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The discontinuous Galerkin gradient discretisation

Robert Eymard*and Cindy Guichard'

Abstract

The Symmetric Interior Penalty Galerkin (SIPG) method, based on Discontinuous Galerkin approxima-
tions, is shown to be included in the Gradient Discretisation Method (GDM) framework. Therefore, it can
take benefit from the general properties of the GDM, since we prove that it meets the main mathematical
gradient discretisation properties on any kind of polytopal mesh. For this proof, we adapt discrete func-
tional analysis properties to our precise geometrical hypotheses. We illustrate this inheritance property on
the case of the p—Laplace problem. A short numerical study shows the effect of the numerical parameter
included in the scheme.

Keywords: Gradient Discretisation method, Discontinuous Galerkin method, Symmetric Interior Penalty
Galerkin scheme, discrete functional analysis, polytopal meshes

1 Introduction

Discontinuous Galerkin (DG) methods are being more and more studied. They present the advantage to
be suited to elliptic and parabolic problems, while opening the possibility to closely approximate weakly
regular functions on general meshes. Although the convergence of DG methods has been proved on a
variety of problems (see [3] and references therein), note that the stabilisation of DG schemes for elliptic or
parabolic problems has to be specified with respect to the problem, and that there are numerous possible
choices [1].

On the other hand, convergence and error estimate results for a wide variety of numerical methods applied
to some elliptic, parabolic, coupled, linear and nonlinear problems are proved on the generic “gradient
scheme” issued from the Gradient Discretisation Method framework (see [4] and references therein). This
framework is shown to include conforming Galerkin methods with or without mass lumping, nonconforming
P* finite elements, mixed finite elements and a variety of schemes issued from extensions of the finite volume
method. Convergence and error estimate results are then proved in [4] for the following problems:

1. elliptic problem with constant or unknown dependent diffusion,

2. steady or transient p-Laplace problem and more generally Leray-Lions problem,
3. parabolic problem with constant or unknown dependent diffusion,

4. degenerate parabolic (Richards or Stefan-type) problems,

provided that the Gradient Discretisation is coercive, GD-consistent, limit-conforming, compact and in
some cases with piecewise constant reconstruction (the precise mathematical meaning of these properties
is recalled in Section 2 of this paper). Our aim is to show that, from the DG setting, we can build a Gradient
Discretisation, that we call the Discontinuous Galerkin Gradient Discretisation (DGGD), which satisfies
all these properties on general polytopal meshes in any space dimension. This immediately extends the
range of problems which can be handled by Discontinuous Galerkin methods to all the above problems, as
we show in this paper by considering the case of the p—Laplace problem for which we prove a convergence
and error estimate result (derived from the Gradient Discretisation Method framework).

It is then interesting to remark that the gradient scheme resulting from the DGGD is identical to the
Symmetric Interior Penalty Galerkin scheme in the case of linear diffusion problems, as we detail in section
6.
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This paper is organised as follows. Section 2 includes the main definitions for the Gradient Discretisation
Method in the case of homogeneous Dirichlet boundary conditions. In Section 3, we give a gradient
discretisation version of Discontinuous Galerkin schemes suited to polytopal meshes in any space dimension.
We then prove in Section 4 that this gradient discretisation satisfies the core properties which are sufficient
for convergence and error estimates results. We then take an example of application of the preceding
results in Section 5, where the gradient scheme issued from the DGGD method is shown to satisfy a
convergence and error estimate in the case of the p—Laplace problem. We then handle in Section 6 the
case of linear elliptic problems, and we show that the scheme issued from the DGGD is identical to the
Symmetric Interior Penalty Galerkin method. Then a numerical example shows the role the numerical
parameter used in the design of the scheme plays in its accuracy. A short conclusion is then proposed,
before the adaptation of the Sobolev inequalities proved in [2, 3] to our setting and definition of the DG
norm in Appendix A. We then get that the constant involved in these inequalities do not depend on the
regularity factor of the mesh (we only use that the polytopal grid blocks are strictly star-shaped with
respect to some point).

2 Main definitions of Gradient Discretisations for homogeneous Dirichlet
boundary conditions

In this paper, we make the following assumptions: p €]1, +o0o[ is given and
Q is an open bounded polytopal connected subset of R (d € N*), (1)

where polytopal means that it is the union of a finite number of simplices.
The following definitions, first introduced in [6], are given in [4] for a larger variety of boundary conditions.

Definition 2.1 (GD, homogeneous Dirichlet BCs):
A gradient discretisation D for homogeneous Dirichlet conditions is defined by D = (Xp,0, [Ip, Vp), where:

1. the set of discrete unknowns Xp g is a finite dimensional real vector space,

2. the function reconstruction IlIp : Xpo — LP(R) is a linear mapping that reconstructs, from an
element of Xp o, a function over €,

3. the gradient reconstruction Vp : Xpo — L”(Q)d is a linear mapping which reconstructs, from an
element of Xp o, a “gradient” (vector-valued function) over Q. This gradient reconstruction must
be chosen such that ||[Vp - || 1p(q)e is @ norm on Xp,o.

Definition 2.2 (Coercivity): If D is a gradient discretisation in the sense of Definition 2.1, define C'p as the
norm of the linear mapping Ilp:
IIpv
Op— max JHptlzee @
vEXp o\{0} HV’D’UHLp(Q)d
A sequence (D )men of gradient discretisations in the sense of Definition 2.1 is coercive if there exists
Cp € Ry such that Cp,, < Cp for all m € N.

The consistency properties indicate how accurately a regular function and its gradient are approximated
by some discrete function and gradient which are reconstructed from the space Xp .

Definition 2.3 (GD-consistency): If D is a gradient discretisation in the sense of Definition 2.1, define Sp :
Wy () — [0, +00) by

Vi € WyP(Q), Sp(p) = min (”HDU = Pllpoy + VDY — v‘PHLp(Q)d) . (3)
vEXD o
A sequence (D )men of gradient discretisations in the sense of Definition 2.1 is GD-consistent, or consistent

for short, if
Vi € WyP(Q), lim Sp,, (¢) = 0. (4)
m—r 00
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The concept of limit-conformity which we now introduce states that the discrete gradient and divergence
operator satisfy this property asymptotically. Since we shall be dealing with non linear problems, we
introduce, or any ¢ € (1, +00), the space W () of functions in (L?(Q))? with divergence in L?():
W () = {p € LUQ)" : dive € LY(Q)}. (5)
p

Definition 2.4 (Limit-conformity): If D is a gradient discretisation in the sense of Definition 2.1, let p’ = FY
and define Wp: I/Vd’::,(ﬂ) — [0, 4+00) by

) / (Vpu(z) - p(x) + Hpv(x)dive(x)) de
Vo € Wi (Q), Wp(p) = sup ¢

vEXp 0\{0} ||VD”||LP(Q)d

A sequence (Dpm)men of gradient discretisations is limit-conforming if

Yo € WEL(Q), lim Wp,, (¢) = 0. (7)

m— 00

Dealing with generic non-linearity often requires additional compactness properties on the scheme.

Definition 2.5 (Compactness): A sequence (Dp)men of gradient discretisations in the sense of Definition
2.1 is compact if, for any sequence um € Xp,,0 such that (||um||D,,)men is bounded, the sequence
(Ilp,,, um)men is relatively compact in LP(Q).

ms

Definition 2.6 (Piecewise constant reconstruction): Let D = (Xp,0,IIp, Vp) be a gradient discretisation in
the sense of Definition 2.1. The operator Ilp : Xp,o — LP(Q2) is a piecewise constant reconstruction if there
exists a basis (e;)icp of Xpo and a family of disjoint subsets (2;)iep of € such that IIpu = ziEB uilg,
for all u =), ;uie; € Xp o, where 1g, is the characteristic function of ;.

