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Sparsest representations and approximations of a high-dimensional
linear system

Patrick J.C. Tardivel; Rémi Servien and Didier Concordet
Toxalim, Université de Toulouse, INRA, ENVT, Toulouse, France.

Abstract

In a high-dimensional linear system of equations, constrained I' minimization methods such as the basis
pursuit or the lasso are often used to recover one of the sparsest representations or approximations of the
system. The null space property is a sufficient and "almost" necessary condition to recover a sparsest
representation with the basis pursuit. Unfortunately, this property can not be easily checked. On the
other hand, the mutual coherence or the restricted isometry property are checkable sufficient conditions
insuring the basis pursuit to recover one of the sparsest representation. Because both of these conditions
are too strong, they are hardly met in practice. Even with these conditions, to our knowledge, there is no
theoretical result insuring that the lasso solution is one of the sparsest approximations. In this article, we
study a novel constrained problem that gives, without any condition, one of the sparsest representations
or approximations. To solve this problem, we provide a numerical method and we prove its convergence.
Numerical experiments show that this approach gives better results than both the basis pursuit problem

and the reweighted I' minimization problem.

Keywords: Basis pursuit, Lasso, Sparsest representations, Sparsest approximations.

1 Introduction

We consider a vector y € R™ and a family of vectors D = {ds,...,d,} spanning R”. An e—approximation of y
in D is a vector x = (z1,...,x,) such that ||y — (z1d1 + - - - + 2,d,)||* < e. The aim of this article is to find at
least one of the sparsest e—approximations of y when p > n. These sparsest e—approximations are defined as
the solutions of

S§ = argmin ||z||o subject to ||y — Dz||* < e (P§)

where ||zo := Card{i € [1,p] | ; # 0} = >0, 1., 20 is the [° "norm" of x and D := (dq]...|d,) is the n x p
matrix whose columns are the vectors (d;)i<j<p.

A first simplified problem is to look for the sparsest representations of y in D corresponding to the solutions
of P§ namely

So := argmin ||z||o subject to Dz = y. (Po)

*corresponding author: patrick.tardivel@inra.fr



A simple way to solve Py is to compute T = b’ly for all n x n invertible submatrices D of D and to select
the  with the lowest {° norm. When p >> n, the number of such submatrices is huge (about (ﬁ)), rending this
approach intractable. So, other approaches such as the basis pursuit problem, hereafter denoted Py, have been

proposed [13, 14, 18]. Under some hypotheses, the problem
argmin ||z||; subject to Dz =y (P1)

has a unique solution that is also a solution of Py. In particular, as soon as the null space property [11, 13, 14, 1§]
holds for 2* € Sy, «* is the only solution of ;. This sufficient property is almost necessary [18]. This property

writes

Vheker(D), Y |hl< > |k,

i€supp(z*) igsupp(z*)

where supp(z*) = {i € [1,p] | zF # 0}. Geometrically, this condition guarantees that z* is the unique vector
with a minimal /! norm on the affine space of admissible points z* + ker(D). Unfortunately, the null space
property depends on x* which is unknown. Because the null space space property can not be checked in
practice, stronger but easily checkable conditions have been proposed, namely, the mutual coherence condition
[13, 14, 17, 18] and the restricted isometry property [5, 6, 7, 8, 17]. The standard approach to check whether
or not one of these conditions holds, is to compute a solution for P; and to check if one these conditions holds
for it. Otherwise, we do not know if the solution of P; belong to Sy. Because, these two conditions are strong,
they are hardly met in practice and the solution of P; does not give any information on those of Py.

An intuitive alternative approach consists in the approximation of the {° "norm" in Py by a surrogate
function with nice properties. As an example, the function > 5, In(1 + |z;|/d) has been studied |9, 24] as an

approximation of the [° "norm", leading to the following problem

argmin Z In(1 + |x;|/0) subject to Dz = y. (1)
IENAN
An iterative method converging to a local minimum of the problem (1) is provided in [24]. With some well
chosen 9, simulations showed that this heuristic approach gives better results than the basis pursuit. However,
nothing guarantees that the solutions of (1) are also solutions of Py and the choice of § plays a major role on
the performance of the method.
When e > 0, the problem P§ is even more complicated and still intractable. Similarly to the basis pursuit

problem Pj, one can substitute in P§ the [° "norm" by a /' norm. This leads to the following problem

argmin ||z||; subject to ||y — Dz||3 < e. (Pf)



This problem P5 can be rewritten as a lasso problem [29]:
argmin ||y — Da||* + x|, (P(V)

Actually, there exists a (not explicit) bijection between A et € guaranteeing that both problems have the same
solution ; see [1] (chapter 5.3) for more details.

To our knowledge, there is no theoretical result insuring that an element x* € S§ is also a solution of Py or
of P(\). Instead there exists a lot of conditions that state the convergence of z:()), unique solution of P(}), to a
solution z* € Sy [4, 14, 15, 31, 32]. Among these conditions, the two most known are probably the irrepresentable
condition [26, 35, 36] and the compatibility condition [31]. For an exhaustive list of these conditions see [3] (page
177). In practice all these conditions (null space property, irrepresentable condition, compatibility condition...)
depend on x* and consequently are not checkable. Furthermore, when these conditions do not hold the solution
obtained with the basis pursuit or with the lasso can be very far from the set S§ we wish to recover.

The aim of this article is to propose a new tractable problem which allows to catch one of the sparsest
representations (element of Sp) or one of the sparsest e—approximations (element of S§). To obtain such

solutions, we define and solve the following problem

P
S§, = argmin Zfa(\:cl\) subject to [ly — Dz[|* <e.
i=1

We provide functions f, guaranteeing without any condition that

e when € = 0, there exists ag such that whatever 0 < a < ag, the previous problem is "almost equivalent"

to Py since SJQQ C S,
e when € > 0, S}a becomes arbitrary close to S§ when « converges to 0.

This article is organized as follows. In section 2, we study the case ¢ = 0. We prove that there exists g such
that, whatever a < ay, each element of S;}a is a solution of Py and that a Maximisation Minimisation (MM)
method provides an iterative sequence which converges to a local minimum of Py. Section 3 is dedicated to
the case € > 0. We prove that S% becomes arbitrary close to the set S5 when o converges to 0 and we give
necessary conditions that must satisfy the limit points of the iterative sequence provided by the MM method.
We also exhibit a subset of S§ that fulfilled these necessary conditions. The section 4 is devoted to simulations.
Numerical experiments show that this approach gives better results to recover one of the sparsest representations

than both the basis pursuit problem P; and the reweighted I' minimization problem.



