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NON SELF-ADJOINT LAPLACIANS ON A DIRECTED
GRAPH

MARWA BALTI

ABSTRACT. We consider a non self-adjoint Laplacian on a directed graph
with non symmetric edge weights. We analyse spectral properties of this
Laplacian under a Kirchhoff’s assumption. Moreover we establish isoperi-
metric inequalities in terms of the numerical range to show the lack of es-
sential spectrum of Laplacian on heavy ends directed graphs. We introduce
a special self-adjoint operator and compare its essential spectrum with that
of the non self-adjoint Laplacian considered.
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This article follows up on the ideas in [4] and [12] on monotonicity eigenvalues
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which are relative to continuous domains. The purpose of this work is to explore
in the case of weighted directed graphs, some familiar facts of monotonicity
proved on domains of R™ and on compact Riemannian manifolds. Specially, our
main question is: ”can one study the behavior of the eigenvalues of a special
operator under perturbations on finite graphs?”’ First, we consider a finite,
directed and connected graph G with non symmetric edge weights. Then, we
introduce the associated non symmetric Laplacian Ag. We introduce the self-
adjoint operator Sg = Ag + Ay, such that it is easier to examine its spectrum

Key words and phrases. Graph Laplacian, Bounds of eigenvalues, Domain monotonicity, Com-
parison of eigenvalues.
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thanks to selfadjointness. We give some spectral properties of Ag and we show

1
that the real part of its eigenvalues can coincide with the eigenvalues of §SG‘

Secondly, we study the monotonicity of eigenvalues relative to vertices or edges
of G. We prove that the k" eigenvalue \j, of Sg is decreasing only in a class of
graphs called here flower-like-graphs, and it is monotone increasing in the set
of edges. These results are inspired by the classical results going back from M.
Fiedler [6] and P. Kurasov, G. Malenova, S. Naboko [11] on the first nonzero
eigenvalue of a simple graph. We extend these results for the higher eigenvalues
A, of our special operator. In the second part of our work, we try to establish
and improve the Proposition 2.1 of [3] for a Riemannian manifold M which gives
upper bounds on the higher eigenvalues Ay (M) in terms of Dirichlet eigenvalues
on components of a partition of M.

Let us briefly outline the contents of this article. We shall start with a short
section of preliminaries consisting on some basic properties of the non sym-
metric Laplacian Ag on G and the associated Green formula. In section 3,
we establish a generalization of some monotonicity eigenvalue results. Further-
more, we study the example of flower-like graphs and insist on the interest of
the subgraph concept. Hence, we can remark that these considerations of graph
help to give an upper bound of the eigenvalues of a simple tree. This section
includes also similar Weyl and Cauchy theorems for the matrices [10]. In section
4, we are interested on the study of the eigenvalues of the Dirichlet Laplacian.
We involve a comparison on the eigenvalues to use the decomposition of G into
two components A and B and we give an upper bound on the eigenvalues of G
in terms of Dirichlet eigenvalues of A and B.

1. PRELIMINARIES

We will review in this section some basic definitions and introduce the nota-
tion used in the article. They are introduced in [2] for the infinite graph.

1.1. Notion of Graphs. We call oriented or directed graph, the couple G =
(V, E), where V' is a set of vertices, and E CV x V is a set of directed edges.
For two vertices =,y of V', we denote by (z,y) the edge that connects x to vy,
we also say that = and y are mneighbors.

For all x € V', we set:

~{{z.}, @y) € Eor (y,0) € B}
. VJZ{er, x,y) € }
oV, = {y eV, (y,z) € }
o V., =VIU Vx’
The valency on G is given by:
v(x) =#V, foralxzeV.

We introduce some definitions given in [1], [2], [5], [14] for the case of sym-
metric graphs.
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Definitions 1.1. o A path between two vertices x and y in V is a finite
set of directed edges (x1,y1); (x2,y2);.; (Tn,yYn), n > 1 such that
T1=2, Yyp=yandr; =y;1 V2<i<n.

e G = (V, E) is called connected if two vertices are always related by a
path.

e G=(V, E) is called strongly connected if there is for all vertices x,y a
path from x to y and one from y to x.

