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1. Introduction

With the need to enhance the efficiency of rotating machinery, the gap between the rotor and the stator of a rotating
machine has been significantly reduced; meanwhile the rotor/stator rubbing is becoming not uncommon. Rotor/stator
rubbing is a serious malfunction during the operation of a rotating machine, which can seriously degrade the machine
performance and can even lead to disastrous consequences of the machine. There are a large amount of works on the rub-
related phenomena in the rotor/stator systems in order to get deep insights into the dynamical behaviors and their
relationship with system parameters. Some papers studied the possible types of rubbing responses induced through the
rotor/stator rubbing and tried to derive the relationship between the rubbing responses and the system parameters, as
summarized in [1]. Through the numerical and experimental studies, many rubbing behavior in rotor/stator contact
systems have now become well known, for instance, rubbing can induce periodic synchronous full annular rubs [2–4], sub-
and super-harmonic motions [5,6], the partial rubs in quasi-periodic whirl [7], the chaotic motion [8,9], as well as the
destructive self-excited dry friction backward whirl [10–13]. The recent work aiming at the inclusion of more realistic
effects in the rotor/stator rubbing systems was presented in [14] where the impact damping as well as the offset between
the geometrical centers of the rotor and the stator are taken into account.

For the piecewise nonlinear systems of rotor/stator rubbing, the coexistence of multiple responses for a given set
of parameters should be not seldom. A common nonlinear phenomenon — jump phenomenon — was observed
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experimentally in a rotor/stator system around the mid-1950s last century by Yamamoto [15]. This phenomenon indicates
the coexistence of the synchronous no-rub response and the synchronous full annular rub response. It was observed in
tests [4] that when an additional external disturbance (e.g., hitting on the shaft) was applied on the rotor which is
undertaking a normal operation at a very low rotating speed, dry friction backward whirl would be triggered. This indicates
that the synchronous no-rub response coexists with the dry friction backward whirl. In Choi’s experiments [18], it was
observed that there are jump phenomena between two backward whirl frequencies during run-up and run-down of the
rotor. This implies that two dry friction backward whirl responses with different whirl frequencies may coexist. In fact,
there are no theoretical models in the literature that has successfully predicted this phenomenon. The results in this paper
will well demonstrate the appearance of such phenomenon and also show the dependence of the phenomenon on the
system parameters. Most recently, Ehehalt et al. have experimentally detected the coexistence of the no-rub motion, stable
forward whirl and stable backward whirl within some speed ranges in their tests [18]. From above discussion it is found
that different types of coexistence exist in the rotor/stator rubbing systems that may cause, under some disturbance, quite
different response cascades with the change of the rotating speed. So it is of great necessity to reveal the global response
characteristics of the rotor/stator rubbing systems in order to well understand the response behavior of the rotor/stator
rubbing systems.

This paper aims to depict the global response characteristics of a general rotor/stator rubbing system, which takes into
account both the dynamics of the rotor and the stator as well as the friction and the deformation on the contact surfaces.
Most importantly, the dry friction effect, which is mostly neglected in the published works on the rotor/stator rubbing, is
also considered in the present model in order to grasp the self-excited dry friction backward whirl. In obtaining different
solutions of the piecewise nonlinear system analytically, different techniques are adopted in this paper. For instance, to get
the synchronous full annular rub solutions analytically, the resultant contact force is expressed in a form which is different
from the usual way to use direction of displacement to represent the direction of contact force. By deriving the solution for
the self-excited dry friction backward whirl, the dry friction effects are properly dealt with based on the experimental and
numerical observation that the amplitude for the backward whirl component is much larger than that of the force forward
whirl component. To determine the boundaries between the quasi-periodic partial rub and the dry friction backward whirl,
we start from the physical reason for the loss of stability of the partial rub, namely, the resonance at the nonlinear natural
frequencies.

The paper is organized in the following ways. In Section 2, the model of the rotor/stator system is introduced. Then, the
boundary of the synchronous no-rub motion and that of the synchronous full annular rub are analyzed in Section 3. The
boundary between the partial rub and the dry friction backward whirl are predicted in Section 4. In Section 5, the existence
boundaries of the backward whirl are determined analytically by using a proper criterion for the start of the solution.
Section 6 illustrates the global response characteristics of rotor/stator system in the parameter space through examples.
Finally, Section 7 is the conclusions of this work.
2. Mathematical model

The rotor/stator model studied in this paper is shown in Fig. 1. A weightless shaft is supported in ideal bearings having
the effective transverse stiffness kr and rotates at an angular speed o. A rigid disk of mass mr is mounted at the midpoint of
the shaft and possesses a mass eccentricity of e. Concentric with the disk is an annular stator of mass ms. The stator is
elastically supported by a symmetrical set of springs with isotropic radial stiffness ks. There exists a clearance d between
the rotor and the stator. During rotor/stator rubbing, a friction force with friction coefficient m applies tangentially at the
contact point. The pointing direction of the friction force (forward or backward) depends on the direction of the relative
Fig. 1. The model of rotor/stator rubbing system.
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velocity between the circumferential speed and the whirl speed of the rotor with respect to the stator at the contact point.
To consider the deformation at the contact surfaces, a symmetrical set of fictive springs with isotropic radial stiffness kc is
assumed being laid in the inner ring of the stator to model the contact stiffness.

