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Asymptotic behavior of critical points of an energy involving
a loop-well potential

Petru Mironescu * Itai Shafrir T

September 27, 2017

Abstract

We describe the asymptotic behavior of critical points of fQ[(l/2)|Vu|2 + W(u)/sz] when £ — 0. Here,
W is a Ginzburg-Landau type potential, vanishing on a simple closed curve I'. Unlike the case of the
standard Ginzburg-Landau potential W(u) = (1 — lu|?)2/4, studied by Bethuel, Brezis and Hélein, we do
not assume any symmetry on W or I'. In order to overcome the difficulties due to the lack of symmetry,
we develop new tools which might be of independent interest.

1 Statement of the problem

Let Q c R? be a smooth bounded star-shaped domain. Let ' c R? be a smooth simple curve and let g : 0Q —
I' be a smooth boundary datum of degree d. Consider, for every € > 0, a critical point u, € H;(Q;Rz) of the
energy
1 w
Ecw)= / [—|Vu|2 + W
Q 2 82

Here, W : R2 — [0,00) is a smooth potential vanishing precisely on T'; for the exact assumptions on W,
see (1.5)—(1.10) below.

In the Ginzburg-Landau (GL) case, i.e., when W(u) =(1- |u|2)%/4, the asymptotic behavior of {z.} when
&£ — 0 was studied by Bethuel, Brezis and Hélein, first for minimizers when the boundary condition has
zero degree in [4], and later for minimizers and, more generally, for critical points for arbitrary boundary
datum in the seminal work [5].

The analysis in [5] for minimizers of the GL energy can be adapted with no significant difficulty to the
case of general W, at least when W is non-degenerate, see (1.9). Using more involved arguments, it is even
possible to describe the asymptotic behavior of minimizers in the case of a general boundary condition g
that does not necessarily take values into I'; see André and Shafrir [3].

We address here the question of the asymptotic behavior of critical points of the energy (1.1), i.e., of
solutions of

. (1.1)

1 .
Au, = g_sz(uf) in Q 1.2)

Us=g on 0Q)

that need not be energy minimizing with respect to their own boundary condition. As we will see below,
the answer to this question requires new ideas and ingredients. We emphasize that the starshapeness
condition on Q is crucial to our analysis, as it was in [5, Chapter X]. As far as we know the problem about
critical points in a general simply connected domain is still open even in the case of the usual Ginzburg-
Landau potential.

The method of proof in [5, Chapter X] for critical points of the GL energy is based on a clever decompo-
sition of the gradient Vu,. Its starting point is the identity

0 0 0 0
—_ —_— + — —_— = 0’ 13
0x1 (ue * 0x1 ug) 0x2 (uE * 0x3 uE) 13

which is a direct consequence of the fact that W(u) = W(Ju|) in the GL case. We could not find an analogous
identity to (1.3) for general W. Our method is different and relies on two main tools:
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1. Selection of “good rays” (see Subsection 5.2).
2. A maximum principle for the phase (see Proposition 2.1).

Combined, they allow us to prove a crucial estimate, namely
E.(u;)<C(|loge|+1). (1.4)

The first ingredient is new even for the GL energy (and leads to a simplification of the original argu-
ments in [5, Chapter X]), and the second one is much more subtle in the case of a general potential W than
in the GL case.

For the analysis of solutions to (1.2) we will need, in the spirit of [5], the additional assumption that Q is
strictly star-shaped. This assumption enables us to prove that the second term in the energy (1.1) remains
bounded when € — 0, and then to perform the “bad discs” construction a la Bethuel-Brezis-Hélein [5],
which is the starting point of the study of the location of the vortices.

The remaining part of the analysis is similar to the one in [5] (with some technical complications), and
leads to our main result, Theorem 1.1 below. In order to state it, we first present all the assumptions on I'
and W.

W :R% — [0,00) is a smooth function satisfying wlon =T (1.5)
and

I is a simple closed smooth curve in R2. (1.6)
We assume without loss of generality that

I =27 (1.7)
and consider

7:S! — T an arc length parametrization of I'. (1.8)
We also suppose that W is non-degenerate in the following sense:

W) = pdist?(¢,T) if dist(¢,I) <5, (1.9)

for some 1,8 > 0 (and then it follows from (1.5) that (1.9) holds on any compact subset of R?).
In addition, we impose the following coercivity assumption on the behavior of W at infinity:

ow
o (z)=0for |z|=r >Ry, (1.10)
r

for some Ry > max{|z|;z € T}

1.1 Theorem. Let Q be a smooth, bounded, strictly star-shaped domain in R%. Let W, T and T satisfy
(1.5)(1.10). Let g :0Q — T be a smooth boundary condition of degree d. For each € > 0, let u. denote a
solution of (1.2). Then up to a subsequence we have

z—ai1 )Dl ( zZ—an

Ueg, > Us=T e”’(Z)(
|z —ail lz—anl|

Dy -
) )in Cl’“(ﬂ\{al,...,aN}), (1.11)

where
1. ai,...,an € Q are mutually distinct points.
2. Dq,...,Dy € Z\{0} satisfy the compatibility condition Zé\ile =d.
3. 1 1is a harmonic function in Q.

4. ae(0,1).



In the spirit of [5], we may also prove that the configuration (a1,...,ay) is a critical point of a suitable
renormalized energy associated with the degrees (D j)ﬁ.v: 1 and the boundary condition; see Remark 5.17 in
Section 5.

Let us mention that non minimizing solutions do exist. For the GL energy, their existence was estab-
lished in different situations. In the special case where Q is the unit disc and g(z) = zd, with |d| = 2, the
GL energy has critical points of the form u.(re'’) = f.(r)e'®?, and these solutions are not minimizing for
sufficiently small ¢ [5]. Non minimizing critical points also exist when d = 0: F.H. Lin [10] constructed
examples of “mixed vortex-antivortex solutions”. More specifically, for all N = 1 there exists gn : 0Q — S!
of degree 0 and non minimizing corresponding critical points u,, such that

-1
Ug, > Ux = e”7N(Z) e ( Z-a;N )(_1)J
" j=1 lz—a N |

Other existence results concerning non minimizing solutions for the the GL energy were proved by
Almeida and Bethuel [1] and by F. Zhou and Q. Zhou [13], using variational and topological methods. We
believe that at least some of these methods lead to the existence of non minimizing critical points of (1.2)
for a general W, but we did not investigate this issue.

Except for the upper bound (1.4), we did not establish a more precise estimate for the energy E.(u.).
In the case of the GL-energy, Comte and Mironescu [6] proved that the following is true:

N
Y D?) Ilogel +O(1). (1.12)
i=1

E.(u;)= ﬂ(
J

It would be interesting to generalize the validity of (1.12) to our setting.

The paper is organized as follows. In Section 2 we introduce some notation and prove a maximum
principle for the phase, that plays an important role in the remaining part of the paper. In Section 3 we
study the case of boundary data of zero degree (d = 0) under the additional assumption that the solutions
stay close to I, i.e., no vortices appear. The techniques of this section are used in Section 4 to treat the
more general case of a boundary data depending on ¢ (again, for vortex-less solutions). This latter case is
very useful in the proof of convergence away from the vortices in Theorem 1.1. Section 5 is devoted to the
proof of the main result, Theorem 1.1.
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2 Preliminaries

2.1 Coordinates and Euler-Lagrange equations

Consider T's := {z € RZ; dist(z,T) < 6}. For sufficiently small 1 (depending on I') the Euclidean nearest point
projection IT on I' is well-defined and smooth in I's. (see e.g. [8, Sec. 14.6]).



Assume in what follows that  : w — R? is a smooth map such that
ux)els., Vx€w. 2.1

(Here, w c R? is some open set.) Locally in w, we can associate to u two smooth coordinates, ¢ and ¢, such
that [Tou = 7(e'?) and ¢ is the signed distance of u to I' (taken with the plus sign inside I'). Analytically,
this means that the functions ¢ and ¢ satisfy (¢(x), ¢(x)) € (=6r,0T) x R and

ulx)=rt (e”p(x)) +tx)7 (T (e””(x))) . (2.2)

Here, 7i(z) denotes the inward unit normal to I' at the point z €T
Equivalently, we have

M(u(x) =7 (e“"(x)) and #(x) = (u(x) - (w(x))) - 7 (w(x))). 2.3)

Note that ¢ is globally defined, but ¢ is only locally defined in w, and that ¢ is (locally) unique mod 27.
It is useful to note that ¢ is globally defined when w is simply connected.

A simple calculation (see [2, Lemma 4.1]) shows that for u satisfying (2.1) we have (denoting by x(z)
the curvature of I" at the point z € T)

IVul? = (1-tx (1(e'))? IVol? + V£ = (1 - tx (o w))? Vol? + Ve[, (2.4)
Moreover, for such u we have (using (1.9)) that
W) = alp, t)t? (2.5)

where a(¢p,t) is a smooth positive function, 27-periodic in the ¢-variable.