2 A sparsest representation

As already explained, solve Py is difficult. Replacing the {° "norm" by a ! norm leads to the problem P; which
provides sparse solutions. However, the conditions guaranteeing that a solution of P; is also a solution of Py are
unverifiable. The substitution in Py of the {° "norm" by a [* "norm" with o < 1 gives the following problem

P, which also has sparse solutions
Sq := argmin ||z subject to Dx =y, (Pa)

where ||z|l, = (328, \mi|“)1/a is the I* "norm" of the vector z. The study of this problem has been the subject
of an abundant literature [10, 16, 18, 19, 22, 28, 34]. The problem P, has the unique solution z* € Sj as soon
as the null space property condition [18] or the restricted isometry property [10, 16, 22, 28] hold. Checking
these conditions requires the knowledge of supp(z*) or an upper bound for ||z*||o. Because z* is not known,
these conditions are uncheckable.

In this section we show that there exists ag > 0 such that the solutions of P, are also solutions of Py as
soon as a < ap. When o < 1, the function = (x1,...,2p) — ||z||o is a concave function on each domain
of the form I x --- x I, with I =] — 00,0] or I = [0,400[. Solving P, leads to minimize a locally concave
function on a convex set. This is not a convex optimization problem. In this respect, we propose in this section
a numerical method to solve it. We can generalize the problem P, by substituting the function |z;|* by a
function fo(|z;|) . This modification leads to minimize an expression of the form >°" | fo(|z;|). Intuitively, by
comparing > 5, fo(|z;|) with the [* "norm", one sees that the function »%_; fo(|z;|) should simply converge
to |.]lo and should have level sets that look like spheres for the [* "norm". A geometric interpretation linking
the shape of the spheres of the [* "norm" to the sparseness of the solutions of P, is given in [20]. In the theorem

1, we focus on the following problem

Sy, := argmin Z fa(|zi]) subject to y = Du. (Py.)

1<i<p
Without any condition, we prove that the solutions of Py, are also solutions of Py as soon as « is small enough.

Theorem 1 Let f, be a function defined on Ry strictly increasing and strictly concave such that
Ry, i = T,20-
Vo € R, lim Jole) = Lsg

Then, there exists ag > 0 such that for all o € (0, ap), one has Sy, C Sp.

In the particular case of the [* minimization and under some conditions, an upper bound for g is provided

[28]. We do not provide such an upper bound for «g. However, in practice one can choose « very small so that



the inequality o < o occurs. A study of the problem Py, where functions f, have different properties that
those given in the theorem 1 is done in [33]. Authors proved that the problem Py, catch an element of Sy under

the condition that elements of Sy own a 1° "

norm" smallest than n/2 and the matrix D satisfies the unique
representation property.

In the theorem 1, we made relatively weak assumptions on the f, functions. Indeed, a function f, for which
the properties of the theorem 1 hold can be not derivable on (0,+00) or not continuous in 0. Because the
numerical resolution of the problem Py, requires some regularity, we restrict ourselves to functions f, which
are differentiable on [0,+00). Numerically, we solve the problem Py, using a MM method [21] popularized
in statistics by the EM algorithm [12]. This method iteratively alternates two steps. First a function that
majorizes the function ), ;. fa(|z;|) is defined. Then this majorazing function is minimized.

In a similar way as [9, 24], we define a sequence (2(*)),cn by "linearising” the function Y icicp fa(|Til) at

the point #(¥) € RP. This "linearisation" (we use quotation because this function is not affine) gives the function

rTERP = Y i fa(\xl(-k)D + f;(\xfk)|)(|acl| - |x§k)|) Because f is concave on R, , we have

k k k
Ve e R 3 fallei) < 30 fallai?) + falai? D (il = 127,
IENAN 1<i<p
Then, this majorizing function is minimized with respect to z leading to z(**1). More precisely, we choose

z(© € R? and we set 2(*t1) as the solution of the following weighted basis pursuit problem

2= argmin Y fa(27)) + £L(2 ) (@] — 27)) subject to Dz =y,

1<i<p

= argmin Zp:fé(|x£k)|)|xz\ subject to Dx = y.
i=1
Note that without any other consideration, nothing guarantees that z(**1) is unique. The general position
condition for D (as defined in [30]) is a sufficient condition for the uniqueness of z(*+1) [27]. The general
position condition is very weak. Indeed, when D is a random matrix with a continuous distribution on the
set of the n x p matrix, the general position condition holds almost surely [30]. Consequently, in practice, the
uniqueness of the basis pursuit solution always holds.

The first iteration of the previous MM method gives a vector z(!) solution of the weighted basis pursuit
problem. This vector has a large number of null components. As for small «, the quantity f.(0) is very
large (because lim,_,o f/,(0) = 400), the null components of (1) will be strongly weighted implying that the
algorithm will get stuck at this point. To avoid this problem, we propose to iteratively solve the following

approximate problem that gives less weight on null components

2D .= argmin Z f&(|xz(k)| + A)|z;| subject to Dx = y. (2)
IENAN



The theoretical results justifying the introduction of A are provided in the theorem 2 and proposition 1.

Theorem 2 For every (9 € R, for every A > 0, there exists an integer ko such that Yk > ko, the sequence

=®) defined in (2) is so that %) = g(*o),

A similar theorem that deals only with the convergence of the iterative method in the special case where
fa(z) =log(14z/a) already denoted as (1) is given in [24]. The proposed proof in [24] seems incorrect because

(k+1) _ (k)

even for a bounded sequence, the fact that limy_, . z; = 0 does not imply the convergence of

(@)ken.
The proposition 1 states the limit of the sequence ((*));cy defined in (2) is a local minimum of the problem

Po.

Proposition 1 Let (z(%).cn be the sequence defined in (2) and 1 its limit then, there exists a radius 7 > 0

such that Yz € By (l,7) with Dx =y and x # 1, we have ||z|lo > ||I||o-

Note that the limit [ given in the previous proposition depends on () € R? and A > 0. In Section 4 we discuss
the choice of the z(°) and we propose to test different values for A in order to keep the local minimum having

ZO n

the lowest norm".

3 Sparsest c—approximations

In the previous section, we obtained one of the sparsest representations of y by solving the problem Py, instead
of Py with a small enough. Similarly, to solve the intractable problem 7§, one substitutes the constraint Dz =y

that appears in the problem Py, by the constraint ||y — Dz||3 < e. This modification leads to consider

S§ = argmin Z fallzs]) subject to ||y — Dz||* < e. (P5..)