The equations that govern the motion of the rotor/stator system can be written in the complex form as

mr €rrþcr _rrþkrrrþHð1þ jmsignðvrelÞÞkc rr�rs�d
rr�rs

9rr�rs9

!
¼mreo2ejot

ms €rsþcs _rsþksrs�Hð1þ jmsignðvrelÞÞkc rr�rs�d
rr�rs

9rr�rs9

!
¼ 0

vrel ¼ rdiskoþ9rr�rs9ow (1)

where rr=yr+ jzr and rs=ys+ jzs are, respectively, the complex deflections of the rotor and the stator, and cr and cs the
damping constant. vrel is the relative velocity at the contact point with ow being the whirl frequency of and rdisk the radius
of the rotor. Additionally, we define Y=1, if 9rr�rs9Zd and Y=0, if 9rr�rs9od.

Eq. (1) can be formulated into the non-dimensional form as

r̂r
00 þ2zr r̂

0

rþ r̂rþHbcrð1þ jmsignðVrelÞÞ 1�
D

9r̂r�r̂s9

!
ðr̂r�r̂sÞ ¼X2ejOt

Msrr̂s
00 þ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q
r̂
0

sþbsr r̂s�Hbcrð1þ jmsignðVrelÞÞ 1�
D

9r̂r�r̂s9

!
ðr̂r�r̂sÞ ¼ 0

Vrel ¼ RdiskXþ9r̂r�r̂s9ob (2)

where 0 represents the differentiation with respect to the non-dimensional time t =o0t with o0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
kr=mr

p
being the natural

frequency of the rotor. The other non-dimensional variables are defined as follows:

r̂r ¼
rr

e
,r̂s ¼

rs

e
,F̂ ¼

F

ekr
,Msr ¼

ms

mr
,bsr ¼

ks

kr
,bcr ¼

kc

kr
,D¼

d
e

,

X¼
o
o0

,zr ¼
cr

2
ffiffiffiffiffiffiffiffiffiffiffi
krmr

p ,zs ¼
cs

2
ffiffiffiffiffiffiffiffiffiffi
ksms

p ,Rdisk ¼
rdisk

e
,ob ¼

ow

o0
,zs ¼ zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q

The dynamics of rotor/stator system can be divided into different phases of motion which are governed by different
equations depending upon the motions of the rotor and stator deflection. For instance, when the relative deflection
between the rotor and the stator is less than the clearance, the rotor and the stator are not in contact. In this case, Y in
Eq. (1) or (2) will be equal to 0. When the rotor and the stator are in full annular contact, namely, Y=1, there are still two
cases that should be distinguished. Depending upon whether the friction changes direction or not, the governing equation
with Y=1 may have two different forms. As will be shown in this paper, the most often observed responses in rotor/stator
rubbing systems, such as the synchronous no-rub motion, the synchronous full annular rub motion and the dry friction
backward whirl, can be determined from different forms of the governing equations. Although the quasi-periodic partial
rub motion alternates between the phases without rubbing and with rubbing, its existence boundaries can be determined
indirectly by analyzing the equation with rubbing and the finding in [13] that the loss of the stability of partial rub is due to
the resonance at the natural frequencies of the nonlinear normal modes. With all the existence boundaries of the above
mentioned responses being determined, the global response characteristics of the rotor/stator system in parameter space
can be depicted.
3. Boundaries for the synchronous responses

For the rotor/stator system, there are two types of synchronous responses: one is the normal operation condition by
which the rotor whirls at the same frequency as the frequency it spins and there is no contact between the rotor and stator;
the other is the mild rubbing condition by which the rotor touches the stator all the time and whirls synchronously. Below
the boundaries of these two responses will be determined.
3.1. The boundary of no-rub synchronous motion

When the relative deflection between the rotor and the stator is less than the clearance, there is no rubbing in the
system, in this case Y in Eq. (2) will be equal to 0:

r̂00rþ2zr r̂
0

rþ r̂r ¼X2ejXt

Msrr̂00sþ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q
r̂
0

sþbsr r̂s ¼ 0
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The synchronous no-rub motion is the only response and the periodic solution can be written as

r̂r ¼ AejðXtþjÞ (3)

where A¼X2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�X2

Þ
2
þð2zrXÞ

2
q

, tgj¼�2zX=1�X2

This period solution is unconditionally stable. The solution is physically valid only when the amplitude of the rotor is
smaller than the clearance, namely AoD. In order to find the parameter regions where the synchronous no-rub motion
exists, let A=D in (3). The parameter equation defining the boundaries of no-rub motion is

