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SEMI-CLASSICAL LIMIT OF THE LEVY-LIEB
FUNCTIONAL IN DENSITY FUNCTIONAL THEORY

MATHIEU LEWIN

ABSTRACT. In a recent work, Bindini and De Pascale have introduced
a regularization of N-particle symmetric probabilities which preserves
their one-particle marginals. In this short note, we extend their con-
struction to mixed quantum fermionic states. This enables us to prove
the convergence of the Levy-Lieb functional in Density Functional The-
ory, to the corresponding multi-marginal optimal transport in the semi-
classical limit. Our result holds for mixed states of any particle number
N, with or without spin.

1. EXTENDING THE BINDINI-DE PASCALE CONSTRUCTION

Let P be a symmetric N-particle probability measure over (R%)" and let
PIP(xl) =/ dIP(xl,xQ,...,mN)
(Rd)N—l

be its one-particle marginal. We assume that \/pp € H L(R%), as is appropri-
ate in Density Functional Theory (DFT) [I1} 14]. An interesting question,
important for applications in DFT, is to approximate IP by a regular -
particle probability density P, with the same density pp. = pp. A more
challenging problem, considered first in [6l [I] for N = 2,3 and solved for all
N > 2 in this note, is to find a fermionic quantum state I'; with the same
density pr. = pp and a controlled kinetic energy.

Consider a radial function y € CSO(Rd, R) with support in the unit ball of
R?, such that [, x* = 1, and denote y.(z) = e=%2x(z/¢). In [1], Bindini
and De Pascale have introduced the following elegant regularization

P.(z1,...,zN)

N 9 5
]I X T — 2 21 —
_// pp (T )Xe (Th — 21)“Xe (26 — Uk) Py1. o yy) ey - dex.
R2N - I

PP * X2(2k)
(1.1)

We assume in the following that P has its support in
D¢ = {X = (z1, .y zn) € RHY ¢ |z —2j] > o, Vi #j},

for some « > 0, a condition which is satisfied for minimizers of the Coulomb
N-particle energy [2]. Since x is supported in the unit ball, P, is then
supported on the set Df,_,. where all the particles are at a distance o — 4¢
to each other. In the following we always assume that e < a/4. The purpose
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of the integration over the zx’s in (L)) is to regularize the probability P,
since the convolution

Q:(y1, -, YN) / er 2 — y) dP(y1, -, yn)
Rd)N

is now C°°. However its density is pg. = pp * x? and the purpose of the
integration over the y;’s is to map back the density to pp. Indeed, integrat-
ing (L) over zo,...,xN, We get H]kVZQ pp * X2(yy) in the numerator, which
cancels with the denominator. The corresponding integrals over zo, ..., 2N
give ([ ([x?)N~! =1 and we end up with

Xe(z1 = 21)%xe (21 — 1)
PP, / / pp(y1) dyr dz1 = pp(z1).
(o Rd JRd pp * xZ(21) 1) (1)
A somewhat different method was introduced in [6] by Cotar, Friesecke and
Kluppelberg.

In [1], Bindini and De Pascale prove that

/RM VP2 <N </ VP2 + / IVx|2> 1.2)

and use this to get some information on the semi-classical limit of the Levy-
Lieb functional (to be discussed later in Section @2]). Unfortunately, the
probability (L)) is really a classical object. Although for bosons one can
use the symmetric wavefunction ¥, = /P., for fermions the wavefunction
must be anti-symmetric. In [6, 1] the authors use the spin variable to anti-
symmetrize v/P. but, in dimension d = 3, this has so far limited the results
to N =2 and N = 3. Note that in dimension d = 1 and d = 2, one can use
the multiplication by
1—[ Tj — T

1<j<k<N 2 — il
which maps bosons onto fermions and conversely, whatever the value of NV
(if d = 2 we identify R? with C). By the Borsuk-Ulam theorem, there is no
such simple map in three space dimensions.
In this short note we propose the following simple quantum extension

of ([I.J)), for fermions:

N N
I'. = // V PIP® |X€,Z1 ARERNA XE,ZN><X€7ZI AR X572N| PIP®
RAN xRAN

N 2
x Mcﬂ?(yl,...,y}v) dzy - dey. (1.3)

e X2 (2)
Here I'; is a non-negative self-adjoint operator which acts on the N-particle
fermionic space L2((RY)N) = /\le L?(R%). For simplicity we do not consider
spin here. It is easy to extend the trial state (I.3]) to the case of particles with
q spin states, for instance by putting all the particles in the same spin state.
One can also construct any desired eigenvector of the total spin operator by

adding an appropriate spin state to each function x. ., in (L3]).

