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Nevanlinna classes associated to a closed set on 0.

Eric Amar

Abstract

We introduce Nevanlinna classes of holomorphic functions associated to a closed set on the
boundary of the unit disc in the complex plane and we get Blaschke type theorems relative
to these classes by use of several complex variables methods. This gives alternative proofs of
some results of Favorov & Golinskii, useful, in particular, for the study of eigenvalues of non
self adjoint Schrédinger operators.
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1 Introduction.

We shall study classes of holomorphic functions whose zeros may appear as eigenvalues of a
Schrodinger operator with a non self adjoint potential. For instance Frank and Sabin [7] use the
work of Boritchev, Golinskii and Kupin [3] to get interesting estimates this way.

The aim of this work is to study Blaschke type conditions relative to Nevanlinna classes associated
to a closed set on the torus. In order to do this we shall use the "way of thinking of several complex
variables".



The methods used in several complex variables already proved their usefulness in the one variable
case. For instance:
e the corona theorem of Carleson [5] is easier to prove and to understand thanks to the proof of T.
Wolff based on L. Hérmander [§] ;
e the characterization of interpolating sequences by Carleson for H* and by Shapiro & Shields for
HP are also easier to prove by these methods (see [1], last section, where they allow me to get the
bounded linear extension property for the case H? ; the H> case being done by Pehr Beurling [2]).
So it is not too surprising that in the case of zero sets, they can also be useful.

In this work we shall define Nevanlinna classes of holomorphic functions in the unit disc D of
C associated to a closed set E in the torus T and we show that the zero set of functions in these
Nevanlinna classes must satisfy a Blaschke type condition.

In fact, the only thing we use with respect to u = log|f(2)| is the fact that u is a subharmonic
function such that «(0) = 0. So we can replace log |f(z)| by any subharmonic function u in the unit
disc and the "zeros formula" Alog|f| = Z d, by the Riesz measure associated to u, du := Au,

a€Z(f)
which is a positive measure.

As an application we get an alternative proof of results by Favorov & Golinskii [6]. See also
Boritchev, Golinskii and Kupin [4].

Let E = E C T be a closed set and p > 0, ¢ > 0 real numbers ; set Vz € D, d(z, E) the
euclidean distance from z to E and ¢(z) := d(z, £')?. Then we define a Nevanlinna class of functions
associated to F, p, ¢ this way. For p > 0 :

Definition 1.1 Let E = E C T. We say that an holomorphic function f in D is in the generalised
Nevanlinna class N, ,(D) for p >0 if 3§ > 0, 6 <1 such that

1flly,, == sup /(1 — 2P (s2) log™ | f(s2)| < o0
1-6<s<1 JD

And, for p =0,

Definition 1.2 Let E = E C T. We say that an holomorphic function f is in the generalised
Nevanlinna class Ny(. gy if 36 >0, § <1 such that

1l = S0 { [ dlse”, E)*log™ | f(se)|+

1-d<s<1 JT

—l—/d(sz, E)iog™ |f(s2)| + / (1 —|sz)*)7  log® | f(s2)]} < 0.
D D
And we prove the Blaschke type condition, for p > 0,

Theorem 1.3 Let E = E C T. Suppose ¢ >0 and f € N, ,(D) with |f(0)| =1, then
Y (L=la)*Pe(a) < c(@) fln,,

a€Z(f)

As an application we get also the following results, which are special cases of results of Favorov
& Golinskii [6]. See also Boritchev, Golinskii and Kupin [4].



Theorem 1.4 Suppose that f € H(D), |f(0)] =1 and
1
VzeD, logh|f(2)] <

(1—[2[*)pd(z E)*
then we have, with any e > 0, p > 0,
> (1 =laf*)*Pd(a, B)@EF9s < c(p, g, ) K.
a€Z(f)

And in the case p =0,

Theorem 1.5 Suppose that f € H(D), |f(0)] =1 and
Vz €D, log" < K—F
= €D, Iog” |7(3)] < K g
then
5" (1 - laP)d(a, BYo B < ofg, oK.
aeZ(f)

1.1 Notations.
Let E = FE C T be a closed set ; we have T\E = U (aj, Bj) where the F; := (aj, ;) are the

eN

contiguous intervals to E. Set 20; the length of the arg F;.

Let T; := {z =re" € D :: ¢ € (a, )} the conical set based on F; and 'y := {z = re®¥ € D =:
Y e E}.
Let

XEC®R), t<2=x(t)=0,t>3= x(t) =1.

Now we define:

|z — Oéj|2

e =4z - 8
- 2
(1—|2]%)

Vz € Fj, lpj(Z) : 52 ’ Uj(z) = X(

SIx(

and
VzeTy, @i(z) = n;(2)0;(2)! + (1 — |2]))%, Vz € Ty, op(z) = (1—|2})%.

Lemma 1.6 We have ]
Vzely, pi(z) > @d(z, {a, B;})*

and
Vz €Ty, ¢i(2) < (474 29)d(z,{ay, B;})™.

Proof.
We have
Va €Ty, d(z, {ag, Bi) = min(|z — oyl |2 — ).
Suppose that d(z, {a;, B;}) = |2 — o| then |z — ;| > |2 — ;] hence |z — ;| > d,. So

P T a2
@DJ(Z) = 52 > |z O‘J| = d(z, {a],ﬁ]}) .
j

Now
e if n;(2) =1, then
Vz € Iy, d(z, {ay, B;1)% < 4(2)7 < n(2)(2) + (1= )™ = 5(2).



e Suppose d(z,{a;, 5;}) = |z — aj| then if n;(z) < 1 then either |2 —af> < 3(1 — [2]*)?
|z — B <3(1— \ )2, Suppose that |z — a|* < 3(1 — |2|*)? we have
1
d(z {a; ;1) = |z — oy <31~ ") = (1 - |2")* = 34z {ay, 8})°
hence
p3(2) = mi(2) W ()7 + (1= [2[) > (1= o) > o S d(z, {ay, B, 1),
Ifp—ﬁﬁgm1—pﬁ2mummd@4%¢m):p—quw

2=y <z = Bl <31~ o) = (1= |2*)* 2 %d(za {. 8;})°

) 1
and again ¢;(z) 2 7 d(z, {ay,8;3)*
Hence in any cases we have ¢;(z) > 37%d(z, {a;, 5;})*

For the other way, still with d(z, {ay, 8;}) = |z — ;| , we have, if n;(z) > 0, that |z —af
2(1 — |2*)? hence, with z = pe'?,
2

|z =B = (L= p)* + [ = 8" = s —al 2 2(1 = p*)?
hence ) ' ,

e =B = =p) = (A=p <]’ 5[

So
2= B = (1= p)? +[e” = 8" < |e” = B|" + | — |" = 2| — B|" < 25°. (1.1)
Putting it in ¢ we get

2 — ay* |z — By 2 >
V;(z) = 5 <2z — oy|” = 2d(z,{ay, B;}) (1.2)

hence
n;(2);(2) < 2d(z, {ay, B;})*.
Because (1 — |2]*)? < 4d( {a],ﬁj}) we get
©i(2) = (20 (2)" + (1 = [2[*)™ < (47 + 29)d(2, {ay, B;}). u

Lemma 1.7 There is a function ¢ € C*°(D) such that ¢ coincides with ¢; and g in their domains
of definition.

Proof.
Clearly n;(2)1;(2)? is in C*(I';) so the question is between I'; and I'g. But for any s < 1 and
z € T; N D(0,s) we have that, for any multi index o € N?, 9%[;(2)1;(2)?] — 0 when z — 2 €
)

2
|2 a]| ) goes to 0 with all its derivatives when |2 — oyl

- ———5— — 0. The
(1— 2% (1= [=%)?

ol'; N D(0, s) because x(

2
same for X(%) So 7;(2)1h;(2)? extends C* by 0 to T'y N D(0, s). And @g(z) == (1 — |2|*)%
— |z
is already global and C>°(D). (Not in C*(D) !)
So ¢; being the sum of these functions extends C* to the open disc. |



Now we set, for 0 < s < 1 and ¢ > 0, gs(2) == (1 — |2")P* p(s2) € C®(D) so we can apply the
Green formula to it. Recall that f(z) := f(sz).