Assume next that u = u, is a solution of (1.2) in Q and that w < Q is such that (2.1) holds. Then locally
in w we may use (2.5) to write the Euler-Lagrange equations (1.2) for the function u in the new coordinates
¢t and ¢ as follows.

apt?
—div(aVe) = b|Ve|? - ;"—2 (2.6a)

t
—At+(2a+at)— = c[Vol®. (2.6b)
£

In (2.6), the coefficients a = a(gp, t), b = b(p,t) and ¢ = c(¢p,t) are given by

a=(1-tx(1(e"))* =1+ 0@t)

1

b=-5a,=0() . 2.7)
1

c= —iat = O(l)

2.2 A maximum principle for the phase

By (2.5)—(2.7), for sufficiently small ¢ € (0,7) there exist positive constants cy,...,cs such that for |¢| < g
there holds:

[1-al=<coltl, (2.8a)
2a —|ast| = c1, (2.8b)
lcl < cg, (2.8¢)
b
'— =csltl, (2.8d)
a
)ﬂ‘ =2cq, (2.8¢)
a
a
)_w|sc5' (2.8
a

Note that p depends only on T.



Next we prove a maximum principle for the phase ¢, that will be useful throughout the paper. For this
purpose, we introduce two numbers, 0 <61 <dg and m > 0, satisfying

& _ (2.9)
C1

and
2¢481 +m(meg +c¢3)85 < 1. (2.10)
Note that §; and m depend only on I' and W.

2.1 Proposition. Let u = u, be a critical point of E. in a bounded simply connected domain w, continuous
on w and satisfying dist(u(x),I') <81, Vx € w. Consider t =t.,p = @, associated to u via (2.2). Then

. mt? . mt2
mwln((p—7) :ngi)n((p—T), (2.11a)
max((p+m—tz) :max(<p+ m—tz) (2.11b)
w 2 ) 2

2.2 Corollary. If, in addition to the hypotheses of Proposition 2.1, we have u.(0w) T, then

t2 t2
ming < @(x) — mi () <)+ mi(z) <max@, Vxeow. (2.12)
ow 2 )
In particular,
ming < @(x) <maxe, Vx €w. (2.13)
0w 0w

Proof of Proposition 2.1. First, we may rewrite the equation (2.6a) as

1 b apt?
—Ap==Va-Vo+—|Vp? - ——.

a a ac&
Using

Va -V =a,Vel® +a; VoVt =—-2b|Ve|* +a;Vo-Vt

yields
b ay t?
—A(p:——IV(p|2+%V(p'Vt——(p—2. (2.14)
a a a e
From (2.6b) we deduce
t2 2 2 2 £
-A ) = —|Vt]" —tAt = —|VE|" + ct|Vol” - (2a + ait) . (2.15)
€

Combining (2.14)—(2.15) and invoking (2.8) gives

t2 t2
-A (mT - (p) <(mcg +c3)ltl|Vol? —m|VE® + 2¢4 |Vl |VE] +(c5 — me1) 5. (2.16)

We also have

2
t2
'v (mT —(p)‘ =m?t%|Vt|2 - 2mtVe -Vt +|Vo|? = m2t2|Vt|2 — 2m|t||V|[VE| + [Ve|2. (2.17)

By (2.16)—(2.17) we obtain, for any & > 0,

2 2 O\
—A(mT —(p) —k ‘v(mT —(p) <(mealt| +cslt|— k) [Vl — (m + km22) |Vt

9 (2.18)

t
+(2c4 +2km|t) [VolIVE][ +(c5 —me1) —.
&



Next we are looking for conditions that will insure that the right-hand side of (2.18) is nonpositive.
First, by our assumption (2.9) the last term is indeed nonpositive. The sum of the first three terms on the

right-hand side of (2.18) is a quadratic form in the two variables |V¢l,|Vt| whose discriminant A is given
by

A4 =(cq +kml|t])? —(k —mealt) - c3lt))m (1+kmt?) ©.19)
:ci +m(meg +c3)|t|—km (1 —2c4lt| —m(meg + 03)|t|3). .

By (2.10) and (2.19) it follows that for sufficiently large 2 we have A <0, implying that the right-hand
side of (2.18) is nonpositive. For such % it follows that the function v := mt2/2 — ¢ satisfies

AE*) = ke (Av + £|Vu[?) = 0 in .

By the maximum principle, maxgv = maxp, v, which is equivalent to (2.11b).
By similar calculations, the function w := m#2/2 + ¢ satisfies A(e**) > 0, implying (2.11a). O

3 Asymptotic behavior of solutions without vortices

In this section we shall study the asymptotic behavior of solutions u, of (1.2) in a smooth bounded simply

connected domain Q in R?. We assume a priori that the solutions are vortex-less. Actually, we shall assume

a stronger condition, namely that the solutions are “sufficiently close” to I', in a sense to be precised below

(see (3.1)). We are given a smooth boundary condition g : 0Q — I of degree zero and a family of solutions

{ue} of (1.2). Since g is of degree zero, we may globally write it as g = 7(e*#?) for some smooth ¢¢ : Q — R.
We next assume that

dist(us(x),T) < 81, VxeQ, (3.1)

where 61 is chosen to satisfy the hypotheses of Proposition 2.1.
Then we may write, globally in Q2 and with smooth ¢, and ¢,,

ux)=1 (e“”g(x)) +t(x)7 (T (eupg(x))) , VxeQ. 3.2)
Let { denote the harmonic extension of ¢ to Q and define the I'-valued map u¢ by
uo ZZT(BL(). (3.3)

The main result of this section establishes, in the spirit of [4], a convergence result of u to the limit ug.

3.1 Theorem. Let, for 0 < ¢ < g, u, denote a solution of (1.2) satisfying (3.1). Then we have

ue—ugin C**(Qase—0,va<1, (3.4)
[Aucllo =C, (3.5)
lue —uolloo < Ce?, (3.6)
IV(ue — uo)lleo < Ce. 3.7

Theorem 3.1 is an immediate consequence of several intermediate estimates (Lemma 3.2 to Proposition
3.9) that we now state and prove.

We start with two simple estimates satisfied by the solutions. These estimates are valid in any bounded
domain Q provided |u.| < Ry on 0QQ.

3.2 Lemma. We have
luellLo) < Ro, (3.8)

where R is given by (1.10).



Proof. We claim that the set E := {x € Q; |u.(x)| > Ry} is empty. Indeed, this follows from the maximum
principle for subharmonic functions since, on the one hand, we have |u.| = Rg on 0E and, on the other
hand, u. satisfies in E

2
AQuel®) = 2(IVuel® + Aug -ue)) = S VW) ue=0

(the latter inequality following from (1.10)). O
From Lemma 3.2 we deduce the following gradient bound.

3.3 Lemma. We have for some constant C,

C
IVuelpo) = = 3.9

The proof of Lemma 3.3 uses the same rescaling argument as in [4] and is therefore omitted.

Next we prove:
3.4 Lemma. We have lim,_.gt. =0 uniformly on Q.

Proof. Arguing by contradiction, assume that for a subsequence ¢, — 0 and a sequence of points {x,} < Q
we have lim, ¢, (x,) = T with T # 0. We distinguish two cases:

. dist(x,,0Q)
m-——— =00

1. Ii
n—oo En
dist 0Q
2. 1iminfM < oo.
n—oo En

dist(x,,0Q)
—, by

In Case 1 we define a rescaled sequence on B, (0), with R, :=
En

Ue, (%) :=ug, (xy +Ep%). (3.10)

By our assumptions, R, — oo and, by standard elliptic estimates, a further subsequence, still denoted
by {u,,}, converges in Cllo’f([REQ) to a limit &, solution of A% = VW (&) on all of R2 and such that dist(ii(x),I) <
61, Vx € R2. The associated , then solve the system (2;6), Withf: =1 on R? and #0) = T # 0. But then the
proof of Proposition 2.1 shows that the two functions e*’ and ¥, where

_ mi2 i mi? e
= ———@ an =
v 5 ¢ w 5 ¢
are subharmonic and bounded on R2. It follows that both ¥ and @ are identically constant in R%, and
therefore the same holds for  and @. In particular 7= T # 0 and V§ = 0. But then, in view of (2.8b),

equation (2.6b) is violated. Contradiction.
i . dist(x,,0Q) .

Consider next Case 2. We may assume that L = r}Lnolo - exists. By Lemma 3.3, we have
L > 0. Arguing similarly to Case 1 we define the rescaled sequenge {tie,} by (3.10). Again, a subsequence
converges to a solution of Au = VW(«&), this time on a half-plane H, with a constant boundary condition
& =7 on 0H, for some point y e I'.

