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A simple a posteriori estimate on general polytopal meshes
with applications to complex porous media flows*

Martin Vohralik! Soleiman Yousef*

June 2, 2017

Abstract

This paper develops an posteriori error estimate for lowest-order locally conservative methods on
meshes consisting of very general polytopal elements. We focus on the ease of implementation of the
methodology based on H'-conforming potential reconstruction and H(div, Q)-conforming flux recon-
struction. In particular, the evaluation of our estimates merely consists in some local matrix-vector
multiplications, where, on each mesh element, the matrices are either directly inherited from the given
numerical method, or trivially constructed from the element geometry, while the vectors are the de-
grees of freedom on the given element. We then apply this methodology to unsteady nonlinear coupled
degenerate problems describing complex multiphase flows in porous media. Here, on each step of the
time-marching scheme, linearization procedure, and linear algebraic solver, we distinguish the corre-
sponding error components. This leads to an easy-to-implement and fast-to-run adaptive algorithm
with simultaneously guaranteed overall precision and optimal efficiency ensured through the use of
adaptive stopping criteria together with adaptive space and time mesh refinements. Numerous numeri-
cal experiments on practical problems in two and three space dimensions illustrate the performance of
our methodology.
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1 Introduction

The use of general polygonal/polyhedral meshes (we henceforth use the term polytopal for any space di-
mension) is very appealing in various domains in computational practice. In these last years, there has been
a growing mathematical background for a priori analysis (existence, uniqueness, convergence, a priori error
estimates), see, e.g., Brezzi et al. [12], Bazilevs et al. [5], Droniou et al. [23], Wheeler et al. [47], Beirdo da
Veiga et al. [7], Vohralik and Wohlmuth [46], Bonelle and Ern [10], Cangiani et al. [16], Cockburn et al.
[19], and the references therein.

Literature on a posteriori analysis on polytopal meshes is much less plentiful. Beirdo da Veiga [6] and
Beirao da Veiga and Manzini [8] derive a posteriori error estimates for low-order mimetic finite difference
methods; extension to higher-order is presented in Antonietti et al. [4]. Arbitrary-order discontinuous
Galerkin methods are analysed in Ern and Vohralik [25], relying on the concept of a simplicial submesh.
Similarly, Vohralik and Wohlmuth [46] cover at once all the mimetic finite difference, mixed finite volume,
hybrid finite volume, and mixed finite element methods on general polytopal meshes. Beirdo da Veiga
and Manzini [9] then derive a posteriori error estimates for the virtual element method, and Buffa and
Giannelli [13] study the isogeometric methods.

The purpose of the present contribution is to derive simple a posteriori error estimates applicable on
general polytopal meshes. Developing the ideas from [25, 46], we do so in a framework including any
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lowest-order locally conservative method like the mimetic finite difference, mixed finite volume, hybrid finite
volume, multi-point finite volume, or mixed finite element ones. Higher-order methods could be treated
similarly. Our focus is to derive estimates that can be easily coded, cheaply evaluated, and efficiently used in
practical simulations. In particular, we want to avoid the physical construction and coding of any simplicial
submesh and solution of any local problems. The evaluation of our estimates is fully explicit and merely
consists in some small-size matrix-vector multiplications on each mesh element. We either directly use the
“element matrices” from the given numerical method, or prescribe them in a simple and explicit way from
the geometry of the given element solely. The vectors are then the flux and potential degrees of freedom on
the given element. This probably gives the easiest and most practically accessible application to polytopal
meshes of the general methodology of H!-conforming potential reconstruction and H(div, Q)-conforming
flux reconstruction, see Ern and Vohralik [27] and the references therein.

In the second part of our paper, we apply this methodology to the context of numerical approxima-
tion of unsteady nonlinear (systems of) partial differential equations. The derived estimates are still fully
computable, featuring no unknown generic constant. They are crucially valid at each stage of the overall
solution algorithm: on each time step n, each linearization step k, and each linear solver step i. They
also allow to distinguish different error components and design adaptive stopping criteria for the involved
iterative solvers, as well as adaptive choice of space and time meshes. We focus on complex porous media
problems, in extension of the results of Ern and Vohralik [26], Vohralik and Wheeler [45], Cances et al. [15],
and Di Pietro et al. [20, 21].

This contribution is organized as follows. Section 2 sets the context and notation. In Section 3, we
develop our main ideas of simple treatment of polytopal meshes on the example of a model steady linear
diffusion problem: the single-phase Darcy porous media flow. Numerical illustrations for this case are
presented in Section 4. In Section 5, a complex unsteady nonlinear advection-diffusion degenerate system
describing a multiphase Darcy flow is treated. A detailed numerical study in this case forms the content of
Section 6. Finally, conclusions are drawn in Section 7.

2 Setting

Let Q C R?, d > 1, be an open interval/polygon /polyhedron for respectively d = 1,2,3, or a polytope in
general, with a Lipschitz-continuous boundary 0€). We are interested in partitions 7y of the domain 2
into polytopes K such that Uxe7,, K = 2. The elements K can in particular be nonconvex, the mesh Tz
can be nonmatching in the sense that intersection of two neighboring polytopal elements is not necessarily
their entire face, the maximal number of faces of K € Ty is not limited, and there is no condition on
Ti to be shape-regular; we could also easily allow for non star-shaped elements. The only assumption we
impose is that there exists a (virtual, not to be constructed in practice) simplicial submesh 7, of Ty which
is matching, shape-regular, and such that any polytopal element K € T is covered by a patch of simplices
Tk sharing one vertex of the mesh 7y, which lies in the interior of K. Rephrasing, each element x € T}, is a
simplex, UpeT;, k = Q, Uper b = K, Uge, Tk = Th, the intersection of two elements in 7T}, is either empty
or their d’-dimensional common face, 0 < d’ < d — 1, and the ratios of the diameter of each x € T, to the
diameter of its largest inscribed ball are uniformly bounded by a constant 61 > 0 for all considered meshes
{Tu}r. An illustration in two dimensions is provided in Figure 1.

Let £y be the set of the (d — 1)-dimensional faces of Ty, divided into interior faces £l and boundary
faces £t o € M if there exist K, K’ € Ty, K # K’, such that 0 = KN K’, and o € £5 if there exist
K € Ty such that o = K NON. Similarly, let &, be the set of the (d — 1)-dimensional faces of the simplicial
mesh 7;,. We denote by £g 1, the set of such faces from &, that lie in some polytopal face of £g. If the faces
of T, do not subdivide the faces of Ty, then £, = Epr. Let Eg CEx be the set of the (d — 1)-dimensional
faces of the polytope K € Ty. Then, we let Se"t collect those faces of £g p, that lie on the boundary of
the element K € Tg, whereas E‘“t those faces of Em,p that lie inside the element K € Ty, see Figure 1.
To complete the notation, we also let Vi be the set of the vertices of the mesh Ty, V, vertices of the face
o € &, Vi vertices of the element K € Ty, and Vi j, the vertices of the elements k € Tk.

For a set S, |S| henceforth stands for its cardinality. We also use the notation |K| for the Lebesgue
measure of an element K and |o| for the (d — 1)-dimensional Lebesgue measure of a face o. For an interior
face o € £, we fix an arbitrary orientation and denote the corresponding unit normal vector by n,. For a
boundary face o € EF*, n, coincides with the exterior unit normal ng of 2. Finally, for all K € Ty and all
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Figure 1: Example of a general polygonal element K with its faces £k, corresponding face fluxes USX*, and

pressure head (P)x (left); virtual simplicial submesh Tx of K (right)

o € £k, we denote by ng , the unit normal vector to ¢ pointing out of K. In what follows, we will often

use the local weighted norm on K € Ty, for v € [Lz(K)]d:

{10t ovtor dx}é .

K 2;L2(K) H* ‘

3 A model steady linear problem

We describe here first a simple model steady linear problem together with its generic locally conservative
polytopal discretization. Then our a posteriori estimates, relying on the methodology of flux and potential
reconstructions where we avoid their factual construction, are described.