In fact in the case of log |f,|, even if this function is not C?, this is quite well known but for sake
of completeness we give a proof as lemma [[.9 Now, because everything works exactly the same
way if we replace log | f| by v(sz) where v is a subharmonic function in the unit disc D, we give also
a proof of the Green formula in that case in lemma [Z.10] in the appendix. Troughout this work we
let log | f| instead of a general subharmonic function v because it is the most interesting case.

With the "zero" formula: Alog|fs| = 3", s.) 0o we get

3 o) = / log | (s2)] Aga(z) + / (9.0 108 | £ (52)] — log | £(52)] Dngs).
a€Z(fs) D T
Because g; = 0 on T, we get:

> ala) = [ loslf(s9)] £g.(2) — [ g f(se™)| Dgu(c).

ac(fs) v !

If, moreover p > 0, 0,95 = 0 on T, hence Z gs(a) = / log | f(sz)| Ags(z). So we proved
ac(fs) v

Lemma 1.8 Let p >0 and f € H(D) we have
> gula) = [ loglf(s2)] Bailo)
D

a€Z(fs)

We have to compute
Ags(2)log|f(sz)] = Ags(2)log™ [ f(s2)| — Ags(2)log™ | f(s2)].
We have Ag, = 400gs hence
Ags(z) = A[(1 - |Z|2)p+12¢(82)l= p(s2) A[(1 = [z[)P] + (1= [z )P Alp(s2)]+
+H8RIA((1 — |27 d((s2)))-

Recall that, with o4 ;(2) := n;(2)¥;(2)? and @¢; = (1 — |2]*)%,

Vz ey, 0j(2) = pa;(2) +vc;(2) ;
we start with the last term.

2 Estimates on ¢c;(z) == (1 — |z]})%.

In this case
ges(2) = (L= [z ) po(sz) = (L= [ )PHH(L — |sz[).
So we have to compute A[(1 — |2|*)P* pe(2)] = Ay + Ay + As with:
Ap = (L= [s2)A((L |27+ =
= —4(p+ 1)(1 = [21*)7(1 — |sz[)* + 4p(p + 1)(1 = [P~ |2 (1 = [s2[*)*" ;
Ag = (1= [ )PPIA((L — Js2)) =
—8sq(1 — [2[)PF! (1 — [s2*)*7" 4 8q(2q — 1)(1 — |2 2" (1 — [s2]")* 7% ;
Ay = 8R[O((1 — [2)P)A((L — [s2])*1)] =
= 165q(p + 1)(1 — [2")(1 — [s2*)* " 2"
We shall consider the terms Age s(2) log™ | f(s2)|. We shall use



Lemma 2.1 For p > 0 we have:

Vz €D, Ages(z) < e(p,a)(1— [ |2 (1= [sz[*)*.
And for p =0 we have:

Vz €D, Agos(z) < elq) 2] (1 [sz*)*,
with ¢(q) :== 8q(2¢ — 1) + 16q(p + 1) (hence ¢(0) =0).

Proof.
We have
A< dp(p+ 11— 2P 2] (1 — [s2[*)™,
because —4(p + 1)(1 — |2]*)P(1 — |s2]*)?* is negative.
Ay < 8¢(2g = 1)(1 — |2y |2 (1 = [s2]*)*2,
because —8sq(1 — |z|°)P*1(1 — |s2[*)?7! is negative. So adding, we get
Age,s(2) < 4p(p+1)(1 = [P 2] (1 — |sz*)*+
+8¢(2¢ — 1)(1 — [P |2 (1 — |sz[*)* 2+
+165g(p + 1)(1 — |2*)7(1 — |sz[*)* " |2
If p > 0 we use (1 — |2[°) < (1 —[s2]*) to get
(L= L2y = (1= fs2")72 < (1= |27 =) (1 = [s2)™,
and
(1= 2P = [s2)% 2f* < (1= |27 |21 (1= Jsz )™
If p =0 we keep
(1= [21) [o” (1= Js2*)%72 < 2 (1 = [s2]*)*
So, setting, for p > 0,
c(p,q) == 4p(p +1) +8q(2¢ — 1) + 16q(p + 1),
and
c(q) = 8q¢(2¢ — 1) +16¢(p + 1),
which ends the proof of the lemma.

Proposition 2.2 We have, for p > 0,
[ Mol log” 1£62) < clpra) [ (1= 1P et og" 1 (52).
And for p =0,
[ g log [(52)] < ela) [ (1= Jssf) M og” |£(s2)
with ¢(0) = 0, 0

Proof.
Integrating the estimates of lemma [2.1] we get the proposition.
In order to consider the terms containing log™ | f(sz)| we shall need:

Lemma 2.3 We have, for p >0 and any s > 1/2,
Vz €D, —Ago(2) < —4p(p+ 1)(1 — |27 2] (1 = |s2]*)*+
+4[(p+ 1) + 2] (1 — |2)P(1 — [s2]*)*.

Proof.
With —Ages(z) we get:
—Ay < Ap+ 1)1 = [2)P(L— [sz))?—



—Ap(p + 1)(L — 2P 2] (1 = |s2[")* ;
—Ay = 8sq(1 — |2 (1 — |s2[*)*7 -
—8q(2g — 1)(L — [P [of* (1 — Js=*)*2 ;

and,
Ay = —16sq(p + 1)(1 = [2)P(1 — |s22)% 1 |22,
We have two cases:
e 2 —1 >0 then —A, < 8sq(1 — |2)*)PTH(1 — |sz]?) 2.
e 2¢ — 1 < 0 then:
Sq(1 — 2g)(1 — [2)7 J#I? (1 — [0 —
“165g(p -+ 1)(1 — [)P(1 — |s=?)% |22 =
= —[16s¢(p + 1) — 8q(1 — 2¢)](1 — |2[")7(1 — [s=[*)* " [2[*.
But
[165q(p + 1) — 8¢q(1 — 2q)] = 165q — 8¢ + 165qp + 16¢* > 8q(2s — 1) > 0
provided that s > 1/2.
So in any cases, with s > 1/2, we get for p > 0,
Vz €D, —Agos(z) < —4p(p +1)(1 = [2[)P7" |2 (1 — [s2[*)*+
+H4(p+ 1)(1 = [2)7(1 = [s2[*)*+
+8sq(1 — [2[*)"H (1 — [sz[*)* " <
< —dp(p+ 1)(1— [P 2 (1 [z )it
F4l(p+ 1) + 2sg)(1 — [2P(1 — |52,
And for p =0,
VzeD, —Age(z) < 41+ 2sq](1 — |s2|*)%.
So we proved the lemma.

Proposition 2.4 We have with |f(0)| =1 andp >0,
—/Agc,s(Z) log™ [ f(s2)] < 4{(p+1) +2SQ]/(1 = [2)P(1 — [s2[*)*1og™ | f(52)].
D D

Proof.
Passing in polar coordinates we get

[ =By a = lssPog 11l = [ (= pr= st [ Tos | flspe) o

0
by the subharmonicity of log|f(sz)| and the fact |f(0)] = 1, we get
/log‘ |f(spe”)] < /log+ |f (spe”)]
T T

1

/ (1= 2P (1 — [s22) log™ | £(s2)| < / (1= |21 — |52 log" | £(s2)].
D D
Now using lemma 2.3]

—/DAgc,s(Z) log™ |f(s2)| < —4p(p + 1)/(1 — PP (1 = [s2[*) ™ og™ | f(s2) |+

D

TA(p+ 1) + 25q] / (1= [2)P(1 — |22 log™ | £(52)] <
< 4](p+ 1) + 2sq] / (1= |22 (1 — |s2)2log |f(s2)] <
< 4](p+1) + 2sq / (1= [2[2)P(1 — |52 og™ |f(s2)].



