q is locally Feller and
Vi >0, VK C S compact set, P, (TS\K <tA 5) —A> 0.
a—
Proof. [+{3 Take a compact K C S and ¢t > 0. There exists f € Co(S) such that
f > 1k. Since the family is Feller,

Pa<Xt S K) < Ea[f(Xt)] — 0.

a—A
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[Z={3 Take an open subset U € S such that K C U and define
7 :=inf {S >0 ‘ {(Xo0, Xu) }o<u<s & U*u (S\K)z}

By the third sentence of Theorem we can applying Lemma to K := K, U :=
U? U (S\K)?, 1 := 0 and 75 := %, we get the existence of N € N such that

Sél}[;Pb<T < %) < 1.

By Theorem P, is quasi-continuous for any a € S, so P,(X s\x € K U{A}) = 1.
Denoting [r] the smallest integer larger or equal than the real number r, we have

Po(IEN, k<N, Xy €U) > Po(r5V <t A g, Xyyoippmi s €U)
= E, {1{75\K<mg}EXTS\K [Xs € Uhs:tN—l[t—lNTS\KpTS\K}

> P, (79K <tAE) |1 —supP(r <tN )|,
o )[1-su( )
SO

o Pa(Xjn-1 € U)
1 — suppex Pb(r < tN_l)
. Consider f € Cy(S) and let ¢ > 0 and € > 0 be. There exists a compact subset
K C S such that ||f||xe < ¢, and an open subset U € S such that KX C U and

Pa(TS\K<t/\£)§ — 0, asa— A.

sup P (T <t n€) <e.
agU

With the aim of the second assertion of Theorem [4.5] and Proposition there exists
g € C(S,(0,1]) such that g(a) =1, for a € U, and (g-P,), is Feller. Then for any a € S

Bl (X0)] = Ealf (9 X)0)]| < Ea[[F(X0) = (g X)) Liyv )]
< Eo[|f (X)) Loon] + Ea[ [£((g- X)) Lppv gy -

By Theorem P, is quasi-continuous, so P, (X, v ¢ U) = 1, we have

E,|

FXO[Lpvan] = Ba[ Lo B [IF XD o]
=E, {H{TU«}EXTU [WXS)’]I{TS\K«A&}] |s:t77U}

+ Eq []I{TUQ}EXTU [|f(Xs)|]1{TS\K2t/\5}] ‘Szt_TU]
< |Ifll S;gPa(TS\K <tNE) + | fllre < (I + e,
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and
Eo| [£(9- X0l v cny] = Ba|LpvanBx o (1100 X0 o]
=E, []1{7U<t}EXTU [1£(g- XN coney] ‘S:t,TU:|

+ Ea[ Lo By (9 XL rswesing] oy o)
< I s;BPa(TS\K <tANE + | fllre < ([fI] + De.

Hence
B/ (X0)] = Balf((g- X)0)| < 201F] + Ve,

so, since a — Eq[f((g- X)¢)] is in Co(S), letting € — 0 we deduce that a — E,[f(X})] is
in Cy(S), hence (P,), is Feller. O

4.3 Generator description and convergence

In this subsection we analyse the generator of a locally Feller family:

Definition 4.9. Let (P,)s € P(Dy.(5))° be a locally Feller family. The Co x C-
generator L of (Pg) € P(Dioe(S))? is the set of functions (f, g) € Co(S) x C(S) such
that for any a € S and any open subset U € S

taTY
f(Xprv) — / g9(Xs)ds is a P,-martingale.
0

Theorem 4.10 (Generator’s description). Let (Pg)q € P(Dioe(S))° be a locally Feller
family and L its Cy x C-generator. Then D(L) is dense, L is an univariate closed
sub-vector space,

M(L) = {PM}MEP(SA)v

L satisfies the positive mazximum principle and does not have a strict linear extension
satisfying the positive maximum principle. Moreover for any (f,g) € Co(S) x C(S) we
have equivalence between:

1. (f,g9) € L;

2. for alla € S, there exists an open set U C S containing a such that

lim % (Ea [f(Xinrv)] — f(a)) = g(a);

t—0

3. for all open subset U € S and a € U

tim = (Ba [f(X,,0)] — £(a)) = g(a).

t—0
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Proof. Thanks to the third assertion of Theorem and Proposition [3.12] we have
M(L) = {Py},ecp(say and D(L) is dense. By the point [2| of Proposition Lisa
closed sub-vector space. The fourth part of Remark allows us to conclude that: L is
univariate, L satisfies the positive maximum principle, and that It is strightforward
that Thanks to Theorem L does not have strict linear extension satisfying
the positive maximum principle. Finally the set of (f, g) satisfying the statement [2| is
a linear extension of L satisfying the positive maximum principle, so by the previous
assertion 2={11 O

Remark 4.11. One can ask, as in Remark how can we obtain the generator of a
locally Feller family? A similar statement of first one in the cited remark is Proposition
below. The second one is straightforward: if g € C(S,R%) and if L is the Cy x C-
generator of (Pg),, then gL is the Cy x C-generator of (g-Pg),, as we can see by using
from Proposition [3.4 O

Proposition 4.12. Let (Py)q € P(Dy,e(S))® be a Feller family, Ly its Co x Co-generator
and L its Cy x C-generator. Then taking the closure in Co(S) x C(S5)

Lo=LnN Co(S) X CQ(S), and L = fo

Proof. Firstly, we have Ly C LN Cy(S) x Co(S) by Proposition Hence LN Cy(S5) x
Co(.9) is an extension of L satisfying the positive maximum principle, so by a maximality
result (a consequence of Hille-Yoshida’s, see for instance Lemma 19.12, p. 377 in [Kal02]),
Lo=LnN Co(S) X C()(S)

Secondly, take (f,g) € L. Let h € C(S,R%) be a bounded function such that hg €

Co(S). Thanks to Proposition |4.4] the Cy x Co-generator of (h-Pg), is mCO(S)XCO(S).