Example 1.1. The cycle graph C,, = {0,1,..,n — 1}, with
(0,1) € E, (1,2)€E,...(n—2,n—1)€E, (n—1,0)€ E
1s strongly connected.

e Define for a finite subset ) of V', the interior, the vertex boundary and
the edge boundary of Q) respectively by:

0= {yeQ, V,cQ}
N ={yeQ yeV, forsomezecQ}
OB = {(z,y) €E: (zeQ yeQ) or (zeQf ye 0}
We remark that the strong connectedness of G assures that:
VazeV, #V.F#0and #V, #0. (1)

In this work we suppose that G is finite, connected and satisfies the Hy-
pothesis (1). In this work, we take the following definition.

Definition 1.1. Directed weighted Graph: A weighted graph (G,b) is the
data of a graph (V, E) and a weight b : V x V — Ry satisfying the following
conditions:

o b(z,x) =0 forallz €V, (no loops in E)

o b(z,y) >0 iff (z,y) € E

o Assumption (3).

Assumption (8): for allz € V, 1 (z) = 87 (z)

where
BH(x)= > blz,y)and B~ (z) = Y by, x).
yEVz+ yeVL
The weight Bg on a vertex x € V is given by:
Ba(z) = BT (z) + B~ (x) = 287 (2).
Remark 1.1. The Assumption () is natural, it looks like the Kirchhoff’s law
in the electrical networks.
The weighted graph is symmetric if for all z,y € V', b(z,y) = b(y, =),
as a consequence (z,y) € E = (y,z) € E (the graph is symmetric).
In addition, we consider a weight m on V:

m:V = R.
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1.2. Functional spaces. Let us introduce the following function spaces asso-
ciated to the graph G:

Cn(V)={f:V = C}
endowed with the following inner product:
(fo9)m = Y m(x)f(a)g(x).
eV

We define its associated norm by:

[fllm =/ (f> F)m

A particular case called normalized is for m = BT.
For a subset U of V, Let

Cm(U) ={f € C,(V), f with support in U}.
The weights m and b are called simple if they are constant equal to 1 on V' and
E respectively. We denote by G* the simple graph (with simple weights).
2. LAPLACIAN ON DIRECTED GRAPHS

For a weighted connected directed graph (G, b), we introduce the combina-
torial Laplacians:

Definitions 2.1. o We deﬁne the Laplacian Ag on Cp (V) by:

Agf(z — f(y))-

yEV+
e In particular, if for all z € V, f7(x) = m(z), the Laplacian is said to
be the normalized Laplacz’an and is defined on Cg+ (V') by:
Acf( Z b(z,y)( — ().
y evi

e For any operator A on Cp,(V), the Dirichlet operator A, where U is a
subset of V', is defined by:

f is with support in U, AB(f) = A(f)|v.
Thanks to Hypothesis (/) the adjoint of A has a simple expression.

Definition 2.1. Adjoint of an operator: The adjoint operator A* of A is
defined by:

Vo, € Crn(V), (AY, ) = (¢, A%9).
Proposition 2.1. Let f be a functz’on of Crn(V'), we have

AL f( Z by, x — f(v)-

Proof:
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The following calculation for all f, g € C,, (V) gives:

(z, y)GE

=3 9@ f@) D blay) = > by, 2)gW)f(x)
eV yeVa (y,x)eE

=S 9@ f@) Y by,2)— Y by.a)gy)f(z)
€V yEVy (y,z)EE_"

=3 f@) Y by, @) (9(x) — g(v))
eV yeVy

:(fv *G’g)m

O

The Green’s formula is one of the main tools when we are working with

the symmetric Laplace operator. In the following we establish it for the non
symmetric Laplacian.

Lemma 2.1. Green’s Formula. Let f and g be two functions of Cp(V).
Then

(At Dm + (AL, Dm= > by (f@) - fW)(9(=) — 9(v)).
(w,y)€E
Proof:
The proof is a simple calculation:
(Al 9)m+ (AGLGm = D bla,y)(f(x) - f(v)g(x)
(z.y)€E
+ > bya)(fx) - f)g(x)
(y,x)€E

> blw,y) (F@)9@) + f@)g(@) - f)g(@) ~ F@)9()

(m,y)eﬁ

> b,y (f@) = f1) (9(z) — 9(v)).