This ends the proof of the proposition. |

3 Estimates on ¢y (2) := 1;(s2)n;(sz2).

We set
gas(2) == (1= |27 "I (2)a(52)

JjeN
and we have seen that g ¢(z) € C*(D.)

We shall compute
Agas(2)log|f(s2)| = Agas(2)log™ [f(s2)] — Agas(2)log™ [ f(s2)].
We have Agy s = 40094 s hence here:
Va e Ty Al = 2P (52)] = was(s2) AL — =)+
{1 [P Al (52)+
+HSR[O((1 = |21")"" ) (o4 5(52))] =
= Al + Ag + A3

Lemma 3.1 We have:
Ay = (s2) A1 — |27 = 4p(p
LA+ D1 — [P (o2
=: A} — A
with, for z € Ty,
A= dp(p+ 1)(1 = 2P 2" pai(s2) < 2°xdp(p + 1)(1 — [2[)P " 2" d(s2, E)™
A7 = Ap+ D)1 — |2))Poa,(s2) < 22x4(p+1)(1 — |2*)Pd(sz, E)™.

)( — [P 2l pa(s2)—

|I+

)

Proof.
A simple computation of A[(1 — |z|*)P*!] = 499[(1 — |2|*)P*!] with lemma [[ gives the result. W

We have, just usmg A = 400,
Azi= (1 Y Aloas (2] = (1~ |2y Al (52 (2)] =
= (1— 7| )”“m‘(s )JA[Y;(s2) ]+
+(1 - \Z|2)p+1%(8Z)qA[m(§ )|+
+(1 — |2*)PTI8R[O(n i(82))0(1j(s2)7)] =: Agq + Ag o+ Ags.

Lemma 3.2 We have
Vzel'y, Ayi(s,2):=(1— |z\2)pzlné(sz)A[¢j(28z)q] =
sz — a7 sz — BT o
=gt (1 iy 52) g B ozl 20 ) )
Hence Vz €T, Ayi(s,2) >0 and, fors > 1/2
Vz €Ty, Agi(s,z) <4222 (1 — |2%)Ped(sz, E)%L,

Proof.
We just apply lemma [71 with A = 490, to get the first assertion. Then we apply remark to
get Vz € I';, As1(2) > 0. Now for the third assertion we notice that 7;(sz) < 1 then, using (I.I)) in
lemma [[6l with 0 < n;(z), we get |sz — a]| <V?2§; and |sz — B < V26, hence

Vz ey, [Aga(s, 2)| < 8x4%¢%(1 — |2*)P* ed(sz, E)2q{|sz — @I + |sz — a7



using lemma [L6 But (1 — |2|%) < 2|z — 4| for any v € T so we get
Vz €Ty, [Agi(s, 2)| < 42722 (1 — |2*)Ped(s2, B)* Y,

which ends the proof of the lemma. |
Wo set xa(2) = X250, 390 = M) and wo set ] = max( ] [l) ame
(1—1z[7)? (1—2[%)?

2 )

Lemma 3.3 We have
Vz €Ty, Aga(s, 2) i= (1 — |2)P ey (s2) Aln(s2)] =
= [Aza(s,2)] S (X[ + IX'D(L = [2*)Pb(s2)* 2 <
S (X IXD = [2*)Pd(sz, B

x| = max(

And, for p > 0,
[Az2(s,2)| S (X + XD = [2[)P~d(s2, E)*

Proof.
We have
90[n;(s2)] = Xa(2)00[xs(2)] + x5(2)00[xa(2)] + 2R[0xa(2)0[xs(2)]-
and by lemma [7.4}
[Olxa(2)]] <3Ol A+ 1)1 = |27
|00xs] < (X1 + XD = |21%) 72

Ay S X[+ XD = =)~

Anals, 9] = (1 2P (52 A (o] S
< (1= [Py ()2 + D (L = Js=) 2
Because (1 — |z|?) < (1 — |sz|°) we get
[Az2(s, 2)| S (X[ XD = |21 (s2)%.
Now by lemma [7.3] we get if An; # 0,
vz e Ty, 21— |2P) < oy(2) < 301~ |2

So

hence

and
[Az(s, 2)1 S (X + IX1)(1 = |21*)P; (Sz)q_1/2-2 ,
Because (1 — |2]%) < d(z, E) we get, for p > 0, (1 — |2|°)Pe;(s2)7 Y2 < (1 — |2|*)P~d(s2, B)*
It remains to use lemma [1.6l to get the result. |

Lemma 3.4 We have B
Vz el Agz:=(1—|¢] )“183‘?[3( ;(52))0(1;(s2)?)] = )
= [Ass] S (1= |2 )%]( 2TV (1= |2 )Pd(sz, B)

~

Proof.
We use exactly the same estimates as above for dn; and 9i;. |

Lemma 3.5 We have )
Az :=8R[0((1 — \z|2)p+1)8(g0f1;,j2(sz))] < o
SN (=[P + 16g(p+ 1)(1 — 2P0 <



<INV (1 = [2]P)Pd(sz, )27 + 16¢(p + 1)(1 — |2[*)Pd(sz, E)* L,

and
Ay S = [Pl 8(p+ 1)(1 — |22l <
SN (1= [2[)Pd(sz, E)* + 8q(p + 1)(1 — |2|*)P~"/2d(s2, B)™.
Proof.
We have

O(paj(s2)) = ¥jon; +n;0(4)

For the term 1;0n; we proceed exactly as in lemma [3.3] to get

[02am;| < X (1= |2yt
So it remains

B = 8 RI((1 — |2*)" )0 (52))] =
= —8(p+ 1)(1 — |2*)Pn; (s2)R[20(4))(52))].

For this term we have by lemma [7.1]
2 292
(z =Bz — oy |z = BiI™

2q—2 2q
5(,¢j)q(z):q(z_aj)|z_aj‘ ‘Z_Bj| +q

62 52
J J
hence B = By + By with

20p |52 — ay[*"* |52 — B
By = =8(p+ 1)(1 — |2[")"n;(s2)q

' R[z(sz — a;)]

53
and 2 2y
sz — ;| sz — BT
By :=—-8(p+1)(1— |z|2)pnj(sz)q| i (qu i R[Z(sz — ;)]
J
1
Now we shall apply lemma [Z.5] to get that R[Z(sz — ;)] < 0 iff D(%, 5) SO
1
B >0 < zerij(%, >
The same way
By >0 — zefjﬂD(%, 5).
1
If 2 ¢ D(%, 5), then we have that (1 — |2|%) < 2]z — a;]” so we get
1 _
Vze [N D(F, 5)% By < 8q(p+1)(1 = =) (52— ay)| " <
< 8q(p+ 1)(1 — [2*) 2]
The same way:
B;

1 _
Ve €Ty N D(, D) =By < 8q(p+ 1)(1— |2yl (52 — )| <

< 8g(p+ 1)(1 — |22,
Hence we get
Vz €Ty, —B < 16q(p+ 1)(1 — |2[)P/2y1.
1

Now we have By > 0 <= z €[} ﬂD(%, 5), SO
|52 — oy [* % sz — ;|
57
< 8(p+ 1)(1 = [=[)Pq|(s2 — ay)| " ¥

By < 8(p+1)(1 — |2*)Pn;(s2)q |52 — o] <

10



And the same way
|52 = Bi*"* |sz — ay|*

By < S(p + 1)(1 — |Z‘2)p7]j(3z)q 5% ‘SZ - BJ| <
J
<8(p+ 11— [2[)ql(sz = 8;)| " 4.
Hence
B <8(p+1)(1 = [z[)a(|(sz — ay)| " + [(s2 = B)| )¢y,
So we get

V2 e Dy, Ay = 8RO((L — ")) (s2))] S
SN = [2PPel ™ 4 16(p + 1)(1 = [2*)7~ 29,

And
— Ay ST = PP 4 8alp + 1)(1 = 2P .
It remains to use lemma to get the result. |

We shall estimate Aga ¢(2)log™ |f(s2)].

Proposition 3.6 We have
Ngas(z) S4p(p+1)(1 = |2 d(sz, B)* + (1 — |2|")Pd(s2, E)** .

