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Abstract

The present study aims to predict the dynamic stability of a turbofan engine submitted to light contacts

between fan blades tips and their surrounding casing. The study is based on a hybrid model which

introduces a simplified bladed wheel and a flexible suspended casing to a rotor-shaft model. Inertial

coupling is considered between blades and shaft dofs and an elastic link is introduced between the shaft

and the suspension dofs of the casing. A 3D contact formulation has been implemented to recover

accuracy in the contacts detection and the application of contact forces; it considers the 3D model

kinematic and introduces the local geometry of the contact area. The model behavior with blade-to-

casing contacts is analyzed through two approaches: the first one assumes permanent contacts while the

other one allows intermittent contacts. Good agreement is obtained between the two types of results. The

results highlight the importance of couplings in the initiation of unstable phenomena and the relevance

of the 3D contact formulation in predicting the stability of the system.
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INTRODUCTION

By limitating the leakage flows, reducing the clearance be-

tween blade tips and surrounding casing improves the perfor-

mance and operability of turbomachines. The aero-engine

designers would thus reduce theses distances at their mini-

mum, but the counterpart lays in an increase of the possible

contacts between rotating and fixed parts, which can cause

high amplitude vibrations or even lead to unstable dynamic

behaviours. The phenomena related to these contacts repre-

sent an important research field which aims to provide the

numerical tools to design high performance turbomachine

while ensuring to avoid dangerous dynamic behaviour.

Contacts between rotating and fixed parts can be induced

by many phenomena: vibration levels associated with unbal-

ance (residual or accidental), aircraft maneuver, or casing

thermal deformation. Furthermore, they may appear in vari-

ous locations and involve very different organs of the engine.

This variety of contact configurations leads to a wide spec-

trum of phenomena. Depending on the contact configuration

and the studied phenomena, most of the analyses splits into

two areas of study:

Rotor-to-stator contact (or rubbing) focuses on the con-

tacts which do not envolve the bladed assembly dynamics.

The analyses are based on rotordynamics, they includes a

rich phenomenology described and investigated by numerous

authors. The reviews presented in [1, 2, 3] summarize the

contributions made both numerically and experimentally.

The dynamic behavior resulting from blade-to-casing con-

tacts is subject to a more recent literature. The traveling wave

speed coincidence was first studied by Schmiechen [4]. This

phenomenon consists of a modal interaction between two ro-

tating modes: one on the bladed wheel and the other on the

casing [5, 6, 7]. The models used on these investigations

take into account the bladed disks and casing flexibility while

neglecting the shaft dynamics.

In this paper, we focus on the engine dynamic stabil-

ity when the response to a residual unbalance lead to small

touches of the fan blade tips on their surrounding casing (see

Figure 1 (a)). The study proposed in this paper involve an

hybrid model including some aspects of the two approaches

presented above: blades and casing flexibility are considered

as well as the Low Pressure (LP) shaft dynamics. Sinha [8]

and Lesaffre [9] developed flexible, bladed shaft models for

this type of blade tip-casing contact investigation. The study

presented in this paper follows their approaches.

The model developped in [9] has been completed to intro-

duce rigid-body displacements of the casing and the coupling

with the fan frame struts and the first bearings (see Figure 1).

A 3D contact formulation has also been implemented to im-

prove the accuracy in the touches detection and the application

of contact forces.

Results obtained with the same model architecture, but

with a simpler contact formulation, were presented in [10].

They highlighted the effect of shaft-casing and blades-shaft

coupling on the system behaviour during contacts. Another

proceeding [11] presented the advantage of the 3D contact

formulation regarding touches detection and stability results.

In the present paper, the model formulation is fully described

with all parameters given. The compliance between the per-
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Figure 1. (a) schematic section view of turbofan engine, (b)

section view of the model

manent contact results and the transient results is clarified

and unusual behaviour (precession orientation switches) is

described.

1. NUMERICAL MODEL

1.1 Model formulation
The bladed rotor model used in the present paper derives

from the model built by Sinha [8]. It consists of a flexible

shaft connected to a rigid disk to which a set of flexible

blades are clamped. Lesaffre et al. [12] formulated the

bladed shaft model in the rotating frame by the energetic

method. In [9], a flexible casing modeled by an non-extensible

elastic ring completed the model to carry out stability analysis

considering blade-tip to casing contacts.

The models built in [8, 9] consider the LP shaft dynam-

ics but limits its kinematics outside from the fan area: the

shaft has indeed a clamped boundary condition at its rear

cross-section. In the present model, the rear part of the ro-

tor is supported by an isotropic suspension representative of

the turbine rear frame struts and connected to a rigid disk

representative of the LP turbine. In addition, the rigid body

displacement of the casing are considered and an elastic link

between these suspension dofs and the shaft cross-section

is introduced to describe the existing mechanical link going

through the bearings and the fan frame (See Figure 1).

To eliminate time-dependent terms resulting from the pe-

riodicity of the bladed disk, the entire model has been devel-

oped in the rotating frame under the assumption of a constant

spin speed (denotedΩ). All parameters definitions and values

are presented in appendix.

