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SHADOW LIMIT FOR PARABOLIC-ODE SYSTEMS
THROUGH A CUT-OFF ARGUMENT

ANNA MARCINIAK-CZOCHRA AND ANDRO MIKELIC

ABSTRACT. We study a shadow limit (the infinite diffusion coefficient-
limit) of a system of ODEs coupled with a diagonal system of semilinear
heat equations in a bounded domain with homogeneous Neumann bound-
ary conditions. The recent convergence proof by the energy approach from
[19], developed for the case of a single PDE, is revisited and generalized to
the case of the coupled system. Furthermore, we give a new convergence
proof relying on the introduction of a well-prepared related cut-off system
and on a construction of the barrier functions and comparison test func-
tions, new in the literature. It leads to the L°°-estimates proportional to
the inverse of the diffusion coefficient.

This contribution is dedicated to the memory of Professor Sibe Mardesié
and his professional life dedicated to the development of the mathematical
sciences in Croatia.

1. INTRODUCTION

In the study of coupled systems of evolution differential equations de-
scribing Turing-type pattern formation, the diffusion coefficients are typically
of very different orders of magnitude (see [7], [5], [14], [20] and references
therein).

The spatio-temporal evolution of solutions of such models is considered
in numerous applied articles and if one could reduce the system by taking
an infinite diffusion limit, the task would get much simpler. The reduction
through the infinite diffusion limit has been employed in various biological
contexts, see eg. [10, 12, 17, 18].

2010 Mathematics Subject Classification. 35B20, 34E13, 35B25, 35B41, 35K57.
Key words and phrases. Shadow limit, reaction-diffusion equations, model reduction.
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2 ANNA MARCINIAK-CZOCHRA AND ANDRO MIKELIC

A pioneering rigorous study of such limit is in reference [15] by Marciniak-
Czochra and collaborators. An approach using semigroup convergence has
been recently undertaken by Bobrowski in ref. [1]. They established the
convergence for finite times but did not study error estimates.

A detailed formal derivation of the reduced systems in such limit, us-
ing the renormalization group technique was undertaken in [19]. In addition
rigorous proofs of a large diffusion limit for such models, through an energy
estimate and through the center manifold approach were given. In this paper
we focus on the energy estimate and obtain the optimal bounds through a
study of an associated auxiliary system, where the nonlinearities are cut-off.
Also we generalize the study of a single semilinear heat equations, coupled
with a system of ODEs, from [19], to the case of a system of semilinear par-
abolic equations coupled with a system of ODFEs. We point out that in [19]
the standard comparison functions from the L>-estimates for the scalar par-
abolic equations were sufficient to get the optimal L*°-bounds. In the case
of semilinear parabolic systems, it is not the case any more. If the diffusion
coefficient is 1/¢, using the classical comparison functions as in [13], chapter 6,
leads to L>°-error estimates of order O(4/¢), which is not optimal. Hence, we
present a new construction of the barrier functions and of the comparison test
functions, different from [13], chapter 6, and leading to the optimal L*-error
estimates of order O(g).

To be more precise, we consider an ODE system, coupled with a diagonal
system of semilinear parabolic equations with a large diffusion coefficient. Its
ratio to the other coefficients is equal to the inverse of a small parameter
€ > 0. We assume that (2 is a given open bounded set in R™, 1 < n < 3, with
a smooth boundary and focus on the Cauchy problem

(1.1) M~ fuva, i 0.T) 0,
ov. 1 .

(1.2) % = EAVE + ®(u,v.), in (0,T) x Q,
6V£ - .

(1.3) 5 0 in (0,T) x 09,

(1.4) u(0) = u’(z) and v.(0)=v’x), z €.

We set Qr = Q x (0,7).

Asymptotic analysis of problem (1.1)-(1.4) with ¢ — 0 has attracted a
considerable interest in the literature in the case where the first equation is
a quasilinear parabolic equation, starting from the papers of Keener [11] and
Hale [8]. Our setting is different.

The calculations from [19] using the renormalization group analysis (see
[3], [4] or [6]), permit the shadow limit € — +0 reduction of equations (1.1)-
(1.4). They yield the following system of integro-differential equations
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(1.5) aa—ltl = f(u,v), in (0,T)x
(1.6) CC%’ = |%/Qq)(u(ac,t),v(t)) dx, in (0,7).