In other words, IIpu is the piecewise constant function equal to u; on §2;, for all ¢ € B.

It is shown in [4] that all the considered examples of Gradient Discretisations (as listed in the introduction
of this paper) meet four of the core properties (coercivity, GD-consistency, limit-conformity, compactness),
and that mass-lumped versions satisfy the piece-wise constant reconstruction property. They therefore
satisfy convergence and error estimates for the range of problems passed into review in the introduction
of this paper. The next sections aim to build a Gradient Discretisation with the discontinuous Galerkin
setting, and then to prove that it satisfies the core properties as well.

3 Discontinuous Galerkin Gradient Discretisation (DGGD)

Let us provide a definition for a polytopal mesh of €2, which is a slightly simplified version of that given
in [4].

Definition 3.1 (Polytopal mesh): A polytopal mesh of § is given by ¥ = (M, F,P), where:

1. M is a finite family of non empty connected polytopal open disjoint subsets of {2 (the “cells”) such
that Q = Uxem K. For any K € M, let 0K = K\ K be the boundary of K, |K| > 0 is the measure
of K and hx denotes the diameter of K, that is the maximum distance between two points of K.

2. F = Fint U Fexs is a finite family of disjoint subsets of 2 (the “faces” of the mesh — “edges” in 2D),
such that, for all ¢ € Fint, 0 is a non empty open subset of a hyperplane of R? included in  and,
for all 0 € Fext, 0 is a non empty open subset of 9€; furthermore, the (d — 1)-dimensional measure
|o| of any o € F is stricly positive. We assume that, for all K € M, there exists a subset Fx of F
such that 0K = Usc 7, 0. We then denote by M, = {K € M,o0 € Fx}. We then assume that, for
all o € F, either M, has exactly one element and then o € Fext or M, has exactly two elements
and then o € Finy. For all K € M and for any o € Fk, we denote by nk,, the (constant) unit
vector normal to o outward to K.
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3. P is a family of points of © indexed by M, denoted by P = (€x)kem, such that for all K € M,
zx € K. We then denote by dx,, the signed orthogonal distance between x and o € Fx (see
Figure 1), that is:

drg,o = (x — k) -nKk,., forall x € 0. (8)

We then assume that each cell K € M is strictly star-shaped with respect to 'k, that is dx,- > 0
for all 0 € Fk. This implies that for all € K, the line segment [z, x] is included in K.

For all K € M and o € Fg, we denote by Dk , the cone with vertex x and basis o, that is
Dk ={xx +s(y —xk), s €]0,1], y € o} (9)
The size of the polytopal mesh is defined by:
hm = sup{hk, K € M}. (10)

Finally, for a given polytopal mesh ¥ we define a number that measures the regularity properties of the
mesh:
h L hK

h
Nz = max ({§+E, O'EJ:int, MU:{KyL}}U{dK

,KGM,ae]-‘K}). (11)

Fig. 1: A cell K of a polytopal mesh and notation on Dg

Let us now define, using the discontinuous Galerkin framework, a gradient discretisation in the sense of
Definition 2.1.

Definition 3.2: [Discontinuous Galerkin Gradient Discretisation
(DGGD)] Let ¥ = (M, F,P,V) be a polytopal mesh of Q in the sense of Definition 3.1. Define the
Discontinuous Galerkin Gradient Discretisation D = (Xp,o, [Ip, Vp) by the following.

1. For a given value k € N*, we consider the space W}, defined by

Wn={ueL?(Q) : ulx € Px(K), VK € M}. (12)

Recall that the dimension of Py (RY) is (kk"!:;)!, and therefore the dimension of W} is equal to
(IZT;Z!)!#M. Let (xi)icr be a family of piecewise polynomial basis functions of degree k on each

cell, spanning W};,. We set

Xpo=1{v=(vi)ier : vi ER for all i € I}. (13)



3 Discontinuous Galerkin Gradient Discretisation (DGGD) 5

2. The operator IIp is the reconstruction in L?(Q) of the elements of Xp o:

Yov € X’D,(), IIpv = Z’Uz‘xi. (14)
el

In this paper, we denote, for all K € M and v € Xp,o, by llgv € Py (K) the piecewise polynomial
defined by IIpv on K, extended on K, and we denote by Vv = VIIv.

3. For v € Xp,o, for K € M and for any o € Fk, we set, for a.e. * € Dk o,

Vou(@) = Vgu(@) + (s e @y

dK,U (15)
letting @ = xx + s(y — zk) with s €]0,1], y € o,
where (see Figure 1):
e for all K € M and all ¢ € Fk, we denote by
. 1
vy o, if Mo ={K, L}, [v]xo(y) = 5 (zo(y) — Hzv(y)) (16)

else if M, = {K}, [v]k,o(y) =0 — Izv(y),

e Let 8 €]0,1] be given. Let ¢ : ]0,1[— R be the function such that (s) = 0 on ]0, 3],
Yis.a) € Pr—1([B,1]) and

/1 P(s)s* Tds =1, (17a)
B ) |
Vi=1,...,k—1, / (1—5)4(s)s? *ds = 0. (17b)
B

In the case k = 1, the function v)5,1] € Po([3, 1]) has the constant value ﬁ.

For the general case k € N*, considering the basis (1,(1 —s),...,(1 — 5)*71 of Px_1([B,1]), and writing
the function ¢ as ¥(s) = ¥ | a;(1 — 5)"~!, we see that the matrix A of the linear system issued from
(17), with unknowns (a;)i=1,....x, is such that

1 . .
A@j = / (1 — S)H_]_Qsd_lds.
B

.....

Considering a vector U such that U’ = (u;)i=1,...x, we note that

,,,,,

1k )
Ut AU = / (Zui(l _ 8)171)25d71ds,
B =1

which implies that A is symmetric definite positive, hence leading to the existence and uniqueness of
such that (17) holds.
We split Do into DY) and Dx.» \ DY), with

DY), = {@ € Do, = xx +5(y — k), s €0, 8], y € 0}

and K@ = U D%}L, (18)

cEFK
(note that we have |Dk o \ D;f)a| = %dx,ghﬂ). Throughout this paper, we denote by s,y the functions
s : Dgo —]0,1] andy : Dg o — o such that @ = zx + s(x)(y(x) — k), which means

(x —xK) NKo

’
dK,a

s(x) =

and

r — TK

y(@) =zx + =05
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Remark 3.3: The above definition for the discrete gradient Vpv can be seen as a regularisation of the
gradient of v in the distribution sense, by replacing the Dirac mass on the faces of the mesh by a function
with integral equal to 1.

Remark 3.4: It is possible to consider [k, instead of a constant 3, without changing the mathematical
analysis done in this paper.

Remark 3.5 (Piecewise constant reconstruction): One can for example replace IIp by fip such that, for all
K e M, and ae. ¢ € K, ﬁpv(:c) = ﬁ [ Dk v(x)de, which provides a piecewise constant reconstruction
in the sense of Definition 2.6, choosing a basis (x:)icr such that, for each K € M, there exists ¢ € I with
v; = ﬁ S Oxv(x)de for all v € Xpo.

Remark 3.6 (Definition of the jump at the faces of the mesh): Note that, in Definition 3.2, the jump at the
faces is divided by 2 at the interior faces. This allows to keep the same definition for Vp on all Dk , in
the two cases, 0 € Fint and 0 € Fext.-

4 Mathematical properties of the DGGD method
We can now state and prove that [|[Vp - || p(qye is @ norm on Xp,o.
Lemma 4.1: Let D be a DGGD in the sense of Definition 3.2. Then ||[Vp - ||1p(qye is @ norm on Xp,o.