Proof.
By use of Agas(z) = A1 + Ay + A3 and by the previous lemmas, we get for z € I';,
Ar= A} = AT < AL =dp(p + 1)(1 = |27 2Py (s2) (s2) <
<dp(p+1)(1 — [2*)P~d(sz, E)*".
Then
Ay = Ag1 + Aso + Ass,
and, for s > 1/2,
0 < Agi(s,2) <4222 (1 — |2 )Pe(N)d(sz, E)*1.
|[Aza(s, 2) < (1= |2|")Pd(sz, B,
Az a| S X' (1 = [2)Pd(sz, B)*~".
Hence, for Vz € T'j,
Ay S (1= |z\2)pd(sz, Byt
Finally
Ay S (1= [2")Pd(sz, B)* ™" +16g(p + 1)(1 — [2[*)P~2d(sz, B)* < (1 — |2|")Pd(s2, E)** .
So we get
Agas(z) Sapp+ 1)1 = [P d(s2, BT+ (1= |2|")d(sz, BE)*7,
which proves the proposition. [ |

Now we shall estimate —Aga s(2)log™ [f(s2)]|. We set:
Poac(s) = [ (L= [P 2 pas2) log | s,
D

Ponals) = / (1= |22 pa(s2) log* | fs2],
D

P(5,u,5) = / (1= 2Py a(52) log ™ | fs2].
D\ D(0,u)

and
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Po(6,u,s) = / (1= |21 0 (s2) log* | f2].
D(0,u)

Proposition 3.7 We have, for p > 0,

1
— / Agas(2)log™ |f(s2)] < 2%9Pp a(s) +2x4%(1 —u?) P (=, u, 8).
D

2

Proof.
By use of Agas(z) = A1 + Az + Az and by the previous lemmas, we get for Vz € T,

—Ay = — A+ A = —4p(p+ (1 — [2)P7 2 pa(s2)+

+4(p + 1)(1 — |2]*)Pd(sz, E)™.

Now

—Ay = —A91 — Agg— A3 < —Agy — Ass,
because As; < 0.

We have
[ Azl S (X[ + XA = |2*)Pd(sz, E)*"

and

[Ags| S IX| (1= |21*)Pd(sz, E)*
SO

— Ay S (X + XN = [2*)Pd(sz, B)*
Now

—Ag SIX| (1= [2*)Pd(sz, B + 8q(p + 1)(1 — |2*)7~2d(s2, E)™.
So grouping the terms we get
~Dgas(2) S (N[ + XD = [2[)Pd(sz, E)* ™ +8q(p + 1)(1 — [2*)P~12d(sz, B)*—
—4p(p+ 1)(L = 2" )P 2 pa(s2) +4(p + (L — [2]*)pa,(52).
and
—Dgas(2)1og” [f(s2)] S (W] + XD = [2[*)Pd(sz, B)* ' log™ | f(s2)| +
+8q(p + 1) (1 — |2[")""12d(s2, E)*'log™ | f(s2)| -
—Ap(p + 1)(1 = [2*)"7 2] pa(s2) log™ | f(s2)| +
+4(p + 1)(1 = [2*)"0a(52) log™ | f(s2)] -
For the first term, because on (|x'| + |x”]) # 0 we have d(sz, E) < 3(1 — |sz|?), we get
By = (IX'| + X)L = [2*)d(sz, B} log |f(s2)] S
S (L= [2")7(1 = [s2*)* " log™ | f(s2)]
hence, passing in plolar coordinates,
[ B [ =g sty [ 1og | e oo
By the sfbharmogicity of log|f(sz)| and |f (%)| =1, we get

108 |tspe)| < [ 105" [ 1(spe)|.
T T
hence
[ B [ =l st og! 1 £(s2)l
D D

For By := 8q(p + 1)(1 — |2|*)P~Y2d(sz, E)® log™ | f(sz)|, we use the substitution lemma [77] with
d =1/2, to get:
1

1
By < 49(1 — u2)_2qP+(§,u) +(1— u2)1/4u_2P_(Z,u, s).
D

12



For p > 0, because p4(2) < d(z, E)*, we get:

/ By < 49(1 — u?) ™™ / (1= 2P 2d(sz, E)*log™ | fsz|+
D D(0,u)

+(1 - u2)1/4“_2/ (1= 2P 2" pals2) log™ | fsz].
D
The same for the last term with 6 = 1 and we get that

By = 4(p+ 1)(1 — [2[*)"d(sz, E)*"log™ | f(52)|
verifies

1
/ By <491 —u?) %P (1,u,s) + (1 — u2)1/2u_2P_(§, u, s).

D
Now it remains the "good" term

By := —dp(p + 1)(1 — [2*)"7 2" 0 5(s2) log™ | f(s2)]
and, if p > 0, we choose 1 — u* small enough to get that

(1= ) [ (1= P o pa(s2) log [ sel+
D

1= [ (1 P P (o) og | sel-
D

~aplp 1) [ (1= PP P pals o 11(52) < 0
D
So it remains:

_/DAQA@(Z) log™ | f(s2)] < /D(l— [2*)7(1 — |s2[*)* log™ | f(s2) |+

1
+29(1 — uz)_zqP+(§, u, s)+
+29(1 — u?) %P, (1,u,s) <
< [ s o (s2)
D

Foxdi(1 — u2)_2qP+(%,u, ).
Now (1 — |2]°) < (1 —|sz[*), and (1 — |s2]*)% < 2% 4(s2) so we get
[P = s g™ [f(s2)] < 2 [ (1= ) ea(s2) o™ (59).
SO puttinﬂg it, we get .

— [ Bgaseion If(s2)] <2 [ (1= PPt oats og” (s
D D
1
+2x49(1 — Uz)_qu+(§au)7
which ends the proof.

Proposition 3.8 We have, for p =0,
_ / Dgas(=)log™ |f(s2)] < / (1= |52 log* | £(s2)|+
D D

+2x49(1 — u?) "% (1 — |2>)"Y2d(s2, E)*log™ | fsz|+
D(0,u)

F2(1 =) [ ) e (e g e
D\D(0,u)
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Proof.
For p = 0, there is no "good" term and we have

/ B, < / (1= |22 log* | £(s2)].
D

D
And
/ By S 49(1 — u?) / (1= o) d(sz, EY log" | fs2]+
D D(0,u)
(1= @) (1= |22 |2 g a(s2) log™ | 521,
D\D(0,u)

The same for the last term with o = 1 and we get
By = 4d(sz, E)*log™ |f(s2)]

verifies )
By S 491 —u?) %P, (1,u) + (1 - u2)1/2u_2P_(§,u, s).
D
So adding:
— [ Baaselon Fs2)1 S [ (1= Jsaf P hog? If(s2) |+
D D
+479(1 — u?)~2 (1—|z1>)"Y2d(sz, E)* log" | fsz|+
D(0,u)
+49(1 — u?)~ d(sz, E)*"log™" | fsz|+
D(0,u)
HU = [ P ) g [l
D\D(0,u)
+(1 =) Pu? (1= 121) 72 |2]* pa(s2) log™ | fs2.
D\D(0,1)
And
— [ Baaselon Fs2)1 S [ (1= lsaf P hog? I £(s2) |+
D D
+2x49(1 — u?)~% (1 — [2]*)"Y2d(sz, E)*log" | fsz|+
D(0,u)
+2(1 — w?)u? (1= 121" |21* pa(s2) log™ | fs2],
D\D(0,u)
which ends the proof.
Proposition 3.9 We have, for p > 0,
1
Agas(2)log|f(s2)| S22 +4p(p + 1) + 2] Po a4 (s) +2x49(1 — u2)_2qP+(§> u, s),
D
Proof.
From