With no loss of generality, we may assume that H =R x (0,00). We know that for some point (xg, yg) € H
with yo = L we have #(xo,L) = T # 0. In addition, the boundary condition # = y implies that the correspond-
ing coordinates # and ¢ satisfy =0 on 0H and § = ® =const. on 0H.

As above, the functions ¢*’ and e*¥ are subharmonic. Since they are also bounded, the maximum

principle applies on H and we obtain that both functions attain their maximum on H. We obtain that

mi2(x) m2(x)

D < p(x) - < px)+

<®, VxeH.

It follows that £ = 0, contradicting #(x¢) = T # 0. O

Next we prove strong convergence of {u.} to u in H'.



3.5 Proposition. As ¢ — 0, we have

1
ue — ug in H(Q) and E(u;) — E/ IVuol?. 8.11)
Q

Proof. Write ¢, =, +( (see (3.3)). The phase ¢, is determined up to an integer multiple of 2. We fix ¢,
by imposing

we =0 on 0Q. (3.12)
Note that by Corollary 2.2 we have
lVelloo = 2M := 2] @0 llco- (3.13)

We rewrite (2.6a) (dropping the subscript €) as

2

t
~div(aVy) = div((a - DV +b (IVy|? + 2V -V + V(%) - “;”—2 (3.14)

Multiplying (3.14) by v € H}(Q) and integrating yields

t2
/a|vu/|2:/ [(1—a)vz-w+b(|w|2+2w.vc+|vc|2)w—a%w )
Q Q &

Using Cauchy-Schwarz inequality, (3.13), (2.8a), (2.8d), (2.8f), Lemma 3.4 and Poincaré inequality, it
follows that for some constant C = C(g) and for sufficiently small ¢ we have

2
/|vu/|2sc/ t—2 (3.15)
Q Qf

Similarly, we rewrite (2.6b) as
t
—At+@a+ait)— = c(IVyl* +2Vy -V + V). (3.16)
€
Multiplying (3.16) by t € H, é(Q), integrating and using (2.8b) leads to
2
/ IVt + (2a + att)—z] = / ct (IVy1? +2Vy -V + V). (3.17
Q € Q
Using (2.8b) and (2.8¢) in (3.17) gives

2
/ IVt +c1— sCIItIIoo(1+/|Vw|2). (3.18)
Q € Q

Plugging (3.15) into (3.18) yields (using Lemma 3.4)

t2
/ IVt? + =
Q £

Combining (3.15) and (3.19), we find that

=0(1). (3.19)

/ V|2 = o(1). (3.20)
Q

The conclusion (3.11) clearly follows from (3.19)—(3.20). O

3.6 Remark. Note that Proposition 3.5 implies a uniform bound for E.(u.) for all € > 0. Indeed, it suffices
to consider only small values of ¢, e.g., € < g, since for all € = ¢g we deduce from the Euler-Lagrange
equation (1.2), Lemma 3.2 and standard elliptic estimates that

luellwer <= C(p,eg), ¥p <oo, and llugllore < Cla,ep), Va < 1. (3.21)

We shall use this observation below for other estimates as well.



3.7 Lemma. {¢,} is bounded in Wh*(Q).

Proof. We use the same notation as in the proof of Proposition 3.5 and write ¢, = v, +{ =w +{. We will
actually show that

/ IV l* = o(1), (3.22)
Q

that clearly implies the result for small ¢ (and then the result for any € > 0 follows from Remark 3.6).
Rewrite (2.6a) as

~Ay = b|Vy|? +2bVy - V{ +bIV{ % +div ((@ — DV + (@ — 1)Vy)

R=R.

Apt?
1 -——=blVyl’+R+S inQ, (3.23)
&

S=8¢
v =0 on 0Q.

We split v = w1 +we + w3 where

— Ay =bVy|?, - Ay =R, A3 =S in Q,
{ Y1 =bIVyl’, —Aysy ys=Sin (3.2
w1 =wga=w3=0 on dQ.
Fix any p > 2. By standard elliptic estimates, using (2.8a) and (2.8d),
IVyall, <C1{I26Vy - V|, + IlbIVCIZIIp +lla =DV, + Il — DV} (3.25)
<Calitleo IV, +1). '
2
Next we estimate 1. Let p > 1 and set ¢ := sz . Then, by Sobolev embedding (in two dimensions),
1 172 1/
W24(Q) — WLP(Q). Note also that — = — + —p, hence
2 2 2
IF15, < 1fN2lfllp, ¥ F € LP(Q). (3.26)
By elliptic estimates, (2.8d) and (3.26) we obtain
IVy1ll, <Cillyillwza < CollbIVyl? g < Calltlool Vi3, 327

=Calltloo VY li2Vyllp < o(D) - it VYl p,

where we used (3.20) in the last inequality.
Finally, we turn to ws. Multiplying (2.6b) by ¢, integrating and using (2.8b) and the Cauchy-Schwarz
inequality yields

c1
AL / ct|Vol® < Clitl2I Vol
€ Q

implying that (for small ¢),

/t“s/tzsce‘*nv(puj (3.28)
Q Q

Recall also that by (3.19),
izll2 = o(e). (3.29)

Again by elliptic estimates and (3.26) we get

C C C
IVysll, < 6—2||t2||q = 6—2||t||§q < S lthall,. (3.30)



Choose p = 4. Using (3.28)—(3.29) in (3.30) gives:

IVyslla < E% -0(e)-€llVels < o(1)- (IVyll4+1). (3.31)
Combining (3.25),(3.27) and (3.31) and using Lemma 3.4 we obtain

IV lla <o@)-(IVylla+1),
and (3.22) follows. O

3.8 Lemma. {u,} is bounded in H%(Q).

Proof. Again by Remark 3.6, it suffices to consider small e. Using the L*-bound of Lemma 3.7 for V¢, in
(3.28) yields

/ 2 < Cet. (3.32)
Q

Since |[VW(u,)| = O(t,), we deduce from (3.32) that the right-hand side of the equation in (1.2) is bounded
in L2(Q) and the conclusion follows from elliptic estimates. O

3.9 Proposition. We have

Itelloo < Ce?, (3.33)
IVtelloo < Ce, (3.34)
lWelloo < Ce?, (3.35)
IVWelloo < Ce. (3.36)

Proof. We use an argument from [4, Step B.4]. Fix ¢ > 2. Multiplying (2.6b) by [¢|9-2t/(¢2)2~! and inte-
grating gives

N _ [ @=1D 0 o #1\7 _ o (181972 ¢
01/9(5_2) < QEZ(q—1)|t| IVE® + 2a + ast) 2] = QCIV(pI =2 ok (3.37)

t
We conclude, using Holder inequality and (2.8¢), that the function f, = f := — satisfies
€

01||f||q5/C|V<P|2|f|q_1SCzIIVqDH%qIIfIIZ_l,
Q
ie.,
c
Ifllg < = 1Vel3,. (3.38)
c1
By Lemma 3.8 and Sobolev embedding, {Vu,} is uniformly bounded in L"(Q) for every r € [1,00), and we

obtain from (3.38) that || f [l < Cy. It follows that for each g > 2 the right-hand side of the equation in (1.2)
is bounded in L?(Q). Hence {Vu,} is uniformly bounded in L*°(Q2), and therefore

IVplloo < C, (3.39)
for some constant C. Going back to (3.38) we obtain that

—2
Ifllg < (Z—j)c Qe (3.40)

Passing to the limit ¢ — oo in (3.40) yields

2

1flloo < (z—j)é ,

and (3.33) follows.
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Next, using (3.39) and (3.33) in (2.6b) gives the ||At|lo < C. Combining this estimate with (3.33) and
applying an interpolation inequality (see [4, Lemma A.2]) yields (3.34). To prove (3.35)—(3.36) for v, we
use (3.39) and the estimates

a-1=0()=0(?) and b=0(t)=0(?),
which allow us to rewrite (3.23) in the form
Ay =F +divG, with |Flle = O(¢2) and [|G oo = O(?).

The estimate (3.35) follows by elliptic estimates and finally (3.36) is deduced via interpolation as above.
O

The proof of the main result of this section is an easy consequence of our previous estimates.