Proof. It suffices to check that, if v € Xp,o is such that |[Vpv|[1pq)a = 0, then v = 0. Indeed, thanks
to Lemma A.3, we get that ||v]|pg,, = 0. We can apply Lemma A.7, since in the case d = 1 or d = 2, it
applies without restriction to ¢ = p, and in the case d > 3, there holds p < p* = pd/(d — p). Hence we
deduce that ||IIpv||zr(q) = 0, which concludes the proof. ]

We now prove the core properties of the DGGD, as described in Section 2, gathered in the following
theorem.

Theorem 4.2 (Properties of DGGDs): Let (Dm)men be a sequence of DGGDs in the sense of Definition 3.2,
defined from underlying polytopal meshes (T )men. Assume that (nz,,)men is bounded (see (11)), and
that A, — 0 as m — oo.

Then the sequence (Dm)men is coercive, GD-consistent, limit-conforming and compact in the sense of
Definitions 2.2, 2.3, 2.4 and 2.5.

Proof. The limit-conformity, coercivity, GD-consistency and compactness are obtained by applying
Lemmas 4.7, 4.3, 4.5, 4.4. n

Let us now prove each of the lemmas involved in the proof of the above theorem.

Lemma 4.3 (Coercivity): Let D be a DGGD in the sense of Definition 3.2. Let Cp > 0 be defined by (2).
Then there exists Cp depending only on |2, 8, p, k and d such that Cp > Cp, which means that any
sequence (D)men is coercive in the sense of Definition 2.2.

Proof. We again apply Lemma A.7, since we noticed in the proof of Lemma 4.1 that it applies to the
case ¢ = p. [

Lemma 4.4 (Compactness): Let (D)men be a sequence of DGGDs in the sense of Definition 3.2. Then,
for all (vm)men such that, for all m € N, vy, € Xp,, 0 and such that the sequence (||[Vp,, vm| Lr(a))men
is bounded, the sequence (Ilp,,vm)men is relatively compact in LP(£2), which means that any sequence
(D) men is compact in the sense of Definition 2.5.
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Proof. We first extend Ilp,, vy, by 0 in R4 \ ©. We then have, for all m € N, applying Lemma A.6,

d
V¢ € RY, Mp,, v (. + &) = TIp, v | pagay < (O €)M, vmllBv
=1

d
< O l&DCd((d+ D)7 [Tp,, v [pc,p.

i=1

This implies that the sequence (Ilp,, Um)men is relatively compact in L'(R?). Thanks to Lemma A.7,
the sequence (IIp,,vm)men is bounded in LI(R%) for some ¢ > p. We thus deduce that the sequence
(IIp,, Vm)men is relatively compact in L (Rd), which concludes the proof of the lemma. n

Lemma 4.5 (GD-consistency): Let D be a DGGD in the sense of Definition 3.2. Take ¢ > ns (see (11)).
Then there exists C1 > 0, depending only on on ||, 8, p, k, d and p, such that

Vo € CHHQ) N W P(Q), Sp(e) < Crbiu €llis.o0 » (19)

where Sp is defined by (3).
As a consequence, any sequence (D)men of DGGDs such that hg,, tends to 0 as m — oo while 0z, + 1=,
remains bounded is GD-consistent in the sense of Definition 2.3.

Proof.
In this proof, we denote by C; various values depending only on |Ql, B, p, k, d and p. Let ¢ € CkH(ﬁ) N
Wy P(Q). For any € Q, y € R and m = 1..., k, we denote by

Do) -y™ = > Y YO i, (@)
1<it,eyim <d
We consider v € Xp o defined by
"1
VK e M, Vx € K, Tlpv(x) = p(xx) + Z —D"p(xk) - (x—xr)™.

m)!
m=1

Thanks to results on Taylor expansions, for any « € K, there holds
k+1
lo(x) — Hgv(@)] < hi" [lelly 400 -

which provides |l¢ — IIpv||rr) < R lellkst oo (|27, Let o0 € F with M, = {K, L}, and let y € o.
Since y € K, we get

lp(y) — gv(y)| < hI;(Jrl ||‘P||k+1,oo :
This leads to the existence of C; > 1 depending only on g such that

k k k
)0 @) < (R + R 1llro0 < C2hid 0l oo -

In the case M, = {K}, we get

k+1 k+1
)i (] < B 1 llkir 00 < CohE 0llisr o0 -

Morever, we have
k
IVo(x) — Viv(@)| < hic [9llis1,00 -
This provides, considering * € Dk, ., the existence of Cs depending only on p, 3, d and k such that

2hk+1

@ #1100
le(s(wm < C3h};< H‘PHkﬂ,oo‘

V(@) — Voo(@)| < hic [@ll4r,00 + A
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Gathering the above inequalities shows that
k
Ve = Voul Loyt < Cs 19ty 00 PR,
which proves (19).

We then show that any sequence (D)men of DGGDs such that hg,, tends to 0 as m — co while 0z,,,7z,,
remain bounded is GD-consistent in the sense of Definition 2.3, by applying [6, Lemma 2.4] since C*T1(Q)N
Wy P(Q) is dense in W, *(Q). n

We now provide an improved estimate on Sp.

Lemma 4.6 (Estimate on Sp in the WP case): Let D be a DGGD in the sense of Definition 3.2. Assume
p > d/2 and take o > nz (see (11)). Then there exists Cy > 0, depending only on on |Q|, 8, p, k, d and p,
such that

Vo € Wz’p(Q) n WOLP(Q) y Sp(p) < Caha ||LPHW21P(Q) ’

where Sp is defined by (3).

Proof. In this proof, we again denote by C; various increasing functions with respect to 0z and 7+, and
also depending on ||, 8, p, k and d. For a given ¢ € W*P(Q) N W, *(Q) and for any K € M, we denote
by Tzv € Pi(R?) (since k > 1) the function A, : K — R provided by Lemma A.10 letting V = K, such
that (56) and (57) hold. From (56), raising to the power p and summing on K € M, we get the existence
of C5 such that

H@ - H'DUHL”(Q) < C5h3\/l || ‘D2<P| HLP(Q) .

Owing to Holder’s inequality, we have, for K € M and o € Fk, thanks to € = zx + s(y — zk),
[ 9o - Vou(a)rae <
Dk .o

227 /D V() — Vio(@)[ dae + /D Yy ot ).

K,G\Dﬁfl dr,o

which gives, by summing on o € Fk,

[ 1vet@) - Vor@)az <27 [ [Ve@) - Vio(@)da

+ > ( 2 ) / 0] ()P () /ﬁ (s[5 ds. (20)

d
ceFK Ko

Let o0 € F with M, = {K, L}, and let y € 0. Since y € K, we get from (56)

_d
l9(y) — Tgv(®)] < Cashae " [ 1D%0] || 1o e

and therefore 4 ,
2—-2 2_4d
ko) < Crs(hi ” [[1D* || ey +hr 7 11Dl Lo 1)-
In the case M, = {K}, we get

o_d
VK0 (y)] < Cishy *

2
D7 HLP(K) :
This leads to the existence of Cg such that

2 o ! d—1
V|K,o Pd s)|Ps ds
> (m) [ b @rarw) [ e <

ceFK

Col (D% iy = >0 1100l 50y )
UEFKvMo'Z{KﬂL}
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Remarking that 6z includes a bound on the number of neighbors of any K € M, we obtain that

> Z( ) [ ko @)l any /w (s)175%1ds <
KeMoeFg
C’shﬁ/{(ﬁg +1) H |D2‘P| HLP(Q) :

Reporting the above inequality in (20) and using (57), we get the existence of C7 such that

/Q [Ve(x) — Vpo(z)|Pde < Crhl, H |D? (21)

¢l HZP(Q)

which concludes the proof of the lemma. u

Lemma 4.7 (Limit conformity): Let D be a DGGD in the sense of Definition 3.2. Then, denoting by p’ =
—P- there exists Cs, depending only on |Q|, 8, p, k and d, such that

Vo € W (% [Wo()] < Cs [l@llyim yihas, (22)

where Wp is defined by (6).
As a consequence, any sequence (D)men of DGGDs in the sense of Definition 3.2 such that hz,, tends to
0 as m — oo is limit-conforming in the sense of Definition 2.4.

