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An extension of Lobachevsky formula

HASSAN JOLANY

In this paper we extend the Dirichlet integral formula of Lobachevsky. Let f(x) satisfies in f(x+ ) =
f (x),1 .and f(m—x) = f(x), 0 < x < oo. If the integral [ “f: X f(x)dx exists then we show the following
equality

4

> sin” x _ 3 % %‘. 2
/0 ) = /0 Fd+ /O sin 1 £ (1)dt

hence if we take f(x) = 1, then we have

Extension of Lobachevsky formula was a part of my bachelor project in 2007.

1. Introduction
We start with the following elementary lemma. See [1-4]

LEMMA 1.1 Let .
sinx

f)=1-

sin o
where o # kr, then we have

fx) = (1 —;)nfjl (1_(2,1_1)3,t_a> <1+(2n_1x)7;+a> (1_ 2n7rx+a) <1+2nnx—a>

Proof. By applying Taylor expansion on sinux,

3 5
X X x
=1- —
S ) sina * 3lsina Slsinat
Now let the right hand side of the above equality as an polynomial of infinite degree. If ay,--- ,a,,---

are the roots of f(x), then we can write

f(x)<1:1) (1;><1:)ﬁ<1;>

Now since the roots of f(x) are

2nt+ o
2nk—a+n n=0,+£1,£2,---

SO

0= T (" smra) (32 %)
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hence we have

fx) = (1_;)ﬁ<l_m) (1+(2n1x)7r+a) (1_2n7rx+oa> <1+2n7rxa>

LEMMA 1.2 We have the following two identities

and

L1y .
sinfa o? (a—mm)?>  (ot+mm)?

m=1

Proof. By writing the right hand side of the equality f(x) =1 — % as a power series and equate the

coefficients of both sides, the right hand side is infinite elementary symmetric functions. Now we use
the Newton relations in infinite case. Put

=

— _ m
On = Z a;j,aj, -+~ aj, and S, = Zai
i, im i=1

Then we get

Sy =o1,

Sy = 612 —20y,

S3 = 613 — 30,0 + 303,

S4 = Gf‘ —4(720'12 +4030 —1—20'22 — 40y,

S5 =07 — 50,07 + 50307 + 506701 — 56461 — 5030 + 505,

Se = 00 — 60,01 + 60307 + 906767 — 60407 — 120306201 + 60501 — 203 + 307 + 606407 — 60%.

33 93

The general formula (for all non-negative integers "m”) is:

Sm =
r+2ry 4 tmrm=m
7120,...,rm 20

m(ri+ry+-+ry— 1) & ,
1) —0; Ti
(=1) rilrlry! IIJ( 2

This can be conveniently stated in terms of logarithmic polynomials as

(1!

R

Ly (01,2'02,3!03,...,m!0y).
The logarithmic polynomials are related to the partial exponential Bell polynomials by

Ly(x1,x0,...,xp) = Z(—l)kil(k— !By (X1, Xkt 1)
k=1
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1 I & 1 1
— _1 m
sino oc+z( ) <oc—m7r+a+m7r)

m=1

but we can write it as

L_1.¥ 1 1 . I
sinad Cm-1)r—a (2m—-1)m+a 2mr+o 2mr—a

m=1

and hence

1 > 1 1 1 1
e @t L (((Zm Dr—a)2 " (@n—Drata?r  Cmriap (2m7ra)2>

m=1

So we get

1**+i Lo,
sinfa @2 (o —mm)?  (o+mm)?

m=1

2. Lobachevsky formula
Now we present Lobachevsky formula with new technique.

THEOREM 2.1 Let f(x) satisfies in the condition f(x+ ) = f(x), f(® —x) = f(x), 0 < x < o0 and the

following integral exists
2

/°° sin xf(x)dx
0

¥2

then we have the following Lobachevsky identity

2

> sin” x > sinx z
/0 fx)dx :/0 ?f(x)dx :/0 f(x)dx

x2

Proof. Take

we can writ I as follows

= r0+D3 ginx
I= ;)/v” ?f(x)dx

2

where v=2u — 1 or v="2u, by changing x = umw+t orx = umw —t we get

@u+D% sinx 7 sint
> = (=1 ”/ t)dt
(éug T = [T

and
w3 sinx 3 sint
Lo B = et [F
(Qu-1% X 0

so we get
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7 smt 1
I= t+ z (=1 i
/0 £)dr / V(e ([ t ﬂ) sintdt

Consequently we can write [ in the following form

7. 1 & 1 1
1:/0 st <I+Z(_1)” (Hunﬂ—un))ﬂﬂdr

I:/ff(t)dt

Hence

and proof is complete

3. Extension of Lobachevsky formula

Now we give a general method for calculating the generalized Dirichlet integral(which could be written
as Bell polynomials), as follows

0 qjn 2N

/0 S‘;ﬂ * F(x)dx

where f(m+x) = f(x),and f(r—x) = f(x),0 < x < e
We start with n = 2. As we did in previous section, take

1_/ smx

we can have the following identity from Newton formula

L, _1+i< Lo, )
sinfor  3sinfa ot =\ (a—mr)* (a+mm)t

From previous method which we explained in section 2, we can write I as follows

7 1 2
I:/ sin*¢ +—— | f(t)ar
0 ' (sin4t 3sin2t>f()
3 2 (%,
I:/ f(t)dt—l—f/ sin“zf(¢)dt
0 3Jo

So we proved the following theorem

THEOREM 3.1 Let f(x) satisfies in f(x+ 7) = f(x), and (7 —x) = f(x), 0 < x < oo. If the following
integral

Hence




(1]

(2]
(3]
(4]
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exists then we have the following equality

4

< sin® x (3 2 (%,
/0 - f(x)dx = /0 Fydr+ 3 /0 sin?t £(¢)dt

X

As remark if we take f(x) = 1, then we have

REMARK 3.1 We have .

©sin™x T
/ 7 dx = —
0 X 3

We have also the following remark from Lobachevsky formula

REMARK 3.2 If f(x) satisfies in the condition f(x+ ) = f(x), and f(7r —x) = f(x), 0 < x < oo, then

o0 qin2h+1 oo ;
I:/ Sln7)6]“(x)dx:/ sinZ"xf(x)%dx
0

X 0 X

Now if we set sin?" xf(x) = g(x), we get g(x+ ) = g(x), g(m —x) = g(x), now if we take f(x) = 1,
then .
o gin2" z 2n— 1)
/ M A= /2 sin® xdx = 7( n—1) z
0 0

x @2n)! 2
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