In this article we present a detailed study of the limit process by com-
paring solutions of the two systems (1.1)-(1.4) and (1.5)-(1.6) and proving
an error estimate in terms of . The employed methods are (i) the intro-
duction of a cut-off problem, (ii) the maximum principle calculations for the
parabolic systems coupled with ODEs and (iii) the energy estimates. The
novelty in comparison with [19] is in (i) considering a system of semilinear
parabolic PDEs, (ii) in studying the asymptotic behavior as ¢ — 0 of the cut-
off problem instead of problem (1.1)-(1.4) and (iii) in providing self-contained
well-posedness proofs for the shadow system (1.5)-(1.6) and for the cut-off
problem (2.42)-(2.45). As explained above, passing from the scalar semilinear
parabolic equation to a semilinear parabolic system required a new compari-
son argument.

The results are in section 2. Subsection 2.1 is dedicated to the well-
posedness of the shadow limit problem (1.5)-(1.6) in its nonhomogeneous ver-
sion. Subsection 2.2 contains a short presentation of two auxiliary problems,
correcting the reduction of the initial condition to its arithmetic mean and the
parabolic nonlinearities to their arithmetic means. The study of the e-problem
(1.1)-(1.4) is replaced in subsection 2.3 by the study of a well-prepared cut-
off problem. Its well-posedness is studied in details. Subsection 2.4 contains
crucial L*°-estimates in proposition 2.6. They allow to conclude that the
solution to the cut-off problem leads to the solution of the e-problem (1.1)-
(1.4). In subsection 2.5 the L error estimate of order ¢, for the difference
of the solution between the e-problem and the shadow limit problem is given.
In Theorem 2.10 it is completed with an O(¢%/2) energy estimate in H*, for
the fluctuation around the mean of the solutions to the parabolic part of the
e-problem.

2. THE SHADOW LIMIT THROUGH A CUT-OFF PROBLEM AND THE ENERGY
AND L°°-ESTIMATES

We consider the asymptotic behavior as ¢ — 0 of the Cauchy’ problem
(1.1)-(1.4). The nonlinearities f and ® are defined on R™** m_ k > 1, and
take values in R™ and RF, respectively. For simplicity, we will denote the
arithmetic mean by

1 1
(2)q = ﬁ/ﬂz(x) dz, ze€ L (Q).

We proceed in several steps, achieved in separate subsections.
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2.1. Euxistence results for the shadow problem. We start by establishing prop-
erties of the slightly more general shadow system (1.5)-(1.6):

(2.7) 88—? = f(A,B,z,t) on Qx (0,7); A(z,0)=u’(z) in Q;
28 P = @B o 0.1): BO)= (o

where  is a bounded open set in R”, with a C? boundary.

Let B(2) be a vector space of all functions defined everywhere on 2 that
are bounded and measurable over . B(€) becomes a Banach space when
equipped with the norm ||g|gq) = sup |g(x)|. We make the following

€N

Assumptions:

Al. fis a C! function of x € Q and a continuous function of ¢ € [0, T].
® is a continuous function in (z,t) € Q x [0, T].
A2. f and ® are C* functions in (A,B) € R™** where m and k are
integers bigger or equal than 1.
A3. u® € B(Q)™, v € LY (Q)*.
The well-posedness of the Cauchy problem (2.7)-(2.8) follows from the general
theory contained in the textbook of Henry [9] or from the results from ref.
[16]. For the comfort of the reader we give an elementary direct proof by
applying Picard iteration to our infinite dimensional setting. It yields

THEOREM 2.1. Under Assumptions A1-A3, there is a constant Ty > 0
such that problem (2.7)-(2.8) has a unique solution {A,B} € C*([~Ty, To], B(Q)™
xRF).

PROOF. Let 79 > 0 be given. Let yo = {u’, (v%)q} and T a positive
constant. We set B(yo,70) = {y € B(Q)™ x R* | ||y — Yolls@ym xrr < 70}
and introduce a cylinder C = [-T,T] x B(yo,70) = {-T <t < T and
y(t) € B(Q)™ x R* | ||ly(t) — yolls@)mxr+ < 70}. We denote the Lipschitz
constants, with respect to {A,B}, for f and ® on the cylinder C by M; and
My, respectively. The cylinder C, equipped with the topology of the space
C([-T,T); B(2)™ x RF) is a complete metric space.

We study existence of fixed points for the nonlinear mapping G = {G1, G2},
defined on the cylinder C by

(2.9) G1(X,Y)=u’ +/tf(X,Y,a:,7') dr, t€][0,T] and z € Q,
0
(2.10) Go(X,Y) = (v9)q + /t<<I>(X7 Y, 7))q dr, te]0,T].
0

First, let us prove that G maps the cylinder C into itself, for T' < Tj:
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Let
BO = sup |f(u0(ac),<v0>9,x,7)| and
(z,7)EQX(=T,T)
Iy = sup |<<I>(u0(x), <VO>Q,:E,T)>Q|.