(m,y)eﬁ

Definition 2.2. Special Laplacian. We define a special Laplacian S as the
sum of the two non self-adjoint Laplacians Ag and AY,, given by:

Saf(x) = (Ag + Ag) f(x)
LS (b + (o) (F) — Fw)

- m(x)

yeViruv,
— S @) (f@) - f@)
m(x) yeVy

where a(x,y) = b(z,y) + b(y, z) for any x,y € V.
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Remark 2.1. (1) Sq is a symmetric operator on Cp(V'), because (AfL)* =
Ag.
(2) S is a positive operator: for all f € Cp,(V),

(Saf. ) =(Acf. )+ (AL )
= > b y)|f) - f)f

(z.y)€E
>0.

In our discussion on the study of eigenvalues of a self-adjoint operator, it is
natural to introduce the different characterization by variational principles [9].

2.1. Variational principles and Properties. Let A be a bounded from
below self-adjoint operator. The eigenvalues of A can be characterized by
three fundamental variational principles: the Rayleigh’s principle, the Poincaré-
Ritz max-min principle and the Courant-Fischer-Weyl principle applied to the

Rayleigh quotients R(f) = (fff}J;), f#0.

Let us arrange the eigenvalues of A as

A< <L <N,
counted according to their multiplicities.
In this case we have :
(1) The Rayleigh’s principle states:
A= min R(f) (2)

,,,,,

where f; are eigenvectors corresponding to the eigenvalues A; and the
minimum is reached at the eigenvector f.
(2) The Poincaré-Ritz principle establishes:

Ak = R(f)- (3)

= min max
dimQ=k fe€Q, f#0

(3) The Courant-Fischer-Weyl principle is given in the form:

A= max I};}; R(f). (4)

The result below establishes a link between the eigenvalues of S and Ag.
We assume that the eigenvalues of Ag are ordered as follows respectively:

Re(M(Ag)) < Re(Aa(Ag)).. < Re(M(Ag)).

Lemma 2.2.
Q’Re(/\n(AG» < /\n<Sg)

Proof:



NON SELF-ADJOINT LAPLACIANS ON A DIRECTED GRAPH

Let f be an eigenfunction associated to A,(Ag), we have

(Scf, fm
>(AGf?f)m+ (Avaf)m
- (fs Im

>9Re(M(Ac)).

O

Remark 2.2. In a particular case, the previous inequalities are strict. Let us
consider the following example, where m = 1, we have o(Sg) = {0,3,7} and

2

FIGURE 1. Graph with real spectrum

o(Ag) = {0,2,3}.

We introduce in the following a particular case of graphs whose o(S¢)
2Re(0(Ag)).
Example 2.1. Let us consider the simple cycle graph Cs, see the Figure 2, we
have ,

3 3 3 3
U(ACS) = {07 5 +Z\g>7 5 - Zf} and U(S03) = {07373} .

FI1GURE 2. Cycle graph

In the following proposition we determine the spectrum of the non symmetric
Laplacian A¢,. We follow the same approach as Grigoryan for the symmetric

Laplacian [7] page 49.
Proposition 2.2. The eigenvalues of Ac, =1 — P are as follows:
(1) If n is odd then the eigenvalues are X =0 (simple) and A =1 — e
foralll=1,.., ”T_l (simple).
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2l

(2) Ifn is even then the eigenvalues are A = 0, 2 (simple) and A = 1—e**™
foralll=1,..,%5 —1 (simple).

Proof:

To compute the eigenvalues of Ag, = I — P, it is sufficient
to determine the spectrum of P. Let a be an eigenvalue of the
operator Pf(k + 1) = f(k), for k = 0,..,n — 1, which leads
to f(k) = o*f(0) but f(n) = f(0) thus o™ = 1. As f is an
eigenfunction (f(0) # 0), then a = e, As f is n-periodic
provided n6 is a multiple of 27, hence,

g 2
n

where [ is an integer of (0, §).

O
Observe that an interesting corollary concerning the spectra of S¢, and Ag,,.