ðD2
�1ÞX4

þD2
ð4z2
�2ÞX2

þD2
¼ 0 (4)

This equation has two pairs of real roots, each with an equal magnitude but opposite sign. Since the rotating speed is
supposed to be positive and the synchronous no-rub response always undertakes forward whirl, the two positive roots,
denoted as OL and OU, define the boundaries of the synchronous no-rub motion. The synchronous no-rub motion exists
when the rotating speed is less than OL or greater than OU (see Figs.2 and 3).
3.2. Boundaries of synchronous full annular rub

To solve the explicit form of the synchronous full annular rub solution from the nonlinear equation of (2) with Y=1, an
equivalent form of the resultant contact force should be adopted as done in [21], which is in the form

F̂ ¼ bcrð1þ jmÞ r̂r�r̂s�D
1�jmffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

p F̂

9F̂9

!
(5)

Suppose the synchronous full annular rub solution has the following form

r̂r ¼ rre
jXt , r̂s ¼ rse

jXt , F̂ ¼UejXt (6)

where rr, rs and F are the complex constants because this solution, by its definition, has a constant amplitude of deflection
and a whirl speed equal to O. After substituting (6) into Eq. (2) with the terms representing contact force being replaced by
(5), the equations governing the complex amplitudes of the rotor, the stator and the contact force are given as

Crrr ¼X2
�U

Csrs ¼U

ð1þ jmÞbcr rr�rs�D
1�jmffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

p U

9U9

!
¼U (7)

where Cr und Cs denote the dynamical stiffness of the rotor and the stator

Cr ¼ 1�X2
þXgrþ jð2Xzr�krÞ, Cs ¼ bsr�X2MsrþXgsþ jð2XZs�ksÞ

The synchronous full annular rub solutions are in the form

r̂r0 ¼ rr0ejXt ¼ Bre
jðXtþaÞ ¼ yr0ðtÞþ jzr0ðtÞ

r̂s0 ¼ rs0ejXt ¼ Bse
jðXtþbÞ ¼ ys0ðtÞþ jzs0ðtÞ
Fig. 2. Global response characteristics on the parameter plane m�O when bcr=200.0.
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Fig. 3. Global response characteristics on parameter plane m�O when bcr=2.0.
Defining the state vector in the inertial coordinate system

xðtÞ ¼ yr zr ys zs y0r z0r y0s z0s
n oT

Eq. (2) can be written into the first-order differential equations in the state space

_x ¼ Axþgðx,tÞ ¼Gðx,tÞ (8)

where A and g(x,s) are the coefficient matrix and the nonlinear vector (see [21]).
After linearizing Eq. (8) about the synchronous full annular rub solution, which is denoted by

x0 ¼ Brcosja Brsinja Bs cosjb Bs sinjb �XBr sinja XBr cosja �XBs sinjb XBs cosjb

n oT

with ja=Ot+a, jb=Ot+b, a set of time-variant linear differential equations is obtained:

d _x ¼ ½Jðx0 ,tÞ�dx

where dx ¼ x�x0 is the perturbation to the synchronous full annular rub solution. The so-called Jacobian matrix is given as

½Jðx0,tÞ�8�8 ¼
@G

@x x ¼ x0
¼Aþ

@g

@x
x ¼ x0

�����
�����

Using the Floquet theory, the stability of the synchronous full annular rub solution can be determined through the
examination of the sign of the real parts of the Floquet exponents, which is governed by the following eigenvalue problem
with [Jn] is given in [21]:

½Jn��lI8�8

� �
¼ 0

The solution is stable if all the real parts of its characteristic roots are less than zero. Otherwise it is unstable. Since the
stability boundaries are of interest, bifurcation theory is used as is done in [3]. The saddle node bifurcation, denoted by SN
in Fig. 2, is one of the existence boundaries of the synchronous full annular rub. The Hopf bifurcation condition, denoted by
HP in Fig. 2, gives the boundary between the synchronous full annular rub and the quasi-periodic partial rub. It is found
that there is no synchronous full annular rub but only the partial rub when the rotor is in contact with the stator in case of
Fig. 3 where the contact stiffness is relative small.