3.1 Steady linear Darcy flow
Consider the problem of finding p : Q2 — R such that

-V (KVp) = f in Q, (3.1a)
p=0 on Of). (3.1b)

Here f is the source term and K is a positive definite diffusion-dispersion tensor with values in R*
we suppose for simplicity that they are both piecewise constant with respect to the mesh 7g. In weak
form, (3.1) amounts to looking for p € H}(2) such that

(KVp, Vo) = (f,v) Vo€ HA(Q). (3:2)
From the pressure head p, we can define the Darcy velocity
u:=-KVp, (3.3)

and it follows from (3.2) that u lies in H(div, Q) and is such that V-u = f.

3.2 A generic discretization on a polytopal mesh

Let Ty be a polytopal mesh of € satisfying the assumptions of Section 2. We consider in this paper any
scheme that can be written under the following abstract form:

Assumption 3.1 (Locally conservative discretization on a polytopal mesh). There holds:



1. There is one unknown (U), € R per face o € Eg and one unknown (P)x € R per element K € Ty.
They respectively approzimate the normal fluz (u-n,, 1), and the pressure head p in the element K.

2. The flux balance
Z (U)anK,a'no‘ = (F)Ka VK ¢ THa (34)

c€€K

is satisfied, where (F)g := (f,1) k.

Many lowest-order locally conservative methods take the following specific form contained in Assump-
tion 3.1, see in particular [46, Theorems 7.2 and 7.3] for the relation to mixed finite elements:

Remark 3.2 (Saddle-point discretization on a polytopal mesh). Find U := {(U)y}see, € RI€#! and

P:={(P)k}rery € RI7H| such that
(£3)(1)-(2)

where 1) B has a full rank; 2) for K € Ty and 0 € €y, Bxo = —Ng oM, if 0 € Eg and B, = 0
otherwise; 2) A is square and invertible; 3) Ax € RIEIXIEL] gre the “element matrices” of the given

method; 4) for o,0" € €y, Avor = 0 if 0 and o’ are not faces of the same element K € Ty and Ay o =

Y KeTu {00 et DKo MoK o Mo (AR ) g o0 otherwise; 5) F = {(F)x}reTs; € RI7#l,

3.3 A fictitious flux reconstruction

Following the general concept of the lifting operator in mimetic finite differences, see, e.g., [12, Theorem 5.1],
[6, Section 2.1], or [8, Section 2.4], see also Eymard et al. [28, Section 1.2], Kuznetsov and Repin [32],
Kuznetsov [33], Vohralik [43, Section 3.2], or Sboui et al. [40], we will now extend the fluxes (U),, o € &k,
to the interior of each polytopal element K € Ty. The obtained flux uy|x will be used for the purpose of
our a posteriori analysis, but is crucially not to be constructed in practice. We will more precisely proceed
following [46, Theorems 7.2 and 7.3], where we approximate by the mixed finite element method on the
simplicial mesh Tx of each element K € Ty the problem

—V-(KVpk) = flk, (3.6a)
(pr, D
-KVpk -ny = (?F Vo' € £, 0’ C o, 0 € k. (3.6¢)

Note that if the faces of the simplicial mesh 7; do not subdivide the faces of the polytopal mesh Tz, then
Sfe("th = €k, so that it is enough to consider directly all faces ¢’ € £k in (3.6¢). Henceforth, we will also use
the notation

(U)o

o]

(U)yr == lo'] Vo' € £F,, 0" Co, 0 €&k (3.7)

for the normal flux over the given simplicial subface ¢’ of each original polytopal face o.

For each polytope K € Ty, define the lowest-order Raviart-Thomas—Nédélec space RTNy(K) := {v, €
H(div, K); vi|. € [Po(k)]¢ + xPo(k) VK € Tx} over the simplicial submesh Ty of K. Here Py(x) stands
for constants on the simplex k, and we will also denote by Py(7Tx) the space of piecewise constants on the
polytope K with respect to its mesh 7. We then set

V}IEN :={vp € RTNy(K), (vp-n,, 1), = (U), Vo € 5}’;‘7%}7
fo’o :={vy € RTNy(K), (vpn,, 1), =0Vo € Ef{"th ,

QEy = {an € Po(Tk); 2% = (P)kc},
Qo = {an € Po(Tk); (qn, 1) = 0}.



Definition 3.3 (Element fictitious flux reconstruction). For K € Ty, define up|x € V;{fN and py|k € QhKN
by

(K "ap, vi)x — (on, V-vi)g =0 Vv, € V;Izo, (3.82)
—(Vw,qn)k =0 Vg, € QF. (3.8b)

It is worth noting that (f,qn)x = 0 for all g, € thfo, so that the right-hand side in (3.8b) is indeed zero;
this follows from the zero mean value constraint on the test function g together with the assumption that
the source term f is constant on each K. Note also that since the normal fluxes (U), are univalued on the
faces from Eg p, the resulting flux reconstruction u, has the normal trace continuous and thus belongs to
the Raviart—-Thomas-Nédélec space RTN((Q2) associated with the simplicial mesh 7, of the entire domain
Q. In matrix form, Definition 3.3 takes the following form:

Remark 3.4 (Matrix form of (3.8)). Let vy, 0 € 5}?},” be the basis functions of the space V,If,o, and v,
o€ S}’;"th, be the remaining basis functions of the space RTNo(K). Similarly, let q;, 1 < i < |Q§70|, be
the basis functions of the space Qﬁo. Consider these basis functions of Viif,o and fo,o as test functions

; X in QK
in (3.8) and develop w1 = % eepe, (UR)oVo + Sy, (Uiavo and palic = (P + SI48 (PR g,

where U := {(U)o}oesex: and (P)k are the given data of the problem (3.6). Then (3.8) in matriz form
corresponds to: find Ut € RIViol and PY € RI@%ol such that

int,int 0,int\¢ int int,ext| jext
Al (BYnY) uin —Alntexty
K K K — K K
< BO,int 0 PO - _BO,extuext ) (39)
K K K K
where
int,int L -1 / int
(AK )U,U/ T (K VJ'vVU)K 0,0 € gK,h:
int,ext . —1 int / ext
(AK )U,o" = (K VO-I,VU)K (S EK,}NO. S EKJL?
0,int i
(BKm )Ko = —NK o Ng S g%l,tm
0,ext _ ext
(BK )Ka' = —NKg Ny UE(C/‘KX’h.

Definition 3.3 employs the mixed finite element method to lift the information from the boundary of an
element K € Ty given by the fluxes U' to the interior of the element K. It is thus clear that the energy

||uhHK7% L2(K) needs to only depend on UX'. It turns out that link can be expressed by the element matriz

&MFE’K. Define, in addition to Remark 3.4,
(A?t’eXt)U,gl = (K_lvgl7 VO')K a, 0'/ S 5%)(’%
As in [46, proof of Theorem 7.3], we indeed have:

Lemma 3.5 (MFE element matrix and energy norm). For each polytopal element K € Ty, define the
element matriz of the mized finite element method

. t L . 1 .

- Amt,ext & int,int (Bo,lnt)t Alnt,ext

A = AEXt’EXt _ K K K K . 3.10
MFE,K K ( Bg%ext ) ( ]B(;émt 0 Bg%ext ( )

Let up|g € VifN be given by Definition 3.3. Then

||U-h||257%;L2(K) = (U?t)tA\MFE,KU(?t- (3.11)
Proof. Let K € Ty. Following Remark 3.4, decompose up,|x = u‘fj‘}( +uihan and pp|x = (P)k +p2’K. Note

that choosing u}L“tK € V,{fo as the test function in (3.8a) and p%K € Qfo as the test function in (3.8b), one
has

(Kﬁluh’ ui}ﬁtK)K = (p(})z,K’ vuli?,tK)K = _(pg,Kv V'U?ﬁ()K’



where we have used ((P)g, Vu}l““K) x = 0. Consequently,

= (K 'up,up) i
_ (Kﬁluh, mt)K+(K lulhnt uzxt) (K 1 ext uZXt)K

= —(Phxc VUi ) i + (K™ ™, up) g + (K- 1UZXt,uZXt)K
ox A&mt,ext Umt ox oxct.oxc ox
- (AR) () s e
K

Combining this with the MFE matrix form (3.9) and the MFE element matrix definition (3.10) finishes the
proof. O

”uh” -3 LQ(K)

Remark 3.6 (Given discretization scheme element matrix and energy norm). The unified analysis in [46]
together with the results of [12, 23] show that the mized finite element element matriz &MFE,K defined
by (3.10) belongs to the same family as the element matrices A&K of mimetic finite differences, mized finite
volumes, and hybrid finite volumes Thus, for any discretization scheme of the form of Remark 3.2, a simple

approzimate way to evaluate |[up |7 1 b.12(K) n is to replace the element matriz Avrge, x of the mize
t t luat ] 3.11 i l the el t triz A th d

finite element method by the matrm} &K available from the given discretization scheme. In other words:
for the normal face fluzes USE' = {(U)a}geg?th given by a scheme of the form (3.5) and for uy|x € V,{fN
prescribed therefrom by Definition 3.3, there holds

[ b2 ~ (U AU, (3.12)

where Ak is the element matriz of the given scheme specified in Remark 3.2. Finally, when replacing the
discrete uy, € VhK’N of Definition 3.3 by the continuous @, € H(div, K) of the lifting operator according
to [12, Theorem 5.1]

[T o = (UR")' Ak U, (3.13)

where now 0y, is typically not accessible in practice, similarly to [6, 8].