Corollary 2.1.
o(Sc,) =2Re(o(Ac,)).
Proof:
We refer the Lemma 2.7 of [7], we remark that the eigenvalues

1 1
of the operator §(P+P*)f(k) =3 (f(k+1)+ f(k—1)) coincide
with the real part of the eigenvalues of P.
O

Using the Green’s formula, we establish some properties of the spectrum on
any graph G .

Proposition 2.3. (1) 0 is a simple eigenvalue of S¢ and Sq.
(2) All the eigenvalues of S¢ are contained in [0, 4].
(8) The real part of the eigenvalues of Ag are also contained in [0, 2].

Proof:

(1) As in the case of undirected graph [7], we have for all f €
C,3+ (V)7

(Saf. Nar = Y blaylf(x) - fy)

(z,y)GE

Clearly, the constant function is an eigenfunction of 0. As-
sume now that f is an eigenfunction of the eigenvalue 0. By
the connectedness of G, f is constant, which will imply that
0 is a simple eigenvalue. It is similar for Sgq.

(2) It is sufficient to prove that Sg is bounded by 4 because
S¢ is non negative by the Green’s formula. In fact, for all
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f € Cs+(V) and thanks to Assumption (), we obtain

(Saf, Hg== > blay)lf@) - f)P

(z.y)€E
<2 > b y)|lf @)+ fy)P]
(z.y)€E
<2bey\f \2+2255¢y|f()|
(,y)eE (z.y)EE
<2Zbey[f |2+222b$?/‘f
z€V yeyit yeV zev,
<23 |f@)PB () + 2> 1FW)PB ()
eV yeVv
<4(f, f)p+-

(3) We deduce directly our inclusion thanks to the Lemma 2.2.

3. DOMAIN MONOTONICITY OF EIGENVALUES

The purpose of this part is to give an overview of some results concerning
the monotonicity with regard to the domain, of eigenvalues of S¢g, the special
self-adjoint Laplacian associated to directed graphs with non symmetric edge
weights. We could be concerned with the related question:

Does a given eigenvalue increases or decreases under a given perturbation of G?7

3.1. Definitions on G. Before discussing the study of variation of eigenvalues,
let us recall some basic definitions: let G = (V, E) be a graph,
e The graph G; = (V, E}) is called a partial graph of G, if E is included
in E.
e A graph H = (Viy, Ep) is called a subgraph of G = (Vg, Eg) if Vir C Vg
and Ey = {(w,y); x,y € Vy } N Eg.
e A graph (Viy, Ey) is called a part of a graph G = (Vg, Eg) if Viy C Ve
and Eyy = {(x,y), T,y € VU} C Eg.
Remark 3.1. A subgraph is a part of G but the converse is not true, for example
let us give the following undirected graphs, see the Figure 3.

HaAh GaAb

FiGure 3. H part of G

H is a part of G, but not a subgraph.
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Remark 3.2. A confusion between a subgraph and a part of a graph can create
a false interpretation on the monotonicity of eigenvalue.

3.2. Monotonicity relative to vertices. We study the monotonicity of eigen-
values under the variation of the set of vertices.

By the Courant-Fischer-Weyl principle we establish the following statement.

Theorem 3.1. Let H = (VH,EH) be a connected subgraph of a graph G =
Ve, Eq), $Vg = n, then for any 1 < k < $Vyg =r :

Me(SH) < M—rgk(Sa).
Proof:

Let f1, fo,..., fx be k eigenfunctions associated to A1 (Sgr), A\2(SH), ..., Ak(SH);
and F' = {f1, fa, s fks01, ., On—r}, 01, .., 0p—, are the Dirac mea-

sures on G relative to the vertices in Vi \ V. It is clear that

dim F' = k +n — r. Then using (4), we obtain ;

. (Schago)m
An_r S¢)> min ~——TT
+41(56) peF\(0}  (9,9)m

hence Jypj, € F+ with support in H such that

A—r+k+1(56) (Pks ©k)m > (Sa@ks Ok )m
= (SHYk: Pk)m
> Mot 1(SH) (@K, 9k )m-

O
For studying the behavior of eigenvalues relative to perturbations, we propose
a special construction of graphs.

