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Introduction

® Human exploitation: water-pumping by surrounding people
Question:

How much water can be pumped without damaging (too much) the ecosystem?
o = = e fae

m Rare and fragile ecosystem due to intermittent connection to the sea
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RIVER V (volume)

a__, S (Salt concentration) PR
Sin (Sea's salt
concentration)
PUMP
The model

V = a)-u,
S =

Qs(t)Sip-a(t)S
V 7

fora.e. t€ [0, T].
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Two phases: hot and wet

Qe+ Qr + Qs
_ {Dlh<0

if te[0,T[,
ay >0

itte[T,T],
and

| o iftef0, T
Qs(0) '_{ Q>0 ifte[T,T]



Introduction

The optimal control problem

The model:
Vo= at)-u
s —  90Sp-a(ns fora.e. te[0, T].
= Q:)Spmas

The optimal control problem:
Maximizing the accumulation of pumped water extracted on the time interval [fy, T]:
T
sup u(t)dt, where U :={u:[0,T]— [0,1] meas.},
uel Jiy

with
ay <1. (H1)

The state constraint:
The solutions must stay between given bounds:

(V(t), S(t)) € D := [Vimin, Vmax] X [Smin, Smax], Yt € [to, T].
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Study of the viability kernel

Definition and characterization with I.C. in the 2nd phase

Question:
Which initial conditions allow us to fulfill the state constraint restriction, i.e., that the solution

remains in O at all time?
Definition
Given ty € [0, T], we define the (finite horizon) viability kernel of D on [fy, T] the set

Alty) = {(Vo, So) € D; Jue U st. (VOW(1), 80050 (1)) e D, vt e [to, T}

Let us assume

59 .

QS;
=——¢ [Smin, Smax]- (H2)
aw

Proposition
If ty € [T, T], then A(fy) = D.
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Study of the viability kernel

Characterization with I.C. in the 1st phase

Proposition

Let ty € [0, T), then
A(ty) = hyp Ab N D,

where A is the real valued function defined on [Vinin — ah(? — 1), Vmax] by

V+an(T-to)
%

A (V) := Smax

Figure: Picture left. The function V € [Viin — ah(T— to), Viax] - Ao (V) is ploted for o € {1,...,8}, T =9,
Vinin = 10, Vimax = 200, ap, = =5 and Spax = 1. Picture right: the set A(ty) for tp = 1.
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Optimal result

Proposition

uel

We have V = a(t) — u and we seek SUp,cq; ft“T u(t)dr, therefore we are interested in
inf VoYo(T).

[tO/ T] x D by

U[t, v, S] _ {1, if V> Vnin,

Whenever (ty, Vo, So) € [T, T] x D, a feed-back control for the optimal problem is defined on
aw, it V= Viin,

Y(t,V,S) € to, T| x D.
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Optimal result

Optimal result on the first phase
Suppose fy € [0,7), then by the dynamic programming principle the problem reduces to

inf Voo (T).

ueld
Proposition
Let t, € [0, T) and define
— Lh1
- V+ (an—1)(T =) )"
ThO VE[Vmin—(ah—1)(T—to),Vmax]+—>Smax( (an v)( ")]
and ap
- - VO(V) [ Viin T
7 5 /€ [Vrin = (T = ), Vo = (an = (T = )] - S 7 2 )

with v (V) := Viin + (@h = 1)(Vinin = V = an(T = 1o))-
If (Vo, So) € hyp I, then u* = 0 — 1 and the switching time is known explicitly.
If (Vo, So) € hyp Th, then u* = 1.

If (Vo, So) € A(ty) \ (hyp T U hyp Th), then u* = 0 - 1 and the switching time is given by an
implicit expression.
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Optimal result

If (Vo, So) € hyp ', then u* = 0 — 1 and the switching time is known explicitly.
If (Vo, So) € hyp Th, then u* =1.

If (Vo, So) € A(fp) \ (hyp o U hyp 1), then u* = 0 — 1 and the switching time is given by an
implicit expression.
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Optimal result

i gracies per la vostra atenci6 !
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