1.1.1 Flexible bladed rotor

The shaft allows two displacements defined in the rotating

frame: the two orthogonal translations in the cross-section

plane, denoted xs (z, t) and ys (z, t). Two rigid disks con-

Figure 2. 3D visualisation of the model

nected to the shaft are modeled by their mass and rotational

inertia. Lastly, a set of ten flexible blades are clamped to the

representative fan disk; they are modeled by Euler-Bernoulli

beams with a rectangular cross-section. The blades can only

deflect along their more flexible direction; the bending at the

coordinate s along the j th blade is denoted: xb j
(s, t). The

shaft and blade deformations are discretized through use of

Rayleigh-Ritz functions. As in [12] and [17], the system of

equation is build through use of the energetic method. The

Rayleigh-Ritz functions and all energies expressions are given

in appendix.

1.1.2 Casing

The casing being fixed, we choose to develop its formulation

in the inertial frame and then transpose in the rotating frame.

The casing suspension provides four rigid body dofs: the

two translations and two rotations in the shaft cross-section

plane. They are denoted Xc,Yc,ΦXc
,ΦYc

in the inertial frame.

The casing model consists of an elastic ring with radial and

tangential displacments (u,w). The rigid-body rotations and

the deformation orientations are sketched in figure 3. From

the inertial frame (X,Y,Z) whose origin coincide with the

casing gravity center , the rotations ΦXc
and ΦYc

create suc-

cessively the frames (X1,Y1,Z1) and (X2,Y2,Z2). In this last

frame, the displacements at the angular position θ are defined

by u et w.

The tangential displacement at θ is given by [13, 14] :

w(θ, t) =
∑

nd

And
(t) cos(ndθ) + Bnd

(t) sin(ndθ) (1)

The inextensible property of the elastic ring implies a relation

between the radial and tangential displacement:

u(θ, t) =
∂w(θ, t)

∂θ
(2)

The two and three nodal diameter deformationsare introduced

(nd = 2, 3). The zero nodal diameter is indeed not compatible

with the inextensibility property and the one nodal diameter

mode is brought by the rigid body displacements Xc (t) et

Yc (t).

The casing kinetic energy is given by:

Tc =
1

2

∫ 2π

0

ρcScVT
c VcRcdθ+

1

2

∫ 2π

0

ρcΩ
T
c IcΩcRcdθ
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Figure 3. Casing rotations and frames definition

(3)

Vc andΩc are the instantaneous speeds at the center of gravity

of the θ cross-section:


Vc =

d

dt
(Xc (t)X + Yc (t)Y + Rcu + u(θ, t)u + w(θ, t)w)

Ωc = Φ̇xc X1 + Φ̇ycY2

(4)

The potential energy and dissipation function related to

the elastic ring dofs are given by [14]:

Uc =
1

2

∫ 2π

0

Ec Iz

R4
c

(

∂2u(θ, t)

∂θ2
+

∂w(θ, t)

∂θ

)2

Rcdθ

Fc =
1

2

∫ 2π

0

ηcEc Iz

R4
c

(

∂2u̇(θ, t)

∂θ2
+

∂ẇ(θ, t)

∂θ

)2

Rcdθ

(5)

Due to the orthogonal property of the trigonometric func-

tions and the linearisation of the kinetic energy terms, the ma-

trices resulting from the application of Lagrange equations,

dissociate the dofs of the casing. The mass matrix related to

the rigid-body dofs is denoted Mc and the one related to the

nd deformation mode is denoted Mnd
. Similarly, the damp-

ing and stiffness matrices related to the nd deformation mode

are denoted Dnd
and Knd

; and the visco-elastic suspension

provides potential and dissipation energy respectively leading

to the matrices Dc and Kc related to the rigid-body dofs. The

casing matrices are given in appendix (Tab 3).

The casing and suspension system of equation must then

be transposed into the rotating frame in which the bladed-shaft

model is written. We can take advantage of the decoupling

of the rigid-body dofs and nodal diameter deformation dofs

to transpose the system of equations successively.

Let’s begin by the rigid-body dofs related to the mass

matrix Mc , damping matrix Dc and stiffness matrix Kc . The

transposition of the sytem of equation into the rotating frame

creates a gyroscopic matrix Gc , a spin softening matrix Nc

and a circulation matrix Cc , given by:

Gc = 2PTMc Ṗ; Nc = PTMc P̈; Cc = PTDc Ṗ (6)

X2

Y2

Ωt

ψ

θ

u
w

Figure 4. Angular position of a given point on the casing

seen from the fixed and rotating frame

The transposition matrix P is detailed in appendix (Tab 3).

To apply the same transformation to the dofs related to

the deformation of the nd nodal diameter, we must establish

the relation between the dofs (And
, Bnd

) defined in the iner-

tial frame and (A⋆
nd
, B⋆

nd
) defined in the rotating frame. As

sketched in figure 4, by expressing the physical displacements

u and w of the same cross section depicted by the angular pos-

tion θ in the fixed frame and ψ in the rotating frame, we obtain

the transposition matrix Pnd
given in appendix. As for the

rigid body dofs, the transposition in the rotating frame intro-

duces the matrices Gnd
, Nnd

and Cnd
by the same relations

as equ. (6).