4. The boundary of partial rubs

Quasi-period partial rubbing is a response of the rotor/stator system by which the rotor rubs the stator intermittently.
So Eq. (2) with piecewise smooth equations of Y=0 and 1 should be analyzed together. This is a difficult task to get the
solution of the response. However, the existence boundaries of partial rub can be determined based on the study of other
responses. For example, it is easy to determine the boundary between no-rub and partial rub. Since the synchronous full
annular rub bifurcates into partial rub through Hopf bifurcation, the Hopf bifurcation condition of synchronous full annular
rub serves as the boundary between synchronous full annular rub and partial rub. The partial rubs cease to exist after dry
friction backward whirl is triggered by the imbalance. As known from [13], the rotor in resonance at the natural frequency
of the nonlinear normal modes of the coupled rotor/stator system is the reason for onset of dry friction backward whirl.
From this understanding, a method proposed in this paper to determine the approximate onset boundary.
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4.1. Natural frequencies of nonlinear normal modes

To derive the formula for calculation of the natural frequencies of the nonlinear normal mode, we set right-hand side of
Eq. (2) to zero and omit the dry friction effect to get the so-called unforced coupled nonlinear rotor/stator system:

r̂00r þ2zr r̂
0

rþ r̂rþbcrð1þ jmÞ 1�
D

9r̂r�r̂s9

!
ðr̂r�r̂sÞ ¼ 0

Msrr̂00s þ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q
r̂
0

sþbsr r̂s�bcrð1þ jmÞð1� D
9r̂r�r̂s9

Þðr̂r�r̂sÞ ¼ 0 (9)

Supposed the solution has the following form:

r̂r ¼Hre
jowt, r̂s ¼Hse

jðowtþjÞ

By substituting above solution into Eq. (9), it yields

�Hrow
2þ2zrHrowjþHrþbcrð1þ jmÞ 1�

D
9Hr�Hs9

!
ðHr�Hse

jjÞ ¼ 0

�MsrHsow
2ejjþ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q
HsowejjjþbsrHse

jj�bcrð1þ jmÞ 1�
D

9Hr�Hs9

!
ðHr�Hse

jj
sÞ ¼ 0

Adding the two equations to solve Hr as the function of Hs and j, we get

Hr ¼
bsr�Msrow

2þ2jzs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

p
ow

1�ow
2þ2jzrow

Hse
jj (10)

Through some manipulation to delete Hr, Hs and j, one obtains a real polynomial equations about the natural frequency
ow,

A6o6
wþA5o5

wþA4o4
wþA3o3

wþA2o2
wþA1owþA0 ¼ 0 (11)

where

A0 ¼�mbsrð1þbsrÞ, A1 ¼ 2zrb
2
srþ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q

A2 ¼ 2MsrmbsrþMsrmþ2mbsrþmb
2
sr�4mz2

r bsr�4mz2
s Msr

A3 ¼ 8z2
r zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q
�4zrbsrMsrþ8zrB2

s Msrbsr�4zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q

A4 ¼�2mbsrMsr�mbsrþ4mz2
r Msrþ4mz2

s Msrbsr�M2
srm�2Msrm

A5 ¼ 2zrM2
srþ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q
, A6 ¼M2

srmþMsrm

Below the mode shapes are explored, which can be written as

Hsejf

Hr
¼ YsþZsj

From Eq. (10) we know

Ys ¼�
ð1�o2

nÞðbsr�o2
nMsrÞþ4zrzso2

n

ðbsr�o2
nMsrÞ

2
þ4zs

2
o2

n

, Zs ¼�
2zronðbsr�o2

nMsrÞ�2zsonð1�o2
nÞ

ðbsr�o2
nMsrÞ

2
þ4zs

2
o2

n

The modulus of Ys+ jZs is the amplitude ratio of the stator to the rotor during backward whirl motion, and its argument
gives the phase difference between the rotor and the stator.

It should be noted that not all roots of Eq. (11) are the natural frequencies of the nonlinear normal modes of the coupled
nonlinear rotor/stator system except for those which are real and make 9Hrs9=9Hr�Hs94D so as to meet the condition of
coupling between the rotor and the stator. There are generally three negative roots meeting the condition, that is, the
natural frequencies of the nonlinear normal modes are negative, implying that the nonlinear normal modes correspond to
the motions of backward whirl.
4.2. Critical rotating speed for the onset of dry friction backward whirl

To use the finding that the loss of stability of partial rub is due to the resonance of system at the nonlinear natural
frequencies, Eq. (2) is transformed in to a form that describes the dynamics of the rotor/stator system near the nonlinear
6



nature frequencies:

r̂00rþ2zr r̂
0

rþ r̂rþbcrð1þ jmÞ 1�
D

9Hrs9

!
ðr̂r�r̂sÞ ¼X2ejXtþDbcrð1þ jmÞ 1

9r̂r�r̂s9
�

1

9Hrs9

!
ðr̂r�r̂sÞ

Msrr̂00sþ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q
r̂
0

sþbsr r̂s�bcrð1þ jmÞ 1�
D

9Hrs9

!
ðr̂r�r̂sÞ ¼�Dbcrð1þ jmÞ 1

9r̂r�r̂s9
�

1

9Hrs9

!
ðr̂r�r̂sÞ (12)

where the left-hand sides have the natural frequencies equal to ow. An approximated linear equation to (12) can be set up
by defining

e¼ 1

9r̂r�r̂s9
�

1

9Hrs9

!
¼ oðeÞr0 (13)

where e is a small parameter. The reason for doing this is that 9Hrs9 is the amplitude of the rotor/stator system in backward
whirl without imbalance excitation and r̂r�r̂s