Moreover the Cy x C-generator of (h-P,), is hL. Hence applying the first step to the
family (h - P,), we deduce that

700(3))(00(5)

hLg = (hL) N Co(S) x Co(S5),

xCo(S) Co(S)xC(S)

so (f,hg) € hLo ** and (f,g) € Lo O

Theorem 4.13 (Convergence of locally Feller family). For n € NU {oc}, let (P?), €
P(Dyoe(S))° be a locally Feller family and let Ly, be a subset of Co(S) x C(S). Suppose

that for any n € N, L, is the generator of (P}})a, suppose also that D(Ls) is dense in
Co(S) and
M(Loo) = {P)7 }uep(sa)-

Then we have equivalence between:

1. the mapping
NU{oo} x P(S2) — P (Dye(S))
(m, 1) — P

is weakly continuous for the local Skorokhod topology;
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2. for any an,a € S such that a, — a, Py converges weakly for the local Skorokhod

topology to P, as n — oo;

3. for any (f,9) € Lso, there exist (fn,gn) € Ly such that f, n%o Iy on n%o g.

Remark 4.14. 1) We may deduce a similar theorem for Feller process.

2) An improvement with respect to the classical result of convergence Theorem 19.25,
p. 385, in [Kal02], is that one does not need to know that L is the generator of the
family, but only the fact that the martingale local problem is well-posed. Let us point
out that there are situations were the generator is not known. O

Proof of Theorem [{.13, 1t is straightforward that The implication is a con-
sequence of Proposition [3.5
We prove that We can suppose that L, is the generator of (P3°),. It is straight-
forward to obtain that
NU {oo} x 84 — P (Dye(9))
(n,a) > P}

is weakly continuous for the local Skorokhod topology. Thanks to Proposition [2.1] on
the connection between Dy, (S) and D(S2), there exists h € C(S, R* ) such that, for any
n € NU{oco} and a € S,
h- P (Diee(S) ND(SY)) =1,
and the mapping
NU{oc} x S4 = P (D(S4))
(n,a) — h-P?
is weakly continuous for the global Skorokhod topology. Thanks to Theorem (P,
is a Feller family, for all n € NU{oo}. From Remark and Propositionwe deduce
that: hL, N Co(S) x Co(S) is the Cy x Cop-generator of (P7?), for n € N, hLo, N Cy(S9)?
is the Cy x Cp-generator of (P5°), and

Co(S)xC(S)

hLs NCy(S) x Co(5) = hl.

Take arbitrary elements a,a1,a92... € SA and t,t1,t2... € Ry such that a, — a and
tn — t, then h - Pj converges weakly for the global Skorokhod topology to h - Pg°. By
Theorem h - Pg° is quasi-continuous, so h - P2°(X;— = X;) = 1. Hence, for any
f€Co(9)

heEp[F(X,)) =5 b EPF(X0).

From here we can deduce that, for any ¢ > 0

lim_sup sup k- EZ[f(X,)] — h - BE[f(X,)]| = 0.
=00 s<t qes

Here and elsewhere we denote by E] the expectation with respect to the probability

measure P”'. Hence by Trotter-Kato’s theorem (cf. Theorem 19.25, p. 385, [Kal02]), for

any (f,g) € hLoo N Co(S) x Co(S) there exist (fn, gn) € hL, N Co(S) x Co(S) such that

(frsgn) =2 (f,9), so it is straightforward to deduce statement O

— 00
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4.4 Localisation for martingale problems and generators

We are interested to the localisation procedure. More precisely, assume that U is a
recovering of S by open sets and, for each U € U, let (PY), be a locally Feller family,
such that for all U;,Us € Y and a € S

Uq1NU. U1nU:
Lo (X17) = Lo (X777).
We wonder if there exists a locally Feller family (P,), such that for all U € Y and a € S
Lo, (X)) = Lo (X7) 7

An attempt to give a answer to this question needs to reformulate it in terms of generators
of locally Feller families. This reformulation is suggested by the following:

Proposition 4.15. Let Ly, Ly C Co(S) x C(S) be such that D(L1) = D(Lg) is dense in
Co(S) and take an open subset U C S. Suppose that

- the martingale local problem associated to L1 is well-posed, and,
- for all a € U there exists P? € M(Lz) with P?(Xp = a) = 1.
Then
VP2 € M(Ly), 3P € M(L1),  Lpo (XTU) = P (XTU) (4.4)

if and only if
V(f,9) € Lo, gu = (L1 f)v-

We postpone the proof of this proposition and we state two main results of localisa-
tion.

Theorem 4.16 (Localisation for the martingale problem). Let L be a linear subspace
of Co(S) x C(S) with D(L) dense in Co(S). Suppose that for all a € S there exist a
neighbourhood V of a and a subset L of Co(S) x C(S) such that the martingale local
problem associated to L is well-posed and such that

{(fraw) | (F9) €L} ={(f.qv) | (fr9) € L} (4.5)
Then the martingale local problem associated to L is well-posed.