Definition 3.1. Let G = (V, Eg) be a weighted graph. G is called H-flower-
like with respect to the subgraph H = (Vi, Ex) of G if there exists (H;)ier a
family of subgraphs of G such that:

(1) VG:VHU(LTJZ'V}%)
(2)Vijel, xei}ﬁ_, yeVe, itj = a ¢V,
(3)Viel, 3z e Vg, VNV, = ().

These special graphs are used to create a rule of monotonicity of A\; under a
given graph perturbation.

Theorem 3.2. Let G = (Vg,ﬁg) be a H-flower-like graph, we have then for
any 1 <k <gVyg =r,

Me(SH) > Me(Se)- (5)
Proof:

We use the variational principle (2). Let be f1, fo,..., fr_1
eigenfunctions of G in C,,, (V') associated to A\1(Sg), A2(Sq), .., Ak—1(Sa),
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H2

HI

FiGURE 4. H-flower-like graph

and g; be the eigenfunction associated to A\;(Sg), for j =1, .., k.
We define a function ¢; on Vi by:

gj(x) ifxeVy

gj(w1) if z € Vg, \ {1}
¢j(x) =

gj(xr) if x € Vg, \ {z,}

where {zs} =Vyp NVy,, Vsel={1,.,r}
Let F = Span{¢;}i<j<i, dimF' = k so, there exist k reals
ai, a9, ..., ax not all equal to zero, satisfying:

k
(Zajgz)j,fl) —0 Vi1<Ii<k—1.
j=1 "

k
Therefore the function ¢ (x) = Zadej(a:) # 0 is orthogonal to
j=1

k
fuforall 1 <1< k-1, we define for v € H, ¢¥/(z) = Y a;g;(x).
j=1

Then we get :

)\k(SG)(w7 w)m < (SGwv ¢)m

a1 )  because v is constant on each H;

— (S
< M(SE)W Y )m
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W )m = Y m()lp(@)?
zeVg
> > m()|y (@)
zeVy
= (¢,a¢,)m
then

Me(Sa) W,V ) m < M(SH) (W, 9 )
O

The above results have several important consequences, for instance on a tree
seen as a flower-like graph.

Corollary 3.1. Let G° be a simple symmetric tree and 2q = ma&c v(x) then the
BAS

eigenvalues of G® satisfy for all k =1,..,q:
Me(Sgs) <2
and
Apsi(Sas) < 2(a +1).
Proof:

Clearly there exists a symmetric star graph S, with ¢+1 vertices

seen as a subgraph of G*. It can be considered as a S,-flower-like
graph. Therefore G* satisfies the assumptions of the Proposition
3.2. Hence we get the result because the spectrum of Sy is :
0,2,...,2,2(q+ 1), see [13].

O
In the following, we will show more general results : instead of adding only
one vertex and one edge, we would also add a graph.

Corollary 3.2. Let G be a graph with n vertices, let Gy connected to G by a
single edge. Then for k=1,..,n;

/\k(S(;) > /\k<SG1)~

Remark 3.3. The previous corollary is an immediate consequence of the Propo-
sition 3.2. In addition this is an interesting generalization of Proposition 2 in
[11] which shows that M\2(Sc) > A2(Sq,) where G is obtained from G by adding
one edge between one vertex of G and one new vertez.

3.3. Monotonicity relative to edges. We apply the Weyl and interlacing
Theorems for matrices to study how the spectrum of the special operator Sg
of a directed graph changes under adding an edge or a set of edges.

Now we have several opportunities to refer to the following basic observation
about subspace intersections (see [10] page 235).
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Lemma 3.1. Let W be a finite dimensional vector space and let S1, S9,..,Sk
be subspaces of W, if
6 =dim S7 + ... + dim Sy — (k — 1)dimW >1

then dim(S1N..NSk) > & and hence S1N..NSy contains ¢ linearly independent
vectors, in particular , it contains a nonzero vector.

Observation 3.1. Let Sg be the special self-adjoint operator with eigenvalues
A(Sa) < A(Se) < ... < M(Sg). Then the ordered eigenvalues of —S are
AM(=Sg) < X (—=S¢) < ... < M(=8q), that is, \g(—Sg) = —An—k+1(Sq), k=
1,...,n.