3.4 A fictitious potential reconstruction

As a second ingredient of our a posteriori analysis, we will now define a simple potential reconstruction
sp€ P1(Tn) N H (), piecewise affine with respect to the simplicial submesh T, and H}(Q)-conforming.
Crucially, it also fictitious in the sense that it does not need to be constructed in practice in order to
evaluate the resulting a posteriori error estimate.

In the spirit of usual averaging operators [24, 2, 31, 3, 14], the easiest way is to set the nodal values
sp(a) in the vector {(S)atacy, by average values of (P)k in the neighboring elements:

Definition 3.7 (Element potential reconstruction). For each polytopal element K € Ty and each vertex a
of the simplicial mesh Ty lying on OK but not on 0N, let T, denote the set of polytopal elements K € Ty
sharing a. We set

(S)a :=(Sk)a (3.14)

|T| KGT
We also set (S)a :=(Sk)a := (P)k for the vertex a of Ty, lying inside K € Ty and (S)a := (Sk)a := 0 for

any vertex a lying simultaneously on 0K and the domain boundary OS).

For each K € Ty, let Sk € RIVxnl collect the values (Sk)a for the vertices a of the simplicial mesh Tk
lying on the boundary 0K and the value inside K. We will also need the vector S¥* € RIER collecting
the values associated with faces o € 5}3@‘% that we prescibe by

(S 72 (3.15)

acV,



(SK)as

(SK)as
4 Vi ={ai}_,
Vi = {ai}d,
Sk = {(SK)ai

o S
e .

SK" = {(5k)..

Figure 2: Example of nodal and facial potential reconstruction values Sy and S$**

where, recall, V, collects the vertices of the given face o € £3¥},. Note that (S'), = sn(%,), i.e., it is the
punctual value of the reconstruction s in the face barycenter x,, o € Sf("th Figure 2 gives an illustration
of the vectors Sk and S$¥* in two space dimensions.

Consider the usual hat basis functions 1, on the simplicial mesh 7;. Here v, is piecewise affine on Tp,
and Hg (2)-conforming, 1,(a’) = 1 if a = a’ and 0 otherwise, where a,a’ € V), are the vertices of 7;,. We
will need below the stiffness matriz gFE’K e RVkrlIXIVinl of a polytopal element K € Ty by

(gFE>K)a7al = (KV¢ar, Viba) i a,a’ € VK h- (3.16)
An immediate consequence is that
9 ~
||KVS}L||K,% L2 (K) = SKtSFE,KSK. (3.17)

Similarly, we let the element mass matriz MFE K € RVERIXIVKr] e given by

(Mpg, o = (Yo, o)k a,a’ € Vicp. (3.18)

Then R
(1,sn)k = 1'Mpg xSk- (3.19)

Remark 3.8 (Element matrices ng,K and MFEK) The stiffness and mass finite element matrices §FE,K

of (3.16) and MFE,K of (3.18) are available via simple analytical formulas that merely necessitate the
position of the vertices in the simplicial mesh T =Tn|k of each element K € Ty . Thus neither Ty, nor Tk
need not be constructed in practice in order to obtain them.

We finish this section by several remarks concerning saddle-point discretizations of the form (3.5) of
Remark 3.2.

Remark 3.9 (Lagrange multipliers in saddle-point discretizations). As usual for locally conservative meth-
ods, cf. Roberts and Thomas [39], Brezzi and Fortin [11], or Droniou et al. [23], the formulation (3.5) can
be hybridized, giving rise to one Lagrange multiplier A, per face o € Ey. Consider the line associated with
a given o € Eg in the first block equation of (3.5). For an interior face o, let it be shared by two polytopes
K, K' € Ty such that n, points from K to K'. From the structure of the matrices A and B supposed in
Remark 3.2, it follows that

Z nK,o"no”<&K)o’,a’(U)o” - (P)K = Z nK’,O"'nG/(&K)O',O'/(U)O" - (P)K’7

o' €€k U'GSK/

s0 that these expressions are univalued from both elements K and K'. As such an expression is also clearly
univalued on boundary faces, we can define the Lagrange multipliers

Ao’ = (P)K - Z nK,J/'nJ,(&K)G’,U’(U)GJ (320)
o’'€€k

for each element K € Ty and each face o € Ek .



For saddle-point discretizations of Remark 3.2, we can thus use the Lagrange multipliers A, given
by (3.20) to define a more accurate fictitious potential reconstruction sy, still piecewise affine with respect
to the simplicial submesh 7;, and H}(Q)-conforming. We impose the nodal values s;(a) in the vector
{(S)a}acy, by averaging the values A,:

Definition 3.10 (Element potential reconstruction based on Lagrange multipliers). For each polytopal
element K € Ty and each vertex a of the simplicial mesh Tr lying on OK but not on the boundary 02 and
shared by faces from Ex collected in the set Ek a, define first (S)a :=(Sk)a = ﬁ ZUE&K.B As. On the

boundary 09, define (S)a :=(Sk)a := 0. Let now a vertex a of the simplicial mesh T, lie on OK for some
K € Ty and let T, denote the elements K € Ty sharing a. We then set

(S)a =(SK)a = — 3 (5x)a (3.21)

7l .

together with (Sk)a := (P)k for the vertex a of Ty, lying inside K € Tg.

We finish this section by a remark on an alternative, still more precise potential reconstruction, that we
will namely use for comparison in numerical experiments below:

Remark 3.11 (Piecewise quadratic potential reconstruction). Let (up,pn) be given by Definition 3.5.
Following [42, Section 4.1], let pp, be a piecewise quadratic polynomial on the simplicial mesh Ty given by

~ D 71 K
_Kvph‘n = uh|m (ph/{|) = ph|n Vk € 77L

A typically more precise piecewise quadratic but computationally more demanding potential reconstruction
sp € Po(Trn)HE(Q) can be obtained by averaging the values of Py, in all Lagrangian degrees of freedom, cf.
[42, Section 4.2].