Proof. Let ¢ € C*(R%)? be given. We compute, for v € Xp g,

[ (Fo0(@) ola) + ipv(@)dnp@)de = 3 [ (Vio(e) - pl@) + o(@)iive(@) do
§ KeM
Ko (y(x))
+K§\A UGZJ-'K / Dk, o\D(ﬁ) Tw(S(m))nK’a ~Lp(:1:)d:13
[v]k.0(y(x))
KEMU;K / wu(y nKa'SO(y)dv(y)Jr/Dm\Dég)a sz(s(w))nK,av(w)dw)»

Using Definition (16) of [v] k- (y) which includes a factor % on interior faces and nk o +mnr,o = 0if My =

{K, L}, we get Hgpv(y)nk,. + pv(y)nr,e = —[V]x,oc(Y)nk,oc — V1,0 (Y)1L,0, as well as Ipv(y)nk, =
—[v]k,c (Y)mK,o in the case of exterior faces with M, = {K}. Therefore we can write

/Q (Vpu(z) - p(x) + Hpv(x)dive(x)) de
— Z Z (—/[v

d
KeMoeFx o Ko

VK, (y(x
ot e+ [ e W@y (@) - pla)dz).
K
Owing to the change of variable © = xx + s(y — k), we obtain

/Q (Vpu(x) - p(x) + Hpv(x)dive(x)) de
ok (23)
=2 > / o ly) dKa / (p(xx +s(y — zx)) — P(Y)) - nxodr,oP(s)s”  dsdy(y).

KeMoeFg
This provides, thanks to Young’s inequality, the existence of Cy depending only on 3, d and k, such that
I/ (Vou() - () + Tpv(@)divp(@) dz| < Co( Y > Axo)P(D. Y Bro)?,
Q KeMoeFk KeMoeFk

with
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Aro = ot [ (o) b (w). (24)

i,
1
Biow = [ [ lplan + sty = @) — @) di.rs" dstr ().
ocJpB

Let us denote by ¢;, for i =1,...,d the components of ¢p. We have Bx , < 4/ ®=1 27:1 Bk,o,i with

1
Broi = / / i (@ + 5(y — k) — 9i(w)[ dico ™ dsdry(y).
oJp

We have ) ) ,
P
Bios= [ [ | Veex iy - i) (v - ex)d] di o' s (w),
odp s

which leads to
1 1 p’ a1
Bios = [ [ ][ Veer+ iy - @) (v - wi)dt] di s dsco()
odp s

Since we have, for any s € [3,1],

‘/31 Voi(xx +t(y —xx)) - (y — xx)dt

P/ i 1 ’
< h¥, / V(@ + ty — z)” dt,
B8

we get
1
Brns <1 [ [ Weien +tly = @)l dt di o),
oJp

which provides

/

h? 1 o
Brns < 515 [ /ﬁ Vil + ty — ) 170 dt dic.odr(y),

and the change of variable € = xx + t(y — ®x) gives

Y :
Br,oi < -1 / Voi(x)|? de.
o L

Since Definition (42) of the discontinuous Galerkin norm implies

Yo > Axe < vlbe, (25)

KeMoeFg

this concludes the proof of (22) for ¢ € C*°(R%)?% We then conclude (22) by density of C°°(R%)? in
WP (Q)? since Q is locally star-shaped.

Then, considering a sequence (D)men of DGGDs in the sense of Definition 3.2 such that hs,, tends to 0
as m — oo, we get that it is limit-conforming in the sense of Definition 2.4 by density and applying [6,
Lemma 2.4] (this is possible thanks to Lemma 4.3 which states that (D)men is coercive). L]

Lemma 4.8 (Higher order estimate for Wp(g)): Let D be a DGGD in the sense of Definition 3.2. Then
there exists C1o, depending only on ||, 8, p, k and d, such that
Vi € CHQ)Y, W ()| < Cio hb [[#llx a0 (26)

where Wp is defined by (6).
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Proof. Let ¢ € C*(Q). For any K € M, 0 € Fx, € D, with * = x + s(y — xx) with s €]0,1]
and y € o, let us denote by ¢(s) = (p(xx + s(y — zx)) — ¢(y)) - nk,-. Thanks to a Taylor expansion,
we get that there exists 6, € [s, 1] such that
=1y 1
ols) = (1) + 3 ™ (1)(s — )™ + o (0:)(5 — 1)
= ml !

We then remark that ¢(1) = 0. Owing to (17), we have fﬁl(s —1)™(s)s? 'ds =0form=1,...,k— 1.
Using

™) (05)(s = 1)*] < bl llepll o0
we get from (23) that

| / (Vou(@) - p(@) + Mpv(e)dive(e)) dz|

<>y

lv]x.0 (y)]
KeMocFyr o dK.

1
Wi ol dico / o(s)[s™ dsdr ().
B

As in the proof of Lemma 4.7, we get, thanks to Young’s inequality, the existence of C11 depending only
on B, d and k, such that

|| (Vor(a) - e(@) + Tov(e)dive(x)) dal

<hRllellio Cril D ST A )P (Y0 ST drolo)VY

KeMoeFk KeMoeFk

with Ak o defined by (24) as in the proof of Lemma 4.7. The conclusion follows from >~y v >, c 7,. dx.olo| =
d|Q| and from (25), which holds as well. L]

Note that the application of Lemmas 4.6 and 4.7 to the error estimate [6, Lemma 2.2, eqns. (6) and (7)]
provides an error in haq in the case of the linear elliptic problem (37) under Hypotheses (38) in one, two
or three space dimensions, when the exact solution belongs to H?().

5 Convergence and error estimate, p—Laplace problem

This section shows, on the example of the p-Laplace equation, the interest of plugging the DG method in
the GDM framework. We consider the following problem.

—div(|Va|’*Va) = f + div(F) in Q, (27a)

with boundary conditions
u =0 on 09, (27b)

under the following assumption, in addition to p €]1, +oo[ and (1):
fer’ (Q), FelL (@) (28)
Under these hypotheses, the weak solution of (27) is the unique function = satisfying:

W€ WyP(Q) and, for all v € Wy (),
/ Va2 Va(e) - Vo(z)ds — / F(@)o(z)dz — / F(z) - Vo(z)da.
Q Q Q
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Definition 5.1 (Gradient scheme for the p-Laplace problem): Let D = (Xp,0,1Ip,Vp) be a Gradient Dis-
cretisation in the sense of Definition 2.1. The corresponding gradient scheme for Problem (29) is defined
by

Find v € Xp,o such that, for any v € Xp o,

/ |Vou(z) " *Vpu(z) - Vpu(x)de = / f(z)pv(z)de — / F(x) - Vpu(z)de. (30)

Q Q Q

The following lemma, which is a consequence of the underlying minimisation problems and is proved in
[4], establishes the existence and uniqueness of the solutions to (29) and (30), as well as estimates on these
solutions.