(z,7)€Qx(=T,T)

Then we have

|G1(X,Y) —u0|(;l:,t) = |/o f(X,Y,z,7)dr| <
1By + M; / (X (2, 7) — u0(@)| + [V () — (vO)al) dr < t(Bo + Myro),
Ga(X,Y) — (v)al(t) = | / (B(X,Y, 7)) dr| <

t
tFy + Mcp/ (1 X (z,7) —u’(@)| + |V (7) = (v")al|) dT < t(Fo + Mary).
0
The above calculations yield
(2.11) 1G(X,Y) = {u”, (v))a}lle < T(Fo + Bo + (Ma + Mj)ro)
and G maps C into itself for T' < ro/(Fy + By + (Ma + My)ro).
Next we prove that G is a contraction map for sufficiently small T'.
t
|G1(X1,Y1) — G1 (X2, Ya)|(w,1) = |/ (X1, Y1,2,7) — £(Xo, Yo, 2, 7)) dr| <
0

Mf/O (| X1(z,7) = Xo(, )| + [Y1(7) — Ya(7)|) dT < tMy|[{ X1, Y1} — { X2, Yal}llc,

|G2(X1,Y1) — Go(X2, Y2)|(t) = |/Ot(<<1’(X17Y17 S T))a—
(®(Xo,Ya,",7))a) dr| < tMs|[{X1,Y1} — {X2,Ya}lc.
Consequently we have
(212) [|G(X1,Y1) — G(X2,Y2)}lc < T(My + Mg)|[{X1,Y1} — (X2, Ya}lc

and for T' < 1/(M;+ Mg) the map G is a contraction. Note that diminishing
the time interval can only make smaller the Lipschitz constants My and Me.
The existence and uniqueness of a solution to system (2.7)-(2.8) is now a
consequence of the Banach fixed point theorem. ]

Regularity with respect to the space is not restricted to B(Q). The analogous
result with B(2) replaced by C(Q2), holds if we assume u® € C(Q)™.
Differentiability properties can be shown along the same lines:
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PROPOSITION 2.2. Suppose Assumptions A1.-A3. Then if in addition
u’ e Whr(Q)™, 1 < r < +oo, there is a constant Ty > 0 such that prob-
lem (2.7)-(2.8) has a unique solution {A, B} € CY([-To, To], WH™(Q)™ N
B(Q)™) x R¥).

A
Proor. For j = 1,...,n, the partial derivative g— satisfies the linear
Ly
system of ordinary differential equations
0A oA  Of
2.13 Oy— = f— + — 0, T Q
( ) t@xj VA al'] + axj on ( ) 0) X3,
A 0
(2.14) 0 _ 9 )

92, = o,

Since V4f € L ((—Ty, Tp) x Q) and ;—f € L ((—Tb, Tp) x Q), the theory of
T

0A

linear ordinary differential equations with bounded coefficients yields 2.
J

C'([~To, Tol, L" ()™ x R"). 0

If, in addition to Assumptions A1.-A3., we suppose

A4. There exist continuous functions ¢, k, defined on R with values in
R, such that

(215) ||f(Y) ) t)HHl(Q)m + |<¢(ya ) t)>9| < C(t) + k(t)|y|Rm+k7 Vy € Rm+k7

then every maximal solution to problem (2.7)-(2.8) is global.

2.2. Auziliary problems corresponding to the initial layer and the decaying
oscillations around the mean.

In the following we introduce two auxiliary problems.

The first problem is linked to the fact that in the shadow limit equation,
only the mean of ® appears. We have to correct the replacement of ® by its
spatial mean, which is a bad approximation and only the fast decay in time
allows to handle it. The correction w? is introduced by

(2.16) ~A,w® = ®(A,B,x,t) — (D(A,B,z,t))q in Q,
ow?®
v

We suppose Assumptions Al.-A3. and u® € VVl”"(Q)k7 1 < r < 4o00. Then
problem (2.16)-(2.17) admits a unique variational solution w® € C ([0, T]; H(Q)%).
Furthermore, w® € C([0, T]; W27 (Q)k), for all 7 € [1, +00).

(2.17) =0 on 99, (w®)q=0.
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Next, using the regularity of (A,B) established in Theorem 2.1 and
Proposition 2.2, we find out that 9,w?® satisfies

(2.18) —A 0w = VAD(A,B,z,1)0;A + Vpd(A,B,z,1t)0;B+
0P (A, B,2,t) — (V4P(A,B,z,t)0;A)q—
(Ve®(A,B,z,1)0,B)q — (0:®(A, B, z,t))q € C([0,T); L>(Q));
)

(2.19) %atw‘b =0 on 99, (Bw®)q=0.