1<i<p
The following theorem 3 shows that, when « is small enough, the set S§ is arbitrary closed to the set S§ of
solutions of P§. This justifies to solve Pj  instead of P§. For this theorem, we introduce the n—magnification

of the set S§. It is defined as the open set G, := | B(z,n), where B(z,n) is an [2 open ball of radius n > 0

€SS

centered in x.

Theorem 3 Let (fo)a>o0 be a family of strictly increasing, strictly concave and continuous functions defined on
R4 such that

O0<a<a = fo,> for and Vo € R, hn%fa(ac) = Tyo.
a—

Then, for all n > 0, there exists cvg > 0 such that the following inclusion holds

Va < ay, S;a C Gy,



Such families of functions may appear difficult to build, but this is not the case. As an example, the assumptions
of theorem 3 hold for the families of functions f, : + € Ry — z/(a+ ) and f, : v € Ry — arctan(z/c).
Actually, we conjecture that there exists g such that Va < «y, S5, C 56 Such a result would imply that the
problems P} and Pj are almost equivalent.

In the previous section, we have seen that a MM method provides a sequence (2) which is stationary from
a certain rank onto a local minimum of the problem 7P,. To solve the problem P, one uses the same MM

method as in (2) leading to the following iterative sequence

2(© e R? and z*+Y := argmin Z f&(|x£k)\ + A)|z;| subject to ||y — Dz||* <. (3)
1<i<p

Similarly to the basis pursuit problem, the lasso problem (3) does not always have an unique solution. However,
the general position condition for D is sufficient to insure the uniqueness of the lasso solution [27, 30]. As
already explained, the general position condition is very weak [30] and, in practice, the uniqueness of the lasso

solution always occurs.
In the theorem 4, we prove that the sequence (2(%)),cy, as defined in (3), is bounded that is, when k is large
enough, z(®) is close to a limit point. The theorem 4 shows that the optimality conditions hold for the limit

points of the sequence (z(*))gey.

Theorem 4 Let (fo)a>o0 be a family of increasing, concave and two times derivable functions defined on R,
such that Yo > 0, fl is convex and

Vo € Ry lim fu(z) = Lo,
Then :
1. The sequence (z))yen described in (8) is bounded.
2. For any limit point & of the sequence (™*))en, we have

i) The vector T is on the boundary of the constraints’ set thus, ||y — DZ||? = e.
i) The family (d;);csupp(z) 18 linearly independent.

iii) The vectors (d} (y — DZ))iesupp(z) and (f4(|Z] + A))icsupp(z) are collinear.

Theorems 3 and 4 have a nice geometric interpretation illustrated on figure 1 for p = 3 and n = 2.

As for the theorem 3, the assumptions on f,, given in theorem 4 hold for the functions f, : x € Ry — z/(a+x)
and f, : ¢ € Ry — arctan(x/a). The points for which the properties i), ii) and iii) hold are kind of "critical
points" of the problem P} . The properties i), ii), iii) described in the previous theorem are verified at all points
z® of 5% .

Actually, a proof similar to the proof of the lemma 9 shows that z“ is on the boundary of the constraint



Figure 1: In the left panel the set of constraints ||y — Dz||> < ¢ (in orange) and the "ball" 37 | f.(|jz;|) < R
(in green) are represented. The radius R is the smallest positive number for which the cylinder ||y — Dz||?> < e
and the "ball" Z?:l fa(lzi]) < R share at least one common point. The set S§ is a union of three ellipsoids
which are the intersection of the cylinder ||y — Dz|* < € with the planes 20y, 20z and y0z. To keep this
illustration understandable, we only plot the intersection of the cylinder ||y — Dz||* < € and the plane x0y. The
set 5§ = {z*}, represented as a blue point in the left figure, is a singleton of S§. This illustrates theorem
3 showing that S% C S5 whatever > 0. In the right panel, we focus on the intersection of the cylinder

|ly — Dz||?> < € and the intersection of the "ball" 2?21 fa(lz;]) < R with the plane z0y. The vectors @ =
O|ly—Dzx||? N . 033 . fallm;

(~dF (y= Do),y = (L5 @) and & = (sign(@)fi(27) i = (=mplelEl@e))

represent respectively the normalized normal vectors to the cylinder and the "ball". The theorem 4 gives that

the solution point (z§,z3) (in blue) of the problem (4) is i) on the boundary of the cylinder ii) completely
included in the plane (x0y), and iii) that at this point, the normal vectors @ and ¥ are collinear.

|ly — Dx||? < e. Consequently, the property i) holds for z.
By the lemma 1, the family (d;);csupp(z=) s linearly independent thus property ii) holds.

Finally, because z® is a solution of the problem ’P;a, (%) iesupp (=) 18 also a solution of the problem

argmin Z fa(lzi]) subject to |ly — Dz||* < € where D is the matrix with columns (d;);csupp(ze)-  (4)
i€supp(z®)
Consequently (2%)supp(z~) is a stationary point of a Lagrangian function ([23] page 71, [2] page 243) implying
thus the property iii) to hold with A = 0.
Because for each element z¢ in S;a, the property iii) holds with A = 0, this value of A could appear as the

ideal value. It is not the case. Indeed, if we define the set L® by
P
L* :=argmin Y fo(|zi| + A), (5)
TESH =1

for an arbitrary A > 0, the proposition 2 shows that L is a set of "critical points" such that L® C S§.

Consequently, whatever A, when z(9) is well chosen, one can expect that for k large enough, z(*) is closed to



the set L.

The proposition 2 shows that every element of L* satisfies the property i), ii) and iii).
Proposition 2 Let % be an arbitrary element of L. Then, the three following properties hold for x®.

i) The vector x® is on the boundary of the constraint thus, ||y — Dx®||*> = e.
ii) The family (d;);csupp(z~) 15 linearly independent.

iii) The vectors (d} (y — Dx®))iesupp(z=) and (fL(|z| + A)) voy are collinear.