To complete the model formulation, it remains to describe

the link considered between the shaft and the casing (see

figure 1). The link is modeled by a visco-elastic element

with isotropic properties, it connects the rigid body dofs of

the casing with the displacement of the facing cross-section

of the shaft (positionned by zl ). Its potential energy and

dissipation function are given in appendix.

The total number of dofs of the model depends on the Ritz

function considered to describe the blade, shaft and casing

deformations:

ndof = 2 + 2 × mtot + Nb × ntot + 4 + 2 × nd,tot (7)

The model contains 10 blades with 2 dofs each. The bladed

wheel brings thus two families of ten modes from 0 to 5

nodal diameters, based on the two first deflexion modes of a

clamped-free beam. The casing deformations are introduced

by 4 dofs describing the 2 and 3 nodal diameters deformations,

and plus 4 rigid-body dofs. Lastly, 4th order Ritz functions

are considered to describe the shaft which contribute to 10

dofs. The full model described in this paper contains thus 38

dofs.

1.2 Contact formulation
The rotor-to-stator contacts studied in this paper, involve the

fan blade tips and the inner surface of the casing coated with

abradable material. The fan blades of modern jet engines

present a wide chord and a complex 3D shape. In addi-

tion, the inner surface of the casing is not cylindrical but

slightly conical. These specificities of the local geometry of

the contact area sketched in figure 5, do not appear in our
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Figure 5. Geometry of the contact region and 3D view of

the clearance values interpolated along the chord line

simplified model, where the casing is a cylindrical ring and

the blades, rectangular cross-section beams. This section

presents a contact formulation that enables to improves accu-

racy in the contact detection and application of contact forces

without increasing the model size.

1.2.1 Minimum distance function

In order to improve accuracy, the contact formulation intro-

duces elements of the local geometry and considers all the

kinematics brought by the model. The clearance is evaluated

at both ends of the blade tip chord. These points are depicted

in figure 5: P(LE) for the Leading Edge and P(TE) for the

Trailing Edge 3D coordinates of these two points as well as the

inclination of the casing inner surface θ̂ are known parameters

of design.

The clearance value at the selected points are obtained by

first determining their positions based on the system displace-

ments. The final position P′ of the point with initial position

P, is given in the frame attached to the casing, by:

P′ =Pφyc
Pφxc

(

PT
φxd

PT
φyd

PT
α j

(P

+PT
β


xb (Lb, t)

0

0


+/- +


xd (t) − xc (t)

yd (t) − yc (t)

−zc


+/-

(8)

Once the position P′ =
{
P′x, P

′
y, P

′
z

}T
known, the clear-

ance is evaluated by calculating the minimum distance be-

tween a point and a cone surface and introducing the radial

P(LE)

P(TE)

g j (LE) > 0

g j (TE) < 0

Interpolated gap line

c

Contact

pressure

Figure 6. Scheme of the gap line interpolated on the chord

and lineic contact pressure applied

deformation of the casing:

gj (P) =

(

−
Rb

h
P′z + Rb −

√

P′2x + P′2y + u(α(P), t)

)

cos θ̂

(9)

Note that the minimum distance function considers the radial

deformation evaluated at the initial angular position of the

blade tip point. The displacement are assumed small enough

the allow this approximation.

1.2.2 Contact forces

To study the model behavior under contacts, we must write

the nonlinear forces acting on the system when the blade tips

touch the casing. The penalty method has been chosen to ex-

press the contact forces: its implementation is simpler than a

Lagrangian multiplier approach and some industrial values of

radial stiffness parameters corresponding the abradable coat-

ings were available to our analysis. The normal contact force

FN is thus proportional to penetration: the radial stiffness

parameter is denoted kr . The tangential forces due to rubbing

are obtained using Coulomb’s Law: −sgn(Vrel )µFN where µ

is the friction coefficient and Vrel the relative speed between

contact surfaces. sgn(Vrel ) is assumed to be constant and

opposite to the sliding speed direction due to shaft spin.

The clearances evaluated at LE and TE will thus allow

to interpolate the clearance along the blade tip chord line. A

corresponding lineic pressure is then applied on the portion

of chord touching the casing. This strategy is sketched in

figure 6. The normal and tangential contact pressures at the

position c of the chord line are given by:

pjN (c) =
kr

lc
(ζc + η); pjT (c) = −sgn(V )µpjN (c)

with ζ =
gj (T E) − gj (LE)

lc
; η =

gj (T E) + gj (LE)

2
(10)

The linear interpolation chosen here assume the blade tip

chord straight. This restrictive assumption is compensated

by the additional assumption of the casing portion facing the

blade tip being also straight.

The contact reactions at the j th blade tip are obtained by

integrating the pressures defined in eq. (10):

FjN =

∫ c2

c1

pjN (c)dc and FjT =

∫ c2

c1

pjT (c)dc (11)
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An uneven distribution along the chord can also creates

reaction torques given by:

MjN =

∫ c2

c1

c pjN (c)dc and MjT =

∫ c2

c1

c pjT (c)dc (12)

c1 and c2 indicates the limit coordinates of the portion of

chord in contact.

The forces acting on the blade tip and the casing can then

be projected onto the general coordinates of the system.