Proof. Thanks to Theorem [3.9] to prove the existence of a solution for the martingale
local problem it suffices to prove that L satisfies the positive maximum principle. Let
(f,9) € Land a € S besuch that f(a) = max f > 0. Then there exist a neighbourhood V'
of a and a subset L of Co(S) x C(S) such that the martingale local problem associated
to L is well-posed and . In particular, by Theorem L satisfies the positive

maximum principle and so

g(a) = Lf(a) <0.
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To prove the uniqueness of the solution for the martingale local problem, we take
P!, P2 ¢ M(L) and an arbitrary open subset V € S. By hypothesis and using the
relative compactness of V', there exist N € N, open subsets Uy, ...,Uy C S and subsets
Ly,...,Ly C Co(S) x C(S) such that V' & |, Up, such that for all 1 < n < N the
martingale local problem associated to L,, is well-posed and such that

{(fr90.) | (F.9) € L} = {(f.9p.) | (f:9) € La} -

At this level of the proof we need a technical but important result:

Lemma 4.17. Let U be an open subset of S and L be a subset of Co(S) x C(S) such that
D(L) is dense in C(S) and the martingale local problem associated to L is well-posed.
Then there exist a subset Lo of L and a function hy of C(S,Ry) with {hg # 0} = U such
that L = Lo, such that hoLo C Co(S) x Co(S) and such that: for any h € C(S,R,) with
{h # 0} = U and sup,c;(h/ho)(a) < oo, the martingale problem associated to (hLg)®
is well-posed in D(S?). Recall that (hLy)® is defined by and that the associated
martingale problem is defined by .

We postpone the proof of lemma to the Appendix (see §A.3) and we proceed with
the proof of our theorem.

Applying Lemma there exist a subset D of Cy(S) and a function h of C(S,Ry)
with {h # 0} = V such that forall 1 <n < N: L, =L, 1Ds hLn | p C Co(S) x Co(S) and
the martingale problem associated to (th | D)A is well-posed. Denote Ly1 := D x {0}

and UNT! .= SA\V. We may now apply Theorem 6.2 and also Theorem 6.1 pp. 216-
217, in [EKS86] to hL p and (Un)i<n<n+1 and we deduce that the martingale problem
associated to (hL|D)A is well-posed. Hence h - P! = h-P? so

Lor(XT) = L2 (XT).

We obtain the result by letting V' to grow toward S. This ends the proof of the theorem
except to the proof of Lemma postponed to O

Theorem 4.18 (Localisation of generator). Let L be a linear subspace of Co(S) x C(S5)
with D(L) dense in Co(S). Suppose that for all subsets V' &€ S there exists a linear

subspace L of Co(S) x C(S) such that L is the generator of a locally Feller family and

Then L is the generator of a locally Feller family.

Proof. Thanks to Theorem the martingale local problem associated to L is well-
posed, let (P2°), the locally Feller family associate to L. Let Lo, be the generator of
(P5°)q. Let U,, € S be an increasing sequence of open subsets such that S = |J,, U,, and
let L, C Co(S) x C(S) be such that for all n € N, L,, is the generator of a locally Feller
family (P} ), and

{(fra0.) | (F9) € L} = {(f,90,) | (f.9) € Ln} . (4.6)
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Then by using Proposition forallmneNandae S
Loy (X7) = oy (X)), (4.7)

At this level we use a result of localisation of the continuity stated and proved in §A.2]
Lemma Therefore, by (4.7) the mapping

NU {OO} x S8 P(DIOC(S))
(n,a) — Py

is weakly continuous for the local Skorokhod topology. Hence by Theorem for any
f € D(Lo) there exists (fn)n € D(L)Y such that (fn, Lnfn) — (f,Loof), so by (4.6
n o0
(fr, Lfn) —2 (f, Loof). Hence L = L is the generator of a locally Feller family. The
n oo
proof of the theorem is complete except for the proof of Proposition O

Proof of Proposition[{.15. Suppose (4.4)). For each a € U, take an open subset V C U,
P! € M(Ly) and P2 € M(Ly) such that a € V € S and P}(Xy = a) = P?(Xp =a) = 1.
By using the fourth part of Remark we have for each (f,g) € Lo

g(a) = lim © (B [£(X,v)] — (@) = lim © (B [f(X,pn0)] — F(@)) = L1 ().

t—0 t t—0 t

For the converse, by Lemma [4.17] there exists h € C(S,Ry) with {h # 0} = U such that
the martingale local problem associated to hLi = hLs is well-posed. Take P? € M(Lo)
and let P! € M(L;) be such that %p1(Xo) = Lp2(Xo), then h- P h-P2 € M(hL,)
so h- P! = h-P? and hence is verified. O

A Appendix: proof of technical results

A.1 Proofs of Propositions and

Remind that the proofs of Propositions [3.4] and are interlaced and will be performed
in several ordered steps.

Proof of Lemma([3.6. Take a metric d on S and ay € K, then there exists g9 > 0 such
that B(ag,4c9) € S and {(a,b) € S? | a € K, d(a,b) < 3e0} C U. Define

1, if d(a, ap) < ey,
fla) = 0, if d(a, ap) > 2ey,
9 d(%‘m), if g9 < d(a,ag) < 2¢o.

Then
feCo(S), 0<f<1, VYaeBlag,e), fla)=1 and {f # 0} C B(a, 3ep).

Let 7 > 0 be arbitrary. There exist (f,g) € L and a sequence (fn,gn) € Ln such
that ||f — f|| < n and the sequence (f,gn)n converges to (f,g) for the topology of
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Co(S) x C(S). Let 1 < 79 be (Fiy)¢-stopping times and let n be in N, assume that
P € M(L,). For £ < 35y we denote

o, = inf {t >7|t>&or sup d(X;,Xs) > E}.