Therefore
ow® € C([0, T]; W2T(Q)F), Vr e [1,+o0).
The second problem is linked to the fact that the shadow approximation

uses only the space average of the initial value v of v. It creates an initial
time layer given by

(2.20) (a% - Ax>§i(x, 7)=0 in Qx (0, +00),
(2.21) o€ =0 on 9N x (0, +00), £(z,0) = vO(z)—ew®(z,0) — (v*)qin Q.

14

In addition to Assumptions Al.- A2. we suppose
A5 v0 € W22/m(Q)™ and u® € WHT(Q)F, r > max{2, (n + 2)/2}.
Then the separation of variables formula for the heat equation yields

o0

§a,7) =Y e M (F0,w;) 2 (eyw;(x) € L2(0,T; H () N C([0,T); L*(2)),

for all finite positive T, with ¥° = v0 — ew®(2,0) — (v®)q. {w;};en is the
spectral orthonormal basis for L?({2) and an orthogonal basis for H'(Q) given
by

(2.22) —Aw=XMw in g—w:O on Of).
v

Furthermore, by the maximum principle for the heat equation v° € L>(Q)*
implies £ € L>(Q x (0,T))%. Note that ¥v0 € H'(Q)* implies 9,6 € L*(Q x
(0,7))* and & € L>(0,T; H*(2))*. Finally, we recall that after [13], chapter
4, section 9, 9Q € C? and v0 € W27 (Q)*, (n+2)/2 < r < o0, imply
¢ e WAHQr)* and it is a Holder continuous function in x and t.

In the remainder of this section, we use the initial layer function £"¢(xz,t) =

; 4
& (x, g) Note that for v° € W2 (Q)¥, r > (n +2)/2

(2.23) |62 (z,t)| < Ce ™Y on Qr.
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2.3. The cut-off problem corresponding to (1.1)-(1.4) and its well-posedness.
Next, we focus on the study of the e-problem (1.1)-(1.4). Here we consider a
more general variant of the problem given by:

(2.24) ‘96‘;6 = f(ue,ve,z,t), in (0,7)xQ u.(0)=u’(z), z€Q;
(2.25) 36\;5 - %Avs = ®(u.,ve,z,t), in (0,T) x Q;
(2.26) v.(0) = vO(2), z € O aa‘;f =0 in (0,T) x OQ.

Existence of a mild solution for a short time follows from the standard theory,
see e.g. the textbook of Henry [9] and monograph [21].

Nevertheless, in fact discussing the well-posedness of the e-problem (2.24)-
(2.26) is not needed. We will study the cut-off problem and show that its
solutions satisfy (1.1)-(1.4). It will give a posteriori the well posedness for
all times T' < Ty, where Ty is the existence time of the maximal solution for
the shadow problem (2.7)-(2.8). Our plan will be achieved using an explicit
decomposition of the solution.

REMARK 2.3. Note that the present strategy is different than one in [19],
where an independent proof of the short time existence and uniqueness of
solutions of e-problem (2.24)-(2.26) was provided.

The information that the time existence interval for variational solutions
of problem (2.24)-(2.26) is always greater or equal to the existence time inter-
val for problem (2.7)-(2.8), will be useful in the error estimation in Theorem
2.10. Such estimate on the time span of the solutions to the e-problem was
only conjectured in [19], but not proved.

We follow [19] and start by introducing the cut-off functions. The first
cut-off function is
—clog(1/e), for =z < —elog(1l/e);
(2.27) O(z) =< =z for —elog(l/e) <z <celog(l/e);
elog(l/e), for =z >elog(l/e).
Now we introduce the error functions by
(2.28) U.=u.— A and V.=v.—B—ew® —¢b,

Our goal is to estimate the error functions and to show that they are small
in a suitable norm.
The function V. is given by

= 1 ;
(2.29) 8(;; - gAvE =0U. + A V. +B+ew® + &9z, 1)
®(A,B,z,t) —cow® in Qx(0,7);
(2.30) V.(2,0) =0, x € Ve _ 0 in 992 x (0,7).

ov



SHADOW LIMIT 9

Next, we write the right hand side in equation (2.29) as
(2.31) DU, + A V. + B+ ew?® + 9 2.t) — D(A, B, z,t) =
Va®(A,B,z, U + VpO(A,B,a,t)(V: + ew® + )+
FU, Ve +ew?® 4 £59),

where F' is quadratic in its variables. Following ideas of the center manifold
theory (see e.g. [2]), we construct a convenient cut-off in F. We use the
second cut-off function p : R — [0, 1], being a C*° function with compact
support and satisfying