Proof of Theorem 3.1. Since, by (2.5), IVW(u,.)| = O(¢¢), (3.5) follows from (1.2) and (3.33). By standard
elliptic estimates we obtain that {u,} is uniformly bounded in C1A(Q) for all B <1, and (3.4) follows by the
Arzela-Ascoli theorem (the identification of the limit as u( follows from Proposition 3.5). Finally, (3.6) is a
consequence of (3.33) and (3.35), while (3.7) follows from (3.34) and (3.36). O

4 Boundary condition depending on ¢

In the next sections we shall also need a version of Theorem 3.1 in the case where the boundary condition
depends on ¢, and does not necessarily take values into I' (analogously to [4, Theorem 2] which deals with
minimizers for the GL energy). For Q as in Section 3, assume that the family {g.} of maps g, : 0Q — R?
£ >0, satisfies:

lgellgion) =C, 4.1)

/ W(g,) < Ce>. 4.2)
0Q

From (4.1)—(4.2) it follows in particular that, possibly up to a subsequence,
g — g in H*(0Q), V0 <s <1, and thus in C*(0Q), Va €(0,1/2), (4.3)

for some g € H(0Q;T).
For each € >0 (or £ €(0,¢p)), let u, denote a solution of

1 .
Au, = £—2VW(uE) in Q . (4.4)
U =8¢ on 0Q)
We now make the crucial assumption that u. satisfies (3.1) (at least for small €). Then we have
degllog, =0 and thus degg =0. (4.5)

(Recall that IT is the Euclidean projection on I'.)

As before, we write g(x) = 7(e*?°™), with ¢ € H'(0Q;R). Define, in Q, the I'-valued map ug by (3.3),
i.e., ug = 1(e*), where { is the harmonic extension of ¢¢ to Q. Our main result establishes the convergence
of {u.} towards uo when € goes to zero:

4.1 Theorem. Under the assumptions (4.1)-(4.4) and (3.1) we have, as € — 0,

ug — ug strongly in HY Q) and in Co(ﬁ), (4.6)
lAuellLox) < Ck, 4.7
ue — ug strongly in CH*(K), Ya <1, 4.8)
lue —uollLoox) < Cxe? and |V(ue — ug)llLox) < Cke, (4.9)

for every compact K cc Q.
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The proof follows similar steps to those of Section 3 and part of the analysis carries over with slight
modifications to the current situation. This is the case for the analogous results to Lemma 3.2 and
Lemma 3.4 that we state in the next proposition.

4.2 Proposition. We have |u¢lloo < Ro and limg_ot. =0 uniformly on Q.
Next we turn to an H'-convergence result, generalizing Proposition 3.5.

4.3 Proposition. We have

1
ue — ug in H(Q) and E(u;) — §/ IVuol?. (4.10)
Q

Proof. We define the pair of functions ¢, and ¢, associated with u. via (3.2). We let {; denote the harmonic
extension of ¢|sq to Q. Analogously to the proof of Proposition 3.5, we then write ¢, =y, +{,, with ¢, =0
on 0Q).

Clearly, (4.3) implies that, possibly after subtracting suitable integer multiples of 27 from the ¢.’s, we
have @00 — @o in HY2(pQ), and thus

lim IVc“gIz:/chlz. (4.11)
e—0 Q Q

Repeating the calculations at the beginning of the proof of Proposition 3.5, with (. playing the role of
{, yields, analogously to (3.15),

t2
/|wg|2sc/ —=. (4.12)
Q Qf

Now, since in the current setting ¢ is not identically zero on 0Q2, multiplying (3.16) by ¢, integrating and
using (2.8b) yields

J

where n stands for the outward normal on 6Q2. In order to deal with the boundary term in (4.13), we use
a Pohozaev identity type argument, as in [4, Proposition 3]. So let V =(V1,V3) be a smooth vector field on
Q satisfying V = n on Q). We consider the vector field V- Vu, =(V -V(u,)1,V - V(u,)2). We take the scalar
product of both sides of the equation in (4.4) and V -Vu, and integrate. A direct computation (see [4]) gives

t2 ot
|Vt6|2+(2a+att6)g_;] :/ tsa_;"'/ Ct£(|VU/€|2+2v1V£'V(£+|v(s|2), (4.13)
0Q Q

1
/ (Aug)-(V -Vu,) = / [— divkua?—(Vl)x1|(ug)x1|2—(V2>x2|<us)x2|2]
Q al2

2_‘6:95
oo

4.14
du, (4.14)

on

)

1
_/ ((Vl)xz +(V2)x1)(u€)x1 (Ue)xy + 5/ (
Q 0Q

(Here, do stands for the tangential derivative on 012.)
On the other hand, we have

i/ VW(ug)-(V‘Vug)zi/V-V(W(ug))zi(—/(divV)W(uE)Jr/ W(ug)). (4.15)
€2 Jo €2 Jo €2 Q 0Q

Equating (4.14) and (4.15), using (4.1), (4.2), (4.11) and (2.5) yields
Ou,

2 2
/ sCl/ 502(1+/
00 oal 0 Q

By (4.16), the Cauchy-Schwarz inequality and (4.2) we obtain

ot
/tg—ESCe(/
s On 80

Ot
on

W(u,)
82

Vil +
n

t2
) 503(1+/ [|Vtg|2+|vwg|2+ -
Q €

) . (4.16)

12 9 1,172

ote |? t
= ) SC'£(1+/ IVtel? + | Vyel” + =5 ) ) (4.17)
Q &

on
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Substituting (4.17) in (4.13) leads to

1/2

t2 t2
/ [|Vt5|2 + cl—;] sCe(l +/ [|we|2 +Vyel?+ || +Cliteloo (1+/ |vu/5|2) : (4.18)
Q € Q € Q
Combining (4.12), (4.18) and Proposition 4.2 we get
2
2 tE
/ [VEel” + — | = o(D). (4.19)
Q £
Using (4.19) in (4.12) finally gives
/ IVyel? = o(D), (4.20)
Q
and (4.10) follows from (4.19)—(4.20) and (4.11). O

Analogously to Lemma 3.7, and in particular to (3.22), we have:

4.4 Lemma. v, — 0in WH4(Q).

Proof. We first notice that since {¢sq} is bounded in H L6Q) by (4.1), the family {{.} is bounded in H 32(Q).
Since H32(Q) — W4(Q), we get:

{¢} is bounded in Wh4(Q). (4.21)
Arguing as in the proof of Lemma 3.7 we use (3.23) to split

Ye=Y1etWoe+VP3e.
The same arguments that led to (3.25) and (3.27) (with p =4) yield

Vo ella < Clitelloo (IVella+1) (4.22)
and

IViella < Cllypellyeas <o) lItelloolVells. (4.23)

The only difference with respect to the case where g, = g stands in the estimate of 3 .. Multiplying
(2.6b) by t. and integrating gives

c1 ot
||Vtg||§+—2||tg||§s/ctg|V<pE|2+/ te—— < Clitll2lIVgell} +Ce, (4.24)
£ Q 0Q on

where in the last inequality we used the Cauchy-Schwarz inequality and (4.17) combined with (4.19)-
(4.20).
Next we claim that

Itel2ll Vel <&, (4.25)

for sufficiently small €. Indeed, arguing by contradiction, assume that (4.25) does not hold, i.e., for a
sequence £, — 0 we have

Ite, I21Vee, 12 > €n. (4.26)

Then, from (4.24) we get that

c1 2 2
6_2 l2e, 15 < Clite, 1211V, 5,
n

and the argument of the proof of Lemma 3.7 applies, so thanks to (4.21) we get, as in (3.31), that

C
IVys,e, lla < 2 ~0(en) - €nllVee, lla = 0o(1) - (IVe, 4 +1). (4.27)

n
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From (4.22),(4.23) and (4.27) we obtain that (3.22) holds, and therefore
Ve, lla <A, (4.28)

for some constant A > 0. It follows from (4.28) and (4.26) that

1

ten | o 1
9 A%’

&n

which contradicts (4.19).
Using (4.25) in (4.24) gives

c1
VeIl + E—znteu% <Ce, (4.29)

which implies, in particular, that

/ Ite|? = o(1) / t2 = o(e%), (4.30)
Q Q

for any q > 2. By (4.30), Sobolev embedding and elliptic estimates we obtain

t8/3

3/4
IVysellsa < CllAysellas < C (/ E‘;W) < = -0(e¥%) = o(eV). (4.31)
Q

Combining (4.22)—(4.23) with (4.31) we are led to
IVyella <o) (IVyels+1),

implying that [|[Vy |4 = 0(1), as claimed. O

We next prove local estimates in Q. It suffices to consider a sequence &, — 0, but for simplicity we will
drop the subscript n.