Agas(2)log|f(sz)| = Agas(z)log” [f(sz)] — Agas(z)log™ | f(s2)|
using proposition B.6 we have, using (1 — |2|*) < 2d(sz, E),
Dgas(2)logh [ f(s2)] S 4p(p + 1)(1 — |2 d(sz, B)**log" | fsz| +
+(1 — |2])Pd(sz, E)* " log™ | fsz| <
< [4p(p+1) +2(1 = [2[*)""1d(s2, E)* log" | fs2].
And using proposition 3.7 we have
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1
— / Agas(z)log™ [f(sz)] < 22‘1PD,A7+(5) + 2x4%(1 — u2)_2qP+(§, u, s).
D

Hence |
[ B0aul2) 10817 (52)] S 2P0 0,0 (5) + 2x47(1 = ) PP,
D

p(p+ 1)+ 2] / (1 |22 Yd(s2, B) log* | 2],

u, s)+

S0
1
Dgas(z)log |f(s2)] S [2° 4+ dp(p+ 1) + 2Po a4 () + 2x47(1 —u*) Py (5, u, 8),

D
which ends the proof. |

4 The case p > 0.

Recall that
Wz € Iy, 9,(2) =m0y (2)9 + (1= |2V, ¥z € T, o(z) o= (1 — [3f?)
and by lemma [[.7] we have that there is a function ¢ € C*(D) such that ¢ coincides with ¢,
and ¢g in their domains of definition. Moreover we have for 0 < s < 1 and ¢ > 0, gs(2) =
(1 — |2]*)P*Lp(s2) € C=(D) so we can apply the Green formula to it. Recall that f,(z) := f(sz2).
With the "zero" formula: Alog|fs| =3 ,c ;) da We get

S gila) = / log | f(s2)] Aga(z) + / (9,00 10 £ (52)| — log | £(52)| Bug.).

a€Z(fs)
So, because g; =0 on T,

S gafa) = / log | (52)] Agalz) / log | /(5¢)| Bg5().

a€Z(fs)

If, moreover p > 0, 0,9; = 0 on T, hence Z gs(a) = / log | f(s2)| Ags(2).
a€Z(fs) .

So we have to compute
Ags(2)log|f(sz)] = Ags(2)log™ [ f(s2)| — Ags(2)log™ | f(s2)].
We have Ags = 400gs hence
Ags(z) = Al(1 - IZIQ)p+1 (52)] = p(s2)A[(1 = 21" + (1 = [2[)P Alpp(s2)]+
+H8R[O((1 = [2[)P)d(p(s2))].

N

Recall that, with 4 ;(2) := 7;(2);(2)? and ¢ ;(2) == (1 — |2|*)%, we have
Vz ey, 0i(2) = va;(2) +vc;(2),

and
gos(2) == (1= |2y pc(sz) = (1 — [P (1 — |sz[*)™
and
gas(z) = (1= [z )P "1 (2)pa,(s2)
jEN

Now we are in position to apply the previous results. By proposition we get:

[ Bgca(eiogt 7(52)] < p.a) [ (1= 1 oo og" [ (52).
D )
And by proposition 2.4 we get:

15



—/Agc,s(Z) log™ | f(s2)] §4[(p+1)+28<ﬂ/(1— [2[*)P(1 = [s2]”)*"log™ | f(s2)].
So addil?g: o

/DAgc,s(z) log | f(s2)| < ¢(p, Q)/D(l — =) pe(s2) log* | f(s2) |+

Hllp-+ 1)+ 250) [ (1= P01 s g |2
D
Now by proposition we get:

/D Agan(z)log|f(s2)] < 2%+ 4p(p+ 1) + 2 / (1= |22 pa(s2) log™ |fs2]+

+2x4%(1 — u2)_2q/ (1 —|2]?)P 2 pa(s2)logh | fsz.
D(0,u)
Adding, because ¢ = p4 + @, we get

Theorem 4.1 We have:
/ Dgy(2)log |f(s2)] < / (1= 2P (s2) log* |2,
D D

Proof.
This is clear because, in the second term:
(1= [z~ 2p(s2) log™ | fsz| < (1 — |2|")""p(s2) log* | fs2]. u

So we are lead to

Definition 4.2 Let E = E C T. We say that an holomorphic function f is in the generalised
Nevanlinna class N, ,(D) for p >0 if 36 >0, § <1 such that

2P p(sz) log™ | f(s2)] < oo

HfHNsom = 1—?5li£)<1/]@ (1 -

And we proved the Blaschke type condition:

Theorem 4.3 Let E = FE C T. Suppose ¢ > 0 and f € N, ,(D) with |f(0)| =1, then
Y (1 =la)"*e(a) < (@) flx,,-

aeZ(f)

Corollary 4.4 Let E = E C T. Suppose g € R and f € Ny pyap(D) with |f(0)| = 1, then

Y (0 =la)*Pd(a, B < @) flIny o,
acZ(f)

Proof.
By use of lemma [[.8, we have

> ala) = [ log|f(s2)] Bgilo)
a€z(f:) v
hence, by theorem 4.1

> @) S [ (=[P (s g I,

a€Z(fs)
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the constant in < being independent of s < 1. It remains to apply lemma [T.T1] to get that, for any
1> 6 > 0 we have:

S (- [aP)pa) < sup / (1= 2P o(s2) log* | £(52)].

acZ(f) 1-d<s<1
which ends the proof of theorem [£.3 [ |
To prove corollary 4.4 we use lemma and lemma [[7 which give that ¢(z) is equivalent to
d(z, E)*. [ |

5 The case p = 0.

This time we have g,(z) := (1 — |2|*)p(sz) € C*(D) hence
> aa) = [ 1ogl1(s2)] £g(2) — [ 1og] ()] 0,016,

aEZ(fs)
with

Ongs(2) = =2p(s2) + (1 = |2]")Dugp(s2),
SO

Ve € T, 0,9:(e”) = —2¢(se™)
hence

S gula) = / log | f(52)] A9 (2) +2 / o(c") log | f(s”)]. (5.3)

a€Z(fs)

Now we are in position to apply the previous results. By proposition 2.2, we get:
/Agc,s(Z) log™ [f(s2)| < C(Q)/(l — [s2[)* log™ | £(s2)].
By propoméition 2.4 with p = 0, we get: o
—/Agas(Z) log™ | f(s2)] < 4[1 + 2sq] / (1= [s2]*)*log™ | f(s2)].
So, addingﬂ:) o
/DAgc,s(Z) log |f(sz)| < C(q)/D(l — [s2*)* " log™ | f(52)].
By proposition with p = 0, we get:

Agas(z) S d(sz, E)zq_l,
hence

[ Baac(etos™ £(s2)] £ [ dlsz, B og |52
D D
By proposition B.8 we get:

- / Agan(2)log™ [f(s2)] < / (1= 522 log" | f(s2)]+
D D

+2x49(1 — u?)~% (1 — [2]))"2d(sz, E)*log" | fsz|+
D(0,u)

r2(1 =) [ ) e (e g e
D\D(0,u)

So adding we get
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[ Baaceoslf(s2)| S [ dloz Pt og" 56+ [ (1 [saf Pt og” s+
D D D
+2x4%(1 — uz)_Qq/ (1 —|2|*)"Y2d(sz, E)¥ log™ | fsz|+
D(0,u)

+2(1 — u?) Y42 (1-— \z\2)_3/4 \z\2 wa(sz)log™ | fsz].
D\D(0,u)
Combining these results, we proved:

Proposition 5.1 We have:
/ Agu(2)log | f(s2)] < / d(sz, B log" | f(s2)| + / (1= |52 log™ | f(s2)|+
D D D

+2x49(1 — u?)~% (1—|2)>)"Y2d(sz, E)¥ log" | fsz|+
D(0,u)
+4(1 — u*)Y? sup /goA(teie) log™ ‘f(tew)de‘.
su<t<s JT

Proof.
It remains to deal with the term in log™ |fsz|. We have, passing in polar coordinates,

/ (1= [2) ™ |2 pa(s2) log™ |fsz] =
P\DOW
/ (1- p2)‘3/4{/ wa(spe’)log™ | fspe’|pdp <
u T

1
< sup / pa(te’”)log™ | f(te”)do| / (1= p*) " pdp <
T u

su<t<s

<2(1 —u*)Y* sup /QOA(té’w) log™ ‘f(tew)dﬂ.
su<t<s JT
Hence we get

20 =) [ (1= )P pa(s) g 7] <
D\D(0,u)

<41 —uH)Y? sup /@A(teie) log™ }f(teie)de}
su<t<s JT

which ends the proof.