�� �� is the amplitude of the system in backward whirl with imbalance
excitation. So r̂r�r̂s

�� �� should be only a small modification on 9Hrs9 with O2 is not large. Thus the difference between the
corresponding inverse relations should be also small. By denoting Wr ¼ r̂r , Ws ¼ r̂s, Eq. (12) can be rewritten
approximately as

Wr
00 þ2zrWr

0
þWrþbcrð1þ jmÞ 1�

D
9Wr�Ws9

!
ðWr�WsÞ ¼X2ejXtþDbcrð1þ jmÞeðWr�WsÞ

MsrWs
00 þ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q
Ws
0
þbsrWs�bcrð1þ jmÞ 1�

D
9Wr�Ws9

!
ðWr�WsÞ ¼�Dbcrð1þ jmÞeðWr�WsÞ (14)

The approximated equation can be solved by the multiple scale method [20], at the rotating speed near the magnitude
of the nonlinear natural frequency, O=9ow9+es. s is a small detuning. Assume that the problem depends on many time
scales:

T0 ¼ t, T1 ¼ et, T2 ¼ e2t,. . .

Suppose

Wrðt,eÞ ¼Wr0þeWr1þ � � �

Wsðt,eÞ ¼Ws0þeWs1þ � � �

Substitute them into (14) to get the equations of order e0 and e1 are as follows:
Order e0:

D2
0Wr0þ2zrD0Wr0þWr0þbcrð1þ jmÞ 1�

D
9Hrs9

!
Wr0

¼ bcrð1þ jmÞ 1�
D

9Hrs9

!
Ws0þX2ejOt (15)

MsrD2
0Ws0þ2zsD0Ws0þbsrWs0þbcrð1þ jmÞ 1�

D
9Hrs9

!
Ws0Þ

¼ bcrð1þ jmÞ 1�
D

9Hrs9

!
Wr0 (16)

Order e1:

D2
0Wr1þ2zrD0Wr1þWr1þbcrð1þ jmÞ 1�

D
9Hrs9

!
Wr1

¼�2D0D1Wr0�2xrD1Wr0þbcrð1þ jmÞ 1�
D

9Hrs9

!
Ws1

þbcrDð1þ jmÞðWr0�Ws0Þ (17)

MsrD2
0Ws1þ2zsD0Ws1þbsrWs1þbcrð1þ jmÞ 1�

D
9Hrs9

!
Ws1

¼�2MsrD0D1Ws0�2xsD1Ws0þbcrð1þ jmÞ 1�
D

9Hrs9

!
Wr1

�bcrDð1þ jmÞðWr0�Ws0Þ (18)
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Assume W*
r0 ¼ ArejXtand W*

s0 ¼ AsejXt, then substitute them into Eqs. (15) and (16) to get

ð1þk�X2
þ2zrXjÞAr ¼ kAsþX2

ðbsrþk�MsrX
2
þ2zsXjÞAs ¼ kAr

By solving above equations, we obtain

As ¼
kX2

ð1þk�X2
þ2zrXjÞðbsrþk�MsrX

2
þ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

p
XjÞ�k2

Ar ¼
X2
ðbsrþk�MsrX

2
þ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

p
XjÞ

ð1þk�X2
þ2zrXjÞðbsrþk�MsrX

2
þ2zs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

p
XjÞ�k2

k¼ bcrð1þ jmÞ 1�
D

9Hrs9

!

The solution of Eqs. (15) and (16) are in the form

Wr0 ¼ arðT1Þe
j½owT0þyrðT1Þ� þArejXT0

Ws0 ¼ asðT1Þe
j½owT0þysðT1Þ� þAse

jXT0 (19)

Substituting (19) into (17) and (18) leads to

D2
0Wr1þ2zrD0Wr1þð1þkÞWr1�kWs1 ¼�2ow½a

0
rðT1Þj�arðT1Þy

0

rðT1Þ�e
j½owT0þyr ðT1Þ�

�2xr½a
0
rðT1ÞþarðT1Þy

0

rðT1Þj�e
j½owT0þyr ðT1Þ� þbcrDð1þ jmÞarðT1Þe

j½owT0þyr ðT1Þ�

�bcrDð1þ jmÞasðT1Þe
j½owT0 þysðT1Þ� þbcrDð1þ jmÞðAr�AsÞe

jOT0 (20)