1.3 Analysis
Resolution is performed in the rotating frame. The system of

equations of the model subjected to unbalance and blade to

casing contact can thus be written as follow:

Mq̈(t)+ D̃(Ω)q̇(t)+ K̃(Ω)q(t) = Fb (Ω)+Fnl(q(t)) (13)

An initial gap of 0.5 mm is considered over the entire chord

length and a 0.225 m.kg unbalance is applied at the disk rep-

resentative of the LP turbine. This unbalance amplitude and

location has been chosen to excite enough the two global

mode having critical speeds in the studied speed range. The

unbalance amplitude would be too high to be considered as a

residual unbalance at the LP turbine, however we focus here

on the displacements seen at the fan. The chosen unbalance

permits, with only one set of parameters, to excite two dif-

ferent modes at sufficient amplitude to reach blade-to-casing

contacts.

1.3.1 Permanent contacts: static resolution

The system is build in the rotating frame, which means the

synchronous unbalance forces constitute a static loading. Con-

sidering only permanent contact allows thus to assume a static

solution, the non-linear equation can be written:

K̃(Ω)q0 = Fb (Ω) + Fnl(q0) (14)

This equation is solved by using a Newton-Raphson algorithm.

Once the static solution q0 found, the analysis of the local sta-

bility of the solution comes down to the following eigenvalues

problem:

det
(

λ2M + λD̃(Ω) +K(Ω) − JqFnl(q0)
)

= 0 (15)

where JqFnl(q0) is the jacobian matrix of the contact forces

vector at q0. The eigenvalues real parts give stability infor-

mation of the static solution: the solution being unstable if it

has a positive real part [15].

1.3.2 Intermittent contacts: transient analysis

The transient results presented in this paper are obtained with

an explicit central differences scheme as in [5, 16]. The

chosen time step has been 4 × 10−5 sec.

The higher eigen-frequency within the studied speed range

is 7500 Hz: for a linear system, the time step ensuring the nu-

merical scheme stability would be 2/ω ≈ 4.2 × 10−5. The

studied problem being non-linear, this stability criteria do not

necessarily apply: the time step size convergence has thus

been verified by reducing the step up to 1× 10−5 sec for some

transient simulations (divergent or not) with similar loading

and model configuration.

The simulation are performed considering a constant spin

speed and applying unbalance over a 1 sec ramp. Their max-

imal duration is fixed to 5 sec and the simulation is stopped

if the normal contact load at one blade tip reaches 8000 N. In

order to compare the static and transient results, FFT analyses

are performed on the obtained transient signals. The frame

chosen for the FFT depends of the signal result: if no contact

occurs during the simulation, the frame begins at 1.5 sec (i.e.

0.5 sec after the full unbalance is applied); if contact occurs,

the frame begins 0.5 sec after the first contact.

2. RESULTS AND DISCUSSION

2.1 Model natural properties
The Campbell diagram on figure 7 presents the evolution of

the eigen-frequencies with the shaft spin speed. Four families

of modes are highlighted in the diagram :

• The green lines denoted C depict the eigen-frequencies of

the casing deformation modes: the two and three nodal di-

ameters. The variation of their eigen-frequencies is only due

to the description in the rotating frame, the corresponding

lines of the co and contra rotative modes would be perfectly

horizontal if described in the inertial frame.

• The red lines denoted B depict the bladed-disk modes of

the first flexion family. The lines of the 0 and 2 to 5 nodal

diameters modes form a group with very similar frequencies

which increase with spin speed due to stress stiffening and

spin softening. The B(1nd) lines are not among the group

of the other nodal diameters because of the coupling of this

particular modes with the shaft dynamics. This inertial cou-

pling has been described in [17, 12]; the explanation lies in

the compatibility of the 1nd bladed disk mode resulting effort

on the disk, with the kinematic of the shaft cross-section. The

blades-shaft coupling results in various locus-veering on the

Campbell diagram: the eigenvalues are nearly about to cross,

but instead they veer away from one another and exchange

modeshapes. It is also visible on the modeshapes sketched

besides the graph: where we can see the contribution of the

blades deformation to the global modeshapes.

• The dashed lines denoted W depict the eigen-frequencies

obtained with a degraded configuration of the model: the

blades are assumed rigid and considered only through their

inertia properties. The W modes thus form the Whole Engine

Model modes usually observed on rotordynamics centerline

models. These WEM modes encompass the shaft deflexion

and casing rigid-body displacements which are connected by

the elastic link.

• The blue lines denoted W’ depict the eigen-frequencies of

these WEM modes with the contribution of the blades flex-

ibility. The W’(1,2) and W’(7,8) modeshapes at 0 rpm are

sketched besides the Campbell. Their forward modes W’(1)

and W’(7) have their critical speed among the studied range;

and they are respectively called Fan and LP Turbine modes

because they concentrate most of their deformation energy in
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Figure 7. Campbell diagram plotted in the rotating frame and modeshapes of the Fan mode:W’(1,2) and the LP turbine

mode:W’(7,8) sketched at 0 rpm

these areas. The influence of the blades-shaft coupling on

the WEM modes can be observed on the Campbell diagram,

where the eigen-frequencies evolution of the W’ differs from

the correspondingW modes and various locus-veering appear.