We show that the k™ eigenvalue A\;(Sg) is monotonously increasing func-
tions of the set of edges. The following results are the generalizations of the
Proposition 1 and the Proposition 2 in [11].

Proposition 3.1. Let G = (V, E) be a connected finite weighted graph (§V =
n), consider the partial graphs G, = (V,E)) and Gy = (V, Es) where E =
Ey U Ey (disjoint union). Then for allk =1,...,n and r,s = 1,2, r # s:
A(Sc) < Metj(Sa,) + An—j(Se,)  §=0,...,n—k (6)
and
Me(Sa) = Ae—ji1(Sc,) + Ai(Sa,)  7=1,...,k
Proof:

Let gi, hi, and fi be the eigenfunctions associated to Ag(S¢q,),
Ae(Sa,) and A\, (Sq) respectively for k =1, .., n.

For j = 0,...,n — k, we define S1 = Span{gi, ..., gk+j}, S2 =
Span{hi,...,hn—;} and Sz = Span{f,..., fn} by the Lemma
(3.1) there exists a non zero function ¢ in S; N .Sy N S3 and so
we will have

M (Sa) (W, ) m < (Sa, Y)m (7)
= 3 b,y o)

(z,y)€E
= (Se, ¥, V)m + (Sa, ¥, Y)m
< Mg (56,) (W, V) m + An—j (Sa, ) (¥, )
< (Me+5(8G,) + M- (S6,)) (¥, 1)m.

In the following we apply the equality (6) to the operator —Sg
because the inequalities (7) does not depend on positivity of b,
and by:

Ak(=S8a) = =An—k4+1(Sc)-
We obtain by re-indexing:

Me(Sa) > Me—jr1(Sa,) + Ai(Sa,.)  j=1,... k.

We can easily deduce,
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Corollary 3.3. Let G = (V, E) be a connected finite graph, G1 = (V, El) and
Gy = (V, Eg) two partial graphs of G where {V =n and E = Fy U Es, then for
allk=1,...nandr,s=1,2, r # s:

Ak(Sa,) < Ae(Sa) < Ak(Sa,) + An(Sa,)-

Proof:
By applying the proposition 3.1 to j = 0 and j = 1 respectively,
we obtain the result because A\;(Sg,) = 0.
O

In other words, adding a subset of edges to E while keeping the same set of
vertices always induces an increasing of the k" eigenvalue or keeps it unchanged.

Corollary 3.4. Let G = (V, E) be a connected finite graph with n vertices, and
G1 a graph obtained by adding a set of edges to G then for allk =1,...,n:

Me(Sa) < Me(Say)-

4. COMPARISON EIGENVALUES OF DIRICHLET LAPLACIAN ON GRAPHS

In this section, we present some results about the spectrum comparison be-
tween the Laplacian and the Dirichlet Laplacian. The purpose of this part is
to find the relation between the usual vertex weight on a subgraph H of G and
its boundary weight to compare eigenvalues.

This is done by establishing a clear and explicit link between the eigenvalues
and the Dirichlet eigenvalues on G.
In the following proposition, we treat the Dirichlet Laplacian case :

m@) S alw ) (F(@) - 1)

Ve e U, SPf(z)=

By the same techniques used in the Lemma 2.2, we can show the following
Lemma.

Lemma 4.1.

M (S) < 2Re(M(AD))
and

M(SB) = 2Re(A(AD)).

Proof:
Let f and g be eigenfunctions associated to A\ (A) and A, (AZ)
respectively. By the variational principle of A (S{) and A, (S5),
we have

)\I(S[?) S (ngaf)m _ (Agfvf)m + (Ag.ﬂf)m :)\I(Ag)_’_m

(f, Flm (s )m (s F)m

and

D (S(?gag)m o (Aggag)m (Aggvg)m o D
M) 2 D~ (9.9)m Ggm — n(B0) T An(Ag)
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O

In the same spirit as the Cauchy interlacing theorem concerning hermitian

bordered matrices (see [9] theorem 4.3.28 for a generalized statement) one can
prove the following.