In (L3, we use the notation x..(r) = x:(x — z) and recall that ¢ <
a/4 such that the functions xc ., ..., e,y have disjoint supports. We use
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the ket-bra notation |¥)(¥| for the orthogonal projection on ¥, defined by
W) (Ulp = (U, p)P. We call

1
P1 A ANpN (21,0 TN) = Al > e(0)poy (1) oy (@N)
T oeGN

the Slater determinant. Finally, the N-fold tensor product is defined by
N
N
V pIP® (331, ""xN) = H V p]p(l“j).
j=1

In (L3), /pp®Y is understood as a multiplication operator on L2((R4)N).
In particular, we have

VPN Xzt A AXeyn Y (Xeor Ao A Xepoy | VEBE

= [VPPXe,zy N APPXe VPP X,z A A V/PPXe 2y -

The integral kernel of I', is given by

1
To(21, . N2, e Ty) = NI //RdNXRdN det (xe,z () det (Xs,zi(x;‘))

N 2 2! 2 — 2
k=1

Since the x. ., have disjoint supports, we have

N
(det (xesa(2)) = 20 (0)(0") TT Xero (@012 (20)

o,0'€CGN k=1
N
= > e — 20 (1.5)
ceGN k=1

Using the symmetry of P, we have
N

N
/ HXE(zk _yk)QdIP(y17ayN) = / HXE(ZO'(]C) _yk)QdIP(y177yN)
RN - RN 21

for every 0 € Sy. Therefore, in (L) the terms in the sum over the per-
mutations o € Gy all contribute the same amount. We thus find that the
diagonal of I'; coincides with the Bindini-De Pascale probability density:

Fe(x17 ey TN 31, ...,mN) = IPS(I'l, ...,I'N).

From this we conclude that

Tr(Fe):/ Le(z1, ., zN; 21, oy zy ) day - - - dy
RHN

= /RdN dP.(x1,...,xn) = 1.

and I'; is a proper fermionic (mixed) state. We recall that the one-particle
density of T. is defined by duality, requiring that Tr (¢(x1)Ts) = [pa ¢ pr.
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for every ¢ € L>®(R%). For a continuous kernel such as T'z, we have

pps(.%'l) = /dN Pa(.%'l,...,m']v;.%'l, ...,.%'N) d.%'z . -d.%'N = PIPE(xl) = PIP(-%'l)-
R

From the Cauchy-Schwarz inequality we have
/ IVVP|? < Tr (-A)T,,
(RN

which is in the wrong direction to conclude anything about the kinetic energy
of I'c. But we can prove the following theorem, which implies the Bindini-De
Pascale estimate (L.2]).

Theorem 1 (Estimates on I'.). Let P be a symmetric N-particle density
with support in DS, for some o > 0 and such that \/pp € H'(R?). Let T be
defined by (L3)). Then, for e < a/4 we have

(A =N ([ ek 5 [ o). (16)

In addition, for every symmetric function ® € C?(DS_,.), we have

Tr(@FE)—/ @dIP‘:/ <I>dIP€—/ @dIP‘
RAN RAN RAN

N
<é? { Z||vj<1>||Loo(Dgf4E) (/Rd |Vp1p|> (/Rd Jul?x (u)? du)
j=1

N

+2) IViVi®@l oo e } (L.7)
jk=1

In particular, P. — P, as was proved in [1].

Proof. We have

N 2
Tr (—A)Fe = Z // </ ‘vmg (\/ P]P®NX€,,21 ARRREWA XE,ZN>‘ > x
RAN xRaAN REN

(=1

Xs 2k _yk
X dP(y1,...,yN) dz1 -+ - dzn.
H op v xBe) T U)

Similarly as in (L),

|V:L“z (\/ PPXe,zy N\ N VP]PXs,zN)|2
1 2
= ﬁ Z ‘V(V plPXE,Za(z))(xf)‘ H PP (xk)Xs 2y (xk)z

" 0€BN k=1,...N
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Integrating over z1, ..., x, we obtain

N
Z /RdN ‘vmg (\/E@)NXE,;H JACERIVAN XE,ZN) ‘2
(=1
Z</ (VPP Xe,z;) (2 > H pp * X2(25).

k=1,..,N
k#j

Finally, integrating over the y;’s and z;’s, we conclude that

AT —N/ / ppxm)(m)‘z dx dz
R4

- N (/R V. /pE () de + e% /]R |Vx(a:)|2d:c> .

To prove (7)), we remark that

o o 2
ﬂ H pIP I'k X{;‘ Tk Zk) XE(Zk yk) diEl . de le L. dZN — 1.
RQdN ]P *X€( )

Hence, using the shorter notation X = (x1,...,zn), Y = (y1,...,yn) and
Z = (z1,...,2N), we have

/ & dP. — / ® dP

RdN RdN

// (@(X)-
RSdN

Since |z; — y;] < 2e due to the support of x, we conclude from the funda-
mental theorem of calculus that

‘/RM <1>dIP€—/RdN q)dIP_//deN dP(Y)dX dZ (i Ved(Y) - (24 _y4)> %

/=1

p(zk)Xe (K — Zk) Xe (2 — yk)QdIP(Y) dX dz
PP * Xs( )

’,:]2

9 N
€T T — 2 2k — Yk
y H pe (@)X (2 — 21)° X (2 — YK) ‘ < 22 Z ||Vzwvrm‘1)||L°°(D§

—ae)”
k=1 P * X2 (1) tom—=1 !