The modeshapes sketched illustrates this coupling and illus-

trate the effect on the W’(1) mode stronger than on the W’(7)

(visible also on the Campbell). The W’(1) concentrates in-

deed most of its shaft deformation at the fan and thus tends

more to couples with the blade deflexion (B(1nd) modes).

The phenomenological model, containing only 38 dofs,

presents an elaborated behaviour due to the various couplings

considered. Its 1 nodal diameter modeshape contains defor-

mation energy in the entire model: involving the blades, the

shaft and the casing displacement. In the following sections,

the role played by these couplings and the additional links

brought by the contact will be analysed.

2.2 Permanent contact results
The eigenvalue calculated at each static equilibria found from

3000 to 8000 rpm, are plotted in figure 8. Each rpm step

correspond to a new resolution of the static equation, the

contact configuration can thus change drastically at each new

rpm step, leading to important variations of the corresponding

eigenvalues.

The speed ranges related to three results status are high-

lighted on the graph :

• When the response to unbalance have not led to suf-

ficient displacement to consume the initial clearance,

there is no contact. We encounter then the modal prop-

erties of the linear model. On these speed ranges, the

background diagram is white.

• The shaded areas depicted contact and stable, illustrate

the speed ranges for which contacts occur, but the sys-

tem damping is sufficient to compensate the effect of

the assymetries broughtby the contact and the real parts

of all eigenvalues remain negative.

• The colored areas depicted contact and unstable, indi-

cate the speeds for which the static solutions are un-

stable; at least one of the eigenvalue calculated on the

equilibrium have a positive real part.

To better perceive the deviations from the model behavior

without contact, these results are superimposed in dotted lines

in the diagrams. Note also that the eigenvalues of unstable

modes are marked with a larger dot whose color reflects the

value of the corresponding real part: a high real part corre-

sponding to a darker point. It allows to simply illustrate the

degree of instability. A positive real part but of low ampli-

tude may indeed be easily compensated by a slight increase of

damping. Conversely, a high positive real part will be more

difficult to compensate.

The general observation of the diagram indicate that the

distribution of the speed ranges (Contact-less, Contact and

stable and Contact and unstable) is consistent with the system

response to unbalance. The two critical speeds contained in

the studied speed range (4450 rpm for the fan mode W’(1)

and 7150 rpm for the LP turbine mode W’(7) ) are indeed as-

sociated to the highest response levels and thus to the greatest

clearance reduction. The residual penetrations reach -0.8 mm

at the first critical speed and -0.15mm at the second (the

clearance reductions calculated without considering contact

forces lead respectively to the penetration depth of -1.3 mm

and -0.3 mm). Near these speeds, the contact configurations

are the most critical, with many blades in contact over large

portion of their chord; unstable ranges are therefore naturally

present around these critical speeds. The unstable regions

are then surrounded by speed ranges, for which the clearance

consumption is still sufficient to lead to contacts, but their

effect are outweighed by the viscous damping of the system.
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Figure 8. Eigenvalues calculated around the static equilibria

considering permanent contact due to unbalance: stability

analysis

The instability obtained on the range located around the

first critical speed is related to the eigenvalues real part of

two backward modes: the B’(1nd) mode and also the W’(4)

mode. Their modeshapes are influenced by the introduction

of contact leading to fully coupled modes including the par-

ticipation of bladed disk modes different from the 1 nodal

diameter and also of the nodal deformation of the casing. For

the speed range around the second critical speed, these same

modes are destabilised but the W’(4) presents here higher real

parts.

Even if they stay stable, the nodal diameters modes of the

bladed disk B and the casing C have their natural frequencies

changing the most due to contact. These modes concentrate

their deformation energy in the blades deflection or the cas-

ing deformation: at the direct contact interface, they are thus

strongly affected when contact occurs. For the bladed disk

modes, the changes of their natural frequencies alternate be-

tween stiffening and softening with the evolution of contact

configuration. Whereas the casing modes are mode evenly

softened on the speed ranges with contacts. This can be ex-

plained by their respective modeshapes. In this study, contact

are introduced by the response to unbalance, which means the

touches will establish on one side of the bladed wheel; on one

or two blades and up to about half of the bladed wheel as the

speed steps calculated approach the critical speeds. From the

casing point of view, a new or a lost contact leads to a change

in the distribution of the touches on its inner surface. From

the bladed wheel point of view, the change is more radical for

its nodal diameter modes which see a new blade connected

to the casing or conversely be released. Likewise, if to the 2

and 3nd casing modes, contacts provide supports leading to

a lower eigenfrequency; for the bladed disk modes, the stiff-

ening or softening effect will depend on the disposition of the

touches regarding the concerned modeshape.

This static results allow us to predict the system stability

when submitted to contact and indicates the important role

of couplings to the dynamic stability and global behaviour

under contacts. The participation of the couplings naturally

present in the model is highlighted as well as the effects of

the couplings brought by the blade-to-casing contacts.

The assumption of a static solution is however a strong

restriction of the system behaviour. Due to its non-linearity,

the nature or number of solutions can not be known a priori.

The static equilibria encountered are therefore not necessarily

the unique solutions; and by considering the dynamic effects,

one unstable equilibria may correspond to anharmonic solu-

tion (stable or not) or to a chaotic solution. Another strong

disadvantage of the assumption of a static solution is the in-

compatibility with intermittent contacts. The transient analy-

sis presented in the next section will thus provide a validation

for the static results.