Fix some small ro > 0, depending on (2, such that the nearest point projection onto Q2 is smooth in
the set {x € Q; dist(x,0Q) < r¢}. Set, for 0 <r <rg, Q, := {x € Q; dist(x,0Q) > r}, which is a smooth domain.
Using (4.29) and the Fubini theorem we can find some r =r, such that r¢/2 <r <ry and

/aQ,

For such r, we claim the following.

t2
Ve |2+ <

5| =Ce. (4.32)
£

4.5 Lemma. We have
A

Proof. By (4.32) and the Cauchy-Schwarz inequality we have

/ Ot
te—
0Q, an

Similarly to the proof of (4.24), we multiply (2.6b) by ¢, and integrate by parts on Q,. For the boundary
integral we use the improved bound (4.34) and to bound [¢.|l4 we use Lemma 4.4. This yields

t2
|Vt |2 + e Ce2. (4.33)
E

<Cel2.632 = 2. (4.34)

2 /2
/Q IVt5|2+01£—‘; sc(/Q ti) +Ce?, (4.35)
which clearly implies (4.33). 0
4.6 Lemma. We have
IViell o,y < C. (4.36)
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Proof. Choose 7 € (ro/6,rq/5) satisfying (4.32) on Q7. Then the above arguments apply for Q7. In particu-
lar, (4.33) holds on Qy, and using Fubini theorem we can find s € (¥y/4,r¢/3) such that

/ags

Since [VW(u.)| = O(t;), the estimate (4.33) on Q7 implies that IIAuglle(QF) = 0(1). By standard interior
elliptic estimates, it follows that

2
IVtel” + -5 | < Ce. (4.37)
£

luel g,y = C,s
and then, by Sobolev embeddings,
IVuellzr,) < Cp, ¥V p €ll,00). (4.38)

Next we argue similarly to the proof of Proposition 3.9. For any ¢ > 2, multiplying (2.6b) by |¢,1972¢./(e2)7~1
and integrating over Q; gives

ltel)? @-1, a0, 2 £\
01/93(5_2 = Qs ez(qfl)'t‘f| IViel” +(2a + aste) 2

tel\972t te\972(te ) (Ot
Lt e ()
Q £2 €2 Joo, \ €2 e2)\on
We apply the above with g = 5/2. Using (4.37) and Cauchy-Schwarz inequality we estimate the boundary
integral by

12 12 12
LB B ) ) e
00, \ € e2)\on )| &\ Jaq, 00 €

t
From (4.39)—(4.40) and Hélder inequality we deduce that the function f; := —‘; satisfies
€

(4.39)

5/2 2 3/2
c1lfell}aeg,) < / cIVgelPIfel® +0(1) < callV@ellZ 5 o Ifell 3o, +0(1)-
'S Qs 'S 'S

Applying (4.38) to the above yields
Ifel} 5o, < Clfel 3 g, + o),

implying that || fellLs2(q,) = O(1) and therefore [[Au;ll 52 ) = O(1). By elliptic interior estimates we obtain
that [luelly2s2q,) = O(1), and (4.36) follows by Sobolev embedding. O

We are now ready to complete the proof of the main result of this section.

Proof of Theorem 4.1. The strong convergence u, — ug in H'(Q) was established in Proposition 4.3. To
complete the proof of (4.6) we need to prove the uniform convergence. This follows from the two uniform
convergences on Q: ¢, — 0 (see Proposition 4.2) and 1, — 0 (which results, by Morrey’s theorem, from the
Wh4.convergence that was established in Lemma 4.4).

For the proof of (4.7) we only need to verify the following estimate:

ltell ooy < Cre?, (4.41)

for every compact K cc Q). We shall prove (4.41) using an argument from [4]. We first use Kato’s inequality
in (2.6b) to get

lte|
Alte| = sgn(te) Ate = (20 + aste) g = c[Vpe[* sgn(e).
Hence, by (2.8b) and (4.36),

|2l

—Altgl+c1—5 =Crin Q. (4.42)
&

15



Now recall [4, Lemma 2] that states that the radial solution w = w(r) of

—e2Aw+w=0 in Bg(0) (4.43)
w=1 on 0Bx(0) '
, 3
satisfies, for € < ZR .
w(r) < e RY@ER) 1 B (o), (4.44)

Let d :=dist(K,0Q2), so that (4.42) is satisfied with r := d/2. Let xo be an arbitrary point in K. With no loss
of generality we may assume xo = 0. From (4.42)—(4.44) and the maximum principle we obtain that

lte| < Ce? +exp [ v/e1(lx2 — d%/4)(2ed)] in B g/5(0).

In particular,

LON _ ¢+ L exp[-d yvar/se)). (4.45)
£ £

Since the right-hand side of (4.45) remains bounded as € — 0, (4.41) follows, completing the proof of
4.7).

From (4.7) and elliptic estimates we obtain that u,. is bounded in Wli’f(Q) for every p < oo, and (4.8)
follows from Morrey’s theorem. Finally, (4.9) follows from the previous estimates by the same arguments
as in the proof of Theorem 3.1. O

We will need in the next section also the following variant of Theorem 4.1 and Theorem 3.1. The proof
is very similar to the proofs of these theorems, and is therefore omitted.

4.7 Theorem. Let Q be a smooth bounded and simply connected domain in R%. Let xo € 0Q and suppose
that R > 0 is sufficiently small such that 0BR(xqg) N0 consists of exactly two points.

Suppose that g : 0(Bg(x0)NQ) — I is a continuous map of degree zero such that the restriction 8100nBr(x0)
is smooth. Let ¢ be a continuous function such that g = 17(e'¥?). Let { be the harmonic extension of ¢g to
QN Bgr(xo) and set ug := 1(e*).

For each € >0 let g, :0(Q N Bg(xo)) — R? satisfy:

ge =g on 0QNBRg(xp) (4.46)

lge ”Hl(aBR(xO)mQ) =C, (4.47)

/ W(g,) < Cée?, (4.48)
0BR(x0)ﬁQ

ge — g in H'(OBR(x)nQ), 0<s < 1. (4.49)

Let u, be a solution of (4.4) on QN Br(xg) (instead of Q) satisfying (3.1). Then for every Ry € (0,R) we
have:

1Al oo, (xo) = CR1> (4.50)
ue — ug in CY*(QnBg,(x0)), (4.51)
e = 20l Loo@inpg, rgy = CR1E™ (4.52)
IIV(ug—uo)IILoo@ﬁBRl(xO)) <Cg,e. (4.53)

Note that (possibly after passing to a subsequence) the condition (4.49) actually follows from conditions
(4.46)—(4.48) via the compact embedding HY(0Bg(x¢) N Q) — H5(0Br(xp)NQ), 0 <s < 1.

5 General solutions

5.1 Preliminary estimates

Assume that Q is a smooth bounded domain in R?, strictly star-shaped with respect to a point z € Q. With
no loss of generality, we may assume that z = 0, and thus

x-n=x-nx)=c>0, VxeoQ (5.1)
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(with n = n(x) the outward normal to 0Q at x € 6Q2).

Let g : 0Q — T be a smooth boundary datum of degree d. For each € > 0, let u, denote a solution of (1.2).
As in the previous sections, we denote by #(x) = ¢.(x) the signed distance of u.(x) to I'. In contrast with the
previous sections, we do not impose a condition like (3.1), and thus we allow solutions with vortices.

We start with some basic estimates satisfied by the solutions u.. We first notice that the results of
Lemma 3.2 and Lemma 3.3 hold true since their proofs do not rely on the degree of g.

Next we prove a Pohozaev identity that does rely heavily on the star-shapeness assumption.

5.1 Lemma. We have

L
5+
Q € 0Q

for some C independent of ¢.

2

5
“el <, (5.2)

on

Proof. The proof is standard and requires only a simple adaptation of the proof in [5]. We argue as in
the proof of Proposition 4.3 multiplying both side of the equation in (1.2) by V - Vu,, but this time with
V =(x1,x9). For this choice of V, (4.14) reads

0 1
/Aug~(V'Vu5)=/ 2 (6 Vue) - = ()| Vuel? |, (5.3)
Q 0Q on 2
while (4.15) becomes
1 1 2
—2/VW(ug)-(V~Vu5)=—2/V-V(W(ug))z——z/W(ug). (5.4)
£ Ja £ Ja £ Ja
Combining (5.3) with (5.4) yields
2 1 du |? 1 og |? due Og
2 |lw — . - Zx-n) |2 —(x-0)—L .22
52/9 (”E)+2/ag(x ™| on /ag D ”)'aa i
which, in view of (5.1), clearly implies (5.2). O

Since by (1.9) there exists 0 < g < u such that W({) = ug dist?((,T) for (€ B Ry it follows from (5.2) that

/ dist2(u.(x),T)
<
Q

‘s c. (5.5)

Using the two estimates (5.2) and (3.9), we can show, using the argument of [5, Chapter 4], that for any
small §9 > 0 (we will always take §9 < §1, see Proposition 2.1) the set

Se 5, = {x € Q; dist(ue(x),I') > 52} (5.6)

can be covered by a finite number of “bad discs” {B Ag(xj)}ﬁil with

e ke

{xj j:1 CSE',(SQ’ (57)

where %, is bounded uniformly in €.
Indeed, we first use (3.9) to choose A > 0 such that

dist(ug(x),I') > 6 = {B,lg/4(x) cQ and dist(u.(y),[)>62/2,Vy € B,lg/4(x)}. (5.8)

Then, we take a collection of mutually disjoint discs {B 15/4(96;)}?;1 which is maximal with respect to the
property that (5.7) holds true. Note that by (1.5) there exists 1 =1(62) such that

W(Z) >1, Vze BR() \ r52/2, (59)
where I's,0 ={z € R2;dist(z,I') < §2/2}. Taking into account (3.8) we get from (5.8)—(5.9) that

1
= Wue)=nA%n/16, j=1,... k.. (5.10)

2
€ JB Aera(x5)
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The uniform bound for %, follows by combining (5.10) with (5.2). By construction S, s, c U?ilB Ag(x;).
Next, by increasing A if necessary, we may also assume that the bad discs are well-separated, in the sense
that BMg(x;) ﬂBMg(x;) = @ if j # ¢ (this may results in decreasing the value of &.).