Lemma 5.2: Under Hypotheses (28), there exists one and only one solution to each of the problems (29)
and (30). These solutions moreover satisfy
1

18] oyt < (Crallfllw ) + Il ) 7T (31)

and
1
IV punllzoayt < (Collfllw ) + IFllr ) 7T, (32)

where Cp,, is the continuous Poincaré’s constant in W, *(Q), and Cp is defined by (2).

Theorem 5.3 (Control of the approximation error): Under Hypotheses (28), let @ € W, ?(€2) be the solution
of Problem (29), let D be a GD in the sense of Definition 2.1, and let up € Xp,o be the solution to the
gradient scheme (30). Then there exists Ci2 > 0, depending only on p such that:

1 Ifpe (1,2,

|V — Voup|| Lpaye < Sp(@) + Crz [Wo(|Vu|P " *Va + F) + Sp(w)? ']

2—p

2

_Dp
X [SD(E)p + [(CD + CP,p)Hf”Lp’(Q) + ||FHLP’(Q)4} ,,71} (33)
2. If p € (2, +00),
IV — Voup|| po iyt < So(@) + Ciz [WD(|VE|”_2VE +F)

1
_1_ . —27 p=1
+ 0@ [(Crull fll o o + 1Fll o 0y 7T + Sp@]"*] 7. (34)

As a consequence of (33)—(34), we have the following error estimate:
[w —pup||rre) < Sp(@) + Co(Sp () + VU — Voup| Le0)a)- (35)

The application of the previous theorem and of Lemmas proved in Section 4 allows to state and prove the
following corollaries.

Corollary 5.4 (Convergence of the discontinuous Galerkin method for the p—Laplace problem):

Under Hypotheses (28), let (D)men be a sequence of DGGDs such that hsg,, tends to 0 as m — oo while
7Nz, remains bounded. Let w and up,, be the respective solution to Problems (29) and (30) for all m € N.
Then Ilp,, up,, (resp. Vp,,up,, ) converge to @ in LP(Q) (resp. to Vu in LP(Q)P) as m — oco.

Proof. Owing to Lemma 4.3, Cp,, remains bounded, whereas Lemmas 4.5 and 4.7 prove that Sp,, (%)
and Wo,, (|VTP2Va + F) tend to 0 as m — co. Hence (33) or (34) on one hand, and (35) on the other
hand, show the conclusion of the corollary. u

Corollary 5.5 (Error estimate of the discontinuous Galerkin method for the p—Laplace problem):

Under Hypotheses (28), let us assume that p €]1,2], Q =]0,1[, f € L*™(Q2) and F(z) =0 for all z € Q. Let
D be a DGGD in the sense of Definition 3.2 where the polytopal mesh of € is uniform. Let @ and up be
the respective solution to Problems (29) and (30). Then there holds

@ — Mpup|| ey + ||VT — Voup || ey < ChiL ", (36)

where C only depends on f, 8, p and k.
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Proof. In this particular case, the continuous solution u satisfies that there exists C' € R with
vz € 0,1, [@ ()P 2T (x) = c—/ F(s)ds,
0
and therefore
vz € [0,1], }C’ / f(s ds|1’ Tsign(C — / f(s)ds).

Then, since -5 > 1, we get that @ € W,'*(Q) N W>>(Q) and [@'|P*a’ € W"*(R) (extending f by 0
outside Q). Therefore we apply Lemmas 4.3, 4.6 and 4.7, which, in addition to (33), complete the proof of
(36). n

Note that this error estimate provides, in the case p = 2, the order 1 for the error estimate of the derivative
of the solution, which is confirmed by the numerical results below. But it does not provide the order 2
observed on the error estimate of the solution.

6 The case of a linear elliptic problem

6.1 Link with the SIPG scheme

Let us prove that the gradient scheme issued from the DGGD defined in Section 3 is identical to the
Symmetric Interior Penalty Galerkin (SIPG) method [5] for the following elliptic problem:

€ Hy(Q), Vo € H (), /Q Az)Va(z) - Vi(z)de = /Qf(m)@(ac)dm, (37)

where the assumptions are:

e A is a measurable function from € to the set of d x d

symmetric matrices and there exists A, A > 0 such that,

for a.e. € Q, A(x) has eigenvalues in [\, ], (38a)
o [ € L*(Q). (38b)

Using the DGGD D = (Xp,0,Ip, Vp) in the sense of Definition 3.2, the gradient scheme for the discreti-
sation of (37) is given by:

u e Xpyo, Yv € XD,O, /
Q

A@)Vpu(z) - Voo(e)dz = / (@) oo (x)da. (39)
Q
Let us assume that A restricted to K € M is constant in K. Then the left hand side of (39) can be computed

in this particular case, changing the variable @ € D, in (y, s) € 0x]0,1[ using * = xx + s(y — zk) (we
then have de = di ,s? 'dy(y)ds). Indeed, we can first write

/D A@)v(s(@) L@@ G (@)da

dKo'
= [l [ et s s W

Let us now remark that the function ¢(s) = Viv(xx + s(y — ©x)) - Nk o is such that

Lp(S) V nKa“i’Zp'm 173 )
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where, for m =1,...,k — 1, pm(y) is a polynomial with degree less or equal to k — 1 with respect to the
coordinates of y. Therefore, (17) implies that fﬂl Vzu(2(y, s)) - nk,19(s)s* tds = Vzu(y) - nx,.. Hence
we get

/D Aa)p(s(a) MW@ G i(@)de

dK,o'

- / AUl ko ()i - Vieo(y)dy(y),

We also have

/D A(z) [u}K’d(y(w))nx,o [lxo(@) ni ¢ (s(x))’de

dKa- de

_ AKnK(r nm/ (525 1ds/[] o (W) r,0 (y)dY ().

dKU

Then the bilinear form involved in Gradient Scheme (39) satisfies

/A(m)VDu( ) - Vou(w)da

(/ AxVgu(z) - Viv(z)dz
KeM

+ Z (/ Ak ([u]k.o(y) VoY) + [V]K.0 (¥) VEu(Y)) - Nk ody(y)

cEFK
ArnK,o NKo )25
t— d 1/’ ds [U Ko ko(y)dv(y) ) |
K,o
We then recover the SIPG scheme as presented in [5] or [ |, the penalty coefficient 7, (term le‘?—go of [5,

eqn. (11)], term # of [3, eqn. (4.12)]) being equal, in the preceding relation, to

1
B

dK’a' dL,o'

and
To—/d) 2d1d AKnKo NK,o f./\/lg:{K}.

dKa

Note that, since the Cauchy-Schwarz inequality implies

1
/w dldS /w 2d1d8/ d_ldS,

1
2 d—1 d
/B 1/1(8) S ds Z 1—7/8d Z d7

which provides a minimum value for 7, letting 8 — 0 (such minimum values are given, for example, by
[3, Lemma 4.12]. In our setting, it does not depend on the regularity of the mesh nor on the maximum
cardinal of Fx (in the DGGD scheme, we don’t handle separately the case d = 1 and the cases d > 1).