MsrD2
0Ws1þ2zsD0Ws1þðbsrþkÞWs1�kWr1 ¼�2Msrow½a

0
sðT1Þj�asðT1Þy

0

sðT1Þ�e
j½owT0þysðT1Þ�

�2xsow½a
0
sðT1ÞþasðT1Þy

0

sðT1Þj�e
j½owT0þysðT1Þ��bcrDð1þ jmÞarðT1Þe

j½owT0þyrðT1Þ�

þbcrDð1þ jmÞasðT1Þe
j½owT0þysðT1Þ��bcrDð1þ jmÞðAr�AsÞe

jXT0 (21)

Now substituting the above expression of O into (20) and (21) and setting the coefficients of terms with exp(jo0T0) on
the right-hand side to zero in order to eliminate the secular terms. By separating the real and the imaginary parts of the
obtained equations, we get

a0r ¼ c1ðzrþmowÞarþc1c2as sinðyr�ys�a1�a4Þþc1c2c3 sinðsT1þa1þa2�yrÞ

ary
0

r ¼ c1ðmzr�owÞarþc1c2as cosðyr�ys�a1�a4Þ�c1c2c3 cosðsT1þa1þa2�yrÞ

a0s ¼ c4ðzsþmMsrowÞas�c4c5ar sinðyr�ysþa3þa4Þ�c4c5c3 sinðsT1þa2þa3�ysÞ

asy
0

s ¼ c4ðmzs�MsrowÞasþc4c5ar cosðyr�ysþa3þa4Þþc4c5c3 cosðsT1þa2þa3�ysÞ (22)

where

Ar ¼ Arrþ jAri, As ¼ Asrþ jAsi, c1 ¼
bcrD

2ðz2
r þo2

wÞ
, c2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2

r þo2
w

q
, c3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

1þd2
2

q
, c4 ¼

bcrD
2ðz2

s þM2
sro2

wÞ
,

c5 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2

s þM2
sro2

w

q
, a1 ¼ arctan

zr

ow
, a3 ¼ arctan

zs

Msrow

d1 ¼ Arr�Asr�mðAri�AsiÞ, d2 ¼ mðArr�AsrÞþAri�Asi

a2 ¼ arctan
d1

d2
¼ arctan

Arr�Asr�mðAri�AsiÞ

mðArr�AsrÞþAri�Asi
, a4 ¼ arctanm

Next (22) is transformed into an autonomous system with T1 not explicitly appearing. Let

gr ¼ sT1þa1þa2�yr and gs ¼ sT1þa2þa3�ys

and substitute them into (22) to yield

a0r ¼ c1ðzrþmowÞarþc1c2as sinðgs�gr�a3�a4Þþc1c2c3 sinðgrÞ

argr
0 ¼ ars�c1ðmzr�owÞar�c1c2as cosðgs�gr�a3�a4Þþc1c2c3 cosðgrÞ

a0s ¼ c4ðzs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Msrbsr

q
þmMsrowÞasþc4c5ar sinðgs�grþa1þa4Þ�c4c5c3 sinðgsÞ

asgs
0 ¼ c4ðmzs�MsrowÞasþc4c5ar cosðgs�grþa1þa4Þþc4c5c3 cosðgsÞ (23)

Let right-hand side equal zero, ar and as could be solved from Eq. (23) by using the phase difference between the rotor
and the stator from the normal mode analysis in Section 4.1. Then, r̂r�r̂s

�� ��E9Wr0�Ws09 can be obtained. The critical
rotating speed, O=9ow9+es, for the onset of the dry friction backward whirl or the loss of stability of the partial rub can be
8



solved after the deviation es to 9ow9 can be determined. To do this, we can first set s to a reasonable constant number, i.e.,
s=1 as used in this paper, then a trial and error process one is carried out in order to find the most properethat make it a
largest negative value, i.e., mostly satisfying (13). In this way we determine the boundary by which dry whip is triggered
on from partial rub.

In Figs. 2 and 3, curve DW represents the boundary between the partial rub and the dry friction backward whirl. It is
found that the critical rotating speeds are near the magnitude of the first nonlinear natural frequency in both cases. The
points marked by triangular stand for the boundary points where the dry friction backward whirl is triggered on from
partial rub by the imbalance. It shows good agreement between the predicted results and the simulated ones.
5. The existence boundaries of dry friction backward whirl

As observed in tests [4] and in simulations [12], the response of the dry friction backward whirl of the rotor/stator
system is composed of a backward whirl motion with a negative super-synchronous whirl frequency and a forced forward
whirl motion with a synchronous whirl frequency whose amplitude is usually negligible. The solutions of dry friction
backward whirl can, thus, be assumed in the form

r̂i ¼WbiþWfi with Wbi ¼Hie
ðaþ jobÞtþ jfi and Wfi ¼ Aie

jXt, i¼ r,s (24)

where Wbi represents the solution part of the backward whirl motion with Hie
at the time-varying amplitude and ob the

negative whirl frequency to be determined, and Wfi the solution part of the forced synchronous forward whirl motion with
Ai to be determined. Without loss of generality, we take fr=0, fs=f:

9Wr�Ws9¼ 9ðWbrþWfrÞ�ðWbsþWfsÞ9¼�
RdiskX

ob
(25)

Substituting (24) and (25) into the third equation of Eq. (2), and forced forward whirl motion with a synchronous whirl
frequency whose amplitude is usually negligible, by setting Y=1 and the right-hand term to zero:

ða2�ob
2þ2jaobÞþ2zrðaþ jobÞþ1

� �
Hrþð1þ jmÞbcr 1þ

obD
RdiskX

� �
ðHr�HsejfÞ ¼ 0

Msrða2�ob
2þ2jaobÞþ2zsðaþ jobÞþbsr

h i
Hse

jf�ð1þ jmÞbcr 1þ
obD

RdiskX

� �
ðHr�Hse

jfÞ ¼ 0 (26)

With some manipulation as done in [22], a complex equation of a and ob as function of system parameters is obtained,
which yields two real polynomial equations about the two unknown variables a and ob after separating the real and the
imaginary parts:

½Msrða2�ob
2Þþ2zsaþbsr �½ða2�ob

2Þþ2zraþ1��4ob
2ðaMsrþzsÞðaþzrÞ

þbcrð1þCobÞf½ð1þMsrÞða2�ob
2Þþ2aðzrþzsÞþð1þbsrÞ��2obm½að1þMsrÞþðzrþzsÞ�g ¼ 0 (27)

2obfðaþzrÞ½Msrða2�ob
2Þþ2zsaþbsr�þðaMsrþzsÞ½ða2�ob

2Þþ2zraþ1�g

þbcrð1þCobÞf2ob½að1þMsrÞþðzrþzsÞ�þm½ð1þMsrÞða2�ob
2Þþ2aðzrþzsÞþð1þbsrÞ�g ¼ 0 (28)

where C=D/RdiskO is the sole parameter containing the rotating speed.
As discussed above, the solution of dry friction backward whirl should have an exponent with a positive real part,

namely a40. The existence condition of dry friction backward whirl is the critical case that dry friction backward whirl
starts to exist, that is, the real part of the exponent in the solution should be zero, namely, a=0. Applying this condition to
Eqs. (27) and (28) yields two equations of ob

bcrob½�ð1þMsrÞob
2�2obmðzrþzsÞþðbsrþ1Þ�C

¼ 4ob
2zrzs�bcr ½�ð1þMsrÞob

2�2obmðzrþzsÞþðbsrþ1Þ��ðMsrob
2�bsrÞðob

2�1Þ (29)

fmbcrob½�ð1þMsrÞob
2þðbsrþ1Þ�þ2ob

2ðzrþzsÞgC

¼ 2ob½zrðMsrob
2�bsrÞþzsðob

2�1Þ��mbcr½�ð1þMsrÞob
2þðbsrþ1Þ��2obbcrðzrþzsÞ (30)

To solve the critical rotating speed for the start of the existence of dry friction backward whirl, we first delete C from
Eqs. (29) and (30) to get a polynomial equation containing only ob as the unknown, then solve the equation for obs, after
that substitute them into either of Eq. (29) or (30) to yield a equation containing C as the unknown, finally solve the
equation for C and thus the critical rotating speeds for the existence of dry friction backward whirl. By changing the
parameters, we can determine the boundary for dry friction backward whirl in the parameter space.

As pointed out in [22], there are two existence regions of the dry friction backward whirl with different backward whirl
frequencies. Fig. 2 shows that the two existence regions are isolated with their boundaries marked by DF1 and DF2 for the
case of relatively rigid contact surface. For the case with soft contact surface as shown in Fig. 3, the second existence region
9



is completely contained in the first one. So there is coexistence of two types of dry friction backward whirls in the
parameter region of the second existence region.
6. Global response characteristics

From the above analysis the boundaries of the synchronous no-rub motion, the synchronous full annular rub, the partial
rub and the dry friction backward whirl are determined. With these results the characteristics of the global dynamics of the
rotor/stator system can be depicted. In Figs. 2 and 3, the characteristics of the global dynamics of the rotor/stator system on
the parameter plane m�O with the system parameters Msr=0.2, zr=0.05, zs=0.05, bsr=2.0, D=2.0 and Rdisk=20 are
demonstrated as examples.

For assistance of the reading, boundaries of different responses in Figs. 2 and 3 are summarized here: curves OL and OU

are boundaries for the synchronous no-rub motion. Curve SN and HP represent, respectively, the boundaries of saddle-
node bifurcation and Hopf bifurcation of the synchronous full annular rub solutions. Curve DW is the boundary by which
dry friction backward whirl is triggered by imbalance and the partial rub ceases to exist. Curve DFi stands for the boundary
of the existence region of the ith dry friction backward whirl.