Now we shall use the relation (B.3]) which says:

Y gsla) = / log|f(sz)] Ags(z) + 2/@(6"9) log | f(se™)|.
a€Z(fs) D T
So we have, using proposition (5.1,

S ) < / d(sz, Y log" |f(s2)] + / (1~ 522 og" | f(s2)]+

a€Z(fs)

+2x49(1 — u2)_2q/ (1 —|2[*)"Y2d(sz, E)*log" | fsz|+
D(0,u)

+4(1 — u®)Y? sup /@A(teie) log™ ‘f(tew)dQH
T

su<t<s

+2/T<p(sei9) log™ }f(sew)} — 2/Tgo(sew) log™ ‘f(sew)‘.
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So the "good" term is now —2 / o(se)log™ ‘f(sew)‘,
We shall set B
Proo(to) i= sup [ (s log™ | f(se™)]
0<s<to JT
and

Pr_(ty) := sup /Tgp(sew)log_ }f(sew)}.

0<s<tp

Because y(s) := /go(sew) log™ | f(s€")] is continuous for s € [0, to] by lemma [Z8 in the appendix,
T

the sup is achieved for a s € [0,tp] and we have

Pr_(ty) = /T@(soew) log™ | f(s0€”)|.

Fix tg < 1 and set:
Poosls)i= [ dlsz, B ogt £(s2)]+ [ (1 [saf Pt hog? [f(s2)+
D D
+2x4%(1 — u2)—2‘1/ (1 —|2[)"Y2d(s2, E)*log" | fsz|+
D(0,u)
+2/<p(sei9) log™ | f(se")].
Then we get, with the s TS to associated to tg,

Z o (a) + Z 9so(a) S Po+(to) + P+ (s0)+
a€Z(fs) a€Z(fs)

+4(1 —u®)Y? sup /QOA(té’w) log™ }f(teie)d9}+
T

tou<t<to

+4(1 —u®)Y? sup /QOA(té’w) log™ }f(tew)dﬂ—

sou<t<so JT

_Q/TSO(toew) log™ | f(toe”)| — Q/Tgo(soew) log™ | f(to€e”)].

But, because Pr_(ty) = / o(s0e”) log™ ‘f(soew)‘ and sg < tg, we get:

T
sup /QOA(té’w) log™ }f(tew)dﬂ < Pr_(to)
tou<t<to JT
and
sup / oalte®)log™ |£(t)d6| < Pr._(to),
. sou<t<so JT

8(1 — u®)?Pr _(to) — 2 /T ©(s0e) log™ }f(toew)‘ <
< (801 =) =2) [ plsoc) log™ |F(tae”).

15
So choosing u < 1 such that 8(1 — u?)Y2 —2 <0, i.e. u > i which is independent of t,, we get

Vio <1, Y gu(@) < D g(@)+ D gs(a) S Poa(to) + Poi(s0). (5.4)

a€Z(fs) a€Z(fs) a€Z(fs)
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15

16’

2x49(1 — u2)_2q/ (1 —|2|*)"Y2d(s2, E)*log" | fsz| <
D(0, u)

< 2x49(18)a[ [ d(sz, B)2  logh | f(s2)] + [, (1 — |s2|*)%  log™ | f(s2)|].

In fact we have, for u =

So
Po(s) < ela)[ | sz, £ og |F(s2)] + [ (1 [sxf " hog* 11 (52) ]+ Pr(o),
D D
So we are lead to the definition, replacing 2q by ¢ :

Definition 5.2 Let E = E C T. We say that an holomorphic function f is in the generalised
Nevanlinna class Ny gy if 30 >0, § <1 such that

Wl s = 0 dloe”, 108" [ )+

+/ d(sz, E)1  log™ | f(s2)| +/ (1 — sz log® | f(s2)]} < 0.
D D
And we proved the Blaschke type condition:

Theorem 5.3 Let E = FE C T. Suppose ¢ >0 and f € N, (D) with |f(0)] =1, then
Y (—=la’)e(a) < e(@)lfll, -

aeZ(f)

Corollary 5.4 Let E = E C T. Suppose ¢ > 0 and f € Ny.pao(D) with |f(0)] =1, then
S (1= laf)da, By < (B, ) flLy 0o

aeZ(f)

Proof.
For the theorem we apply inequality (5.4])

Vi<1, > gia) S Po(t)+ Poi(s),

a€Z(ft)
and for the corollary we recall that ¢(z) ~ d(z, E)?. |

6 Application : L*° bounds.

We shall examine two cases.
e Case p > 0.

Let E = E C T ; its Ahern-Clark type a(FE) is defined the following way:
a(E) =sup{laeR: |{teT:d(t, E) <z} = O(%), v — +0},
where |A| denotes the Lebesgue measure of the set A.
Our hypothesis is

log | f(2)] <~ 1

(1= [z} d(z, E)7’

z€D, p,g=0.
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We want to apply corollary B4l so we have, with ¢(z) := d(z, B)I~*E)+e

2
Y (L=la)*Pe(a) < (@) fll,,
acZ(f)
and we shall compute |[|f|. . ie.

1fll,, == sup /(1—|Z|2)p_1d(sz,E)q‘“(E”elog;*If(SZ)I-
’ 1-0<s<1JD
The hypothesis gives

K 1
Vz e D, log" |f(2)| <

(1= |z")p d(z, E)i(2)’

so we have

/ (]- — |Z|2)p—1d(SZ,E)q_a(E)+f 10g+ |f(SZ)| < K/ (1 _ |Z|2)6_1d(82’, E)—oc(E)
D D
We set T, i= E,x(1— 2, 1) and 7, := I',\Tns1. Then we get
[ty s By e ® =3 [ 1 o) sz By <
D

neN Y In
Z 2—(e—l)n2na(E')/ dm(z) < Z 2—(6—1)n2na(E) ‘En| - Z 9—en _. C(E) < 00
neN Tn neN neN

because € > 0.
So corollary [4.4] gives

2 —« €
Y (1 —laf)*rd(a, BE) ") < e(p,g,€)[|f |,
a€Z(f)
hence we get

S (1= JaP)*d(a, BY=® < e(p,q, | flly, . < Ke(e)e(p, €).
a€Z(f)
So we proved:

Theorem 6.1 Suppose that f € H(D), |f(0)] =1 and
1
Vz e D, logh |f(2)] <

(1 — |2*)p d(z, E)*
then we have, with any € > 0,
> (1= [aP)Pd(a, B0 < o(p,q,e)K.
a€Z(f)

® Case p=0.

For this case we want to apply corollary 5.4l So let
VzeD, log"|f(z)| < K
We have

d(z, E)e

Theorem 6.2 Suppose that f € H(D), |f(0)] =1 and

D, log* < K——+—
Ve € D log I£(2)) < K g
then

S° (1 laP)d(a, BYaE0s < cfg, )

aeZ(f)
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Proof.
We have to verify
sup /d(sew, E)T Bt logh | f(se)| df < oo
1-6<s<1JT
and

sup /d(sz, BB 00T | f(s2)| < o0.
D

1-6<s<1
For the first one, we have

/d($€i6,E)q_a(E)+e log+ }f(SFJw)} < K/d($€i6,E)E_a(E).
T T
Set B, ={zxe€T:dz F)>2"}and F, := E,\E,;,. we have
/d(sew E)®df = Z/ d(se’e ) d9<2/ 27 <

T neN ¥ Fn neN

Z 2—n(e—a(E / do < Z 9—ne

neN neN
by the very definition of a(£) and because € > 0.

For the second one we set ['), := E,x(1 —27", 1) and ~,, := [',\['41.