3.5 A simple guaranteed a posteriori error estimate

We now present our simple a posteriori error estimate. It is given for the error between the exact Darcy
velocity u € H(div, ) of (3.1)—(3.3) and the reconstruction up, € RTN(£2) of Definition (3.3). This is
similar to [6, 8] in that neither u nor u, need not be known to give a computable estimate. An important
difference, however, is that u; can be computed if necessary following Definition 3.3 for our estimates; we
will use this in the model problems in Section 4 below to rigorously verify their quality. Our main result is
as follows:

Theorem 3.12 (A simple a posteriori error estimate for the steady Darcy flow). Let u be given by (3.2)-
(3.3). For any polytopal discretization satisfying Assumption 3.1, let the fluz up, € RTNy(Q) be reconstructed
following Definition 3.3. Let the element matrices &MFE’K, ’S\FE’K, and I\//\JIFE,K be respectively defined
by (3.10), (3.16), and (3.18). Let finally the vectors Sk and SX* be given by (3.14), (3.15), or alternatively,
for schemes of the form of Remark 3.2, by (3.21), (3.15). Then there holds

1
2
2
o=l 3. 20 S{ > TIK} ; (3:22)

KeTu

where
77%{ = (U?t)tAMFE’KU?t + SJ}{SFEKSK + Q(U%t)tS?t - Q(F)K|K|_11tMFE7KSK. (323)

Proof. An argument of the type of the Prager-Synge equality [37] gives, for an arbitrary s, € Hj (),

||u—uh||5 ) < Huh—i_KvShHK

“hrx “hirx)’
see, e.g., [44, Theorem 6.1]. Note that the assumption that the source term f is elementwise constant is
important here; then (3.4) of Assumption 3.1 together with Definition 3.3 imply V-u, = f. In the general

case, a data oscillation term would appear. We now choose for s, the fictitious potential reconstruction sy



of Definition 3.7, continuous and piecewise affine with respect to 7, and given by the nodal values of the
vector S. Developing elementwise, we obtain

lun + K Va7 . = [l +2(w, V)i + [KVsnl2 3

L2(K) 2 L2(K) L2(K) "~

We now use Lemma 3.5 for the first term and (3.17) for the last one. For the middle term, recall first that
the normal components of vector fields in RTN(f2) are constant on each face. Thus the Green theorem
together with (3.15) and (3.19) give

(up, Vsn)x = (Wpm, sp)or — (Voup, sp) i = (UEH) 'S — (F) k| K|~ 1*Mipp xSk
Thus the proof is finished. O

Note that the estimate of Theorem 3.12 takes a simple form of matrix-vector multiplication on each
polytopal mesh element K € Ty (recall that the element matrices AMFE K, SFE K, and MFE x can easily
be constructed from the geometry of K and do not need the factual construction of the simplicial submesh
Tk ), yet it delivers a guaranteed upper bound on the Darcy velocity error.

Remark 3.13 (Simplified a posteriori error estimates with the given element matrices :&K) For any
discretization of the form of Remark 3.2, the element matrix &K is at disposal for any K € Tg. Thus,
following Remark 5.6, it suggests itself to use in practice in (3.23) A&K instead of the element matrices
A&MFE,K that one needs to construct by (3.10). Using in particular the approzimation (3.12) (leading to
“approzimately less than or equal to” denoted by <) or the equality (3.13), this in particular gives

=l o, {Z nK} (3.24)

KeTnu
or N
||u7ﬁh|| -5 LQ(Q) { Z T’K} ) (325)
KeTu
where

= (U AR US® + St Spp xSk + 20U SE — 2(F) x| K|~ 1M, xSk - (3.26)

In the numerical experiments in Section 4 below, inequality (3.24) actually holds with < and results very
close to Theorem 3.12 are observed.

4 Numerical experiments: single-phase Darcy flow

The purpose of this section is to numerically illustrate the performance of the estimators of Theorem 3.12, as
well as the simplified estimate (3.24) of Remark 3.13. The test is taken from [34], where a collection of two-
dimensional elliptic problems for testing adaptive grid refinement algorithms is proposed. We approximate
—Ap = f on the space domain © = (0,1)? with Dirichlet boundary conditions prescribed by the analytic
solution 242(1 — x)*y*(1 — y)® with a = 200, see Figure 3.

The mesh Ty consists of general polygonal elements, with the fictitious triangular submesh 7; shown
in Figure 4. We consider the hybrid finite volume (HFV) discretization (Droniou et al. [23, Section 2.2]),
taking the form (3.5) with the matrix A formed by local element matrices Ag. We compare three versions of
a posteriori error estimates: a) the estimators ng in (3.23) of Theorem 3.12 are replaced by the expression

HK_%uh + K%VshHK, where up|x € VifN is given in Definition 3.3 and s;, € Pa(7,) N HE(Q) is described in
Remark 3.11 (called triangular MFE estimate); b) Theorem 3.12 is used, with the estimators nx evaluated
via the matrix form (3.23), relying on the element matrices AMFE K SFE K, and MFE k of respectively (3.10),
(3.16), and (3.18) (called polygonal MFE estimate); ¢) Remark 3.13 is employed, with the bound (3.24) and
the estimators of (3.26) using the element matrix A of the HFV scheme that is already available (called
polygonal HFV estimate).
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Figure 3: The solution of the

Figure 4: An example of a polygonal mesh 7Ty and the corresponding triangular submesh 7},

Note that if the mixed finite element method on polygonal meshes of [46, Theorem 7.2] is used instead
of the HFV discretization, the first procedure is, following [46, Remark 7.3], fully equivalent to solving the
problem (3.1) directly on the simplicial mesh 7, by the lowest-order Raviart—Thomas-Nédélec mixed finite
element method and applying the a posteriori error estimates of [42]. It serves here as a sort of a reference
a posteriori error estimate. The second procedure only uses the piecewise affine potential reconstruction sy,
of Definition 3.7, which allows for the simple matrix form (3.23) of the estimators. The last procedure is
definitely the easiest choice in practice, where only the already available element matrices A x are used and
there is no need to construct the mixed finite element matrices Avrr x via (3.10).

In Figure 5 we compare the actual and predicted error distributions. Obviously, the energy error and
the rigorous triangular MFE estimate distributions match perfectly. The polygonal MFE estimate and
the polygonal HFV estimates give similar results and match also well with the energy error. We depict
in Figure 6 the error and estimates as a function of the total number of unknowns and the corresponding
effectivity indices for a uniform mesh refinement. All the three estimators behave in a similar way, with
a slight advantage for the triangular MFE estimate. The graphs confirm in particular that replacing the
mixed finite element matrix Ayrg, x by Ax has a very small influence.

Figure 7 shows the results for adaptive mesh refinement, achieved by using the local distribution of the
predicted error as an indicator to refine only the cells of the mesh where the error is important. We observe
quasi-identical values of the polygonal MFE and polygonal HFV estimates; consequently, we obtain the
same number of unknowns at each step of adaptivity and almost identical final energy error for these two
estimators. The left part of Figure 7 displays the results where we present the estimators and two energy
errors, one resulting with adaptivity based on the polygonal estimates and another with adaptivity based on
the triangular MFE estimates. Finally, adaptivity leads to both smaller error and better effectivity indices

10
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Figure 5: Actual and estimated error distributions, entire domain (top) and center zoom (bottom)
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in comparison with uniform mesh refinement.

5 A coupled unsteady nonlinear problem

In this section, the methodology derived in Section 3 is applied to polytopal discretizations of multiphase
Darcy flows in porous media. An abstract framework for a posteriori estimates is already developed for
two-phase flow in [45, 15], for multiphase compositional flow in [20], and for thermal multiphase compo-
sitional flow in [21]. However, these works do not handle general polytopal meshes often encountered in
practice and do not address the question of as cheap as possible form of the estimates. In the following,
we describe briefly the multiphase model, discuss its discretization by an implicit finite volume scheme,
the linearization by the Newton methods, and the algebraic solution of the arising linear system. We also
explain the required fictitious flux reconstructions and finally develop our simple a posteriori error estimate
distinguishing different error components. By decomposing the estimators into the space, time, lineariza-
tion, and algebraic error components, we can formulate criteria for stopping the iterative algebraic solver
and the iterative linearization solver when the corresponding error components do not affect significantly
the overall error. Moreover, the spatial and temporal error components can be balanced respectlvely by
time step and space mesh adaptation. In particular, denote by n:pktla U?mktz, nﬁnktz, and 77:1g ’tZ respectively
the total spatial, temporal, linearization, and algebraic estimators, on time step n, linearization step k, and
algebraic solvers step 7. Let Yiin, Yalg € (0,1) and Ty > Yem > 0 be user-given fixed parameters. Similarly,
fix the margins of cells to refine (,ef and to derefine (gerer, 0 < Cgeret < Cref < 1. Following [26, 45, 15, 20]
and the references therein, we derive in this section simple estimators to run the following fully adaptive
algorithm:

Algorithm 5.1 (Adaptive algorithm with time and space mesh refinement and adaptive stopping criteria).

Set n := 0.
while " < tp do {Time loop}
Set n:=n+1.
loop {Spatial and temporal errors balancing loop}
Set k := 0.
loop {Standard Newton linearization loop}
Set k: =k + 1.
Set up the linear system.
Set i := 0.
loop {Algebraic solver loop}
Perform a step of the iterative algebraic solver and set ¢ := i + 1.
Evaluate the different estimators.