2.3 Transient results
Transient simulation are carried out at regular intervals of

200 rpm, from 3200 to 7600 rpm. The three types of results

mentioned above are encountered: solutions for which no

contact is detected; the simulations that despite contact, result

in a stable equilibrium and finally the unstable solutions for

which the displacement field diverges.

Figure 9 presents the frequency spectra obtained for each

transient simulation performed from 3200 to 7600 rpm. Some

informations from the static analysis have been plotted on

the graph. The speed ranges corresponding to the different

types of results (Contactless, Contact and stable and Contact

and unstable) are indicated with coloured areas on the graph

basis. Note that the type of result obtained through static and

transient analysis is identical. The equilibria corresponding

levels are also plotted in the zero frequency plane of the graph.

Lastly, the frequencies of the most unstable modes (related to

the eigenvalue having the highest real parts) are indicated by

dots whose color reflects the value of the corresponding real

part.

Figure 9 allows thus to compare the results obtained

through each strategy, in terms of spectral content and zero

frequency contribution. Note that for an unstable system (col-

ored speed ranges), the peak of the signal spectrum obtained

by transient analysis, coincides with the frequency of the un-

stable mode identified by the static approach. Conversely,

when the system is stable (with or without contact), the tran-

sient signal is constant and the related frequency spectrum

exhibits only a component at 0 Hz. These 0 Hz components

of the transient signal spectrum follow the amplitudes of static

equilibria plotted in the same plane.

The good agreement encountered between permanent con-
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Figure 9. Frequency spectrum of the transient simulations carried out from 3200 to 7600 rpm: comparison with the static

results (see figure 8)

tact and transient analyses, verifies the stability conclusions

obtain with the first method. The static resolution has indeed

a computational cost substantially lower : less than 1 min

calculation for the 500 rpm steps presented in figure8, while

each transient simulation necessitates 5 min calculation. The

permanent contact strategy allows to perform extensive in-

fluence analyses by varying: unbalance amplitude, contact

parameters or clearance levels ... and then give the suitable

design recommendations.

From another point of view, the agreement between the

unstable frequencies encountered with the permanent con-

tact analyses and the spectral content of the transient signal,

verifies also the consistency of transient results (chosen time-

step).

The transient simulations contains also more information

about system behavior during contact and stability loss. The

following results study the casing and disk trajectories during

the unstable scenario obtained at 7000 rpm.

7000 rpm scenario

The results plotted on figure 9, have allowed to compare the

two approaches. In this section, the density of informations

available in the transient simulation is exploited to monitor

an unstable scenario, from the initiation of contacts to the

divergence of the system. The chosen scenario is the one

obtained at 7000 rpm.

Figure 10 shows the evolution of normal contact reactions

and the trajectories of the centers of gravity of the fan disk

and the casing described in the rotating frame.

The trajectories from 0 to 1.5 sec [T1] illustrates the sys-

tem static behaviour during application of the unbalance and

the permanent contact state. This static contribution corre-

sponds, in the inertial frame, to a synchronous forward cir-

cular precession widening as the unbalance progresses. The

blades gradually come into contact, but the trajectories stay

circular and of constant amplitude, corresponding to the static

position observed from the rotating frame.

From 1.5 to 2.5 sec [T2], a backward whirl in the rotating

frame widen for the disk and casing. The disk trajectory is

nearly circular while the casing trajectory is less regular: its

flattens and the precession center moves. The trajectories

observations around 3.25 sec [T3], indicate that they both di-

verge in a forward orientation: the whirling direction changed

during the simulation. The switches are not simultaneous: for

the casing it occurs at circ. 2.9 sec; the trajectory becomes

more irregular, flattened and form an 8 to eventually widen

again in the forward direction. Disk and casing then maintain

opposite whirling until circ. 3.2 sec, when the disk whirling

orientation switches to forward.

CONCLUSION

This study has presented a phenomenological model devel-

oped to investigate phenomena related to blade-to-casing con-

tacts in turbofan aircraft engines.

The model contains only 38 dofs and comprises a flexible

bladed shaft and a flexible suspended casing. A shaft-casing

coupling representative of the fan frame is introduced and

the blades-shaft inertial coupling considered. The model can

thus yields complex mode shapes encompassing all the com-

ponents. A 3D contact formulation has been implemented to

introduce the blade-to-casing contacts. Its permits to recover

accuracy in the touches detection and application of contact

reactions without increasing the computational cost.
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Static results obtained by assuming permanent contact has

been presented. They highlight the relevance of the global

modes and the additional coupling brought by the contacts.

The stability status obtained through static analysis is then

confirmed by the transient simulations carried out under simi-

lar conditions. For unstable equilibria, the spectral content of

the diverging displacement field exhibits the unstable eigen-

frequencies identified through the static approach.

Transient analysis also permits to follow the disk and

casing trajectories during an unstable scenario. The trajecto-

ries take complex shape, unusual orientation and even switch

direction during the simulation. This rich evolution of trajec-

tories highlight the combined influence of 3D contact formu-

lation, the blades flexibility and shaft-casing link introduced

to the model which complicates the kinematics at play in the

unstable phenomenon.