T1<5<t

Let an open subset V' € S be such that V' O B(ag,4¢0). If t > 0 and € < 3¢y we can
write

E [fn(Xt/\TV/\UE/\Tz)H{XTleB(ao,ao)ﬂlC}]
=E l(fn(XtATVATl) +
> E [f(Xt/\TV/\Tl)]]‘{Xrl EB(ao,so)ﬂlC}] - Hf_ fTLH

t/\TV/\O'E/\TQ
+E [/t gn()(s)dS]l{X.,-1 GB(ao,so)ﬂK}]

/\Tv/\Tl

t/\TV/\ag AT

tATV ATy

gn(Xs)dS)]l{leeB(ao,ao)mK}]

(A1)

> P(X:, € Blag,e0) NK) =Pt AT <71 <€) —n—|f = fall
—E[(r2 = )1x, exy] - I9n] Blao a0
Splitting on the events {o. > 7o}, {o. <t ATV A} and {t ATV < 0. < 1}

E [fn(‘th/\ﬂ'v/\0'5/\‘1'2)]l{XT1 EB(ao,Eo)ﬁlC}]
SP(XTI € B(ag,e0) NK, O'g>7'2>+77+‘|f—an (A.2)

+ B[ fa(Xo )L (x, eBageoy] T P(Xn €K, t <72) + 0+ [If = full
Hence by (A.1) and (A.2),
P()(T1 S B(ao,EQ) niK, T(Tl) < 7'2) < P(XVT1 S B(ao,Eo) nNK, o < 7'2)
<3 +3|f — ful| + P(EATY <711 <€) +E[(m2 — Tl)]l{X_rleK}] Nnll Bao den)
+ E[fn(XUE)]l{XrleB(aO750)}] + P<X7—1 e, t< TQ).

Since the limit lim.43-, X, exists and is in S\ B(X,, 3g0) we have

lin;gsupE{fn(XUa)]l{XTIGB(ao,éo)}] g ||fn||B(ao,260)C S ||f - an + Hf - f” + ||f||B(a0,2€0)C
£13e0

<|If = full +46,
SO

P(X,, € Blag,50) N K, 7(r1) < 72)
<dn+A|f = fal + P(EATY <7 <€)
+E[(r2 — )1ix, exy] - 19nll Blaguze) + P(Xn € K, t < 72).
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Letting t — co and V' growing to S, P(t ATV <1 < f) tends to 0, hence

P(XT1 € B(ag,e0) NK, 7(11) < 7'2)
<dn+4|f = fall + El(r2 — 7)1ix,, exy] - 19nllBao.ae0)
+ P()(T1 € /C, To = OO)

So letting n — oo, E[(72 — 71)1{x, ex}y] — 0 and n — 0 we deduce that for each € > 0
there exist ng € N and § > 0 such that: for any n > ng, (Fi+)¢-stopping times 7 < 7o
and P € M(Ly) satistying E[(r2 — 71)1(x, ex}] < 0 we have

P(X,, € B(ap,e0) NK, 7(11) < 1) <e.

We conclude since ag was arbitrary chosen in X and by using a finite recovering of the
compact K. O

Proof of part[{] of Proposition[3.4)
Step 1: we prove the (Fi4)i-quasi-continuity before the explosion time &. Let 1, T
be (Fi+)i-stopping times and denote 7, := inf,,>p T, T 1= Sup,,cy 7n and

e limy, 00 X5 , if the limit exists,
T A, otherwise.

Let d be a metric on S® and take ¢ > 0, t > 0 and an open subset U € S. Since

lim E[F AtATV —F, AtATY] =0,

n—o0

by Lemma applied to K := U and U = {(a,b) € S? | d(a,b) < £} we get
P(X?n/\tATU e U, d(X5, nnrvs Xgpinrv) 2 6) e

Hence
P(F<tnrV, d(X; ,X;) >¢) =P(F <7< tATY, d(X;, X5) > ¢)
< P<X?n/\t/\TU €U, d( X5 yjprvs Xipnrv) 2 5)‘
Letting n — oo on the both sides of the latter inequality we obtain that
P(F<tArl, d(A,X;) >¢) =0
Then, successively if t — oo, U growing to S and € — 0 it follows that
P(7 < oo, {X,}, ;€S A#X:)=0.
We deduce

P<X~rn 7L>X7'a Tn n:Zo T < 00, {Xs}s<~r G S)

n—oo

=P(A#X;, m = T=T <00, (X}, ;€ S)=0. (A3)
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Step 2: we prove that P(DlOC(S) N ID)(SA)> = 1. Let K be a compact subset of S and
take an open subset U € S containing K. For n € N define the stopping times

gp = 07
Tp := inf {t > Op ’ {Xs}anSSSt & S\K}’
Jn+1::inf{t2iﬂ1|{)Q}Tnﬁﬁg U}

Let Vi € S\K be an increasing sequence of open subset such that S\K = J; Vi, and
denote 7% := inf {t > 0, | {Xs}o, <s<t & Vi}. Then, by (A.3)

P (X1~ Xr,, 7w < 00, {Xi}scr, € 5) =0,

" k—o0
so {r, < &} = {X,;, € K} P-almost surely. Thanks to Lemma applied to K := K
and U := U? U (S\K)?

supP(XTn e K, opt1 <Tn +€> — 0.
neN e—0

For £ > 0,

P(¢ <00, {Xshoee & Sand Vt < & 3s € [t,), X, € K)