_ L for|d <1
(2'32) p(C) - { O7 for |<| > 2.
Next we set Fi(y,z) = p(@)F(@(yl), .., 9(yn), ). It is straightforward to
see that
- , . d - .
[F=(y, 2)| = O()[(y, )|, |@Fs(y)| =O0M)|(y, 2)|, [I1Feller = O(1)ve,
|1Eelle = O(1)e.
Our cut-off of the higher order terms in (2.31) is
_ = 2t
Fult) = p(EDF(O(n). .. 00 (1~ p( o)+
el 2t
(2.33) p(%% )o(— 1OgE)F(G(an - O(n), ),
>

where C¢ = 2|[v? —ew® — (vO)q| 2 ()
A direct calculation gives

LEMMA 2.4.  There is a constant C' > 0, independent of €, such that for
all (y, z,t) we have

(2.34) |Fe(y,2)] < Ce+ Clyi<—cloge/ri} min{1,|z|}.
Next, we study the initial value problem for U, defined by (2.28):
ou
(2.35) 81&8 =f(A+U., V. + B+

ew® + ¢4 2. t) — f(A,B,z,t) in (0,7); Us(x,0) =0,

for almost all z € Q2. We write the nonlinearities at the right hand side in the
following form:

(2.36) f(A+U, V. +B+ew? 46 2,t) — f(A,B,z,t) =
VaAf(A,B,z,t)U. + Vpf(A,B,z,t)(V. + ew®+
E9) + G(U, V. +ew?® +£59),
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where G is quadratic in its arguments. As before, we will slightly modify
arguments in G and consider the function G, given by

2|
NG

2t\1

(2.37) G:(y,z) = p( —cloge

)G(O(y1),---,O(yn), 2)(1 = p

)+

|Z| Qt)\l
50.)P
2C:"" " —¢cloge

p( )G(O(y1),---,0(Yn), 2)-

In analogy with Lemma 2.4 there is a constant C' > 0, independent of €, such
that for all (y, z) we have

(238) |G€(y7 Z)| < 0(6 + min{lv |Z‘}]l{t§—eloge/(x\1)})'

Note that taking care of the initial layer 5% in (2.38) guarantees that the
L'-norm of G, is O(e).

Next, define the barrier functions {C™, C7} through the system
(2.39) %CM = puaC? + pugCM WM 1), cM(0) =0,
(2.40) %m = vACY +vgCM - Cc(CM 1), C7(0) =0,

where g4 = ||VA(I>(A,B,x,t)||Loc(QT), UB = HVB(I)(A,B,JZ,t)HLoo(QT), VA =
[[0af(A, B, z,t)|[1~ (@) and vp = [[0af(A, B, z,1)|| L~ (@,). After (2.34) and
(2.38), we have
||G6(ya z+ 5wq> + gi,&) + va(Aa B7 €z, t)(€w<1> + Ei’E)HL‘X’(Q) <
CO(E + €—2>\1t/5 + |Z|]l{tgfslogs/()\1)}) = C(Zat)
IF-(y, 2 + cw® +€°°) + VpP(A, B,z 1) (ew® +€°)|| 1~ (o)
C(E + 6_2/\1t/€ =+ |Z|]l{t§—slogs/()\1)}) = W(’th)

IN

The above estimates define the functions VW and C.
The basic theory of the ordinary differential equations yields

(2.41) C oo 0.1y + 1ICM | oo (0,1 < C(T)e.
Finally, we introduce the vector cut-off function ©¢ defined by
CM, ifa; > CM;

(©o(ai))i = ai, it CM > a; > —CM;
*CM, if a; < CM,



SHADOW LIMIT 11

Now we study the ”cut off nonlinearities” system attached to (2.29),
(2.30), (2.35):

(2.42) 085; — éAﬁE = a(z,t)y: + b(z,t)B: + Fo(z,t) + F. in Q x (0,7T);
(2.43) Be(x,0) =0, x € aaﬁE =0 on 9N x(0,T);
1%
07e )
(2.44) gt = Az, t)7. + Ao(@, )2 + Go(z,t) + G. in Q x (0,T);
(2.45) Ye(z,0) =0, x € Q,
with

a(z,t) =VaP(A,B,z,t), bz, t)=VpP(A,B,z,t),
Fo(z,t) = b(x,t)(ew® +£5°) —cO,w®,  A(x,t) = VAF(A, B, z,1),
Go(z,t) = Vf(A,B,z,t)(ew® + %), and F. = F.(7., B + ew?® 4 £59)
G. = G.(7., B +ew® +£7°) + Vpf(A, B, z,t)00(8:).