The parameter regions in m�O plane of Figs. 2 and 3 where only one kind of response exists are denoted with the
corresponding names. Especially, the synchronous full annular rub is abbreviated as ‘sfar’ and the dry friction backward
whirl is denoted shortly as dry whip. The meanings of abbreviations in Figs. 2 and 3 are summarized in Table 1. For the
parameter regions in m�O plane where coexistence of different responses occurs are marked with numbers and the types
of coexistence are listed in Table 2.

As can be seen from Table 2, there are at least ten types of coexistence of different responses. The experimental observed
coexistence phenomena in rotor/stator rubbing tests reported in the literature are all included in the results. For instance,
the coexistence types of 1–3 were reported in the experimental works [4,16,17]. The coexistence type 10 should correspond
to what was observed experimentally in [18]. Coexistence type 7 should be the one shown in the tests of Ref. [19].

There are significant differences in the global response characteristics of the rotor/stator rubbing system with rigid or
soft contact surfaces. In the case of rigid contact surfaces as shown in Fig. 2, the two existence regions of dry friction
backward whirl are isolated. The first existence region bounded by DF1 is very small and generally hard to be detected in
the real operation condition. In contrast, the second one with higher backward whirl frequency and larger response
amplitude occupies very large region and coexists with almost all other types of responses. In this case, the synchronous
full annular rub as mild rubbing is observable. In the case of soft contact surfaces as shown in Fig. 3, the existence region of
first dry friction backward whirl bounded by DF1 deforms from the U-shape and overlaps with the second existence region
edged by DF2. In this case, the partial rub rather than the synchronous full annular rub appears when the rotor initiates
contact with the stator. The synchronous full annular rub occurs in the right-hand side of Hopf bifurcation boundary.
Table 1
Meaning of some abbreviations in Figs. 2 and 3.

Abbrevation Meaning

sfar Synchronous full annular rub

SN Saddle-node bifurcation boundary of synchronous full annular rub solution

HP Hopf bifurcation boundary of synchronous full annular rub solution

DF Existence boundary of dry friction backward whirls

DW Onset boundary of dry friction backward whirl

Table 2
List of different types of coexistences.

Mark Different responses in coexistence

‘‘1’’ No-rub motion+1st dry friction backward whirl

‘‘2’’ No-rub motion+2nd dry friction backward whirl

‘‘3’’ No-rub motion+synchronous full annular rub

‘‘4’’ Synchronous full annular rub+2nd dry friction backward whirl

‘‘5’’ Partial rub+1st dry friction backward whirl

‘‘6’’ Partial rub+2nd dry friction backward whirl

‘‘7’’ No-rub motion+ synchronous full annular rub+2nd dry friction backward whirl

‘‘8’’ No-rub motion +1st dry friction backward whirl+2nd dry friction backward whirl

‘‘9’’ Partial rub+1st dry friction backward whirl+ 2nd dry friction backward whirl

‘‘10’’ 1st dry friction backward whirl+2nd dry friction backward whirl
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7. Conclusions

In this paper, the global response characteristics of a general rotor/stator system with dry friction effects are
investigated. The rotor/stator rubbing model takes into account both the dynamics of the rotor and the stator as well as the
friction and the deformation on the contact surfaces. Most importantly, the dry friction effects, which are mostly neglected
in the published works on the rotor/stator rubbing, are also considered in the present model in order to study the self-
excited dry friction backward whirl.

In order to get a deep insight into the global response characteristics of this model has demonstrated of this system, the
exact and approximated analytical existence boundaries of the typical responses, such as the synchronous no-rub motion,
the synchronous full annular rub, the partial rub and the dry friction backward whirl, are derived by analyzing different
pieces of the piecewise smooth nonlinear governing equations one by one.

Through our analysis, two regions of synchronous no-rub response with two different ranges of whirl frequencies, one
region of the synchronous full annular rub and one region of the quasi-periodic partial rub as well as two regions of dry
friction backward whirl with two different ranges of backward whirl frequencies are determined. It is found that the
contact stiffness plays a dominant role in deciding the characteristics of the dry friction backward whirl. In the cases of a
relatively large, there are two separate existence regions with the first region being U-shaped. In the case of relatively
small contact stiffness, the first existence region may deform away from U-shape and overlap with the second existence
region so that the coexistence of two dry friction backward whirl responses with two different backward whirl frequencies
occurs. For some friction coefficients the jump phenomenon in the whirl frequencies during the run-up or run-down of the
rotor may be detected as observed in [18]. There are totally ten types of coexistence of different responses being found in
this paper that cover all the types of coexistence observed in the tests of rotor/stator rubbing until now. Moreover, the
present results provide an overall picture on the global response characteristics of the rotor/stator rubbing system that
shows how the coexistences in dependence on the system parameters.
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