Passing to a subsequence €, — 0, but continuing to denote ¢, by &, for simplicity, we may assume k. =k
is independent of €. Note that outside the bad discs the function #(x) is well-defined and that we have

k
60| < 82, Vx € Qe 1= Q\ | Bae(x). (5.11)
=1

The definitive value of d9 satisfying §2 < §1 will be chosen in Section 5.3; see the proof of Proposition
5.12.
We next prove that the xj’s are relatively far away from 0Q.

5.2 Lemma. We have

dist(x¢,0Q)
lim—1 =00, j=1,...,k. (5.12)
e—0 £

Proof. We argue by contradiction and assume that (5.12) does not hold for some j along some sequence
e, — 0. For notational simplicity, we drop the subscript n. We will obtain a contradiction via a blow up
analysis. Let, for small €, ¥ denote the projection of xj onto 0Q, and let %¢ denote the rotation of R? such
that 2¢(0,-1) = n(y?). Consider

ve(x) :=u, (y* +e%x), x € % (%5)_1 (Q-5%).

Using (3.8) and (5.2), together with the boundary condition in (1.2), we find that, up to a subsequence
and uniformly on compacts of H := {x € R?; x9 > 0}, v, converges to a solution v of

Aw=VW(w) inH

LUZLUOEF on 0H . (5.13)
0 ’ '
oo on 0H

axg

here, wy is a constant. Let us note that w is not a constant. Indeed, we assumed by contradiction that
(5.12) does not hold, and then the fact that w is not constant follows from (5.7).
Consider now the map

" w, inH
{ (5.14)

w= o .
wo, inR“\H

In view of (5.13), the map @ satisfies Aw = VW (@) in R?, first in the distributions sense, then, by elliptic
regularity, in the classical sense. By unique continuation, we have @w = wy. (The unique continuation
property follows from [12]; there, w is a scalar function, but this is not relevant for the proof. For an
explicit result relevant for vector-valued functions, see e.g. [11, Appendix].) This contradicts the fact that
w is not a constant, and achieves the proof of the proposition. O

Now that we know that the “bad discs” B M(xj) are well-inside 2, we may define the integer d; as the
degrees of u, on 0B.(x5). By (3.9), these integers are uniformly bounded, so we may assume that their
values are independent of € as well, and thus

deg(ue,0B2c(x9) =d;, Ve, j=1,....k. (5.15)

In the sequel, in case there is no risk of confusion, we shall often drop the subscript €.

Our next estimate yields in particular a simple answer to Open Problem 19 in the book [5] (previously
solved in [6] using a different method); see Corollary 5.5 below.

5.3 Proposition. We have fQE[IVtI2 +#2/e21<C.
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Proof. The proof uses the following pointwise inequality:
VW (2)12 < MW (z), Vz €Bg,, (5.16)

for some M > 0. The validity of (5.16) for z in a neighborhood of T" follows from (2.5); the extension to
arbitrary z € By, is clear (see also Remark 5.4 below for a simple alternative argument valid also for
degenerate W). Arguing as in [5, Ch. V], we obtain using the Galgardo-Nirenberg inequality, (5.16) and
(5.2) that
1 /2
IVulizaq) <Cillul 3 lul L < Collulys < Cs{—2||VW(u>||z + 1}
¢ (5.17)

1 " 1/2
SC4 S—ZHW(U)”l +1 Sm.
Next we multiply (2.6b) by ¢ and integrate over Q.. Using (5.17), (2.8b) (recall that 62 <1 < dg) and
(5.5) we get

2 k

cit ~ ot
/ Vel + = scl/ VoIt + ) t—
Q. € Q. j=1JoB ) On

212 (5.18)

B 12 2o o
<C (/ IVuI4) (/ t2) +Cg$Clc§(/ —2) +Cy=Cs.
Qe Q. Q. €

< g on 6B,15(x§) (by (3.9)). The

conclusion of the proposition is a direct consequence of (5.18). O

For the bound of the boundary integrals we used the estimate

5.4 Remark. The inequality (5.16) was proved by Dieudonné in [7], in connection to his simplified proof
to a result of Glaeser [9] about the square root of a nonnegative C2-function. A variant of Dieudonné’s
argument, valid for any W € C2(R?), goes as follows. Fix a function ¢ € Cgo([RQ; [0,1]) such that { =1 on Bp,
and set, in [Rz, F(2):= &)W (2) + (1 - &(2))|z|2. Note that F is a smooth nonnegative function on R2. Let

1
K := —max|D%F(2)|,
2 zeR2

where ||A| stands for the spectral norm of the matrix A. By Taylor formula
0<F(z+h)<F(2)+VF(2)-h+K|h|?, (5.19)

VF(z)

for every z,h € R2. Applying (5.19) for A := — oK yields |[VF(z)|? < 4KF(z), whence (5.16).

5.5 Corollary. Let u, satisfy (1.2). Then
/ IV (dist(ue, N2 <C, Ve>0. (5.20)
Q
In particular, in the GL case, i.e., W(u)=(1- |u|?)2/4, we have

/|V|ug||ZSC,VE>O. (5.21)
Q

Proof. Since

IV(dist(ue, Il < IVuelloo <

o Q

(by (3.9)), we have

/ IV (dist(u., D)%< C. (5.22)
U Baea®)

The result of the corollary readily follows from Proposition 5.3 and (5.22). (Recall that, in Q., we have
dist(ug,T) = |£].)
In the GL case, it suffices to note that dist(u.,I') =1—|u|. O
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5.2 A O(|log €|) bound for the energy
The main result of this section is the following.
5.6 Proposition. We have E.(u.) < C(|loge|+1), Ve>0.
In view of Proposition 5.3, of (3.9) and (5.2), it suffices to obtain the following bound for the energy of
the phase ¢:
/Q IVo|? < C(lloge| +1), Ve > 0. (5.23)

Since ¢ is defined only locally in Q. (only its gradient V¢ is defined globally), it will be convenient to
introduce a new function, which is globally defined in Q..

5.7 Definition. Let IT denote the nearest point projection on I' in a da-tubular neighborhood of I'. The
Sl-valued map

. \—d;
zZ—xj ) J

lz —x;1

k
Q32— 1w ] (

j=1
(with d; as in (5.15)) has zero degree around each of the holes B).(x;), j = 1,...,k. Hence, there exists a
unique (up to addition of an integer multiple of 27) scalar function n =7, such that

E ([ 5—x:\%
T Hw) = e ] ( L ) in Q.. (5.24)
j=1 |z _xj|

By adding an appropriate multiple of 27 we may assume that

i 27). 2
ng&l)nnge[o, ) (5.25)

Since g is smooth, we deduce from (5.25) that
Inell Lo = C(8). (5.26)

Our first step consists of proving an L* bound for 1. In order to be able to apply the maximum
principle of Proposition 2.1 we will remove from Q. a collection of rays, connecting the boundaries of the
holes Bj¢(x;), j = 1,...,k, to the boundary of 2. The choice of these “good rays” will depend on energy
considerations. For any j=1,...,k and a €[0,27), we let D j(a) be the half-line

Dj(a):= {xj- +re'%; relle,oo),
and then set
Rj(a):=D;nQ,.
5.8 Lemma. For each j=1,...,k and 0 < & <1/2, there exists aj = a;(¢) € [0,27) such that R; := R (a;)
satisfies
a

/ 0
Rj or

Here, 6/0r stands for the tangential derivative along R ;.

< Cllogel"?1VnllL2(q,).- (5.27)

Proof. Since

2
/ |Vn|22/ / |Vn|2rdr da,
Q. 0 Rj(a)

there exists a; € [0,27) such that

1

Vo2 rdr < —Vnl2,,., .. (5.28)

/Rj(aj) 27-[ LZ(Qe)
Therefore,
: 1/2 1/2

) diam Q d 9 2
/ Ll (/ —r) (/ TN rdr| < Cllogel IVl 2, O
Rj(aj |0 Ae r Rj(aj |07
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k
Next, we denote w, := Q. \ [ JR;.
j=1
For each j, let 0; denote the polar coordinate around the point x;, taking values in [a},a; +27). Then
the function

k
O=0;:= Zdjﬂ, (5.29)
J=1
is smooth in w, and satisfies

k
1Ol Loo(w,) < 41 Y Id]. (5.30)
j=1

We define ¢ = ¢, :=1+ 0 in w.. Note that

-1 Elz—a\% e .
T [w) =" [] =e"P™ = ¢'? in w,,
j=1 |z _xj|

so that ¢ is a well-defined phase of u in w;.