1€supp(

4 Numerical experiments

In the previous section, we developed a new method able to recover at least one solution of Py or Pj. Currently,
the basis pursuit P; is the reference method to recover a solution of Py. An alternative to the basis pursuit is
the reweighted [! minimization [9]. In this section, we compare our method with both the basis pursuit and the
reweighted /' minimization. For this numerical study, we use the same simulation framework as [9]. The family
D ={dy,...,dp} owns p = 256 vectors of R” with n = 100. Whatever ¢ € [1,256], the vector d, is random vector
d; :== X;/|| X;|| with X; i.i.d M (0, Idigp). Consequently, the vectors di,...,d, are independent and uniformly
distributed on the R™ sphere. The vector y € R'%° that appears in the constraint y = Dz is such that y = DZ.
In the numerical experiments, for a given s € [1, p], we choose Z as a random vector such that supp(z) = [1, s].
Let Zi,...,Z, be ii.d random variables N'(0,1) distributed, we set (Z1,...,%s) = (Za),.--,Z(s)), where

Z(1y, .-, Z(s) are ordered variables such that |Z(1)| > --- > |Z(].

4.1 Choice of the initial point z(©)

Because the MM algorithm converges to a local minimum of Py, the choice of its initial point is critical. [9] took
the solution of problem Py, denoted hereafter 2P, as the initial point for the iterative sequence (2). Another

way to choose this initial point is based on the following two remarks.

1) Intuitively, the largest components of Z are more easily recovered than the smallest one. This intuition is
confirmed by the right panel of the figure 2 which illustrates that 2P catch easily the largest components

of Z.

2) When A is a known set that owns the largest components of Z, the expression Zi¢ 4 || becomes small.
As a consequence, substituting in P; the function > 7_, |z;| by >_i¢ 4 |Z;] should provide a solution closer
to @ than zPP. So, to insure the uniqueness of the solution, instead of ZigZ.A |z;] we could minimize the

expression w ), 4 [€i] + 2 _,¢ 4 [7i], with w very small. This leads to the problem

argmin w Z || + Z |z;| subject to Dz = y. (Pa)
€A ¢ A



provides a closer solution of Z than the problem P;.
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Figure 2: In this figure, # is a random vector such that supp(z) = [1,s], with s € {20,22,...,50} and
|Z1| > -+ > |Z5]. Forevery s € {20,22,...,50}, a sample of 500 families D = {d, ..., d2s6} and 500 observations
of the random vectors £ have been simulated. For each family and observation of Z, we compute the solution
2PP of the basis pursuit problem P;. On the left panel, we have the representation of the proportion of times

when 2P = 7 as a function of s. One notices that when s > 45, the event 2°P = 7 is never observed. In the

right panel, we set s = 50 and r is a permutation of [1,100] such that |x$a)| > > |x$f’100)| (by lemma 3,

Card(supp(2PP)) < 100). For each i € [1,100] in the z-axis, the y-axis represents the proportion of times for
which r(i) € supp(#). Note that largest components of z°P are elements of supp(%).

The figure 3 gives an algorithm which describes how to choose z(°). The input of the algorithm is zP.

Ideally, when A; C Ay C --- C supp(Z), the solutions z™%(1) 2mit(2)  of the problems P4, ,Pa,, ...
should be increasingly closed to Z. Note that, since Card(supp(Z)) < n, such an inclusion can not hold
after the n' iteration. So we stop the algorithm no later than the n'" iteration. When at the ;" iteration
Card(supp(z™it0)) \A;) =0, it is not possible to find an element ¢; to construct the set A; ;1 and the algorithm

stops.

4.2 Comparisons

The simulations were performed for each s € {24,26,...,72} using 500 random vectors & such that supp(z) =
[1, s], and 500 families D = {d1,...,d2s6}. These random vectors were ordered so that |#;| > --- > |Zs|. For
each family and each #, we compute the basis pursuit solution (z°P) of P;, the reweighted I' minimization
solution [9] and the solution given by our method as defined by (2). The reweighted /! solution is the limit of

the sequence (z'®)),cy defined by z'(0) = PP and

p
1
2D = argmin Z WMJ subject to Dx = y, with y = Dz.
o | |+

As in [9] we set § = 0.1. The number of iterations was set to kg = 8 for both the reweighted /' minimization

method and our method. We choose f,(z) = 2® with a = 0.01 and the initial point of (2) was computed using

10



START
Compute ™) := 2 and set Ay = 0.

i

Is Card(supp (™) \ Ay) £ 0 ? |
YES I NO |

Set ip € supp(z™“V) \ Ay such that

Vi € supp(a™) \ Ay, "] > [,

i

Set A; = Ay U {ig} and compute z™(!)
the solution of problem Py;.

i

Is Card(supp(z™ W)\ A;) £0 7 |

YES | NO
| Set z® = 2™ and STOP.

Set i1 € supp(z™ V) \ A, such that

Vi€ supp(g:"“"m) \ A, ‘wi:lm.m‘ > \zt“h'm\_

i

Set Ay = A; U {i1} and compute 22
the solution of problem P4,.

(0)

Set 2 = ") and STOP.

Y
Is Card(supp(z™"™ )\ A, 1) #0? |
YES I No l

Set 2z = M0V and STOP.

Set 4,1 € supp(z™“™V)\ A, | such that

i C s init,(n—1) init,(n—1) init,(n—1)
Vi € supp(z™ V)N A, fan) > |z .

i

Set A, = A, 1 U {in 1} and compute 2"
the solution of problem Py,.

i

| Set o =20 and STOP. |

Figure 3: In this figure, we give the different steps of the algorithm to obtain the initial point z(%).

the algorithm described previously. After 8 iterations, we keep the sparsest solution among the one obtained
with A € {0.01,0.1,0.5,1,2,4}.
The figure 4 shows the performances of the basis pursuit, the reweighted /! minimization and our method.
Numerical experiments given in the figure 4 show that when ||Z||o < 22, Z is always recovered by all these
three methods. No method recovered Z when ||Z|lo > 68. When 22 < ||Z]|¢ < 68, the proportion of times for
which our method recovers z is greater than the proportion given by the two other methods. These numerical
experiments illustrate that the performances of our method are better thant those of the basis pursuit and the

reweighted /! minimization.

5 Conclusion

In this article, we studied the problems Py and P which recover respectively one of the sparsest representations
or one of the sparsest approximations of a high-dimensional linear system. Theoretical results are proved and

a MM method is then used to solve these problems. Numerical experiments highligh the performances of our

11



e |
- ~ — Our method
N - - L1 Reweighted
© | N - Basis pursuit
o
c O
2 o
o}
Q.
o < |
8 o
[aV)
i
o |
°© T T T T I
30 40 50 60 70
s

Figure 4: The performances of the three competing methods are represented by the proportions of realisation
of the events 2P = z, z!(® = 7 and 2(® = # as a function of the number of non null components of # denoted
s. One notices that the graph of the reweighted 11 minimization method is almost the same as those given in

[9]-

method compared to the basis pursuit and the reweighted I' minimization ones. In this study, the vector y is
not corrupted by any noise. When y is a random vector, [25] provides an estimation of the representation of
its expectation which has the smallest I' norm. In a future work, this work could be extended to estimate the

sparsest representation of the expectation of y.