It remains to estimate the term involving V,®. By symmetry, it is sufficient
to look at the case £ = 1, which can be expressed in the form

- 2
R3AN PP * Xs(zk)

plp(m)xa(xl —21)*xe (21 — y1)?
— d(Y)- — P(Y .
//Rmm V10(V)-(21—y1) o dP(Y) dzy dz
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Here we can replace x1 —y1 by x1 — 21 since fRd(zl —y1)Xe(z1 —y1)?dzy = 0,
due to the symmetry of y. We then estimate

‘ /dezv Vie(Y) - (o1 )pP(xI)XE(g;IIPl;)(ZT;(Zl — yl)QdIP(Y) dxy dz

< Vi®| oo (pe_, ) %

X // / (21 — 21)pp (1) Xe (21 — 21)® dy
RQd ]Rd
- (b oo c
IVi®@] e (pe ) /Rd

By the symmetry of y and the fundamental theorem of calculus, we have

Xe(21 — y1)?

dz d
pIP*X&-(Zl) pIP(yl) 1 aYy1

dz.

[ @ = 2pelaineto - 2P do
Rd

[ @ 2oe@neta— 22 da
R4

(= 2)pe(a) = pp()xelz — 2)do

1
< / / Ve (2 + )| [uf?xe (10)? du
0 Rd

Integrating over z we find the claimed estimate

(e — pp (k)X (T — 28) %X (2 — yr)?
‘/Rm Vi (Y)-(z1-1n kHl o 2o dIP(Y)dXdZ'

<@Vl ([ oel) ([ laPxtwr an).

O

2. SEMICLASSICAL LIMIT OF THE LEVY-LIEB FUNCTIONAL

Here we restrict ourselves for simplicity to the physical space R? and the
Coulomb potential. Density Functional Theory is based on the following
functional [13], 14], 4]

Elp) = ng%OTr ZA% + Z —$k| r, (2.1)
Tr (0)=1 1<J<k<N
pr=p

of the density p, a given non-negative function such that ng p = N and
Ve € H L(R3). In the minimum T is an operator acting on the fermionic

space /\le L?(R?). Motivated by arguments of Hohenberg and Kohn [12],
Levy introduced in [13] a functional similar to (2.I]) but with the additional
constraint that I' = |¥)(¥| is a rank-one orthogonal projection (pure state).
The latter was rigorously studied by Lieb in [I4], who proposed to extend the
definition to mixed states, as in (2.I]). The minimum over mixed states (2.])
has better mathematical properties than with pure states [14]. For instance,
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£ is convex and, by the linearity in I', we have the dual formulation

E(p) = sup { /R3 p(x)V(z)de : V e L¥?*(R3 R) + L=(R3 R),

N N 1
_ZAmj—ZV($j))+ Z m)@},
Jj=1 Jj=1 1<j<k<N
which is the quantum equivalent of the Kantorovich duality used in optimal
transport [16]. The last inequality is in the sense of self-adjoint operators.
It is possible to introduce an effective semi-classical parameter n = h? by
scaling the density p. Namely, for p,(z) = n3p(nz) we have

£(py) in T EN Ap+ ! r (2.2)
—, = pmin Tr|-n) A e R :
T Eioa =1 1<jren |73 = il
pr=p

In the limit n — 0, we prove the convergence to the Coulomb multi-marginal
optimal transport problem

. 1
for(p)= ~, min / > ﬁdﬁ’(%, s TN),  (2.3)
g}fmme rlc3 N (]R?’)N 1<j<k<N mj T
probability on (R?) = =

pP=p
which has recently received a lot of attention [3| 6l [7], 5, 8] [15]
Theorem 2 (Semi-classical limit). Let N > 2 and let p > 0 be such that

Jgsp = N and \/p € H'(R3). Then we have for a constant C (depending
on N and p)

35(n-
Eor(p) < M < Eo1(p) + C(/ +1). (2.4)
In particular,
_EPpn)
%13}) — Eor(p).

This theorem generalizes the results in [6], [I] for N = 2,3 in the pure state
case. Results for N > 3 have been announced in [9, Ref. 7] but they were
not yet available at the time this note was written. It would be interesting
to extend our findings to pure states.

Semi-classical analysis suggests that the behavior in /1 is optimal for
small 1. The next order (in /7 = h) in the expansion of &(p,)/n was
predicted in [10].

Proof. Let P be an optimizer for Eo1(p). It has been shown in [2] that P
has its support on D¢, for some o > 0. Taking then our I'. as a trial state,
we find by Theorem [II

E 1
—(p")<nN</ VAl - | |Vx|2>+50T<p>
n Rd €% JRrd

3

N N4
2 2 2
+Ce <7(a—4e)2 /RdeP\/Rd\u] x(u) du+7(a_4g)3>'
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We have used here that ®(X) = 37, ey lzj — x|t is C* on DS_,..
Optimizing in e gives the result. O

Remark 1. The convergence of states in the limit 7 — 0 is proved as in [J.
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