Terminate the algebraic solver loop if: nglgktl < Valg (n:pktz).
end loop )
Terminate the Newton linearization loop if: nﬁlr’f{l < Min (n:pfq 2)
end loop

Terminate the spatial and temporal errors balancing loop if

n,k,i

n,k,i
Mapice™ Get ax {nipijcre} VK € Tjf

Ytm (n:pkt ’L) < n?mktz < th (n:pkt ’L) )

else

Refine the cells K € T} such that n:pkKlt > Crof MAX KT {an, t}

Derefine the cells K € T;} such that 7. sp. K ¢ < Cderef MAXK’ Ty {nsp” t}
Refine the time step if nfm]ftl > Ty (n:pktl) derefine the time step if vy (n:pktl) > nfmktl.
end loop
Update data.
end while

12



5.1 Multiphase Darcy flow

We counsider the generalization of Coats’ formulation [18] of multiphase Darcy flow models to an arbitrary
number of phases by [29]. The same formulation has already been used in [20], so we only give a concise
presentation. Let P = {p} be the set of phases, C = {c} the set of components, and, for a given phase
p € P, let C,, C C be the set of its components. .S, then denotes the saturation of the phase p and C), . the
molar fraction of the component c in the phase p. For a given component ¢ € C, denote by P, the set of the
phases which contain c.

We denote by P the reference pressure such that the phase pressures P,, p € P, are expressed as

Py := P+ P (S,), (5.1)

where P, is a given generalized capillary pressure function. We collect the unknowns of the model in
the vector X:=(P, (Sp)pep, (Cp.c)pep,ccc,). We denote by ¢ the porosity of the medium and by K the
permeability tensor. For a phase p € P, k., is the relative permeability, u, is the dynamic viscosity, ¢, is

the molar density, p, is the mass density, and v, is the mobility given by v, := Cpklj—”’; for simplicity, we
‘P

suppose here that only k, , (and consequently v,) can be functions of the unknown saturations S, the other
data being given as constants. More general cases can be treated as in [20].
The system of governing equations is given by

L+ VB, =q., VeeC, (5.2)

where q. € L2((0,tr); L?(Q)) denotes a source or sink and L.. is the amount (in moles) of component ¢ per
unit volume,

Le=6> SpChe. (5.3)

PEP.

For simplicity, g. is supposed to be piecewise constant on the space-time mesh; this is the case for the
numerical tests chosen in Section 6 below. Additionally, in (5.2), for each ¢ € C, the component flux ®. has
the following expression:

o= Y By, Bpo=0,0(X) = 1,0,00(B), (5.4)
PEP.
and for all p € P, v,(P,) represents the average phase velocity given by Darcy’s law,
vp(Fp) = —K(VP, + ppgVz). (5.5)

Here g is the gravitation acceleration constant. We assume that no-flow boundary conditions are prescribed
for all the component fluxes,

b.ng=0 on 09 x (0,tr) Ve eC, (5.6)

where 02 denotes the boundary of Q and nq its unit outward normal. At ¢ = 0 we prescribe the initial
amount of each component,
L.(,00=L  Veec. (5.7)

The previous PDEs is supplemented by a system of algebraic equations imposing the volume conservation:
y S, =1, (5.8)
peEP

the conservation of the quantity of matter:

and local thermodynamic equilibrium expressed by

> (Np,—1)=> Ne, — Ne (5.10)

ceC peEP

equalities of fugacities, see [20] for more details.
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5.2 Finite volume discretization on a polytopal mesh

To discretize our model, we choose a fully implicit numerical scheme based on phase-upwind and multi-point
flux approximation L-method, see [1]. This method, in the steady linear case, fits our Assumption 3.1 but is
not of the form of Remark 3.2. In order to define this numerical scheme, we start by giving some notations
for the space-time mesh. In addition to Section 2 for the space mesh, we let (7,)1<n<n denote a sequence
of positive real numbers corresponding to the discrete time steps such that tp = 25:1 Tn. We consider the
discrete times (t")o<n<n such that " :=0and, for 1 <n < N, t" := Z?:l 7;; then we define the time
intervals I,, := ("1, t").

Let (7T7})o<n<n denote a family of meshes of the space domain 2 defined in the sense of Section 2. For
all 0 <n < N we define &, &7, Ef 1, E?(?t, and En’ht similarly to Section 2. The key idea of the MPFA
L-method is to express fluxes as a linear combination of cell unknowns, using one value per cell. For all
1<n <N, welet X7, = (Xk)kerp, With X = (Pg, (S) g )pep, (Cp .k )peP,cec,)- System 5.2 is then

p.C,
discretized as follows: for all 1 <n < N, K € T}, and each c € C, we require

K]
n

(Lox(Xi) = Lox(XEND)+ D FoxolXh,) =|Klqlx, VeeC VK €Ty, (5.11)

cEERNEYR®

This equation expresses the mass balance for the element K. Here ¢ j is the value of ¢, on element K and
time interval I,,; recall also that | K| stands for the Lebesgue measure of the element K. For each component
c € C, its total flux across the face o results from the sum of the corresponding fluxes for each phase p € P,
ie., for all K € T} and all 0 € £ NEW with o = K NOK’,

Fer,o(XT,) = w1 O i Fokco(Xy), K= (5.12)

PEP:

K if Fpko(XT,) >0,
K' otherwise,

and with C”C Kt and V;‘ ! denoting, respectively, the upstream molar fraction and upstream mobility.
p,C, 1\ p y A p

Finally,

L:CK(XK —Q/)KZC[)K K pcK
pPEP.

In (5.12), we have introduced the multi-point finite volume approximation of the normal component of
the average phase velocity on face o given by

ForoX7) = Fpxa(XiYioest) = D ho(Ppc + Py o97xcr), (5.13)
K'eSk

where, for all 0 € £ NEMY SL is a flux L-stencil S € Ty, for all K € S, 7% € R is the transmissibility
coeﬁiment of the face o, and

vk = Pr + Pe, (S k)
following (5.1). Details about choosing the proper L-stencil and computing the corresponding transmissibil-
ity coefficients can be found in [1]. Finally, boundary fluxes are set to zero to account for the homogeneous
natural boundary conditions.

5.3 Linearization and algebraic system solution

At this stage, we need to solve, at each time step, the system of nonlinear algebraic equations resulting
from the discretization (5.11). First, for all times 1 < n < N, we apply the Newton linearization algorithm
generating, for X %S fixed, a sequence (X ?f)kzl with X 771-: solution to the following system of linear
algebraic equations: for all components ¢ € C and all mesh elements K € T,

8RC,K

0X %
K'eTh

(A7) - (AR = AT + Rew (X771 =0, (5.14)
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with, for all ¢ € C and K € T},

n K n n— n mn
Rex (X%, = %(EC,K(XK) — Lo k(X% 1)) + Z Fero(X7,) — |K|q! k.

oEEKNERE

Second, for time 1 < n < N, and a given Newton iteration k£ > 1, to approximate the solution of the
system (5.14), we use an iterative algebraic solver generating, for X%f’o fixed, a sequence (X%f’z)izl

solving (5.14) up to the residuals, given for all ¢ € C and all K € T} by
1K)

RIW" - (EC,K(X?( DA LER = Lok (X 1)) + Y Fren — K|l ks (5.15)

ceERNERT

where

En,k,i L 8EC,K
c, K

= G AT (A - 2

and where F!';" are the linearized component fluxes given by

P = Y | oo @57+ 30 TP (- 2| 69
pEP. K'eTn '
with

n,k—1\ . nk—1,nk—1 n,k—1
Fpeko( Xy, )= Yo CP,C)K;}—p,K,U(XTH )-

Above, we use that we have supposed the accumulation term L. to be linear; general nonlinear accumulation
terms can be treated following [20].

5.4 Fictitious flux reconstructions

Following Section 3.3, we now define an equivalent of uj of Definition 3.3. Here again, it is only needed
to define the approximate solution but not for the a posteriori error estimators, so that it is not to be
constructed in practical calculations. In what follows, as we will systematically use the convention (3.7)
(without change of the notation) to define the fluxes of the simplicial submesh faces in case they subdivide
the original polytopal faces.