we get that

6.2 Numerical results

The aim of this section is to assess the influence of the parameter 8 €]0, 1] on the accuracy of the gradient
scheme (39) issued from the DGGD for the discretisation of (37). We consider the 1D case 2 =]0, 1],
and the polytopal mesh T defined, for N € N* and h = +, by M = {](i — 1)h,ih[, i = 1,...,N},
F={{ih}, i=0,...,N}, P={(i— %)h, i=1,...,N}. We consider one of the test cases studied in [5],
that is Problem (37) with A = Id and %(z) = cos(8mz) — 1 (hence f(x) = (87)2 cos(87x)). Considering
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first degree polynomials, the set Xp o is a vector space with dimension 2N. In the following tables (where
“order” is the convergence order with respect to the size of the mesh), the columns “FE” correspond to
the conforming P* Finite Element solution, and we check that the results provided by “[5]” with o, = 4.5,
which corresponds to 8 = 1—1/0, for the interior faces, and 8 = 1 — 2/0,, for the exterior faces, are close
to ours:

N\3 0 0.5 0.9 0.99 FE [5] N\s 0 0.5 0.9 0.99 FE (5]

10 0.496 | 0.241 | 0.347 | 0.394 | 0.399 | 0.247 10 13.233 | 11.533 | 11.360 | 11.349 | 11.348 | 11.777
order || 1.438 | 1.529 | 1.734 | 1.843 | 1.855 order || 0.172 0.781 0.862 0.863 0.863

20 0.183 | 0.083 | 0.104 | 0.110 | 0.110 | 0.083 20 11.743 | 6.714 6.251 6.240 6.240 6.421
order || 1.092 | 1.706 | 1.909 | 1.959 | 1.964 order || 0.010 1.004 0.966 0.965 0.965

40 0.086 | 0.026 | 0.028 | 0.028 | 0.028 | 0.024 40 11.666 | 3.348 3.199 3.197 3.197 3.253
order || 1.013 | 1.894 | 1.973 | 1.989 | 1.991 order || -0.008 | 1.034 0.992 0.991 0.991

80 0.043 | 0.007 | 0.007 | 0.007 | 0.007 80 11.728 | 1.635 1.609 1.608 1.608
order || 0.999 | 1.967 | 1.992 | 1.997 | 1.998 order || -0.007 | 1.014 0.998 0.998 0.998

160 0.021 | 0.002 | 0.002 | 0.002 | 0.002 160 11.781 | 0.810 0.805 0.805 0.805

L? error of the solution L? error of the broken gradient

Although we did not prove that the linear systems are invertible when 8 = 0, we note that in practice a
solution is obtained but that the broken gradient does not seem to converge. In this very regular case, the
L? error is the lowest for B = 0.5 but the convergence seems slightly better for 3 closer to 1, and it tends
to the results of the finite element method as g — 1.

7 Conclusion

The version of the DG method included in the GDM framework has the advantages to be samely defined
for d =1 and d > 1, to hold on any polytopal mesh provided that the grid block are strictly star-shaped,
to involve Discrete Functional Analysis results which do not depend on the regularity of the mesh, and
to apply on any problem on which the GDM is shown to converge (like the example of the p—Laplace
problem taken in this paper). Since it is identical to the SIPG method, it enlarges the application domain
of this method to all problems for which the GDM is proved to be applicable.

A Discrete functional analysis

Since our geometric hypotheses are different from those done in [2, 3], we now provide the Sobolev in-

equalities suited to Definition 3.1 of polytopal meshes. The techniques of proof are identical to that of [3,

Theorem 5.3]. In this section, we denote, for & € R by |¢] = (Zle €7)'/? the Euclidean norm of €.

The constant Cg,, > 0, introduced by the following definition, is used in the course of this mathematical
d

study for (¢,n) = (p,k — 1), and (¢,n) = (&5 k) when p €]1,d[.

Definition A.1 (Comparison of norms on R™*!): Let d € N*, n € N and ¢ > 0 be given. We denote by

Cq,n > 0 the greatest constant, depending only on n, ¢ and d, such that

1 n n
W(ao, ..., an) € R™, / 13 @757 s > Con 3 Jal. (40)
0 =0 i=0

The following lemma plays an essential role in the study of |Vp - || 1p(q)a-

Lemma A.2: Let n € N and 8 €]0, 1] be given. Let T be a polytopal mesh in the sense of Definition 3.1.
Then there holds
Yo € P,(RY), VK € M, Vo € Fk,

p—1
p < (n+1) / P
[, e < G o) V@I

where Cp,, is defined in Definition A.1 with ¢ = p, and where Dﬁ?)c is defined by (18).
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Proof. For K € M and o € Fk, we compute fD(g) |v(x)|[Pde with making the change of variable
K,o
x=xx + 5(y — Tx), where y € o and s €]0, 3[. We then have dx = dg .5 *dy(y)ds, which leads to

B
/D<B> \v(m)|pdm://0 |v(mK+s(y—mK))|de,(,sd_1dsd’y(y).
K,o g

For a given y € 0, s — v(xk + s(y — xx)) is a polynomial with respect to s with degree lower or equal to
n, that we write under the form v(xx +s(y —xx)) =Y ., ai(y)s’. We then use the notation introduced
in Definition A.1, which provides

B8 ) 1z o
/ | Z a; (y)51|p3d71d5 =p? / | Z a; (y)ﬁltl|ptd71dt
- ———

> BCn Y lai(y)B'P = B Cpn > lai(y) [

i=0 =0

This leads to n
[ W@de = 847, [ o (3 o)),

K,o g =0

On the other hand, we have

1
/ fo(@)[Pda = / / (@ + 5y — @) P, 5™ dsdry(y)
Dk, o o JO
1 n
— [ [ 1 aws st dsr )
oJ0  4—p

<) [l ko).

Hence, gathering the above relations, the lemma is proved. n

We can now state and prove the following lemma, which provides a connection between the discrete gradient
defined by (15) to a norm suited for the study of discontinuous Galerkin methods in the framework of elliptic
problems.

Lemma A.3: Let D be a DGGD in the sense of Definition 3.2. Then there exists A > 0, depending only
on B, p, k and d, such that

1
Vv e Xpo, Fllvlper < [VollLr @) < Alvlpe.p, (41)

where

o, = 3 ([ Wmo@Paes 3 2 [ o wPaw). (42)

KeM cEFK

Remark A.4 (DG norm): Note that Definition (42) for the DG norm is slightly different from [2, eqn. (5)]
or [3, eqn. (5.1)], with the use of dk ., instead that of diam(c), and with notation (16) for the jump at
the faces of the mesh. This allows the application of discrete functional analysis results without regularity
hypotheses on the polytopal mesh.

Proof. Let K € M and 0 € Fi. Using @ = zx + s(y — k), and using, for some ¢ > 0 to be chosen
later, [a +b” < (1+¢”)P~}(laf” + [2P) with 1 + % =1, a = V(@) + @D y(s(@))ng o and

K,
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b= —Vxv(zx), we have
/|fou(m)|pda}: / V()P de + Z/ v(m)+mK‘dUMw(s(m))nx,g e
K K oceFK K \D(B) Ko
> [, Frv@Pde - Vv(@)|da
KB P Jr\Kk®
1 [v] k.0 (y(z)) P
+ : : x))ng,.| do.
(1+Cp )p—l UEZ}_K ~/DKU\D(ﬂ,)G‘ dK,o' w(s( )) K
Writing
1 d d
S oMl < [Vul” < a3 oiTTl” (43)
=1 i=1

and applying Lemma A.2 to the polynomial 0;IIzv € Py_1(R?) for i =1,...,d, we can write

Bdﬂa(k*l)cp el

d
/ |Vgv(x)|Pde > T Z/ |0 v (x)|Pde > Cl,iq/ |Vev(z)|Pde,
K(#) i1 VK K

d+p(k—1)
£ “pk=1  We then define ¢ by 4 = 1Ch . Using |nko| =1, we get

denoting by C’é,k = T gitp/2gp-1

/K|vpv(m)v’dmz%cg,k/KWW(m)\PdmjL;/H 3 /D " )Mw(s(m)) ’ da.