< P(EIn,Vm >n, Tm <E< Tm—|-€> < supP(Tn <&< Tn—l—s)
neN

< supP([XTn €K, opt1 <™y +5),
neN

so letting € — 0 we obtain
P(¢ <00, {Xs}eee & Sand V<&, 3s € [,€), Xs € K) =0. (A.4)

Letting K growing toward S, we deduce from (A.4)) that P(DlOC(S yNnD(S A)) =1.
Step 3. Let 7,,7 be (Fi4)-stopping times. By the first step X, —2 X, P-almost
n oo

surely on
{Tn n:zo T < 00, {Xs}s<7' S S}a

by the second step this is also the case on
{Tn ST £ <00, {Xstser & S}»
and this is clearly true on {Tn — 7 >¢ }, so the proof is done. O]
n—oo

Proof of part[1] of Proposition[3.. Take (f,g) € L and an open subset U € S. If 51 <
... < s, < 5 <t are positive numbers and fi,..., fr € C(S?), we need to prove that

tATU
h-E

ATU

<f(XmTU) — f(Xspr0) —/S (hg)(Xu)dU> SilXs) - fe(Xs) | = 0. (A5)
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We will proceed in two steps: firstly we suppose that U € {h # 0}. Recalling the
definition (2.3), if we denote 7; := 7/* A 7V, then we have, for all t € R,

h - Xt/\TU(h~X) = XTt’ (AG)

tATY (h-X) tATY (h-X) Tt
[ ot Xadu= [T (X )du= [T g(Xdu (A)
0 0 0

Hence by (A.6)-(A.7) and optional sampling Theorem (3.1

ATV

ATU

(hg)(Xu)dU> fi(Xs) - fk(Xsk)]

tATY

heE [(f(XWw I Kopp) = [

=h-E [(f(XmTU) — f(Xonrv) —/s (hg)(Xu)dU> S1i( X pgv) -+ fk(XskATu)]

ATU

=8 | (7060 = 100 = [ X)) £, ) X, )| =0

s

Secondly, we suppose only that U € S. Let d be a metric on S and we introduce, for
n > 1 integer, U,, := {a eUld(a,{h =0}) > n_l}. Then it is straightforward to obtain
the pointwise convergences

b Xinevnnx)y =2 0 XinrU(nex)s

S gy (- Xa)du — Ji M (hg) (- X,

SO
tATUn
FXipen) = FXyprin) = [ (1) (Xu)du
AtV
"I f(Xip) = FXope) = [ (h) (K

Applying the first step to U, and letting n — oo, by dominated convergence we obtain

(A3). 0

Proof of part[1] of Proposition[3.5 By using Proposition [2.1] we know that there exists
h € C(S,R%) such that Djoc(S) NID(S2) has probability 1 under i - P" and under h - P
and such that h - P™ converges weakly to h - P for the global Skorokhod topology from
D(S?). Let us fix (f,g) and (fn, gn) arbitrary as in and then we can modify h such
that it satisfies furthermore hg,, hg € Co(S) and hg, n%o hg.

Let T be the set of t € Ry such that h- P(X;— = X;) = 1, so R4 \T is countable.
Let 51 < - < s, < s < t belonging to T and let ¢1,..., ¢, € C(S?) be. By usingof
Proposition [3.4 and the first part of Remark

h'E"KMXt)—fn(Xs)— /:<hgn><xu>du) (Ko peXa)| =0, (A8)
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The sequence of functions (fn(Xt) — fu(Xs) — fst(hgn)( )du)cpl( Xsy) - gok(X ) con-
verges uniformly to the function (f(Xt) — f(Xs) — u) ( (X))
which is continuous h - P- almost everywhere for the topology of D(S4). Hence we can
take the limit, as n — oo, in and we obtain that

hoE Kfoo - | t(hgxxu)du) (X)) en(X)| =0, (A9)

Since T is dense in R, by right continuity of paths of the canonical process, and by
dominated convergence (A.9) extends to s;,s,t € Ry. Hence h - P € M({(f,hg)}),

so using (2.5) and part m of Proposition P = (1/h)-h-P e M{(f,9)}). Since
(f,g) € L was chosen arbitrary, we have proved that P € M(L). O]

Proof of part[3 of Proposition[3.]]. Tt is straightforward that M(span(L)) = M(L). Let
P € M(L). We apply the part [1| of Proposition to the stationary sequences P = P
and L,, = span(L) and to span(L). Hence P € M(span(L)) and the proof is finished. [J

Proof of part[3 of Proposition[3.5. Take t € Ry and an open subset U € S, and let d be
a metric on S®. By Lemmaon31der1ng K :=U and U := {(a,b) € S? | d(a,b) < &},
we have

sup P, (d(XTI,XTQ) > 5) =20

T1<T2 §—0
Tg§(7'1+5)/\7'U/\t

hence (2.2) is satisfied and we can apply the Aldous criterion (see also Proposition 2.14
in [GHI7D]). O

Proof of part[3 of Proposition|[3.4 It is straightforward that M(L) is convex. To prove
the compacteness, let (P™),, be a sequence from M(L). We apply the part |2 of Propo-
sition to this sequence and to the stationary sequence L,, = L. Hence (P") is tight,
so there exists a subsequence (P"); which converges toward some P € P(Djo(5)).
Thanks to the part [1f of Proposition we can deduce that P € M(L). The statement
of the proposition is then obtained since P(Dio.(5)) is a Polish space. O

A.2 Proof of Theorem [4.5

To prove the theorem we will use three preliminary results.