Proposition 4.1. Consider a connected subgraph H = (VH,EH) of G =

(Vg,Eg), (#Ve = n,#Vy = r), then the eigenvalues on G of the normalized
Laplacian Sg satisfies:

)‘k(s%{)) < )\k—HL—r(SG)'
Proof:

Let hi,..,h, and f1,.., f,, be the eigenfunctions associated to
Sg and Sg respectively, define the function g for k =1, .., r by:

hr, on Vg
9k = {0 otherwise

Let 1 < k < rand fix S = Span{gg, ..., gr } and So = Span{ fi, ..., fxtn—r}
by the Lemma 3.1 there exists a function ¢ in S; N S3. Since
1) € S1, it has the form

o= {g on Vg

0 otherwise

for some g € Span{gg, ..., gr}. Observe that:

(S, 9)m < (SH9, )
< (SGwa w)m

since (gvg)m = (wv¢)ma we get

then,
)‘k(SI[{)) < )‘k+n—r(SG)'

O
We deduce easily from the Proposition 4.1 an estimation of the eigenvalues
of S¢ and Ag, thanks to Theorem 3.1, as follows:

Corollary 4.1. Consider a connected subgraph H = (Vi, EH) of G = (Vg, Eg),
(#Vg = n, #Vy =), then the eigenvalues on G satisfies:

)\kJrn,T(Sg) > max ()\k(SH)7 )\k(Sg))

Corollary 4.2. Consider a connected subgraph H = (Vi, EH) of G = (Vg, Eg),
(#Vg =n, #Vyg =), then:

Mn(Sa) = max (2Re((Ar(An)), 2Re(A(AF)) ).
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Corollary 4.3. Consider a connected subgraph H = (VH,EH) of the cycle
graph Cy,, (#Vg =), then:

Re((An(Ag,) > max (Re((AT(AH)),Re(AT(Ag))).

In the following Proposition we prove how to give an upper bound for Ag4;(S¢)
in terms of a Rayleigh quotient. We give a discrete version of the Proposition
2.1 [3] by applying the Poincaré min-max principle. The methods we use follow
closely the arguments given in B. Benson [3] in the case of the Laplacian of
Riemannian manifolds. Next we provide an upper bound of the eigenvalues of
G according to Dirichlet eigenvalues on such repartition of G as in the Figure
5.

Proposition 4.2. Let G = (V, E) a finite connected graph, U = (Vi EU) a part
of G and A = (VA,EA), B = (VB,EB) two subgraphs satisfying the following
conditions:

(1) V=VauVpg= VZ U V% UVy  ( disjoint union)

(2) E:EAUEBUEU

(3) 0zA=0zB = Ey.

=

)

FIGURE 5. Repartition of G
Then we get for 1 < k,1 < min(ﬁvﬁ, ﬁVl%):
>\k+l(SG) < max ()\k(Sg), )\Z(Sg))

Proof:
Let hy and g; be the eigenvectors associated to Ap(S%) and

A
N (SP) respectively, for 1 < k < ij2 and 1 <1< ﬁV]%.
B
We define f on C,,(A @ B) by:
hi(x) if xze VZ

f(x)= < ai(x) Z'fiL‘EV%
0 if eV
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We have

Using the Poincaré min-max principle (3), we obtain:

D D
)\k'-i-l(SG) < max M — max (Sz h’ h)m + (Sggvg)m
geFotFs (f,f)m  heFogeFs  (hih)m + (9, 9)m
)\k(SOD)(h7 h)m + )\l(SOD)(g’ g)m
< A B
- (h’ h)m + (ga g)m

< max ()\k(Sé:), )\Z(Sg))-

Hence
Met1(Se) < max (Ak(séz), )\Z(Sg)).

O

Remark 4.1. The previous Proposition remains true in the particular case of
the Laplacian Sg.

An estimate of A\2(Sg) can also be obtained with respect to A;(AL) and
B
A (AD).
B
Corollary 4.4. Under the same hypothesis of the previous Proposition we have
Aa(S¢) < max <2Re(/\1(A§)), 2726()\1(Ag))>.

Corollary 4.5. Under the same hypothesis of the previous Proposition, from
the cycle graph C,,, we have

Re(Ma(Ac,) < max (Re(Al(AE)),Re(Al(Ag)))
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