(1 + cP ) cETK dK,a

We again make the change of variable = xx + s(y — k). It yields

/DK‘G\D;@U ’Ww(s(w» "dz = / [lrco ()" d’;’((, ” / ()Pt 1ds

- 1 v p s)|Ps? tds
- d,},g;/UI[ 1o (3)] dv(y)/ﬁ [(s)[P5% ds.

This completes the proof of the left inequality in (41). On the other hand, we get

/ Vou(@)|de < gr1 / Voeo(@)Pda + 27! / ‘uw(s(m)) da
DKo Dk,o Dy o \D$), dk,o
2\ !
2! [ [rv@lda [ el @lPart) [ wersas
Dk,o dr,o [ B
which completes the proof of the right inequality in (41). [

Since our geometric hypotheses are different from those done in [2, 3], we now provide the Sobolev in-
equalities suited to Definition 3.1 of polytopal meshes. The techniques of proof are identical to that of [3,
Theorem 5.3].

Lemma A.5 (Comparison of DG norms): Let D be a DGGD in the sense of Definition 3.2. Then, for 1 <
p < g < 400, there holds

Vo € Xpo, [[vllpa, < ((d+ 1)) 7 [ollpc.q- (44)

Proof. We have

e, = 3 ([ Ire@rdas 3 o [ bl @l @)

KeM cEFK
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Thanks to Young’s inequality, we have

p/a

ol < / Vav@)tdz+ S

KeM oceFKi

.o ()| *dy(y)

ql
dKo‘

(a—p)/a

dk,s|o| = d|K]|, to the result. L]

< > (

KeM oEFK

which leads, since Y

oEFK

Lemma A.6 (Comparison of DG norm and BV norm): For 7 € L*(R%), let us define

[ollBy = Zsup{/ dip(@)da, ¢ € Ce (R, o)l < 1} € (RT U {+00}).
Then, extending Ilpv for all v € Xpo by 0 outside §2, we have

Vp € [1,+ool, Vo € Xpo, [Tovflsy < d((d+ DT [[v]pa.p (45)

Proof. We have, for all v € Xp o, thanks again to (16),
Movlioy <d 3 ([ 1Ver@laz+ 3 [ lolcowlan®).
KeM oceFK
Thanks to Young’s inequality, we have

1/p

Mooy <d | 3= ([ Weo@lde+ 3 5 [ lulio@)ldr(w)

KeM K cEFK Ka o
(p—1)/p
x| 32 (IKI+ Y dicolol)
KeM cEFK
The results follows. ]

We now state the discrete Sobolev inequalities result.

Lemma A.7 (Discrete Sobolev inequalities): Let D be a DGGD in the sense of Definition 3.2. Then, for all
qell, 4 p— if 1 <p<dandq € [1,+00] otherwise, there exists C, depending only on ||, k, p, ¢ and d,
such that

Vv € Xp,o, |[IIpv||ra) < Cllv|pa,p- (46)

Proof. Let us first assume that d = 1. Then we have
Vo € LY(R), [[7]lze=®) < [7lBV,
which provides (46) thanks to Lemma A.6.

We now assume that d > 2.

As in [2], we follow Nirenberg’s technique. First remark that, for all ¢ € [1,d/(d — 1)],

_ 1,
vo € L'(RY), olloqgay < PYLELAE (47)
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This inequality implies, thanks to Lemma A.6,
Vv € Xpo, [HpvLega) < 2dHHDUHBV < 2fvlioe.. (48)

We now handle the case 1 < p < d. We define o = (d 1) > 1 and p* . For v € Xp,o, we apply (47)
to |pv|® and g = d/(d — 1). It yields

(/ |an<w>|*’*dw)d;1 ZZ(KM S [ oge@ride+ 3 [l ))

denoting by |[w]s(y)| the absolute value of the jump of w at y € 0. We observe that, for a.e. © € K, we

have |0;|TIzv(x)|*| = a|llzv(x)|* | 0:illzv(x)| < ao|llzv(x)|* | Viv(z)|. On the other hand, we have,
a a— a— v —Il+v

for My = {K, L}, [|o]*]a(y)] < 2a(Tge(y)|” " + [Mro(y)l* ) EEE and, for My = {K},

I[lv|*]o (¥)] < a|Twv(y)|* * HOzv(y) — 0]. We then have, using notation (16),

(/ v (x)[? da:) S ) /|rH; V() de + S /|Hﬂ) oo () () ).

KeM cEFK

Hence we get, from Young’s inequality, since (o — 1)p’ = p* with p’ =p/(p — 1),

d—1
% d
([ imov@pae) * < acm) e e,
Q

with .
V|K,o
= 5 ([ vre@rae+ 3 [ 1eelay)) — ol
KeM cEFK K,o
and
n=Y ( / Mgv(@)” dz + 3 dxo / Mzo(y)” dv(y)).
Kem YK cEFK o

Let us now observe that

/| |p de = Z / Mzv(x |p de.

ceFK Dk,o

We write, as in the proof of Lemma A.2;
1
/ Meo(@)]”" dw = dK,J// Mv(@r + sy — 2x)) " s dsdy(y).
Dk, o JO

For a given y € o, s — Hgpv(zx + s(y — xk)) is a polynomial with respect to s with degree lower or
equal to k, that we write under the form zv(xx +s(y —xx)) = Zf:o a;(y)s’. We then use the constant
introduced in Definition A.1, which provides

/ \Z y)s'|? dlds>C*kZ|a, *7

1=0

and therefore
k

/D Mev() " de > Cpe pddrc.o / (3 las(w) 7)o (3).

i=0

Remarking that y = #x + s(y — zk) for s = 1, we have

/|HKU )P dy(y /G|Zal (y) < (k+1p*1/02|a2 (y).
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This gives
* k +1 p*—1 *
o [ Mo arw) < EEL— [ (@) ae,
o p*.k Dk o

and concludes the proof that

p*—1 N
< (4 w)/ Mpv(e)[?" da.
Cp*,k Q

Hence we conclude (46) for 1 < p < d.

Let us finally consider the case d < p. We select any real value g1 > p, and we set p1 = dq1/(d+ ¢1). Then

we have 1 < p1 < d < p and p} = g1. We apply the result proved for 1 < p < d above, which yields (46),

replacing p by p1 and pi by ¢1. We then apply Lemma A.5, which allows to bound ||v||pa.p, by ||v||pc,p-
n

Lemma A.8: Let V C R? be an open bounded set that is star-shaped with respect to all points in a ball
B CV. Let p € [1,+00). There exists Ci3 depending only on d and p such that, for any ¢ € WP (V),

Hw— %ﬂwa(w)dm

Proof. Since C°(V)NW"P(V) is dense in W'P(V), we only need to prove the result for p € C(V)N
WP(V), and the conclusion follows by density. To simplify the notations we let hy = diam(V'). For all
(z,y) € V x B, since V is star-shaped with respect to y the segment [x, y] belongs to V' and we can write

d
. +1
< Oy (V)P =

LP (V) diam(B)»

Vel Lo vy - (49)

(@) — ply) = / Vo(te + (1 - ty) - (x — y)dt.

Taking the average value with respect to y € B and writing | — y| < hy gives

’w(w)—ﬁ/lgw(y)dy‘:‘ﬁ/ /1 Vo(te + (1 - t)y) - (z — y)dtdy
<® / Vo(tz + (1 — t)y)|dtdy.