Let a time step 1 < n < N, a Newton linearization iteration £ > 1, and an algebraic solver iteration
i > 1 be fixed. For all phases p € P and all K € T;}, define uZ”,’f” k € RTN((K) such that

(Wi 1), = Y TPl Yo e £, (5.17)
K'eSk
with uZ’f’ionQ = 0 on 02 coherently with the homogeneous boundary condition. Similarly, for all compo-

nents ¢ € C and all K € T}, we define ‘}Z}lflh{ € RTN(K) such that

(@ mg, 1) =Y v Ol Ty ko (KR, Yo e 5, (5.18)
pEP.

with Fp i, defined by (5.13), and we set ®"".ng = 0 on AQ. The other degrees of freedom are then

c,h
defined via a minimization solve as in Definition 3.3.

5.5 Error via dual norm of the residual and potential nonconformity

Suppose that a weak solution can be defined as in [20, Assumption 3.1]. Let X := L?(0,tr; H*()) and set

2

N
2 2 2 — 2 1
ot =30 [ 3 Meliesc dt Mol = el + 2V, -
n=1

m KeTh
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We also need to define L7 k "€ HY(0,tp; L2(Q)) as piecewise affine and continuous in time, given by the
values Lo (X757 at tlmes t", 0 < n < N. Similarly, let u"’“ and ®™7" be piecewise affine and

continuous in time, given respectively by u”’,’f’l and ®77" i of (5.17) (5.18) at times t™. Then the distance
of the current approximate solution to the exact solutlon can be evaluated as in [20, Section 3.3] via

N

Nk — Aok, z(Xn,k,l) — { Z (Ncn’k’i)z} i + { Z (N;’k’i)2} , (5.19a)

ceC peEP

where

NPFR= sup / {(5tﬁc - 5t£?;]f:a¢)( t)— (‘I’ ‘I’Zflf;?V‘P) (t)} dt, (5.19b)

PEX [lellx=10

and

k . b n,k,i ~n,k,i 2 n,k,i %

NyHto= it Z/O > (kicpti) Juph - Kve H e (94 (5.19¢)
ceCyp KeTy

The first term (5.19b) is the dual norm of the residual of the weak formulation for each component. The
second term (5.19¢) then evaluates the nonconformity in the primal variables phase pressures.

5.6 Simple a posteriori error estimate distinguishing the different error com-
ponents

We now extend the a posteriori estimates proposed in [20] to polytopal meshes and derive their simple
form only relying on local matrix-vector multiplications. We rely on the following finite volume face fluxes
associated with the polytopal mesh elements K € 7 and their faces o € 5}‘2’“ not lying on the boundary
of €, for all components ¢ € C, time levels n > 1 and times ¢ € I,,, linearization steps k > 1, and algebraic

iterations ¢ > 1:

k, t—tn! ki gk, =l n1,me
(UR3e = ——— K Crlie D by +in v Cockc D ThPrir  (5.:200)
K'eSk K'eSt
Ukt Do = Fero X5 = ST 00 E OrFLF, o (X, (5.20b)
pEP.

n,k,i . " —t n,k,i ~n,k,i n,k,i

(UtvaVC)U = T™n Z |:va]( vach’vaKﬁ( Ta ) - Vp K CpCK‘vaK (T(X )] ’ (520C)
pPEP.

n,k,i . TNk, n,k,i

(Ulin,K,c)U T FC,K,U - C7K7U(XTH )7 (520d)
Kyt - kit ki,

(UZIg,IZ(,c)U = :’IK; ! - ‘FZK,;v (5.20e)

we set all these normal fluxes to zero for all faces located on the boundary of @ in accordance with
the Neumann boundary condition (5.6) and define the local vectors as UZ?& = {(UL o tocer, X =

upw, tm, lin, alg, and similarly for (U?(’f;’i)a,

Snkz Sextnkz

We also need to define the phase pressure reconstructions Kp and S Similarly to the steady

linear model in Section 3.4, we use directly the cells pressure values as in Definition 3.7. Here the building
blocks are the phase pressure values obtained from the finite volume scheme, the current P"’}?l and the

previous time step P;;(l, that we combine for each time t € I, to

t— tnfl

T n

t’l’L

n,k,t —t n—
Pret+ ——Prt (5.21)
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Note that all quantities of (5.20) and (5.21) are immediately available from the finite volume discretiza-
tion of Section 5.2, more precisely on each linearization step £ > 1 and each algebraic solver step ¢ > 1 as
described in Section 5.3. The simple choice in (5.20¢) is motivated by [20, Remark 4.3], where j > 1 is a
user-defined fixed number of additional algebraic solver iterations. A more involved choice can be made fol-
lowing [36]. Then no additional iterations are needed, (5.22) below holds as an inequality, and the obtained
bound is typically slightly more precise.

Proceeding as for the steady linear problem in Section 3.5 while noting in particular that the chosen
MPFA L-scheme verifies Assumption 3.1 in that it provides one phase pressure unknown per element, one
normal flux unknown per face and per each component, and a flux balance, we can extend [20, Corollary 4.5]
to:

Theorem 5.2 (Simple a posteriori error estimate distinguishing the different error components). Consider
the multiphase Darcy flow according to Section 5.1, the finite volume scheme of Section 5.2, and its lin-
earization and algebraic system solution according to Section 5.3. Let the approzimate solution be understood
in the sense of Section 5.4, and the error be measured in the sense of Section 5.5. Let the element matrices

Awvrg Kk, Sre, Kk, and Mpg, ik be respectively defined by (3.10), (3.16), and (3.18). Then

2

; i ki onki | nki)2

N ””“S{ D (Gl it i) } (5:22)
ceC

with

w3 wnineral 523

where x = sp,tm, lin, alg and 65 := 2, except for dsp := 4. Here, for ¢ € C, we prescribe the elementwise
spatial estimators

1
2) 2
ki niki ki
n:p,l{l,c T n:pwa,c + { Z (7717\110,;(,0,;)) } ’ (5243)

PEP:

with the upwinding estimators
n,k.,i 2 n,k.,i t N n,k.,i
(nuf)v&;,K,c> = (Uu};V\;,K,c) AMFE,K(Uu}Z}W,K,c)
and the nonconformity estimators
n,k,i 2 n,k,i\t n,k,i n,k,i ~n,k,i 2 n,k,i\tQ n,k,i
(R&icen) = (VRS BurnURh + (R Cpic)” (S SemaSich
n,k,i ~mn,k,i n,k,i\tcext,n,k,i n,k,i —1qtnor n,k,i
T2, Cple ke [(UK,p ) Sk - Z <UK,p Jo K71 Mre,kSE," |
oc€EK

together with the temporal estimators

2
n,k,i L n,k,i  \t R n,k,i
(mm,K,c) = (Ui k) Avre, kUG, i oo (5.24b)
the linearization estimators

N P ) ) -~ )
(mfite)” = (U Barm s Ui s (7)1 [ Cone (M) = Loae (AT = 0

57%;L2(K)7
(5.24c)

and the algebraic estimators
2
ki - ki N ki
(n:lg,lz(,c) T (Uzlg,;(,c)tAMFE7KUglg,;(,c' (524d>
Proof. In order to obtain an a posteriori error estimate distinguishing the different errors components coming
from the space, time, linearization, and algebraic resolutions, we proceed as in [20]. For all components

ceC,all n,k,%, and all K € T}, only for the purpose of this proof, we first construct some supplementary
fictitious flux reconstructions:
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o The discretization flux reconstruction @g;fc’fc,h\;( € RTN(K) such that
Ok i )e = Foro(XPN,  Voe s, (5.25a)

with F. k » given by (5.12), while ki » o =0 on Q.

disc,c,

o The linearization error flux reconstruction @ﬁ;lkf nlx € RTNg(K) such that

(O nk 1)g = Frgs — Foro(XER),  Voe &S, (5.25b)

lin,c,

with ffflg; given by (5.16), together with @"’k’ih-nﬂ =0.