5.9 Lemma. We have
Inlz=o < C Iloge1Vnl 2, + 1) (5.31)
and

lim sup sup{lp®)|; x € w;, dist(x,0w,) < 6} < C (I logesll/2 IVnllL2@q,) + 1) . (5.32)
6—0

Proof. We may assume that 0 <& < 1/2. Let r;(a) be the smallest » > Ae such that x; +re'® € 0Q. By
Lemma 5.8 and (3.9), for each x € [xj + /le“",xj +rj(a)e'™] we have

)n(x)—n (x5 +rjape)| < € (1loge™19nl 2, +1). (5.33)

Note that (3.9) is needed in case R; intersects some of the other discs {B)e(.)hix; before reaching 6Q for
the first time, at xj +r;(a;). In particular, the following holds:

)n(xj- +Aee'®)—n (xj + rj(aj)emf) =<C (Ilogell/2 IV, + 1) . (5.34)
On the other hand, by (3.9) we have
nx)-ny<C, j=1,....k, Vx,y€ OBAE(x;). (5.35)

We obtain (5.31) by combining (5.33)—(5.35) with (5.26).
Finally, (5.32) follows from (5.31) and (5.30). O

5.10 Lemma. We have |nllz~,) < C (|loge!*2 [Vl 2q,) + 1)-

Proof. We apply the maximum principle in Proposition 2.1 to ¢ on each component of the open set {x €
wg; dist(x,0w,) > 8}, then we let § — 0 (with fixed €). Using (5.32), we find that

suplp| <C (|1oge|1/2||vn|| L2+ 1). (5.36)
We

The bound for 7 is a consequence of (5.30) and (5.36). O
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Proof of Proposition 5.6. By (2.6), n satisfies in Q,

Apt?
—div(aVn) = — div(aVe) + div(aVO) = b|Ve|? — ;"—2 +div(aVO) = f + div(aVO), (5.37)

with

apt?
f=Ffe=bVgl = —. (5.38)

Above we denoted by VO the vector field
k B (x—x)t
= =7 el
which is smooth in B2\ {xi,...,x,‘i}. Here we used the notation V1 = (—vs,v;) for a vector V = (v1,vs) € R2.
We claim that
||f£||L1(Q£) = C (539)

Indeed, the second term on the right-hand side of (5.38) is bounded in L1(Q,) by Proposition 5.3. The L'
boundedness of the first term b Iqul2 follows from the calculation (5.18) and the inequality (2.8d).
Multiplying (5.37) by 1 and integrating yields

5
/a|vn|2=/ fn—/ aV@-VT]+/ a2y
Q, Q. Q. 90, On (5.40)

<I£1lnlleo + Clloge M Vnl 2,y + ClInlloo < C (logeMIVnl 2,y +1) -

The first inequality in (5.40) uses (5.2) on Q2 and (3.9) on 6B ,lg(xj). The second inequality follows from
Lemma 5.10.
From (5.40) we get

VA2, , < C(llogel + 1), (5.41)
and therefore
2 2 2
190122, = 2(1V0122 0, + 197122, < Cllloge] + 1). (5.42)
As explained above, estimate (5.42) implies Proposition 5.6. O

Combining Lemma 5.10 with (5.41) we obtain the following.

5.11 Corollary. We have [1lr=q,) < C(|loge| +1).

5.3 An LP-bound for the gradient, p €[1,2)

The main result of this section is
5.12 Proposition. We have [|Vu,lrrq)<Cp, 1=p<2.
Proof. Fix any p €(1,2). We will apply the bad discs construction from Subsection 5.1 with a dg = §a2(p) <

01, that we define below. By standard elliptic estimates, there exists a constant A, = A,(Q) such that the
solution w of the problem

—Aw =divg inQ (5.43)
w=0 on 0Q) '
with g € (LP(Q))? satisfies
IVwlze) < Aplglle)- (5.44)
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We require from §9(p) to satisfy

O<62(p)smin(51, (5.45)

ZCoAp ) ’

where cg is defined in (2.8a). We choose d3 = §2(p) accordingly such that (5.11) holds. In the sequel, Q.
denotes the set given in (5.11) for this choice of §2. Note that the number of discs and the value of A may
change with d9, but we shall use the same notation as before.

Let H = H, denote the harmonic function in Q satisfying H = . on 0Q2. By (5.26) and the maximum
principle,

IHe o) = Il zoaq) < C(8). (5.46)

Note that

IMellwi-vp.paq) < C,

k s \dj
j=1 |z_xj|

see (5.24). Therefore, we also have

since

<C,
WLe(Q)

”H”WLP(Q) =C. (5.47)

Consider a function ¢ = ¢, € C>®(Q) satisfying

(5.48)

k
0=¢=1,¢=10nQ\[JBap(x5), {=00n
'=1 J=

k 4
B3pera(x5), 1V¢lloo <
J =1

%.

Note that, by (5.12), for small € the discs {B2,.(x;)} do not intersect the boundary, and thus ¢ = 1 on 6€.
From the properties of { we obtain, in particular, that

19815 = 1o gy e < Ce27 1 = 0(D). (5.49)
J= J

In Q, we set 7:= 7, = &2 and H = H, := ¢2H. From (5.46)—(5.49) we conclude that
IH llwipq) < C- (5.50)

Note that, although 7 is defined only in €, the function 7 is globally defined (and smooth), since =0 on
a neighborhood of B, (x%).
The function 7 satisées
—div(aV7) = —div(a&2Vn) — div(anV(£2))
=-&2div(aVe) —aV(E?)- Vo +div(aé®VO) + div(-2anéVé) :=  F1+Fa+divGy +divGa.
——

~~ N—
Fq Foy G1 G
Therefore,
—A@{ - H)=F1 +Fo+divG1 +divGs + div(aVH) + div((a - 1)V(H - H)) in Q 5.51)
n-H=0 ondQ’ '
By elliptic estimates, there exists B, = B,({2) > 0 such that the solution w of the problem
-Aw=v inQ
(5.52)
w=0 on 6Q)
with v € L1(Q), satisfies
IVwll, <Bplivli. (5.53)
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Note that F; = &2f is bounded in L1(Q); here, f is defined in (5.38). The same holds for Fs since, by
3.9),

/ laV(£?)- Vop| = / aV(&?)- V| < C1€% | Vé ool Vit oo < Ca.
Q U Baae@)\Bsaen(af)
Using the inequality
c . . . c
IVOW)| = —, with r = r(x) := dist(x, {x7,...,x;}),
r

we find that G is bounded in L?(Q). Similarly, G2 is bounded in L?(Q), since

1 p
/ |G2l? < Cslinl5, (—) % < C4e¥Plogel? = o(1),
Q &

by Corollary 5.11 and (5.48). Finally, aVH is bounded in LP(Q) by (5.50).
We also note that

|6(x)| < 62(p) on supp(V(F —H)) < Q.
Using the above in (5.51) we get by (5.44) and (5.53) that

IVG —E)liLr < Ap (It = DV@GE-H)liLe + 1G1llLe + 1G2liLe + laVH L )

_ (5.54)
+B, (IF1lp1 + IF2llz1) < Apcodo(p)IVGE —H)lze +C.

Combining (5.45) and (5.54), we find that "V(ﬁ—ﬁ)”LP < C, which in conjunction with (5.50) implies
that [|[V7jllLr = C. Since [|[VO|zrq,) < C, we obtain that

IVuelLo@n0t_ By < C- (5.55)

The conclusion of Proposition 5.12 follows from (5.55) and the fact that, by (3.9), {Vu,} is bounded in
LP(Bape(x5)). 0

5.4 A bound for the energy away from the singularities

We denote by ai,...,ay € Q the different limits of the families {x;}, Jj=1,...,k (possibly along a subse-
quence). Since two different families can converge to the same limit, we have N < k. At this point we do
not exclude the possibility that some of the a;’s belong to Q2. Consider some r > 0 such that

r<minfla; —ajl; i # j} and r <dist(a;,0Q), V j such that a; € Q. (5.56)

We denote

N
Q,:=Q\ JB,(a)),
j=1
and by D; the degree of u. on d(B,(a;)N(2) for small £ and (small but fixed) p. The following equality is
clear: if J; :={¢; x; —a;}, then D = Yres; dy.
5.13 Theorem. For each r as in (5.56) we have

E (u:;Q,)<Cwr). (5.57)

Proof. By the boundedness of {Vn} in L1(Q,) (see Proposition 5.12), it follows that there exists 7 = 7(¢) €
(r/2,r) such that