Note that all components of the matrices «, b and A are elements of C* ([0, T; B(12)).
In equation (2.44) we have Ay = 0, but the well-posedness result remains valid
if it is an element of C1([0,T7]; B(£2))*™.
We start by introducing the weak formulation for problem (2.42)-(2.45):
Find {B.,7.} € L2(0, T; H'(Q)F) N C([0, T]; L2(Q)F) x HY(0, T; L2(Q)™),
0:f- € L?((0,T) x Q)*, and such that

d
(2.46) %/Qﬁe(t)go dx + é/QVﬂg(t) Vo dr — /Qa'ye(t)ap dx—

/ bﬁa(t)(p dx = / (FO + Fs(ﬁa(t)")/a(t)’ K ))90 dr, V€ Hl(Q)ka
Q Q

(2.47) %%(x, t) — Ave(z,t) — AoB:(t) =
Go(z,t) + G (Be(z, 1), ve(x,t),2,t) a.e. on €,
(2.48) B:(0) =0 and ~7.(x,0)=0 ae. in .

THEOREM 2.5. Under assumptions A1.-A2., A5., Fo € L"(Qr)* and
Go € L"(Qr)™, r > (n+2)/2, problem (2.46)-(2.48) admits a unique weak so-
lution {Be, v} on (0,Ty). Furthermore, {B:,7:} € WqQ’l(QT)k x WHa(Qr)™,
q <min{3,r}, for all T € (0,Tp).

PROOF. The strategy of the proof is to first prove a short time existence
and, then, to derive an priori estimate, allowing to conclude that the blow
up never occurs and that a solution exists for any T < T, where Tj is the
existence time for the maximal solution to the shadow limit problem, defining
{A,B}.
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For a short time existence we use Schauder’s fixed point theorem. We
take R > 0 and set Br = {f € L*((0,T) x Q* | ||fllz2(0,r)x0) < R}. Let
B* € Bg.

We solve equation (2.47), with v(0) = 0 and 5. = B*. Note that the
subscript € is dropped for simplicity. Since

A? < Cily? + Col AoB* + Go + G[?,

Gronwall’s inequality yields

t
R0 < 0O [ (197 + Gl 16
0

Hence
(2.49) sup / |y(x,1)|? dv < C(T)(Co + R?)
0<t<T Jo
and
T
(2.50) / / |y(x,t)|? dedt < TC(T)(Co + R?).
0o Jo

Next we solve equation (2.46), with 5(0) = 0 and « calculated above. After
[13], chapter 4, section 9, it has a unique solution 8 € Wg’l(QT)’“, 1<g<
min{3,r}. The energy estimate reads

1 t t t
/\B|2(t) dx—l—f/ / V2 dxdrgC/ /|7||3| dxd7+02/ / 812 dwdr
Q €Jo Ja 0 JQ 0 JQ
t t t
+/ / 1BI(|Fo| + |F<]) d:EdTSCQ/ /|ﬂ|2 da:dT+C’2/ / Iv|? dedr+
0 Q 0 Q 0 Q

C(IFolZ2(qqp) + IFellT2(gm)-

Therefore, for T' < T,,;; we have

(2.51) 18120y < T/ 1812(2,1) dz < TC(T)(1+ R?) < R,
Q

We set

(2.52) T8 = B.

Obviously, for T < T¢pit, TBr C Br. Also TBgr C Wg’l(QT)k and it is a
compact map. It remains to prove its continuity.

Let 5; — B* in Bg, when £ — 400. Let 7, be the solution for equation
(2.47), with 7,(0) = 0 and 8 = ;. Then the substraction of the corresponding
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equations give
300 [ 1= 2P) do = [ (A=) (e =)+ A= ) (e =)+
(Gees 55) — Gl 5°)) (e — w) dr < C / e = 2[2(8) dat
Q

C/We B2t

Hence v, — 7 in L®(0,T; L*(Q

Finally, let 3, be the Solutlon for equation (2.46), with 5,(0) = 0 and
v = 7. The Lipschitz property of F. with respect to v and 8 and the basic
parabolic theory, yields that

Ye—v in L¥(0,T;L*(Q)™) = B — B in W2HQr)", asl— +oc.

Hence problem (2.46)-(2.48) has a weak solution for T' < T,.;;. Its uniqueness
is obvious.

It remains to investigate what happens when T reaches T¢.;+ < Tj.