Taking the power p, using the Jensen inequality with the convex function, and integrating with respect to

x eV, we get
o(@) ~ 7 [ ey
/v 1Bl

We then apply the change of variable ® € V — 2z = tx + (1 — ¢)y, which has values in V since V is
star-shaped with respect to all points in B. This gives

1
/// |V<p(tm+(17t)y)|pdtdydm§/|Vg0(z)|p// t“dtdydz, (51)
vJBJo v B JI(z,y)

where I(z,y) ={t € (0,1) : 3z €V, te+ (1 —t)y = z}. Fort € I(z,y) we have t(x —y) = z — y for
some x € V and therefore hyt > |z — y|. Hence I(z,y) C [‘zh;yl ,1] and we deduce that (for d > 1)

a 1 a 1 hd—l
I(z,y) \z};‘/y\ d—1 |Z — y|

Thus, denoting by wq the area of the unit sphere in R?, since B C V C B(z,hy) for all z € V,

hd 1
// t~ldtdy < / —d
B J1(zy) |z—y\

"z < |B|/// Vo(tz + (1 — t)y)[Pdtdyda. (50)
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hd71 a
< P el

- B(z,hy)

pd—1 hy B
< X =il < Y, 53
< d71w‘1/0 p Pt dp S T wa (53)

The proof is complete by plugging this estimate into (51), by using the resulting inequality in (50), and
by recalling that

1B] = |B(O, 1) (‘“;“B))

Note that in the case d = 1, (52) is modified and involves In( ‘zfy‘) but the final estimate (53) is still in

O(h%). .

The following lemma is a simple technical result used in Lemma A.10 below.

Lemma A.9: Let h > 0, d € N*, € R? and let us define the function Fy : B(z,h) — R by

1

Vz € B(x,h), Fun(z) :/ s' s, (54)

|z—=|
h

Let ¢ € [1,400] if d =1, ¢ € [1,+00) if d = 2, and q € [1, 5%5) if d > 3. Then, there exists C14 > 0
depending only on d and ¢ such that

[ Fe,n |Lq(3(z,h)) < Cl4hd/q~ (55)
Proof.
CAse d = 1.
We have |Fy,(2)| < 1 and therefore (55) is satisfied with C14 = 2'/9.
CASE d = 2.

We have Fy n(2z) =In (ﬁ) and therefore, since ¢ < +00, using a polar change of coordinates,
h h q
||F:I:,h||%f1(B(:z,h)) = 277/ pln (*) dp.
0 p
q
The function p — pln (%) reaches its maximum over [0, h] at p = e~ %h and thus

h
| Fx,n |%q(3(m,h)) < 271'/ e Thqldp = qqefqh2.
0

This proves (55) with C14 = (27)'/9ge™ .

CASE d > 3.
1 h d—2 1 h d—2
wn(z) = — [ —— ) -1]<—(——
Fon(2) d2[(:cz|> :|d2<|ccz|)

We write
and, using again polar coordinates,

h
Wd (d—2) (2—d)q+d—1
||Fmvh||%q(B(m,h)) < (d — 27)qh qA p q dp

where wyq is the area of the unit sphere in R?. The assumption ¢ < d%z ensures that (2—d)g+d—1> —1

and therefore
wd d

Fynlld < h®.
” ,hHLrJ(B(:c,h)) - (d _ 2)q((2 _ d)q + d)
“’tll/q

(d=2)[(2—d)gq+d]*/ 1"

The proof is complete by choosing C14 =
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Lemma A.10 (First order polynomial approximation of elements of W??): Assume that p > ¢ 5, and let B C
V be bounded subsets of R?, such that B is a ball and V is star-shaped with respect to all points of B.
Let 6 > diam(V')/diam(B).

Take ¢ € W*P(V)NC(V). Then there exists C15 > 0, depending only on d, p and 0, and an affine function
A, @V — R such that

_d
sup [(x) — Ay (@)] < Crsdiam(V)>~5 [ ID%¢] |,y (56)
xzcV
1944 — Vel e < Crsdiam(V) || D¢l [, - (57)

Remark A.11: If V is sufficiently regular, W27 (V) C C(V) and we only need to assume that ¢ € WP (V).

Proof.  To simplify the notations, set hp = diam(B) and hy = diam(V). Let us first assume that
@ € C%(R%). For a given « € V and any y € B, write the Taylor expansion

1
e(x) =e(y) + Ve(y) - (& —y) + / sD*p(@ + s(y — x)) (@ —y) - (& —y)ds. (58)
0
Denote by y the centre of B, and set p = ﬁ fB o(y)dy and Vi = \TE| fB Vo(y)dy. Taking the average
of (58) over y € B gives p(x) = A, () + Ri(x) + Ra2(x) with

Ay(x) =9+ Vp- (x—7),

Fa(@) = I%\ /B / sD*p(x + s(y — @) (@ — y) - (& — y)dsdy,
and

Ry () = |—;‘ /B (Voly) - V) - (2 — y)dy.

Hence,
lp(x) — Ap ()| < [Ri(z)] + |Ra(2)]. (59)

It remains to bound R; and Rs.

BounD oN R;.
The change of variable y € B — z = @ + s(y — x) has values in V, since V is star-shaped with respect to

all points in B. This gives
|R1(z IBI//I( : s D%p(2)|dsdz,

where I(z,2) ={s€(0,1) : Iye B, z=x+s(y—=x)}. If s € I(x, z) then |z — x| = s|y — x| < shy for

\z w\

some y € B, and thus s >

Ri@)] < 1% / D [y “asdz = / |D(2)| Fa ny (2)dz

is defined by (54). Using Holder’s inequality, the inclusion V' C B(x, hy) and Lemma A.9 we

. Hence,

where Fj
infer

yhy
24+ 4
h ;
‘Rl(w” < ‘B| H |D290| HL}?(V) ”Fw hV”LP (B(z,hy)) = < Cie— 5 H ‘DQ(,O‘ HLP(V)

where Cis depends only on d and p (notice that p > d/2 implies p’ < ﬁ lf d > 2). Since ﬁ =d— % and
|B| = |B(0,1)|h% > |B(0,1)|0~*h$, this gives the existence of C17 depending only on @, p and d such that

9_4d
|Ri ()| < Cizhy, P || D¢ l2oqvy - (60)

BouND ON Rs.
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By Hélder’s inequality and |B| = |B(0,1)|h%,

a1 _ J— 1 1-4 J—
|Ra(a)] < hi| Bl " [V = V|| 1, gy < 1BO,1)] Phy ? Ve = Vol Lopya -

Apply Lemma A.8 with V = B and ¢ replaced by 0;¢ (for ¢ = 1,...,d). This gives Cis depending only
on d and p such that
2_4a
|Rz(w)| < Cishy * || D¢ [ (61)
CONCLUSION.

Combining (59), (60) and (61) gives (56). To prove (57), notice that

J— 1
VA, =Vp= ﬁ /B Vo(y)dy

and apply Lemma A.8 with ¢ replaced by 0;¢p, for all i = 1,...,d. This gives C19 depending only on d an

p such that
d/p+1

h 2
HVAw - V‘PHLP(V)d < 019% H |D @| HLP(V) :
B

Since hg > 0~ hy, this completes the proof of (57) if ¢ € C(R?).

All quantities and norms involved in (56) and (57) are continuous with respect to ¢ for the norm of
W2P(V) N C(V) (sum of the norms in both spaces). Since V is star-shaped, a classical dilatation and
regularisation argument shows that the restrictions of CZ(R%) functions to V are dense in W*?(V)NC(V).
This density ensures that (56) and (57) are still valid for ¢ € W2?(V) N C(V). n
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