lin,c,

e The algebraic error flur reconstruction @"’k’ih\K € RTN(K) such that

alg,c,

ki —— kst ,ext
(O i, ok = —RUEL, Vo e &g, (5.25¢)

with Rgf(z defined by (5.15), while @Zl’;’ih-ng =0 on ON.
The other degrees of freedom are then defined via a minimization solve as in Definition 3.3.
It crucially follows from (5.15), the different flux reconstructions (5.25), and the Green theorem that
there holds, for all ¢ € C,

n lin,c,h alg,c,h

n,k—1 n,k,i n—1
<QZK B Log(XE )+ LK Lo k(X% ) B V'(@Z{fé,iqh @Mk @k ), 1) —0 VK eT.
K
(5.26)
Let 512" € Py (Tn)NHE(Q) for any ¢ € I,,, be prescribed as in Definition 3.7 from the phase pressures (5.21).
Then, following [20, Corollary 4.5], (5.22) holds with < instead of < with (5.23) and with the local estimators

n,k,i

given, for all components ¢ € C and all K € Tg, by (ng'} . are zero here thanks to (5.26))

1
2) 2
ki ki ks
n:p»KZ»C T n:pW?]ﬂC + { Z (ngc,%,c,p) } ’ (527&)

PEP.
TN e = ;I’} ;’“KT uht 4 KVsoh! T (5.27b)
Uﬁﬁf&ff{,c = GZ{skgc,h - @Z}f‘ K-}.025)] (5.27c)
M = |2 = 20 |t e (5.27d)
Wi = [OFMn ] g g T [ Ler (M) — Lon (RGN — i Ly L (B27e)
7721’;}?,6 = Zlg,ﬁ,hHK_%;L%K) . (5.27f)

An algebraic error flux reconstruction @Zl’gk Cl ,, satisfying (5.25c) for an arbitrary iterative algebraic solver

is developed in [36]. In practice, it is often sufficient (and much simpler) to prescribe
ki kit ki ,ex
(@ yni, 1)g = Flgo? — Flgn, Vo e €T, (5.28)

for some j > 1 additional algebraic solver iterations; this satisfies the requirement (5.25¢) only approximately
and leads to the loss of the guaranteed upper bound in (5.22).

The bound (5.22) with the estimators given by (5.23) and (5.24) is now obtained by applying Theo-
rem 3.12 to evaluate the nonconformity estimator given by (5.27b) and by applying Lemma 3.5 to evaluate
the upwinding, temporal, linearization, and algebraic estimators of (5.27¢)—(5.27f). O
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6 Numerical experiments: multiphase Darcy flow

In order to validate the results of Theorem 5.2 and to test the fully adaptive Algorithm 5.1, we study here two
different test cases. The first one is taken from [17], relying on the tenth SPE comparative solution project
model. It is an incompressible water-oil two-phase flow problem built on a Cartesian regular geometry.
This test corresponds to the layer 85 of SPE10. We choose here first the Cartesian regular mesh so as to
compare our new approach with approaches already validated on this type of meshes. The second case is
a simulation of a black-oil model. For this test the problem is built on a three-dimensional corner-point
geometry (distorted grids), well-known and most often used in reservoir simulation due to the flexibility to
permit a good representation of reservoir description, see [22] and references therein. In what follows, the
proposed a posteriori error estimate framework has been implemented in a reservoir prototype simulator [38],
a thermal multi-purpose simulator written in C++, which is a part of the next generation IFPEn research
simulators based on the Arcane framework [30]. The execution platform is a public computer Intel Core i7,
8 cores, 3.7Ghz with 16GB of memory.

6.1 Two-phase flow problem

We consider a two-dimensional spatial domain discretized by a grid of 60 x 220 rectangular cells of size 6.096
m in the z direction and 3.048 m in the y direction. We choose the initial time step as 70 = 4.32 x 10%s,
which equals to 0.5 days, and the process is simulated to t = 2000 days. The reservoir is initially saturated
with hydrocarbons and we consider the injection of water by a well located at the center of the grid. Four
production wells are placed at the four corners of the domain. Therefore, we have a water component
W and an oil component O collected in the set of components C = {W, 0} and two phases P = {w,o0}
corresponding to water and oil. The model is actually simplified in that the components can be identified
with the phases, so that Pw = {w} and Po = {0}, Cy.w = Co0 =1, Cow = Cow = 0, and the vector
of unknowns X reduces to (P, (Sp)pepr). Note that then the accumulation term £. becomes linear in the
only unknown S,, and one particular consequence is that the second term in the definition (5.24c) of nﬁf}é .
vanishes. The porosity ¢ and the permeability field K (scalar coefficient times an identity matrix) are shown
in Figure 8. The other parameters of Section 5.1 are given by (see [17] for more details):

e o = 1073 Pa-s and py, = 0.3- 1073 Pa-s,
o (o =(w =1molem™3,

e Sui=So =0.2,

Sw—Swi \? 1-8,— 8o \°
b (Sw) = (155> and  kyro(50) = (155> ,

P,

Cp

(Sp) =0,

there is no gravitational force, z = 0, so that the mass densities p, need not be specified.

We consider a discretization by the implicit multi-point finite volume scheme of Section 5.2 with the
Newton linearization detailed in Section 5.3. For the linear solver we use the Bi-Conjugated Gradient
Stabilized (BiCGStab) [41] with an ILU{0} preconditioner.

Figure 9 shows, at 500 days of the simulation, the evolution of the approximate water saturation, the
spatial estimator computed by the formula on Cartesian grid proposed in [48, Chapter 4], and the spatial
estimator given by (5.24a). Similar behavior is observed for the two a posteriori estimators. Furthermore,
we see that they both detect well the error following the saturation front despite the strong heterogeneity
of the domain.

The previous result motivates an adaptive mesh refinement/coarsening (AMR) strategy based on these
estimators. We now verify that the simple a posteriori estimators on polyhedral mesh of Theorem 5.2 give
the expected results, while comparing it with the already validated case in [48, Chapter 4].

We first apply the AMR strategy of Algorithm 5.1 with (et = 0.7, (deret = 0.2, and “exact” algebraic
and linearization solvers. On the coarse scale, the domain is discretized by a grid of 30 x 110 cells and
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Figure 8: Porosity (left) and permeability (right), 10th SPE case
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(a) Water saturation (b) Cartesian estimate of [48] (c) Polygonal simplified estimate (5.24a)

Figure 9: Two-phase flow: results at 500 days

we allow one refinement level. Figure 10 shows the evolution of the approximate water saturation at two
different simulation times. We remark that the refinement follows the saturation front as times evolves.
Additionally, the fact that we have a model with highly heterogeneous permeability, we are lead to perform
a slow derefinement process in the zone abandoned by the front of water saturation. Figure 11 depicts the
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cumulated oil rate (left) and the water-cut! (right) during the simulation. We compare there the results on
the fine grid, the results at the coarse level, and the results with both AMR strategies. We remark that the
accuracy of the results on the fine grid are almost recovered by the AMR strategy and appear much better
than the coarse results.

Water saturation Water saturation

1.990e-01 0.45 0.6 7.999e-01 1.992e-01 0.45 0.6 8.000e-01

Figure 10: Two-phase flow: results at 400 days and 1100 days

The details of the efficiency of the AMR strategy based on the a posteriori error estimator can finally
be appreciated in Table 1. We compare the global CPU time of the simulation for the different strategies.
We detail the CPU time spent on the evaluation of the estimators and the mesh adaptation. We remark
low cost of the estimators evaluation compared with the total computation CPU time, thanks to the use of
the simple and fast-to-evaluate form of a posteriori error estimates on polygonal meshes of Theorem 5.2. In
Table 1, when applying the mesh adaptation, the total computation CPU time is the sum of the resolution

IThe ratio of water produced compared to the volume of total liquids produced.

10 10°
4 T i 3 T T T 7
—e— Fine mesh
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Time (seconds) -108 Time (seconds) 108

Figure 11: Fine grid vs. adaptive grid: cumulated oil rate (left) and water cut (right), two-phase flow
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time, AMR time, and estimators evaluation time. We remark that applying the AMR strategy on this
two-dimensional test case leads to a gain factor in the overall CPU time at around 2 wherever we use the
polygonal estimate proposed in the paper or the Cartesian estimate already validated on this type of meshes.
Note that, however, the simulation is slightly faster when adapting using the Cartesian estimate due to the
fact that we can directly compute the RTIN basis functions on rectangular cells.