Lemma A.1. Let (Py)q € P(Dyoe(S))? be such that a — Py is continuous for the local
Skorokhod topology. Suppose that for all a € S®: Py(Xo = a) = 1 and there exists a
dense subset T, C Ry such that for any B € F and tg € T,

P, ((Xty+t)t € B | F1y) = Px, (B) Pg-almost surely.

Then (Pga)q is a (Fit)i-strong Markov family.
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Proof. Let T be a (Fi )i-stopping time, let a € S be and let F' be a bounded continuous
function from Dy,.(S) to R. For each n € N* chose a discrete subspace T C T, such
that (t,£ +n"]NT? is not empty for any t € R*, and define

T i=min{t € T}, | 7 < t}.
Hence 7, is a (F;)¢-stopping time with value in T} , so
E, [F ((Xr,4t)t) | Fr.] = Ex, F  Pg-almost surely.

Since 7 < 7, < 7+n"! on {17 < 00} and a — P, is continuous, lim,, Ex, F=ExF.
We have

E, ’Ea [F ((X7+t)t) ’ -7:7-1-] - E, [F ((Xm-i-t)t) ‘ }_Tn”
<E, ‘Ea [F ((X7+t)t) ’ ]:T-I—] —E, [F ((XT—i—t)t) | ‘F'Tn” (A.lO)

+ Eo | F (Xr1t)t) = F ((Xr, 1)1 -

On the right hand side, the first term converges to 0 (see, for instance, Theorem 7.23, p.
132 in [Kal02]) and the second term converges to 0 by dominated convergence. Hence

E.[F (Xr44)t) | Fr4] = Ex.F  Pg-almost surely,
s0 (Pg)q is a (Fyq )e-strong Markov family. O

Lemma A.2 (Localisation of continuity). Set S an arbitrary metrisable topological
space, consider U, C S, an increasing sequence of open subsets such that S = |, U,.

Let (P)an € P(ID)ZOC(S))§XN be such that
1. for each n € N, a — P} is weakly continuous for the local Skorokhod topology,

2. for eachn <m and a € S
Lop (X) = Loy (X7 (A.11)
Then there exists a unique family (P5°), € P(Dloc(S))g such that for any n € N and
acsS
Lo (X7) = Loy (X)), (A.12)
Furthermore the mapping

NU{oo} xS — P(De(S))

(n,a) — P (A-13)

is weakly continuous for the local Skorokhod topology.

28



Before giving the proof of this lemma let us recall that in Theorem 2.15 of [GHI17b]
is obtained an improvement of the Aldous criterion of tightness. More precisely a subset
P C P (Dipe(S)) is tight if and only if

Vi>0, Ve>0, Vopen U €S, sup sup P(R>¢e) — 0, (A.14)
PeP T1<12<7T3 =0
3L (1) AtATY

where the supremum is taken along 7; stopping times and with

d(Xr, X)) Nd( Xy, Xry) 0 <11 < o,
R:=1¢ d(Xr—, X)) Nd(Xs,, Xry) 0 <1 =10,
d( X5, X5,) if0=m,

d being an arbitrary metric on S2.

Proof of Lemma[A.3 The uniqueness is straightforward using that X Ton converge to X
pointwise for the local Skorokhod topology as n — oo.

Let us prove that for any compact subset K C S, the set {P” | a € K, n € N} is
tight. If U € S is an arbitrary open subset, there exists N € N such that U C Uy. Let
t.e > 0 be. By the continuity of a — P7, the set {P? | a € K, 0 <n < N} is tight, so
using the characterisation we have

sup sup P(R>¢) — 0.
0<n<N  71<712<73 6—0
a€K  m3<(mi+SAATY

Since U C Uy, for alln > N and a € K,

Sy () = oy (X7,

hence
sup sup P} (R >¢)= sup sup P)(R>¢) — 0.
neN, aeK  71<712<73 0<n<N  m1<12<73 d—0
m3<(T1+0)AtATY a€K < (m+8)AtATY

So, again by (A.14), {P} | a € K, n € N} is tight.

Hence, if a € S, then the set {P'},, is tight. Fix such a, there exist an increasing
sequence ¢(k) and a probability measure P° € P(Djo.(S)) such that ps*) converges
to Po° as k — oo. Fix an arbitrary n € N, there exists kg € N such that ¢(kg) > n
and U, € Ugk,). Thanks to Proposition there exists g € C(S,Ry) such that

U,y = {9 # 0} and such that g-PI'* converges to g-P>° weakly for the local Skorokhod
@(ko) a a

topology, as k — oco. By using (A.11)) we have, for each k > ko, g - P‘[f(k) =g- Pf(k(’), SO
g-P>*=g- P2*) . Hence we deduce

Lpoe (XTU") = Lot (XTU") — Zpn (XTU") .
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Let us prove that the mapping in is weakly continuous for the local Sko-
rokhod topology. Since we already Verlﬁed the tightness it suffices to prove that: for
any sequences ng € NU {oco}, a € S such that np — oo and ap — a € S as k — oo
and such that the sequence Py* converges to P € P(Djoc(S)), then P = Pg°. Fix an
arbitrary IV € N, there exists kg € N such that ng, > N and Uy & Unko- As previously,
by using Proposition again, there exists g € C(S,R;) such that Un,, = {g # 0},
g-Puk converges tog-Pandg- PZ,’:O converges to g - P.", as k — oo. Thanks to (A.12)
g-Pet=g- Pak0 for k> kg,s0g-P=g-P, oo = =g -P;°. Hence we deduce

Lo (X)) = Lop (X7,
and letting N — oo we deduce that P = P¢°. g

Lemma A.3 (Continuity and Markov property). Let

NU{oo} x 8% — P(Dy(S))
(n,a) > P

be a weakly continuous mapping for the local Skorokhod topology such that (P7), is a
Markov family for each n € N. Then (P°), is a Markov family.