6 Appendix

6.1 Proof of the theorem 1

lO "

By construction, the function to be minimized in the problem Py converges pointwise to the norm" when

a goes to 0. As the [° norm is not continuous, this convergence can not be uniform onto RP. However, a
straightforward consequence of the lemma 1 is that the number of possible solutions of the problem Py, is finite
and the convergence of Y% | fo(|z;]) to ||z||o is therefore uniform onto this finite set. The proof of theorem 1

is based on this uniform convergence.

Lemma 1 Let f, be a function defined on Ry strictly increasing and strictly concave such that
Vr € R+,i% fa(z) = Lazo.

Denote x* a solution of the problem Py, (resp. P ) then the family (di)icsupp(ae) is linearly independent.

12



Proof : Let us assume that the family (d;)icsupp(s~) is not linearly independent. There exist coefficients

(7i)iesupp(z=~) Dot simultaneously null such that

Z Yid; = 0.
i€supp(z®)
To provide a contradiction, we are going to show thatd Y | f,(|z$|) is no longer minimal. That is, there exists an
admissible point z so that Y7, fo(|z:]) < >0, fa(|z$]). Let us define {iy,...,is} := {i € supp(z®) | v; # 0},

the set of non-null components of v. We are looking for z among the admissible points x(t) defined by
YVt e R, a;(t) = af +ty; it i € {i1,...,495} and x;(t) = z§* otherwise.

For all i € {i1,...,is}, let us denote t; = —x/~;. Without loss of generality, we assume that ¢;, < ... < t;,.
The function ¢ € R — f,(|x;(t)|) is strictly decreasing and strictly concave on (—oo,t;] and strictly increasing
and strictly concave on [t;,+00) when i € {i1,...,4s}.

Assume that 0 ¢ [t;,,t;.]; because each function ¢ € R — f,(|z;(¢)]) with i € {i1,...,is} is strictly
decreasing on (—oo,t;] (resp. strictly increasing on [t;, +00)), one deduces that ¢t € R — >F_| fo(|zi(¢)]) is

strictly decreasing on (—oo,t;,] (resp. strictly increasing on [¢;.,4+00)). These monotony results imply that

Y fallzi(0)]) = Y fall2f]) > min {Z fa(lfﬂ(til))7Zfa(|w(tis)l)} ;

i=1 i=1 i=1 i=1

which provides a contradiction for the minimality of > 7, fo(|z¢]).

Assume that 0 € [t;,,t;,] then, there exists 4, such that 0 € (t;,,t;,,,) (note that ¢; and ¢;_,, are not

T4l
null). Because each function ¢ € R — fo(|z;(t)]) with ¢ € {i1,...,is} is strictly concave on [t;,,t;, ], one

deduces that ¢t € R+ Y7 | fo(J(t)]) is also strictly concave on [t;,,t Consequently, the restriction of the

ik+1]'

function ¢ € R — Y7 | fo(lz(t)]) to the set [t;,,%;,,,] reaches its minimum at ¢;, or ¢ and nowhere else.

Tk41 Tht1

This concavity result implies that
P P P P
D fallz:(0))) =Y fal|2f]) > min {Z falli(ti))s > fa(lwi(tim))} ;
i=1 i=1 i=1 i=1

which provides a contradiction for the minimality of Y7, fo(|z$]). O

We now consider the set £ of subsets I C [1,p] such that
e The family (d;);c; is linearly independent.
o ycE VeCt(di)iej.

Given a subset I € &, let x; be the unique vector such that supp(z;) = I and Dx; = y. Let us introduce

S:={xr,I € £}. As £ is finite, this set of vectors is finite.

13



Whatever the function f, satisfying the properties of the lemma 1, the lemma 1 shows that the family
(di)icsupp(z~) is linearly independent. As z® is admissible, y € Vect(d;)icsupp(a~). It follows that for all
z* € Sy, x* € §; that is Sy, C 5. The next lemma shows that the solutions of the problem Py are also

included in S.
Lemma 2 The set Sy of solutions of Py satisfies So C S.

Proof : Let z* be a solution of Py, we have Dx* = y. To show that z* € S, it remains to prove that the
family (d;)iesupp(2+) is linearly independent. Suppose that this family is not linearly independent then there

exist coefficients (7;)iesupp(z+) NOt simultaneously null such that

Z Vi dl = 6

i€supp(z*)

To provide a contradiction for the minimality of ||z*||o, we are going to prove that there exists an admissible

point z such that ||z]|o < [|z*]o. We are looking for z among admissible points x(¢) defined by
Vi € R,z (t) = o] + tv; if i € supp(z*) and z;(t) = =] = 0 otherwise.

By construction, we have Vt € R,supp(z(t)) C supp(z*). To conclude this proof, we have to find t; € R for
which the inclusion is strict. Let o € supp(z*) such that v;, # 0 and define ¢ty = —}, /7i,. The 4" component
of z(tp) is null. Consequently, ||z(to)|lo < ||z*|lo which provides a contradiction to the fact that z* is a solution

of 7)0. O

Proof of theorem 1: By the lemma 1 and 2, we have Sy, C S and Sy C S. If the elements of S\ Sy
are not solution of Py, , one deduces that Sy, C Sp. Let x and z* be respectively an arbitrary element of
S\ Sp and of Sy. A straightforward consequence of the inequality >0, fo(|zi|) > Db, fa(|zf]) is that = is
not a solution of Ps,. We are going prove that this inequality holds when « is small enough. We have that

Va € S\ So,

p p P

Y fallzil) =D fallefl) = D fallwl) = llzllo + llzllo — ll*[lo + llz*lo - Z fa (|7 1)-

i=1 i=1 i=1
Because z is not a solution of Py contrarily to x=*, one has |z|o — ||z*||o = 1. Furthermore, the uniform

convergence of > 7_, fo(|z;|) to [|z|jo onto the set S gives ap > 0 such that

P

> fallzil) = llzllo

=1

Va € (0,ap),Vz € S, <1/2.