Further investigations could focus on the evolution of the

nodal diameters deformation observed on the bladed wheel

and the casing (some results can be found in [18]). In order

to fully study the unstable system, the model could also be

completed to take into account the removal of the abradable

material.
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APPENDIX

Energies expressions for the bladed-shaft
The shaft deformations are given by:

xs (z, t) = X0(t) +

mtot
∑

m=1

Xm (t)Wm (z)

ys (z, t) = Y0 (t) +

mtot
∑

m=1

Ym (t)Wm (z)

with Wm (z) =

(

z

Ls

)m

(16)

The shape function Wm (z) has been used in [17] ; it allows

motion at both ends of the shaft.
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The blade deformation is given by:

xb j
(s, t) =

ntot
∑

n=1

Xn j (t)Yn (s)

Yn (s) = sin(ans) + bns + cns2

an =
(2n − 1)π

2Lb

; bn = −an; cn =
b2
n

2
sin(bnLb )

(17)

The shape function of the blades,Yn (s), respects the geometric

boundary conditions: Yn (0) = 0 and Y ′n (0) = 0 and has been

used in [17] and [8].

The shaft, disks and blades general expression of the ki-

netic energy is given by:

Tbs =
1

2
ρsSs

∫ Ls

0

VT
s (z, t)Vs (z, t)dz

+

1

2
ρs

∫ Ls

0

Ω
T
s (z, t)IsΩs (z, t)dz

+

∑

d=1,2

(

md

2
VT

s (zd, t)Vs (zd, t)

+

1

2
Ω

T
s (zd, t)IdΩs (zd, t)

)

+

10
∑

j=1

1

2
ρbSb

∫ Lb

0

VT
b (s, t)Vb (s, t)ds

+

1

2
ρb

∫ Lb

0

Ω
T
b (s, t)IbΩb (s, t)ds

(18)

The formulation of the translation and rotation instantaneous

speed : Vs andΩs for the shaft cross-section and Vb andΩb

for the blade cross-section are given in [12]. The correct for-

mulation of the blade instantaneous speeds ensure the inertial

link between shaft’s and blade’s dofs.

The potential energy brought by the isotropic bearing and

the elastic deformations of the bladed-shaft is given by:

Ubs =
kp

2

(

x2
s (zp, t) + y

2
s (zp, t)

)

+

Es Is

2

∫ Ls

0

(

x′′2s (z, t) + y
′′2
s (z, t)

)

dz

+

10
∑

j=1

Eb Ib/zb

2

∫ Lb

0

x′′2b (s, t)ds

+

1

2
kb

(

xb j+1(Lb, t) − xb j (Lb, t)
)2

(19)

To organise the blade modes according to nodal diameters, an

elastic link (kb) is introduced between each consecutive blade

to represent the effect of disk flexibility [12, 17].

Centrifugal stiffening effect is considered, the correspond-

ing potential on the j th blade is defined by:

Ub,st i f =
Ω

2 ρbSb

2

∫ Lb

0

(rd + Lb )2 − (rd + s)2

2
(x′′b (s, t))2ds

(20)

Lastly, the dissipation function brought by the bearings,

the shaft and the blades is given by:

Fbs =
cp

2

(

( ẋs (zp, t) −Ωys (zp, t))2

+( ẏs (zp, t) +Ωxs (zp, t))2
)

+

ηsEs Is

2

∫ Ls

0

(

ẋs
′′2 (z, t) + ẏs

′′2 (z, t)
)

dz

+

10
∑

j=1

ηbEb Ib/zb

2

∫ Lb

0

ẋ′′2b (s, t)ds

(21)

Energies expressions for the shaft-casing link
The deformation energy of the isotropic elastic link consid-

ered between the casing and the shaft is given by:

Ul =
1

2
kl

(

(xc (zl, t) − xs (zl, t))2

+ (yc (zl, t) − ys (zl, t))2
)

+

1

2
kl,φ

(

(

φxc (t) − φxs (zl, t)
)2

+

(

φyc (t) − φys (zl, t)
)2

)

(22)

The dissipation function related to its viscous damping is

given by:

Fl =
1

2
cl ((ẋc (zl, t) −Ωyc (zl, t) − ẋs (zl, t)

+Ωys (zl, t))2
+ ( ẏc (zl, t) +Ωxc (zl, t)

−ẏs (zl, t) −Ωxs (zl, t))2
)

+

1

2
cl,φ

((

φ̇xc (t) −Ωφyc (t) − φ̇xs (zl, t)

+Ωφys (zl, t)
)2
+

(

φ̇yc (t) + Ωφ̇yc (t)

−φ̇ys (zl, t) −Ωφ̇xs (zl, t)
)2

)

(23)

The rigid body translation of the casing at the link position

are given by:

xc (zl, t) = xc (t) + zl tan φyc (t);

yc (zl, t) = yc (t) − zl tan φxc (t)
(24)

Note that the deformation dofs of the casing are not consid-

ered in the energies expressions (22) et (23), they are indeed

filtered by the shaft kinematic.