N

Z / IVnldo < C1(r). (5.58)
Jj=1 aB;(aj)mQ
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Similarly, we can find for each j € {1,...,N} a number ; € [0,27) such that the set
Ej =Ej(ﬁj)::{aj+se’ﬁf;s >7n Q5
satisfies

on ds = Ca(r). (5.59)
s

Jofa

Repeating the proof of Lemma 5.10 and using (5.58) and (5.59), we find that

”n”Loo(ﬁ;) = C3(7‘). (560)
For ¢ sufficiently small we have
lx;—ajl<7/2, Vledj, j=1,...,N. (5.61)

Next, we multiply the equation (5.37) satisfied by n and integrate over Q5. This yields as in (5.40)

0
/a|vn|2=/ fn—/ aV@-Vn+/ PELE S (5.62)
O O Qr 005 on

By (5.39) and (5.60) we have |I1]| < C4(r). We claim that also [I3] < C5(r). Indeed, we use (5.2) and (5.60)
for the integral on 6Q27 N 6Q) and for the integral on 0B7(a;) N we use (5.58) and the fact that thanks to

(5.61) we have
00

on
Applying the Cauchy-Schwarz inequality to I3 and the above estimates in (5.62) leads to

/awnﬁscﬁ(rn/ g|vn|2+/ 2 vep. (5.63)
&, 5. 2 5. 2

05 05

C
< = on 0B#(a;).

Since f@y(a/2)lv®l2 < Cq(r)(|logr| + 1), we get from (5.63) that fﬁ;IVnI2 < Cg(r). It follows that also
fﬁ; |V<p|2 < Cy(r), which clearly implies (5.57). O

5.5 Convergence of {u., }
The bound of Proposition 5.12 implies that for a subsequence {u,,} we have
ue, — u. weakly in WHP(Q), Vp €[1,2), (5.64)

for some u, € [ WUP(Q;T). The fact that u. is [-valued follows from (5.64) and the estimate (5.2) that
pell,2)
implies the convergence t., — 0 in L%(Q).
We can now further state

5.14 Proposition. We have
e, — ux in CY*Q\{ay,...,an}), Yae(0,1). (5.65)

The limit u is a T'-valued harmonic map in Q\{a1,...,an}.

Proof. We argue as in [5, Proof of Theorem VI.1]. For notational simplicity, we drop in what follows the
subscript n. It suffices to show that for every xo € Q\{a1,...,an} there exists R > 0 such that u, — u,
in C1%(Q N Bg(xp)). Consider first the case xo € Q. We choose R > 0 such that Bop(xg) € Q\ {ai,...,an}.
Since, by (5.57),

E (ug;Bor(x0))<C,

we can use Fubini’s theorem to find R’ € (R,2R) such that (after passing to a further subsequence),
1 w
/ [—IVu5|2+¥ <C.
0Bpi(xo) L 2 £
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Then, applying Theorem 4.1 we obtain that, up to a further subsequence, u, — ug in CL%(BR(xp)), and
that ug is a harmonic map in Bg(xg) (since it can be written as ug = 7(e’’) where ( is a harmonic function
in Br(xo)). Using the uniqueness of the limit, we find that u¢ = u ., and that the original subsequence {u,,}
converges to u, in Cl’“(ER(xo)).

It remains to consider the case xo € 9Q\{a1,...,an} (at this stage we do not exclude the possibility that
some of the a;’s belong to 82). We choose a small R >0 such 0Bg(xo) N 0<2 consists of exactly two points
and

R i —ajl.
< min lx0=a;|
Again by (5.57), we have
E (ug;Q2nBag(xo)) = C,

and by Fubini’s theorem there exists R’ € (R,2R) such that (after passing to a further subsequence),

L;HuMm2

Applying Theorem 4.7 we obtain that uy — u, in C1*(Bg(xo) N Q). O

1
Z\Vu? +

W(ue)
2 =C.

Next we deduce further properties of the map u . that will enable us to conclude the proof of Theo-
rem 1.1.

5.15 Proposition. We have {a1,...,an} c Q.

Proof. The proof is the same as that of [5, Theorem X.4], so we just mention the main idea. By Pohozaev
identity (5.2) and Proposition 5.14 it follows that

Jo

The map v, ;=7 " ou, is an Sl.valued smooth harmonic map on aQ\ {a1,...,an}, and satisfies: v, €
WLP(Q;S?) for all p €[1,2), v, =7 Log on 0Q, and thanks to (5.66), also

Jo

Therefore, all the hypotheses of [5, Lemma X.14] are satisfied, and we can conclude that v is smooth
in a neighborhood of Q). Clearly, the same holds for u .. O

2

ou,
el < oo (5.66)

on

1

2
< 0o0.

ov.,
on

To conclude the proof of Theorem 1.1 we need to show that the limit u . has the form given in (1.11).

5.16 Proposition. We have

u*(z):T(eMz)(ﬂ)Dl...( z-an )DN), (5.67)

|z —a1l |z —anl

for some smooth harmonic function 1 in Qand Dq,...,Dy € Z\{0}.

Equivalently, Proposition 5.16 asserts that the S!-valued harmonic map 7~ ou, is the canonical har-
monic map associated with 77 1o g and {(aj,Dj)}ﬁ.V:l, as defined in [5, Sec 1.3].

Proof. We apply the same argument as in [5, Ch. VII], which uses the Hopf differential. Setting
0= 0p = |@edy |° = |@edey | — 20 (We)ay - W)y

we find by a direct computation

ow 1 ou
%3 ((ux1 + “sz) =Aug- ((ug)x1 - z(ug)xZ) =2Au,- a:

(5.68)
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Moreover, by (1.2),

ou
£ =82Au5'

5.69
0z 0z ( )

iW(u‘g)=VW(u£)-
0z

By (5.68)—(5.69),
6_w 3 i (ZW(us))
0z 0z ’
Note that up to a further subsequence we have

w .
(ZE)A "0, (5.70)

J=1

2

&

for some positive m;’s. (Convergence is in the weak star topology of C(Q).) Indeed, combining (4.9) and
(4.52) we obtain, for any sufficiently small R >0,

N
W(u,) < Cge? in Q\ | Br(a)),

J=1

which clearly implies (5.70) with m ; = 0. The fact that m; > 0 for all j follows from (5.10).
Defining the distribution

0 ( 1 ) ( W(ug))
— | * XQ 3
iz £

a=ag:

’

"oz

we obtain by a direct calculation that =, := v — 2a is a holomorphic function in Q (see also [5]).
Since, by (4.7)—(4.8),

ou,

1
&

=C,j=12,

0% | Lo@\UY,, Br(ay)

W(ue)
£2
{B¢} is bounded in Cﬁ)c(Q). It follows that, up to a further subsequence, f; — B« in Cﬁ)c(Q), V&, for some

holomorphic function . in Q. In addition, using (5.70) we find that

we obtain that { } is bounded in C1(Q\ U;V: 1Br(a;)), and we deduce by the argument of [5] that

0 ( 1) i 5 ! % L ino®) (5.71)
g —asi=—|—|*) mj6g,=—= ) m;p.v.——— in . :
¢ oz \nz) =Y m g JP (z-aj)?

Therefore, w, = B¢ +2a; — B+« +2a, in 2'(Q).
Since Proposition 5.14 implies that

We = 0 1= @)y | P = | @ )s|? = 20 @)y - @)y, in CO QN ay,...,an)),
we obtain
Wy = Bs +2a, in 2 (Q\{ay,...,an}). (5.72)

Fix any j€{1,...,N} and assume without loss of generality that a ; = 0. Recall that 7 1oy is a harmonic
map in Q\{a1,...,an} (Proposition 5.14) and belongs to W(Q) when 1 < p < 2 (Proposition 5.12). In
addition, we have deg(u .,0) = D ;. Arguing as in [5, Remark 1.1] we may write, near 0,

us =7 (exp(tD ;6 +1c;logr +1h)),

where A is a harmonic function.
It follows that if we write, locally near 0, u. = 7(e'?) with ¢ := D ;60 + c;logr + h, then we have

2_(¢i=iD; 0k 2

() :|(u*)x1|2_|(u*)x2|2_21(u*)x1'(u*)xg:((pxl_”pxz) = 5 (56.73)
From (5.71)—(5.73) we obtain
2m;
D)2 = 2
(c;—1Dj) pn
nD?

implying that ¢; =0 and also m; = — The fact that ¢ = 0 for all j implies that u . has the form (5.67).
Since we know already that m ; # 0 for all j, it follows that also D # 0 for all j. O
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5.17 Remark. Arguing as in [5, Ch. VII], we may conclude from (5.73) that 0h/0z = 0. This implies that
the configuration (a1,...,ay) is a critical point of the renormalized energy associated with the degrees
D j)jv= , and the Sl-valued boundary condition 710 g, see [5, Corollary VIIL.1].
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