14



Consequently, one obtains

p p
Va € (0,a0), V2 € S\ So, Y _ fallzil) > Y fallz}])-
=1

i=1 =

Thus, as soon as a < oy, the solution of Py, satisfies Sy, C Sy O

6.2 Proof of the theorem 2 and of the proposition 1

The main consequence of lemma 3, is that the iterative sequence (z(k))kzl provided by the MM method (2)

satisfies Vk > 1,2(%) € S. Because S is a finite set, this result is useful for the proof of the theorem 2.

Lemma 3 Let us denote

P
S, := argmin sz|xz| subject to y = Dz, with Vi € [1,p],w; >0 (6)
i=1
and
P
S¢, := argmin sz|$z| subject to ||y — Dz||3 < €, with Vi € [1,p],w; > 0. (7
i=1

Then, there exists an element x* € S, (resp. x* € S) such that the family (d;)icsupp(a~) 5 linearly

independent.

Proof : When the set S, (resp. S) is not a singleton, we set z* an element of S, (resp. S¢) with a
minimal {° norm. Assume that (di)iesupp(a+) is not linearly independent. There exist coefficients (7i)icsupp(x)

not simultaneously null such that () Vili = 0. Let us set A" := {i € supp(z*) such that v; # 0}. One

1EsuUpp

defines the admissible x(t) of the problem (6) (resp. (7)) as follows

Xy t) =
¥ otherwise.

By definition, the point x(¢) satisfies supp(z(t)) C supp(z*). To provide a contradiction for the minimality
of the [° "norm" of the solution z*, we could build an element z(tg) € S, (resp. S¢) with a strictly lower {°
"norm".

Let f be the function Vt € R, f(t) := >_7_; w;|z;(t)|. This function is equal to f(t) = >,c 4 wilzi + tvi| +
>_i¢ .4 wilzi|. The minimum of f is reached on the set {—z;/vi}icar- If to := —xi, /iy, with ig € A', is a value
for which the minimum of f is reached, one sees that x;,(t9) = 0. This shows ||z(t9)]lo < ||[2*|lo and z(ty) is an
admissible point for which Y% w;|z;(to)] < Y8, wilz;(0)| = >°F_, wila¥|. Consequently, z(¢o) is point of S,

(resp. S¢) with a strictly smaller {° "norm" than the one of #* which contradicts the minimality of ||2¥]lo. O

15



Remind that for each k > 1, 2(*) defined in (2) is the solution of a weighted basis pursuit problem. We
have already noted that in practice weighted basis pursuit problem admits a unique solution. Consequently, by
the lemma 3 the family (di)ieSupp(w(k)) is linearly independent and, on the other hand, y = Dz®) which implies
that (%) € S.

Proof of theorem 2 : The MM method for the function x € RP — >3, fa(|lz:| + A) provides
the sequence (z("))y>o defined in (2). In the following, we prove that the sequence (ug)ren with ug :=
doi<i<p fa(|x§k)| + A) is stationary.

For k > 1, the vector (%) is a solution of a weighted basis pursuit problem. Consequently, the lemma 3

insures that =(¥) € S. Since S is a finite set, the sequence (uk)k<1 can only take a finite number of values

VkEN*,ukE Z fa(lxﬂ_"A)aIeg

1<i<p

If we show that the sequence (ug)gen is decreasing that implies its stationary for a large enough k. We follow

the proof given in [21, 23]. Remind that z(**1 is defined as follow

2@ = argmin Y fall2t?] 4 A) + £1(28] + A) (] — [2M)).

1<i<p
Let us set L, (%) == X 1cic, fa(|x§k)| + A) + f,;(\:cgk)| + A)(|z] — |x£k)|) The concavity of the function

z € R fo(x + A) on Ry implies that

Vo €RP, > fallw] + A) < Ly (x).

1<isp

Because, the minimum of L« (z) is reached at 2 1) one obtains the following property

wrr = Y fa(2F 4 A) < Lyw (@*HV) < Lo (@) = Y fulle?] +4) = wy.

1<i<p 1<i<p

Since the sequence (ug)gen is decreasing, there exists kg > 0 such that (ug)ren is stationary for k > ko.

The strict concavity of the function x € Ry — f(x + A) implies that

Fa(12F ) £ A) < a2+ A) + (28 + A) () et

with a strict inequality when \x(kOH | # |z k°)| Thus, if there exists ig € [1,p] such that |z (ko+1) | # |z (k°)|
Ukot1 < Llc(kO)(x(kO'*‘l)) < wuy, which provides a contradiction for the stationary of the sequence (ug)gen.

Consequently, we have

k 1 k
Vi € [1,p], |z | = |2,
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This equality gives that supp(z(*0)) = supp(z(*o+1). Because z(*o) and z(%0+1) are admissible points,

Z l‘(»ko)dz' = Z IE(»kO+1)dZ‘.

i€supp(z(*0)) i€supp(z(*0))

Finally, the lemma 3 implies that the family (d;);cqupp(x(+0) 18 linearly independent. One deduces that xko) =

zFoth) A straightforward consequence is that the sequence (I(k))keN is stationary when k > kg. O

Proof of proposition 1 : Remind that [ is the limit of the sequence z(*) given in (2). Let us defined
r := min{|;|,% € supp(l)}. One can check that Yz € B (l,r) we have x; # 0 once I; # 0. Consequently,

supp(l) C supp(x). Assume supp(x) = supp(l). Since Da = DI, one deduces that

i€supp(l) i€supp(l)

Since the family (d;);esupp() is linearly independent, one deduces that 2 = [. Consequently, Vz € B(l,r) such

that = # [, we have supp(l) C supp(z) thus, [|I|lo < ||z||o- O

6.3 Proof of the theorem 3

By the lemma 1, for any z* in S _, the family (d;)iex~ is linearly independent. Moreover, z* is an admissible
point, thus ||y — Dz*||* < e. Consequently, z* € |J;o7 E1, where
T:={I C [1,p] | (d;)icr is linearly independent } and E; := {x € R? | supp(z) C I and ||y — Dz||* < €}.

Let us denotes E := {J;c7 Er.
Lemma 4 The set E is compact.

Proof : Let us denote £ € RP with supp(z) C I such that Dz is the orthogonal projection of y onto the space

Vect(d;)icr. If ||y — DZ||? > € then the set Ej is empty. Otherwise,
E; = {z € R? |supp(z) C I and | D(z — 7)||* < €'}, with ¢ = ¢ — ||y — Dz|>.
Since supp(z) C I and supp(Z) C I, one shows that

ID(z — 2)||* = | Ds (zr — 20)]1%,
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with x; := (z;)icr, T1 := (Zi)ics and Dy is matrix whose columns are (d;);es. Because the family (d;);er is
linearly independent, the Gram matrix D7 Dj is invertible thus, || Dr(z; — Z7)||? < ¢ is an ellipsoid of RCad(1),
Therefore, Ey is a compact. Consequently, the finite union of compact set |J;.; £7 is a compact set. a

In the lemma 5 and the theorem 3, we denote s, := min ||z|| subject to ||y — Dxz||? < e.