In order to prove that there is no explosion we need an a priori estimate.
The a priori energy estimates are obtained by multiplying (2.46) by S and
integrating in time, then by multiplying (2.47) by 7 and integrating in time
and, finally, by summing up both equalities. It yields

(253 L / (BI(E) + (D) da + = / / VB dudr =
// (T)B(r) + b5°(r dx“‘//FoJrF (7),B(), ")) - B(r) dadr+

/0 /Q(AW(T) + AoB(7) + Go + Ge(v(7), B(7), -, ) - (1) dadr.

Since F. and G are globally Lipschitz and bounded functions and all other
coefficients are bounded, equality (2.53) implies

(2.54) Bll L 0,72 )%) + IVaBllL2(0,1)x )+ < C,
(2.55) Y] 2o 0,752 ()m) < C.

Next we test equation (2.47) by dyy. It yields

(256) Hat"}/HLQ((mT)XQ)m S C

We continue by testing equation (2.46) by 9;8. Using estimates (2.54)-(2.55)
gives
(2.57) 1108 L2 ((0,7)x ) < C-

Estimation (2.55) for « allows using the parabolic regularity theory from [13],
chapter 4, section 9, which yields the boundedness of 5 in W2 (QT)k
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L'Y%(Qr). Now we go back to the Cauchy problem (2.44)-(2.45), which gives
boundedness of v in H(0,T; L'°(Q))™. After coming back to problem (2.46)-
(2.47), we conclude that f is uniformly bounded in W' (Qr)*, ¢ < min{3,r},
by a constant, which can explode only when T" — Tj.

Now let us suppose that for T' = T < 1o the constructed solution blows
up. It means that its regularity deteriorates and the solution does not remain
in the same class of functions for T' > Tjjy- Using estimates (2.54)-(2.57), we
find out that 3 is uniformly bounded in WqQ’l(QTblw)k, g < min{3,r}. After
Lemma 3.4, page 82 from [13], B(Thiow) € W2~2/9(Q)F | 2 < ¢ < min{3,r},
and y(Thpiow) € L1O(Q2)™. Next, at T' = Tpp we restart system (2.46)-(2.47)
with the new initial values. On the same way as in the beginning of the proof,
we apply Schauder’s theorem and obtain existence of a unique weak solution
for Thiow <t < Thiow + 0, 6 > 0. Note that again 8 € qu’l, ¢ <min{3,r}. Tt
contradicts the blow-up at T" = Tp;. This proves the Theorem. 0

2.4. L*®-estimates for the cut-off problem. A straightforward manipulation
with equation (2.44) yields

(2.58) Ot|e| < vpCM + valvel + C(CM7t)-
which, because of equation (2.40), implies the estimate
(2.59) [7e(z,t)] < C7 < Ce.

PROPOSITION 2.6. Let Assumptions A1)-A2) hold, with u® € Wt (Q)™
and v° € W2T(Q)*, r > (n + 2)/2. Then there exists a constant C' > 0,
independent of €, such that for ¢ < ey we have
(2.60) sip [Be@,t)+ s (e, t)] < Ce.

(z,t)€Q2x(0,T) (z,t)€x(0,T)

ProOF. We modify the approach from [13], chapter 7, section 2, to prove

L —estimates for weakly coupled parabolic system. Because of the smooth-

ness of the solution to problem (2.46)-(2.48), {gj(ﬁg(x, t)| —CM (1)), where
g

CM is given by equation(2.39), can be used as a test function for equation
(2.46). Direct computations give

B
| |

dcM

O1fe - — (Bl = M (®))+,

(18] = CM(1)+ = 0,(18:| = CM ()% +

Be
|Gl
k

M
> osp =2 O 4 oa - o o)

IVa®7e - (18] = CM () 4] < palve(a, 0)[(18e] = CM (1)),

VBe : V(2 (1B: = CM (1) 4) =

e
4I.P

B
||
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V55, - é:(lﬂsl _OM @) | < pup(C 1)+
(1e] = CM (1)) (18] — CM ().,
(Fo+F.)- (;;(/m _OM(8))4] < [Fo + F. (18] — CM ().

It yields the variational inequality

d
@60 g [AI= V@R do 2 [ V08I - OV () dot
050 = M 0)4 (56 — umC™ = el = [P+ Fal) o <

/ C(1B] — CM(1))%. da.
Q

By equation (2.39), CM is chosen in the way that the third term at the
left hand side of (2.61) is nonnegative. Hence (2.43) and Gronwall’s inequality
give (|B:] — CM(t))y =0 ae. on Q x (0,7), i.e. |B(z,t)] < CM(t) a.e. on
Q% (0,T).