- Resolution | AMR | Estimators evaluation | Gain factor
Fine 603s - - -
AMR Cartesian est. 229s 39s 19s 2.1
AMR polygonal est. 242s 46s 27s 1.9

Table 1: Fine grid vs. adaptive mesh refinement, two-phase flow

6.2 Three-phases, three-components problem

In this section, we present a simulation of a black-oil model. Here, we have three phases constituted by water,
oil, and gas, represented by lowercase letters w, o, g as indices, respectively. The oil phase contains two
types of components: nonvolatile oil and volatile oil, which we call here oil component and gas component,
respectively. This is due to the fact that in this model, the hydrocarbon components are divided into light
and heavy components. The light component can dissolve into the liquid oil phase or volatilize in the gas
phase according to the pressure and temperature. The gas phase only contains the gas components and
the water phase only contains the water component. The components are represented by uppercase letters
W for the water component, O for the oil component, and G for the gas component. Therefore, we have a
problem with three phases P = {w,0,g} and three components C = {W, 0, G}.

Permeability X,Y Permeability Z

4.910e-12 le-11 2e-11 4.9100-11 2.450e-12 ge-12 5.5e-12 Te-1. 8.580e-12
[ Ll

i “\mum’\mumz\ﬂ

Figure 12: Permeability, black-oil model

6.2.1 Model setting

The reservoir considered in this test case is a 3-dimensional domain €2 := 4750m x 3000m x 114m discretized
by a corner-point geometry grid. We consider a heterogeneous anisotropic reservoir with 0.3 porosity and
the permeability K in a form of a diagonal matrix with the z and y components identical and forming three
horizontal layers, and the z component forming two vertical permeability layers, see Figure 12. We consider
a gas injection in a reservoir initially unsaturated. A vertical gas injection well perforates a corner of the
reservoir in the Z direction and a production well is located in the opposite corner. On the fine scale, the
domain is discretized by a grid of 76 x 48 x 10 elements and on the coarse scale by a grid of 38 x 24 x 5
cells, leading to one refinement level. The process is simulated to tz = 2000 days with initial time step
70 = 4.32 x 10%*s, which equals to 0.5 days. Data, constraints, and pressure-volume properties are adapted
from the first SPE comparative solution project model (SPE1) designed to simulate a three-dimensional
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black-oil reservoir, given in [35, Tables 1,2, and 3]. We consider a discretization by the implicit multi-point
finite volume scheme of Section 5.2 with the Newton linearization detailed in Section 5.3. For the linear
solver, we again use the BiCGStab [41] with an ILU{0} preconditioner. Figure 13 shows the evolution of
the gas saturation and the spatial estimator at 1000 days. Note that, for the spatial estimator, the data are
normalized by max value in order to have a [0, 1] range. We observe that the spatial estimator follows the
saturation front though the heterogeneous anisotropic medium with time evolution.

Gas saturation
AMRError

1.209e-01 0.31 0.5 0.68 8.709e-01,

IRNRRRRRRRE RN RRRRARRNRNNET] 0.000e+00 0.25 0.5 0.75 1.000e+00,
| ! ' L

Figure 13: Results at 1000 days, gas saturation (left) and normalized polygonal estimate (right)

6.2.2 Adaptive space mesh refinement and stopping criteria for the linear solver

In the standard resolution of our reservoir prototype simulator, the chosen grid is the fine-scale one and
the initial time step, as mentioned before, is chosen as 70 = 4.32 x 10%*s. The time step is increased
systematically, by multiplying by 2, but also controlled by the convergence of the Newton linearization loop
in such a way that we divide it by 2 if a divergence of the Newton algorithm occurs. We thus stick to this
setting and only focus on the stopping criteria for the linear solver (and not for the Newton one) and on
mesh adaptivity in space (and not in time). For the adaptive resolution, we start on the coarse-level grid
allowing to one refinement level and we fix (et = 0.7, (geret = 0.2. In order to compare with the standard
resolution, we adopt the same mechanism of time step management and avoid the time step adaptivity and
the stopping criteria for the linearization loop in Algorithm 5.1, focusing on the use of the spatial and the
algebraic error estimators.

Figure 14 illustrates the evolution of the approximate gas saturation at two different time steps. We
remark that the refinement follows the saturation front as times evolves. Additionally, the fact that the
light component G (gas component) can dissolve into the liquid oil phase or volatilize in the gas phase, we
are lead to perform some localized refinement in zones abandoned by the front of gas saturation.

We show in the left part of Figure 15, at a fixed time step 500 days and for the first Newton iteration, the

n,k,i

evolution of the total estimator (n"’k’i + n”’k’i + n”’k’i) with, ¢ = G the gas component and 07" M e 5

sp,c tm,c lin,c sp,c ?
and nﬁr’fj given in (5.23)—(5.24c), the algebraic estimator 77:1’;’2 of (5.23), (5.24d) (with j = 20 in (5.28)),
and the relative algebraic residual given by

O | e S|
alg = ”bn’kiln

err

with A™F=1 X"k = pn-k—1 heing the linear system resulting from the k-th iteration of the Newton method
at time step t", see Section 5.3. For the standard resolution, we stop the algebraic iteration using a fixed
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Figure 14: Gas saturation: results at 500 days (left) and 1500 days (right), black-oil model
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Figure 15: Standard resolution vs. adaptive resolution: total estimator and its algebraic component (left)
and number of BiCGStab iterations per time step (right), black-oil model

threshold err;ﬁ’éC "t 1079, following our usual practice. In the adaptive resolution based on Algorithm 5.1,
we fix a1 = 1072,

We remark, in the left part of Figure 15, that the algebraic estimator steadily decreases, while the total
estimator almost stagnates after about a half of total number of iterations necessary to converge using the
standard stopping criterion. In the right part of Figure 15, we depict the cumulated number of BiCGStab
iterations at each time step (the sum of the necessary number of BiCGStab iterations at each Newton
iteration of the time step). We observe a significant gain.

We compare in Figure 16 the number of cells and the cumulated rate of oil production resulting from
both the standard and the adaptive resolution. We can observe in the left part of Figure 16 that the
adaptive algorithm does not have any significant influence on the accuracy of production. The right part of
Figure 16 shows an important reduction in the number of cells via the adaptive resolution compared with
the standard one.

The necessary linear solver steps and the different CPU times of the adaptive and standard resolutions
are collected in Table 2. It shows that the total number of linear solver steps is reduced by 70%, which is
an important gain. An important gain is also observed in CPU time. We in particular remark that the
time spent for the adaptation (AMR and estimators evaluation) only represents a small part of the actual
resolution time. Globally, a reduction factor of 3.8 of the overall CPU time is obtained by comparing the
adaptive resolution with the standard one. Important increase of this reduction factor is still to be expected
when also the Newton solver stopping criteria and time step adaptation are used.
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Figure 16: Standard resolution vs. adaptive resolution: cumulated oil rate (left) and number of cells (right),
black-oil model

Linear solver |Resolution| AMR |Estimators| Gain
steps time time | evaluation |factor
Standard resolution 66386 1023s - - -
Adaptive resolution 20184 201s 42s 26s 3.8

Table 2: Comparison between standard and adaptive resolutions, black-oil model

7 Conclusions

This paper presents a posteriori error estimates that can be readily implemented into (reservoir engineering)
production codes on general polytopal meshes with a minimal overhead. These estimates allow for a very
fast evaluation and, according to Theorem 3.12, give a guaranteed control over the error committed in the
approximation of the exact Darcy velocity (flux) for the steady linear single-phase Darcy flow. Theorem 5.2
then gives a similar result for unsteady multiphase Darcy flows. Here, additionally, all the different error
components (time and space discretizations, linearization, algebraic) are identified, leading to a proposition
of a fully adaptive algorithm with all adaptive stopping criteria for linear and nonlinear solvers, adaptive
time step management, and adaptive mesh refinement. Numerical experiments on real-life problems confirm
important speed-ups that can be achieved with our methodology, in addition to the certification of the
computed output.
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