Lemma 5 Forn > 0, let us denote G, the open set G, = |J B(x,n). The function

T€S§

Fo:xeE\G,— min{so +17Zfa(|$i|)}

i=1
converges uniformly to the function F : x € E\ Gy, — so + 1 when o converges to 0.

Proof : Let (o, )nen be a decreasing sequence converging toward 0. Because f,, > for once a < o/, (F,, Jnen is
a monotonic sequence of continuous functions. Furthermore, on the compact set E'\ G, this sequence converges
pointwise toward the continuous function F : x € E'\ G, — so + 1. Consequently, the Dini’s theorem gives the

uniform convergence of (F,, )nen. Therefore, for all § > 0, there exists ng such that

VYn > ng, sup {|Fa,(x)—so—1|} <4
x€E\G,

Finally, if o < au,, for all z € E'\ G,, we have the following inequalities
—0 < Fy, () —s0— 1< Fo(z) —s0—1<0.
Consequently, one obtains

sup {|Fa(z) —so—1|} < sup {|Fan0 (x) — sp — 1|} <9,
z€E\G, z€E\G,

which shows the uniform convergence. O

Proof of theorem 3 : Let z* be an arbitrary element of S§, we are going to prove that for o« > 0 small
enough,
P P
Vo € E\ Gy, Y fallzil) > Y fallz]]). (8)
i=1 i=1
If the inequality (8) holds then S§ C G,. Actually, by definition, S% C E and by the inequality (8), the
elements of £\ G, are not solution of P§ . The convergence of S fa(lz}]) toward sp once a converges to 0

implies that
P
Ja; > 0 such that Yo < al,Zfaﬂxﬂ) < so+1/2.

=1
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The uniform convergence given in the previous lemma 5 implies that

P
Jday,Va < ay,Vz € E\ G, min{so + I,Zfa(|z1|)} > so+1/2.

=1

Finally, if we set ap = min{aj, as}, we have

P
Va < ag,Vz € E \ Gy, min {so + 1,Zfa(|xi)} =Y fallzi]) >0,

i=1 i=1

which implies

p p
Vo < ag,Vz € B\ Gy, Y fallzil) > > fallz]]).

i=1 i=1

6.4 Proof of the theorem 4 and of the proposition 2

Let (x(?(®)); 5 be a subsequence of z(*) (defined in 3) that converges to #. The lemmas 6, 7 and 8 are used to

prove that the sequence (z(?*)+1)), - has the same limit as (z(¢(*));5.

Lemma 6 Let f : Ry — R be an striclty increasing, strictly concave and two times derivable function such that

f' is convex then,
Vn > 0,3e > 0 such that Va € [0,a0],Vb € Ry, |a —b| >n = f(a) + f'(a)(b—a) — f(b) > e. (9)
Proof : Let us defined the function g,,(h) as follow
Vh > 0, gao (h) := f(ao) + f'(ao)h — f(ag + h).

We are going to prove that (9) holds when € = g,,(n). In a first step, let us prove that f(a)+ f'(a)(b—a)— f(b) >
9ao (|b — a|). We set t = b — a, the convexity of f’ gives

8 !/ / 1 !

5q (@) + (@t = fla+[t) = f'(a) + [(a)lt] = f(a+[t]) < 0.

The concavity of f gives

fla)+ f'(a)t — fla+1) = f(a) + f(a)lt] — fla+ [t]).

19



Indeed, when ¢ > 0, the result is obvious otherwise, when ¢ < 0, we have ¢ = —|¢|, the previous inequality is a

consequence of the next one
fla) = fla—1]t])
I

fla+1t) = f(a)

> f'(a) > m

From these inequalities, one deduces that
fla) + f(a)t = fla+1t) = fla) + f(a)[t] = fla+[t]) = flao) + f'(ao)[t] = f(ao + [t]) = ga,(|b — al).

The strict concavity of f implies Yh > 0, g, (h) = f'(ao) — f'(ao + h) > 0 thus, g is strictly increasing. Since

9ao (0) = 0, we have € := gq,(n) > 0. Finally, if |b — a| > n we have

fla) + f(a)(b—a) = f(b) = ga, (I = al) > ga,(n) = €.

In the following, we denote |z| := (Jz;|)1<i<p With z € RP.

Lemma 7 The sequence (2*))ycn described in (3) satisfies

hm doo (|2, |2®)]) = 0

k—+

Proof : Let us define the sequence (ug)gen with uy := Zlgigp fa(|xl(»k) |+ A). The convergence of this sequence
is given in the proof of the theorem 2.

Assume that do.(Jz**V|, |2(*)]|) does not converge to 0, we have
I > 0,YK > 0,3ko > K such that de(Ja®otD]|, |zFo)]) >

If doo (|2 R+ D) |2(F0)|) > 7 then, there exists ig € [1, p] such that |x(k°+1)| |z; (ko || > 1. Because the sequence
(")) en is bounded (proof 1 of the theorem 4), there exists ap > 0 such that Vk € N, ||2(®)| o, < ag. By the

lemma 6 we have
Je > 0 such that fo(Jz{h” ]+ A) + £L (120 + A) (2] = o)) = fa(20oHD] + 4) >
Furthermore the concavity of f, implies that

Vi # o, fa(|al™) + A) + 2128+ A) (2] — el = fa (2] 1 A) > 0
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These two inequalities imply that

bS]

= D Fulle® I 4 ) 4 < 3 Faa) 4 8) + £+ ) (a0 )
i=1 i=1
Furthermore, by definition of z(*o+1) we have
- k (ko) ko+1) k L (k
S fallel™ 1+ 2) + fo (™| + A) (2] = [2]) < z 250 4 A) = .
‘s -

The previous inequality implies that
VK, 3ko > K such that |ug,+1 — uk,| > €.

The last inequality provides a contradiction for the convergence of the sequence (uy)ren. O

Lemma 8 Let 2(**) be a subsequence of (xF)) ey that converges toward i then, the sequence (z(?(F)+1)),

converges toward .