We get
/ d(sz, B) 7 log™ | f(s2)] = / d(sz, E)"*® "+ log™ |f(s2)] < / d(sz, )~
D D
T [ sy <z/ ) < S / in(:) <
neN v Tn neN v n neN Tn
22 n(e—a(E)— |E‘X <Z2 ne
neN neN

because € > 0. We end the proof as in the case p > 0.
These results give alternative proofs of some of the results by Favorov & Golinskii [6].

7 Appendix.

When there is no ambiguities, we shall forget the index j.

Lemma 7.1 We have 2g—2 2 2% 2g—2
: |z — B +q(2—5j)|z—%‘\ |z — B .

a()(z) = o E WY

And 5?[1 6]2q
n
2q—2 2q—2
Z— z—pB o
03y = OB a1z = 6 4 2Rz )2 - B
J
Proof.

_ 2q _ 2q
We have Vz € I', 9(2)? = |2 = o 52|qz Al

292 — 2q _ _ 2q o 2q—2
R e e

And
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5 2 —al* [z = B |z —af|z - B

00(y(z) = L ET A pE O
2|z — a2 = g _ 2
2% .. Ri(= — o)z~ )] =
2|Z_O‘|2q_2|Z—5‘2q_2 2 2 _ 3
=q 5% {lz =B]"+ |z = of +2R[(z — a)(z = B)]}.

Remark 7.2 We notzce that: 99(1;)*(z) > 0 because
|z =B + |z —af +2R[(z — ) (z = B)] 2 |z = B + |z — o = 2|z —al[z = 5| 2 0.

Lemma 7.3 Ifn; # 0 orifn] # 0, we have:
Vz €Ty, 2(1— [2°)? < wy(2) < 3(1— [2]%)%

Proof.
If n; # 0 we have
° X; 2 0 which implies 2 < % < 3 hence
2(1 — |2*)* < ¥(2) < 3(1— |2

The same for the second derivatives, which ends the proof of the lemma.

Lemma 7.4 We have

3 ‘Z_ Oé|2 / 2\—1
d 'a[X(m)]‘ <INONL—27)
98] < (W] + WD~ |2
Proof.
e 2= G-a) o lz—af
5 Z— Y 2=y _ Z— 0, Z— '
NG =X 0% ) =X Ol g 25
But if x/() # 0 then 2 < | y |]2|)2 < 3 hence
5[x<%>]‘ < IOIVB+ 611~ o)™ <90l (1 - o)
Now ) )
=) = gy o oLy
B e
o0y z— L2 of T % LAl
NN ) T T e
And o ,
() = X" Ol + 270l

X Ol < 9IX"OI (L = [21*)~"

And a straightforward computation gives
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{ (z —qy) |z — ay]

T W <(1-2)72
A= T | R D

~

So the lemma is proved. |
1
Lemma 7.5 Letn €T, then we have R(Z(z —n)) <0 iff z€ DN D(g, 5)
Proof.

We set z = nt, then we have
Z(z—n) =nt(nt —n) =1t —1).
Hence
R(Z(z—n)) = R(EE — 1)) = R(r* —re”) =r* — rcosh.
Hence with t = 2 + iy = re" 2 = rcosf, y = rsinf, we get
Rt —1) <0 <= 2> +9y*—2<0 '
n

11
which means (z,y) € D(i’ 5) hence z € DN D(i’ 5) [ |

Lemma 7.6 (Substitution 1) We have, for 6 > 0 and u €]0,1[, and |f(0)| =1,
[ =R Jsa g I (52)| <
D

< (1—w)u? / (L= 22 2 (1 — Js2 ) log™ | f(s2)|+
D

T / (1= PP (1~ Js=l) 2 log™ |£(s2)].

Proof.
We have

/D (1= [P 43(1 — |52 log™ |f(s2)| =
- / (1= [P 43(1 — |52 ) log™ [f(s2) [+
D(0,u)

e[ @ sl oy (52
D\D(0,u)
For the first term, passing in polar coordinates, we get

L = /0“ (1—p*)P 1o - ssz)Qq{/TlOg_ |f(spe™)[}pdp. (7.5)

The subharmonicity of log |f(sz)| gives
0=tog (001 < 108 tspe)] = [ tog" [ spe)] = [ 10w |7(o0e)],
T T T

hence
/log‘ | f(spe)| < /log+ | f(spe™)].
T T
Putting it in (7Z.5) we get

s [ - s [ o™ flspe) [ pdp <
0 T
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< [ @ s og” |7(s2)) (7.6)
D(0,u)
For the second term, we have
Lim [ B s oy 7(s2)] <
D\D(0,u)

< (1—u?)u? / (1= 227 22 (1 — [s2*)2 og™ | £(s2)]
D\D(0,u)
This ends the proof. [ |

Lemma 7.7 (Substitution 2) We have, for § > 0 and any u, 0 < u < 1,
/ (1= 21" pa(s2) log™ | fs2] <
D

< 49(1 — Py / (1= |22 (s2) log* | £(s2)] +

D(0,u)
+(1 - UQ)WU_Q/ (1 — |22 2 pa(s2) log™ | f(s2)].
D\D(0,u)
Proof.
We have:

/D (1= 2P0 a(s2) log™ |f(52)] =
_ / (1 — |27, (s2) log™ |f(s2) |+
D(0,u)

+/ (1= |2P)" " pa(sz) log™ |f(s2)].
D\D(0,u)
For the first term we get

Bim [ (= (s g 17(s2))
D(0,u)

|2 — oy |2 = B

52

J

n;(2) # 0, we have |z —af> > 2(1 — [2]*)? and |z — B> > M1 — |2|*). But, with (T2,

|Z_0‘j|2|2_5j‘2 2
¥i(z) = 52 <2[z—q4" <4
J

Because Vo € T, [sz — o] < 2 we get @4 (s2) = n;(2) , hence, in order to have

hence

pa(sz) = n;(2)ih;(2)" < 47,
So we get

Bt [ @y oy (sl
D(0,u)
and we can apply inequality (Z.0) to get

I < 4Q/ (1= [2[)P 0 log™ | f(s2)] ;
D(0,u)
but

Vz € D(0,u), 1 < (1 —u?)"2py(s2)
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SO

a0 =y [ ) log" 1 (52) <
D(0,u)

<491 —u?) 2P (6, u).

For the second one

L= (1= 2P pa(s2) log™ |f(s2)] <
D\D(0,u)
< (1— ) Pu? / (1= 2252 2 oa(s2) og™ |£(s2)].
D\D(0,x)

Adding we get

/ (1= 2P pa(s2) log™ |fs2] < 49(1 — u?) ™ / o (0 0g 1152+
D D(0,u

+(1 - UQ)MU_Q/ (1= [P 2 pa(sz) log™ | f(s2)].
D\D(0,u)
Which ends the proof of the lemma. |

Lemma 7.8 Let ¢ be a continuous function in the unit disc D. We have that:
s <t €0, 1[— y(s) == /go(sew) log™ | f(se")| do
T

is a continuous function of s € [0,t].

Proof.
Because s < t < 1, the holomorphic function in the unit disc f(se’) has only a finite number of
zeroes say N (t). As usual we can factor out the zeros of f to get

£2) =TT = a()

where g(z) has no zeros in the disc D(0,t). Hence we get
N

log | f(2)] =) log|z — a;| +logg(=)|.
j=1
Let aj = r;e%, r; > 0 because |f(0)| =1, then it suffices to show that

~v(s) := /<p(sei9) log™ |se” — re'| df
T

is continuous in s near s = r, because / o(se”)log™ |g(se™)| d is clearly continuous.
T

To see that y(s) is continuous at s = r, it suffices to show
v(sn) = v(r) when s, — 7.
But
VO # 0, ¢(se”)log }sew - r‘ — (re”)log ‘rew — r}

and log < e }seie — r}_g with € > 0. So choosing € < 1, we get that log e LY(T)

|se? —r| |se?d — r|

uniformly in s. Because ¢(se™) is continuous uniformly in s € [0, t] we get also ¢(se”) log €

|sei? — r|
L*(T) uniformly in s. So we can apply the dominated convergence theorem of Lebesgue to get the
result. |
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Lemma 7.9 Suppose that gi(z) € C(D) and f € H(D) then, with s < 1, fi(z) = f(sz), we
have:

> oo = [ 1081091 0 + [ 0.0, 1081£(2)] = 1081 £.(2)| Dug)

ac€Z(fs)

Proof.
To apply the Green formula we need C*(ID) functions, so we shall use an approximation of log | f(2)] .
First because s < 1, we have that f; has a finite number of zeroes in D and we take an € > 0 small
enough to have the discs Va € Z(fs), D(a,€) disjoint. Then we consider

ue(z) =1log|f() (1 = > xalz€)),
ac€Z(fs)

with xa(z,€) == 0 for z ¢ D(a,€), Xxa(z,€) = 1 for z € D(a,€/2), 0 < xu(2,€) <1 and x.(z,€) €
C>(D).