Before giving the proof of the result recall the following property of the time change
stated in the fifth part of Proposition 3.3 of [GHITb]: for any (Pg)a € P(Die(S))° and
g€ 0(87 RJr)v

(Pa)a is (Fig)e-strong Markov = (g - Pg)q is (Fiy)e-strong Markov . (A.15)

Proof. Using Proposition there exists g € C(S,R%) such that for all (n,a) € NU
{00} x S, P(Dyoe(S) ND(S?)) = 1 and such that (n,a) — P? is weakly continuous
for the global Skorokhod topology from ID(S?). For all n € N, by Lemma (Pl)q is
(Fis )e-strong Markov, so, by m g - P, is (Fiy)e-strong Markov.

Take a € S and denote T, {t eRy ‘g P (Xim =Xy) = 1} so T, is dense in R;.

Let t € T, be and consider F, G two bounded function from D(S?) to R continuous for
the global Skorokhod topology, we want to prove that

9B [F (Xers)s) G (Xine)s)] = g B g BRFIG ((Xins)s) |- (A.16)
For any n € N, by the Markov property we have
9 B2 F (Xi45)s) G (Xins)s) | = 9 Bl g BX,[FIG ((Xins)s) |- (A.17)

The mappings

D(S?) — R -
r = F((T1s)s) G ((ens)s) T =



are continuous on the set {X;— = X;} for the global topology. Hence, since g - E}
converges to g - EX° weakly for the global topology and ¢ - P2°(X;— = X;) = 1, we have

9-BL[F (Xir)s) G (Xins)s) | =2 9+ B [F (X)) G (Xins)s) |, (A18)
9-E}|g-BR[FIG (Xins)s) | —2 9B [g- BRIFIG (Xins)s) |- (A-19)

Since (n,b) — g - P} is continuous for the global topology, using the compactness of S A
we have

sup ‘g EF—g- EOOF‘ (A.20)

(ZGSA TL*)OO

We deduce (A.16[) from (A.17)-(A.20) and so

g9 ESO [F ((Xt+s)s) ‘]:t] =g Eg(ot [F]a g- Pgo'almOSt Surely,

so, by Lemma[A1] (g-P°), is (Fiy)i-strong Markov. Applying (A.15) to (g-PS°), and
1/g, and using (22.5)), we deduce that (P°), is (Fi)i-strong Markov. O

Proof of Theorem[{.5. Thanks to Proposition there exists g € C(S,R?) such
that for all a € S2, Py(Dje(S) NID(S?)) = 1 and such that the mapping a — P, is
weakly continuous for the global Skorokhod topology from D(S?). Lemma insure
that (Pg)q is (Fit)i-strong Markov. By we can deduce that (- Pg)q is (Fit)e-
strong Markov. Take a € S and ¢t € R%, we will prove that g - P,(X;— = X;) = 1. For
any f € C(S?), s <t and ¢ > 0, by the Markov property

E, E / () du ‘ F] 7PE g By, E /0 T f(Xu)du

Since a — g-P, is weakly continuous for the global topology and since x — é fo‘s f(Xy)du
is continuous for the global topology,

g-Bx.[2 [ £0X) du—>gExt 2 [ retaal.

By a similar reasoning as in ((A.10)) we have

g-Eqlg-E, {é tt-i—s f(Xu)du ]:}/_} —g-E, [é /s+s f(Xu du ]:s] Q .
s s<t
w 1 tte g-Po-as 1 /¢
g Ea[g ) f(Xu)du'ft} =g Ex,_ [6/0 f(Xu)du}.
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Hence letting ¢ — 0 we deduce g - E, [f(X¢) | Fi—] gPa-as.

this is also true for f2 so we deduce

f(X;-). Since f is arbitrary,

9B (f(X0) = [(Xi))* = g+ Ba g Ba [/2(X0) | Fi] = F2(X0)]
— 29 Eq [f(Xi-) (9 Ba [F(X0) | Fir] = F(X0)]
=0.

Since f is arbitrary, taking a dense sequence of C(S%), we get g - Po(X;— = X;) = 1.
Finally, for any t € Ry and f € C(S?), since & — f(x;) is continuous for the global
Skorokhod topology on {X;_ = X;}, the function

SA R

a = g Eaf(Xt)
is continuous, so (g - Pg), is a Feller family.
@:@. Let L be the Cy x Cg-generator of (g - P,)q, then, by Proposition M(L) =
{9-Pu}uep(sa) so by the first part of Proposition and by (12.5),

M (;L) = {Pu}ueP(SA)~

[3={7] Thanks to [3] from Proposition for the local Skorokhod topology,

{Pa}aES — S
P, = a

is a continuous injective function defined on a compact set, so a — P, is also continuous.
Let 7 be a (Fiy)¢-stopping time and a be in S. As in Remark we denote

P,-a.s.