Terminology and data sets
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Blades

ηb Viscous damping factor 4 × 10−5

ρb Density 4450 kg/m3

Eb Young modulus 114 × 109 Pa

β Orientation of rectangular

cross-section

-10 ◦

Lb Length 0.52 m

rd f
Fan disk radius 0.23 m

b Small edge of the cross-section 0.0165m

h Large edge of the cross-section 0.1165m

Ib Matrix of area moment of iner-

tia

1
12


bh3

hb3
+ bh3

hb3


kb Inter-blade stiffness 100 N/m

ntot Order of the Ritz function 2

Nb Number of blades 10

Table 1. Flexible blades properties

Shaft

ηs Viscous damping factor 0

ρs Density 7800 kg/m3

Es Young modulus 119 × 109 Pa

Ls Length 2 m

mtot Order of the Ritz function 4

Re Cross-section external radius 0.065 m

Ri Cross-section internal radius 0.055 m

Spin orientation −z

Is Matrix of area moment of iner-

tia


Id

Id
Ip


Id Polar area moment of inertia π

2 (R4
e − R4

i
)

Ip Diametral area moment of in-

ertia

π
4 (R4

e − R4
i
)

zp Bearing coordinate 2 m

kp Bearing stiffness 1 × 108 N/m

cp Bearing viscous damping

property

8 × 103 N.s/m

zl Shaft-casing link coordinate 0.5 m

kl Stiffness 1.75 × 108 N/m

kl,φ Angular stiffness 2.5 × 108 N/rad

cl Viscous damping 14 × 103 N.s/m

cl,φ Angular viscous damping 5 × 103 N.s/m

Table 2. Shaft properties

Casing

nd Nodal diameters considered {2, 3}

nd,tot Total number of nodal diame-

ters

2

ηc Viscous damping factor 4 × 10−4

ρc Density 2710 kg/m3

Ec Young modulus 69 × 109 Pa

Rc Radius 0.76 m

Iz Area moment of inertia for flex-

ure

5.9 × 10−6 m4

zc Coordinate 0.2 m

mc Mass 165 kg

Id,c Diametral moment of inertia 54.4 kg.m2

kc Suspension stiffness 1.3 × 108 N/m

kc,φ Suspension angular stiffness 3 × 108 N/rad

cc Viscous damping suspension 10 × 103 N.s/m

cc,φ Viscous damping angular prop-

erty

6 × 103 N.rad/m

Mc Mass matrix related to rigid-

body dofs


mc

mc

Id,c
Id,c


Mnd

Mass matrix related to nd

nodal deformation mode

mc
2

(1 + n2
d

)

[
1 0
0 1

]

Dc Viscous damping matrix re-

lated to rigid-body dofs (sus-

pension)



cc
cc

cc,φ
cc,φ


Dnd

Viscous damping matrix re-

lated to nd nodal deformation

mode

ηc Ec Izπ

R3
c

n2
d

(n2
d
− 1)2

[
1 0
0 1

]

Kc Stiffness matrix related to

rigid-body dofs (suspension)


kc

kc
kc,φ

kc,φ


Knd

Stiffness matrix related to nd

nodal deformation mode

Ec Izπ

R3
c

n2
d

(n2
d
− 1)2

[
1 0
0 1

]

P Transposition matrix for the

rigid-body dofs

[
cosΩt − sinΩt
sinΩt cosΩt

]

Pnd
Transposition matrix for the nd

nodal deformation dofs

[
cos(ndΩt ) − sin(ndΩt )
sin(ndΩt ) cos(ndΩt )

]

Table 3. Casing properties
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Fan disk

zd f
Coordinate 0 m

Md f
Mass 100 kg

Idiam,d f
Diametral moment of inertia 1.86 kg.m2

Ipol,d f
Polar moment of inertia 3.14 kg.m2

LP turbine representative disk

zdt
Coordinate 1.95 m

Mdt
Mass 170 kg

Idiam,dt
Diametral moment of inertia 13.40 kg.m2

Ipol,dt
Polar moment of inertia 31.66 kg.m2

mb × e Unbalance applied at the LP

turbine disk

0.225 m.kg

Table 4. Disks properties

Pφxc
Rotation matrix related to φxc


1 0 0
0 cosφxc sinφxc
0 − sinφxc cosφxc


Pφxc

Rotation matrix related to φyc


cosφyc 0 − sinφyc

0 1 0
sinφyc 0 cosφyc


Pβ Rotation matrix related to the

orientation of the blades cross-

section


cos β 0 − sin β

0 1 0
sin β 0 cos β



Pα j
Rotation matrix related to the

j th blade position on the disk


cosα j sinα j 0
− sinα j cosα j 0

0 0 1


Pφxd

Rotation matrix related to φxd


1 0 0
0 cosφxd

sinφxd
0 − sinφxd

cosφxd


Pφyd

Rotation matrix related to φyd


cosφyd

0 − sinφyd
0 1 0

sinφyd
0 cosφyd


θ̂ angular characteristic of the

cone aperture

Industrial value

Rb base radius of the cone rep-

resenting the casing inner sur-

face

Industrial value

h height on the cone Industrial value

lc chord length at the blade tip:

distance between P(LE) and

P(T E)

Industrial value

µ Friction coefficient 0.2

kr Normal contact stiffness 5 × 106 N/m

g0 Initial gap 0.5 mm

Table 5. Contact formulation properties
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