Then, because Z(f,) is finite, we have that u, is in C*°(D) and we can apply the Green formula
to g5 and u.. we have

/]D) (gs(z>Aue(z) - uﬁ(z)AgS(Z)) - /]1‘ (gs(ew)anue(ei€> - Ue(€i€>8ngs(€i€>>.

Clearly Au, = 0 outside U D(a, €) and in D(a, €) we get, because g,(z) is continuous in D),
a€Z(fs)

/ gs(Z)Aue(Z) ? QS(Q)'
D(a,e) e—0
We have also

[ w20 2, [ 1081261 400

D
[udeona(c) =, [1og]1.2)] 0,0,
T € T
and
/ 0:(6°) 0,1, (¢%) — / (9.0 og | £.(2)],
T e—0 T
which prove the lemma. |

Lemma 7.10 Suppose that g,(z) € C*(D) and u is a subharmonic function in the disc D ; then,
with Vs < 1, ugs(z) := u(sz), we have:
[ante) = [ w8020+ [ (6,000~ 00,00
T

D D
where pg := Aug is the positive Riesz measure associated to u.

Proof.
First recall that p := Awu, the Riesz measure associated to the subharmonic non trivial function u
in the disc I, is finite on the compact sets of D because u € L] (D) implies that u € D'(D) hence
Au € D'(D) ; so take a function ¢ € D(D) which is 1 on the compact K € D and ¢ > 0. Then,
because Au is a positive measure, we get

@ug) = [ o) > [ daue)
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hence p(K) < (Au, ) < oo.
The idea is to start with the measure p := Awu and, because s < 1, we can cut it by a smooth
function ~,(z) € C°(D), such that y(z) = 1 in D(0, s). Then we regularise yu by convolution with :

Xe (pew) = aE(p)bE(e),
with

ac(p) == %a(@), 0<a(t) <1, acCr(0,1]), t<1/2=al(t) = 1.

be(p) == %a(@), 0<b(t) <1, aeC®(0,2n]), t <1/2 = b(t) = 1.

So we set the potential:
U = [ ogz = {du(€) = log - * (20)

D
and we have AU(z) = v(z)u(z) in distributions sense, and we regularise

Uo:=xexU = AU, = x. x AU.
Now we have that A(u —U) = p—~yu =0 in D(0,s) so H := u — U is harmonic in D(0, s) hence
smooth.
On the other hand we have, because U, is C*, that the Green formula is applicable so

[ 0:2080.(2) = Ui(s2)80.(2)) = [ (0u(e 0. (5) = Ul (c)).

D T
And from uw =U + H, we get u = H + lin% U. so it remains to see what happen to each term.
e—
For the first one

/ 0(2) AU, (s2) = / 95(2) (xe * AU)(s2) = / (92 * X)) AU)(s0).

D _ _
But (gs * xe)(¢) — 9s(¢) uniformly in D, because g, is smooth on D, and AU(sz) = y(sz)u(sz) =
1(sz) is a bounded measure in D so we get

/gs(z)AUe(sz) —>0/gs(z)AUe(sz) :/gs(z)d,u(sz).
D =Y Jp D
For the second one:

[Vis2980.) = [ U600 530 2, [ U62)00.0)

as above because (Ags * xc)(¢) — Ags(¢) uniformly in D, because Ag, is smooth on D.
For the third term

[ o005 = [ aue) 0,0 (s6)

T T

and here we use the special form of y(pe®) := a.(p)b.(0) to get
1

(v * 0,0) (s52) = / Yel¢ = 2)0,U)(0) = / ac(p— )1 / be(io — 0)0,U(pe'®)dp} pip.
so by Fubini we get y " '

/Tgs(ei‘g)(xE x 0,U)(s¢)df =

And

- / { / 9:(6°)bei0 — 0)d6] / ac(p — $)0.U(p"")pdp} .
But
/T 9:(EM)be(ip — 0)d0 = (g, * b.) ()

and
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1
| oo = 90,0 pdp =3, 0,U(s6)
0 €E—

as a measure on T, so, because (g, * b.)(p) = gs(e") uniformly on T because g,(e®) € C>(T), we
e—
get

/ 9.(6) (e * ,U)(s¢")d0 — / 0:(€)0,U) (5¢)d6.
For thg last term, we get the same wa}jgz
/Ue(sew)ﬁngs(ew) — /@Lgs(ew)U(sew)d&
T e—0 T
So we get
[ 0208062 = Uls2)20.2)) = [ (00U (s6™) = Ulse") g ()
D T _
Now we replace U by U = u + H with H harmonic in D(0, s) to get

/D (9:(2) Au(s2) — [u+ H)(s2)Dga(2)) =

- / (g:(e™)0ulu + H](se™) — [u+ H)(s¢”)D,94(”)),
but because H is C°1£ we get, applying the Green formula to it
[ H 620,60 = [ (B (56 ~ Hse0u01(0)
D T

so it remains

/ (gs(2)Au(sz) — u(sz)Ags(2)) = / (95(e®)Bu(se™®) — u(se®)d,g,(e)),
which pruoj)ves the lemma. B -

Lemma 7.11 Let ¢(z) be a positive function in D and f € H(D) ; set fs(z) := f(sz) and suppose
that:

W<l Y (-l esa) < [ (L= P (s log" (52
a€Z(fs) v
then, for any 1 > 6 > 0 we have

S (- [aP)Hela) < sup / (1= 2P (s2) log* | £(52)].
acZ(f) 1-6<s<1 JD
We have also:

let ©(2), ¥(2) be positive continuous functions in D and f € H(D) such that:

Vs<l 3 (L-lalhelsa) < [ els)log” £+ [ v(se)log” (s
a€Z(f)ND(0,s) D T
then, for any 1 > 6 > 0 we have

> (-laPipta) < s [ psz)tog 11+ s [ (s log? |£(s2)]

acZ(f) 1-d<s<1 1-d<s<1

Proof.
We have a € Z(fs) < f(sa) =0, i.e. b:=sa € Z(f)N D(0,s). Hence the hypothesis is

2
<l 3 -] re@s [ B gt (o)
a€Z(f)ND(0,s) 5 D
Wefix 1 -6 <r <1, r<s<1,then, because Z(f)ND(0,7) C Z(f)ND(0,s) and ¢ > 0, we have
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a2

2
> - |E el < (1= 2] el <
a€Z(f)ND(0,r) 5 acZ(f)ND(0,s)

< s [ e g ()
1-6<s<1JD
In D(0,7) we have a finite fixed number of zeroes of f, and, because (1 — ‘%‘2)7’“ is continuous
in s <1 for a € D, we have

Va € Z(f) N D(0.r), lim(1 - )%)Q)W — (1= |af?)
Hence
S (-l < sup / (1= |2 p(s2) log* | £(s2)].

1-d<s<1
a€Z(f)ND(0,r)
Because the right hand side is independent of r < 1 and ¢ is positive in D so the sequence

Sry:= Y (1=lay"e(a)
a€Z(f)ND(0,r)
is increasing with r, we get

S (- [aP)Hela) < sup / (1— |2 p(s2) log™ |f(s2)].

acZ(f) 1-6<s<1
This proves the first part. The proof of the second one is just identical. |
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