Now estimates (2.41) and (2.58) yield (2.60). |

2.5. The error estimates and the shadow limit for the original system.

PROPOSITION 2.7. Fore < gy, problem (2.29)-(2.50), (2.35) has a unique
solution U: = v and V. = B¢, satisfying the L*>-error estimate

(2.62) [[Uel| Lo @x (0, 1))m + [[VellL=(@x(0,1)) < Ce.

PROOF. Since for ¢ < g (B:,7:) satisfies estimate (2.60), the cut-off
operations in (2.33) and (2.37) do not change the nonlinearities. Hence we
have F. = F and G. = G. Consequently, the cut-off problem (2.42)-(2.45)
and the e-problem (2.29)-(2.30), (2.35) are identical and (8., v.) is a solution
for problem (2.29)-(2.30), (2.35). By uniqueness of the smooth solutions,
ve = U and B = V.. Estimate (2.60) implies (2.62). O

It is convenient to decompose it to V. = (V.)o + He, (Ho)o = 0 and
estimate both terms, (V.)o and H., separately.

Using a constant as a test function in (2.29)-(2.30) and applying Gron-
wall’s inequality yield

COROLLARY 2.8. Let (Ue, V) be given by (2.35), (2.29)-(2.30). Then
(2.63) [[(Ve)allpe=,r) < C(T)e.
Next we estimate the perturbation term H, = V. — (V. )q.

PROPOSITION 2.9. The perturbation term H. satisfies the estimate
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1
(2.64) IHL 17 0,7:2200) + g||VHe||2L2(Qx(o,T))nk < C(T)e.

PROOF. We use H, as a test function for equation (2.29). It yields a
standard energy equality

1d 1
2.65 Z— [ H) 2 de+ = | |[VH.|]? dz <
(265) 57 [ P doe S [ IVELE do <

1V 58] / L do + / (1Y A |oolhe] + l0r0® | +
Q Q

IVB®[o(|(Ve)al +elw®| + [€99))) [H| da,

where the L°°-norm of the gradient is taken on a compact, determined by
a neighborhood of (A,B) containing (u.,v.), with ¢ < g5. We estimate
integrals of products of various components of the approximation by H.. The
leading order terms are

| vaee

H
/\@\ugﬁ dz < @/ L2 dmcle/ UL do < @/ HL|2 do + Cye®.
Q Ve € Ja Q € Ja

Next we take sufficiently small Cy and apply Poincaré’s inequality ||[Hc||12(q) <
Cp||VH,||2(q) in the energy estimate. It yields

H C ,
| dx < —0/ |H.|? dz + C’ls/ |€5¢12 do and
Ve € Ja Q

d 1 ,
(2.66) %/ [H. | dx + 7/ \VH.|? dz < C&? +C’6/ |€5 12 da.
Q €Ja Q

After integrating in time from 0 to ¢ and using the decay in time of £%¢, we
obtain the assertion of the Proposition. 0

Our result is summarized in the shadow limit theorem

THEOREM 2.10. Under Assumptions A1-A2, with u® € WbHr(Q)™ and
v0 e W2 (Q)k, r > (n+2)/2, it holds

(267) HUE — A||Loo(Q><(0’T))m, S C(T)&‘,
(2.68) [[(ve)a — Bl|pe,rx < C(T)e,
(2.69) Vellve = €% = B[ ax (0,1 +

IV (ve — €7 —ew®)||p2(ax (0.0 < C(T)e/?

on every time existence interval (0,T) for problem (2.7)-(2.8), i.e. the maxi-
mal time existence interval for the shadow problem.

PROOF. The proof of Theorem 2.10 is a direct consequence of Corollary
2.8 and Proposition 2.9. O
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”Shadow” limes za sisteme parabolickih i obi¢nih diferencijalnih
jednadzbi kroz rezanje

Anna Marciniak-Czochra i Andro Mikelié

SAZETAK. ”Shadow” limes (limes kada difuzijski koeficijent
tezi u beskonacnost) je proucavan za sistem obi¢nih diferenci-
jalnih jednadzbi vezan sa dijagonalnim sistemom semi-linearnih
jednadzbi topline u ograni¢enom podru¢ju sa homogenim Neu-
mannovim rubnim uvjetima. Skorasnji dokaz konvergencije kroz
energetski pristup iz ¢lanka [19], razvijen za slucaj samo jedne par-
cijalne diferencijalne jednazbe, preinacen je i poopcen na slucaj
vezanog sistema. Novi dokaz konvergencije, koji se zasniva na
proucavanju odgovarajuéeg odrezanog sistema i na konstrukciji
barijernih i usporednih test funkcija, novih u literaturi, je dan.
Dokaz daje L°°-ocjenu greske, proporcionalnu inverzu koeficijenta
difuzije.
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