Proof : The proof 1) in the theorem 4 shows that the sequence (2(*)) ¢y is bounded. Consequently, (z(?(F)+1)),
is bounded too. To prove that the bounded sequence (2(¢(*)+1), . converges to Z, it is sufficient to show that
# is the only limit point of this sequence. Let (z(?(¥(¥)+1), -y be a converging subsequence such that

lim 2@@E)+) — 71 with & # 7.

k——+oo

By the lemma 7, we have limy_, 4o doo(|2(®PENFD| |20 (RD)|) = 0. Since limy_, oo 2?PF)) = 3 one

deduces that |Z| = |Z!|. Let us define 22 as 72 := (! + 7)/2. Because

OO argmin Y £ (el | 4 A)jz| subject to [ly — Dal|* <,
1<i<p

we have

p P
k k 1 k
Zf(lqul@(@b( )))| +A)|x§¢(w( )+ )| < Z‘fé‘qxl@(w( )))‘ +A)(|x ).

i=1 i=1

Taking the limit in the previous expression, one obtains

o f(@l+A)E < Y fallE] + A)E) (10)

1<i<p 1<i<p

21



On the other hand, supp(#?) = {i € supp(#') | #; = %!}, which implies that supp(z?) C supp(Z!) and

Vi € supp(%?), 2

2 = 7}. Consequently, we have

Yo fal@l+a)E > Y fL(E + L)l Yo L@+ ANE = Y fallE] +A)E) (1)

1<i<p i€supp(Z?) i1€supp(Z?) 1<i<p

The inequality (11) provides a contradiction with the inequality (10). Therefore, the only limit point of the

bounded sequence (z(®F)+1)),  is 7. O

Lemma 9 Let z* be a solution of the weighted lasso problem

P
argmin sz|$z| subject to ||y — Dz||* < €, with Vi € [1,p],w; > 0. (12)

i=1
Furthermore, let us assume that ||y||* > € then, |y — Dz |*> = e.

Proof : Let us assume that ||y — Dz*||?> < e. Consider the points z(t) defined by
Vi € [1,p], i (t) = sign(a?)(|a¥| —t)4, where (a); = max{a,0}.

One can check that [|z(t) — 2*|s < t. Because the set {x € R? | |ly — Dz||?> < €} is an open set, there exists

to > 0 small enough such that ||y — Dx(to)||* < e. Finally, we have
Vi & supp(a®),|zi(to)| = |2¥| = 0 and Vi € supp(z®), |z;(to)| < |2¥].

Because 0 is not an admissible point, one has = # 0. Consequently, we have the following inequality.

p p
Z wi|mi(t0)| < Z wl|x;"|
=1 =1

Such a result provides a contradiction for the minimality of Y 7, w;|z¥|. O
Proof of theorem 4 :

1) For any k > 1, (®) is the solution of a weighted lasso. By lemma 3, the family (d;) () is linearly

1€supp(

independent. Consequently, Yk > 1,2*) € E, where F is the set given in the lemma 4. Because E is a compact
set of R?, one deduces that (z(®));cy is bounded.

2-i) Because limy_, oo 2(?*) = i there exists ko such that
Vk > ko, supp(Z) C supp (),

Since by lemma 3 (di)iesuppwkg)) is linearly independent, one deduces that (d;);csupp(s) i linearly independent.
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2-ii) For any k > 1, 2(*) is the solution of a weighted lasso with positive weights and ||y||> > e. Consequently
from the lemma 9, for all k > 1, ||y — Dz(®)||> = ¢. Because the set {z € RP | ||y — Dz||* = €} is a closed set,
one deduces that the limit point & satisfies ||y — DZ||? = e.

2-iii) By definition of z(*) we have

P
2@ = argmin > f1,(|2" ™| + A)|z;] subject to |y — Dz < e.
i=1

According to [1] (chapter 5.3), there exists A > 0 such that
2 @0 = argmin £, (20| + A)lzi| + Ay — Da|)3,
Consequently, the subdifferential of the previous expression evaluated in z(?(™*1) contains the null vector
0 € dpen(z?O+D) _\DT(y — Dg(#)+1)) (13)
with dpen(z(?F+1D)) = ) x -+ x Cp, where

o VR ) g s O < 0

sign(z?® ) £ (1™ ) otherwise
Since limy,_ o0 ¥ = limy_, | oo (®F)+1) = & the vectors (x(‘b(k)*l))iesupp(i) and (Z);esupp(z) have the
same sign for k large enough. Moreover, since f/ is continuous, by taking the limit in (13), we see that the
vectors (d] (y — DZ))iesupp(z) and (sign(Z;) f1(%;))iesupp(s) are collinear.
Proof of proposition 2:
i) The proof of this part is exactly the same as the one provided in lemma 9.
i) The proof of this part is exactly the same as the one provided in lemma 2.

iii) The vector Toupp(ze) = (77)iesupp (=) 18 a solution of the problem

argmin Z fa(lzi] + A) subject to ||y — Dz||2 <€, with D the matrix with columns (di)iesupp(ze)- (14)
i€supp(z®)

Indeed, assume that z, . is not a solution of the previous problem, then there exists 7 € RCard(supp(x))

sSupp
such that
ly=Dz3<ecand Y fallzl+A)< Y fallaf|+A).
iesupp(z®) i€supp(z®)
Let us set 2’ € RP such that « := Z; if ¢ € supp(z®) and z; := 0 otherwise. By definition of 2’ we have

|2'lo < |[z*[lo. On the other hand, since DZ = Dz’ we have ||y — Dz’||> < € therefore 2’ € S§. Let us show
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that 327 fa(l2il + A) < 320, fa(l2f] + A)

P

Zfa(|x;|+A) = Z fa(A) + Z fa(lZil + A),
i=1 i¢supp(z®) i€supp(z®)
p
<Y L)+ Y fallaf [+ A) =) fallaf 4+ A).
i¢supp(z®) i€supp(z®) i=1

The previous inequality contradicts that z® € L. According to [1] (chapter 5.3), there exists A > 0 such that

x the solution of (14), is also the solution of the problem

«
supp(z)?

argmin Z fol|zi] + A) + ||y — Dz||?, where A > 0.

i€supp(z®)

Because the partial derivatives of 35, .0 ey fa(|zil +A) + Ay — Dz|? at 8 op(xe) are null we have

Vi € supp(z®), sign(z$) £, (|28 + A) — MdF (y — Dx2 ) =0.

supp(z®)

Since ng‘upp(ma) = Dz, one obtains that the vectors (sign(z$)f., (Jx$| + A))

(dZT(y - Dxa))iESupp(z"‘) are colinear. U

i€supp(z®) and
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