Qx = L, (Xrit)iz0 | Fri)-

By using Proposition , Qx € M(L), Ps-almost surely, so Qx = Px_, P,-almost
surely, hence (P,), is (Fiy )i-strong Markov. The quasi-continuity is a consequence of
from Proposition |3.4]

[Z={f] Take an open subset U € S and define for all a € S

P,:=h-P, where h.=J U9
ming g

By Proposition (ﬁa)a is Feller, and moreover, since X7 = (h- X)TU,
U U
VacS, Lo, (XT ) =5 (XT )

[4=0l Let U, € S be an increasing sequence of open subsets such that S = |, U,. For
each n € N there exists a Feller family (P}), such that

VaeS, Zp, (X)) = Loy (X)),
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Denote PJ° := P, then thanks to Lemma [A.2) the mapping

NU{oc} x S& — P(Dpe(S))
(n,a) > P!

is continuous and thanks to Lemma (PS°), is a Markov family. O

A.3 Proof of Lemma

Before proving the Lemma let us note that thanks to Proposition and ,
if (Py)a € P(Dioe(S))° is locally Feller then for any open subset U C S there exists
ho € C(S,Ry) such that U = {hg # 0} and (hg - P,), is locally Feller. This fact does
not ensure that the martingale local problem associate to hgL is well-posed as is stated
in lemma. During the proof we will use two preliminary results.

Lemma A.4. Let L be a subset of Co(S) x C(S) such that D(L) is dense in Cq(S5)
and U be an open subset of S, then there exist a subset Ly of L and a function hg of
C(S,Ry) with {hg # 0} = U such that L = Lg, such that hoLy C Co(S) x Co(S) and
such that: for any h € C(S,Ry) with {h # 0} = U and sup,cy;(h/ho)(a) < oo and any
P e M ((hLo)®), P(X =X7") = 1.

Proof. Take Ly a countable dense subset of L and let d be a metric on S®. For any
n € N* there exist M,, € N and (@, m)1<m<n, € (S2\U)M» such that

My,
SMNU C | Blanm,n™").

m=1

For each 1 < m < M, there exists (fn,m,gn,m) € Lo such that

[1—n"Y14+n"Y ifd(a,anm)>2n"",
fam(@) € [-nL14+n7Y  ifn7! <d(a,anm) >2n71,
[-n~1,n7Y if n71 <d(a, anm).

Take hg € Co(S,R4) with {hg # 0} = U, such that hog € Co(S) for any (f,g) € Lo and
such that for any n € N* and 1 <m < M,

1
170l B(an mdan-1) |gnmll < o

Hence L = Ly and hLy C Co(S) x Co(S). Let h € C(S,R;) be such that {h # 0} =U
and C := sup,cy(h/ho)(a) < oco. Let P € M, ((hL)A> be such that there exists
a € SA\U with P(Xy = a) = 1. We will prove that

PVs>0, X;=a)=1 (A.21)
Take t € Ry and n € N. There exists m < M, such that d(a, aym) < . If we denote

-1
- 7_B(a,?m )7
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then

Elfom(Xinr)] = frm(a) + E { /0 X g (X )ds
1+¢tC

< fam(a) + |l Bay an—1) lgnmll <
Since by [{] from Propositi 3) =
ince by |4| from Proposition |3.4| we have P(T < oo =d(Xsa)> n) =1,

E[fn,m(Xt/\T)] = E[fn,m(XT)]l{ﬂrgt}] + E[fn,m(Xt)]l{t<T}}

1 1 1
2(l—ﬁ)P(Tgt)—EP(t<T):P(Tﬁt)—ﬁ,
SO
plr<y<2tiC
n
Hence we obtain
P (Vs € (0,1, d(Xs,a) < %) >Pt<7)>1- 2+ntc.

By taking the limit with respect to n and ¢ we obtain (A.21)).
To complete the proof let us consider an arbitrary P € M, ((hLO)A). As in Remark
[3.10 we denote

Qx "2 Lo (Xyusiso | Fov).

Thanks to Proposition P-almost surely Qx € M ((hL)A), and thanks to M| from
Proposition P-almost surely Qx(Xo = a) = 1 with a = X, € S2\U on {7V < o}.
By using the previous situation and by applying we get that P-almost surely
Qx (Vs >0, X, =a) =1, with a = X, € SA\U on {7V < co}. Hence P(X = X7 ) =
1. O

Lemma A.5. Let L be a subset of Co(S) x Co(S) such that the martingale problem
associated to L is well-posed. Then the martingale problem associated to L® is well-posed
if and only if P(X = X7°) =1 for all P € M(L?) (in other words P € P(Dype(S))) .

Proof. Assume that the martingale problem associated to L2 is well-posed and take
P € M, (L?). Then %(X™") € ML), so by uniqueness of the solution P =
Zp(X™") and so P(X = X™°) = 1. For the converse, let P!, P2 € M(L?) be such
that Zp1(Xo) = Zp2(Xp). Then P P? € P(Dy,.(5)) so P, P? € M(L), hence P! =
P2, O

Proof of Lemma[{-17 Let Ly and ho be as in Lemma [A.4] and take h € C(S,Ry) with
{h # 0} = U and sup,cy;(h/ho)(a) < co. The existence of a solution for the martingale
problem associated to (hLg)? is given by the existence of a solution for the martingale
problem associated to L. Let P!, P2 € M((hLo)?) be such that .Zp1(Xo) = Lp2(Xo).
Thanks to Lemma [A4] and Lemma for an open subset V &€ U, there exist k €
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C(S,R?%) and a dense subset L; of Lg such that k(a) = h(a) for any a € V, kL, C
Co(S) x Cy(S) and the martingale problem associated to (kL1)? is well-posed. Hence we
may apply Theorem 6.1 p. 216 from [EK86] and deduce that Zp1 (XT' ) = Lp2(X7 ).
Letting V' growing toward U we deduce that .,?Pl(XTU) = Zp2(X TU) and so, since

Pi(X = X™) =1 for i € {1,2}, we conclude that P! = P2, O
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