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Ordering Garside groups

DIEGO ARCIS*
LuIs PARIS

We introduce a condition on Garside groups that we call Dehornoy structure. An
iteration of such a structure leads to a left order on the group. We show conditions
for a Garside group to admit a Dehornoy structure, and we apply these criteria to
prove that the Artin groups of type A and I,(m), m > 4, have Dehornoy structures.
We show that the left orders on the Artin groups of type A obtained from their
Dehornoy structures are the Dehornoy orders. In the case of the Artin groups of
type I(m), m > 4, we show that the left orders derived from their Dehornoy
structures coincide with the orders obtained from embeddings of the groups into
braid groups.

20F36

1 Introduction

In this paper the braid group on n strands is defined by the presentation:

Bn = <X],...,Xn_]

XiXj = XjXij 1f|l—]‘ 22
xl-xjx,- = x,x,-x, if |l —]‘ =1

A group G is called left orderable if there exists a total order < on G which is
invariant under left multiplication, that is, such that g1g, < g1g3 if g» < g3, for all
g1, 82,83 € G. Given such an order < on G, we define the positive cone of < to be
the set P = P = {g € G| 1 < g}. This satisfies the following properties:

(1) PP C P (i.e. P isasubsemigroup).
2 G=PuUP'U{1}.

* Supported by CONICYT Beca Doctorado "Becas Chile" 72130288.
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Conversely, a subset P of G which satisfies (1) and (2) determines a left order < on G
defined by g; < g if gfl g2 € P, and P is the positive cone of <. In the literature the
left orders on groups are often defined by their positive cones, and they will be defined
in this way in the present paper.

The first explicit left order on the braid group B, was determined by Dehornoy [8].
The fact that the braid group is left orderable is an important result, but, also, the
Dehornoy order is interesting by itself, and it is used for several purposes such as in
the proof of the faithfulness of some representations of the braid groups (see Shpilrain
[26] and Crisp—Paris [7], for example). A complete presentation on left orders on the
braid group and, in particular, on the Dehornoy order, is given in Dehornoy—Dynnikov—
Rolfsen—Wiest [12]. The definition of the Dehornoy order is based on the following
construction:

Let G be a group, and let X = {x|,...,x;} be an ordered generating family for G. Let
ic{l,...,k}. Wesay that a word w € (X U X~ 1)* is x;-positive (resp. x;-negative)
if it satisfies the following condition:

w e {xi,xill, XY (resp. w € {xi_l,xill, LX), but w ¢ {xijill, R
An element g € G is called x;-positive (resp. x;-negative) if it has an x;-positive
representative (resp. x;-negative representative). We denote by G; the subgroup of G
generated by {x;, xi11,...,x}, by P the set of x;-positive elements of G, and by P;”
the set of x;-negative elements. The key of the definition of the Dehornoy order is the
following:

Theorem 1.1 (Dehornoy [8]) Assume that G = B, is the braid group on n strands,
and that {x,...,x,—1} is its standard generating set. For all i € {1,...,n— 1}, we
have the disjoint union G; = P U P;” U Gy, where G, = {1}.

Let G = B, be the braid group on 7 strands. Set Pp = P{UP; U---UP; . Then, by
Theorem 1.1, Pp is the positive cone of a left order on G. This order is the Dehornoy
order. The order relation respective to Pp shall be denoted by <p.

A careful reader may notice that Theorem 1.1 leads to more than one left order on the
braid group. Indeed, for € = (e1,...,€,_1) € {£1}"7!, we set:

_ p€ € €n—1
PE=PUPZU---UP"!.

Then, by Theorem 1.1, P¢ is the positive cone of a left order on G = B,. The case
e=(1,—1,1,—1,...) is particularly interesting because of the following:
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Theorem 1.2 (Dubrovina—Dubrovin [15]) Assume that G = I3, is the braid group on
n strands, and that {xy, ..., x,_1} is its standard generating set. Lete¢ = (1, —1,1,—1,
...). Then P¢ is a finitely generated semigroup. In particular, the left order on B,
defined by P is isolated in the space of left orders on B, .

The goal of the present paper is to extend the Dehornoy order to some Garside groups.

A first approach would be to adopt the same definition as above. Let G be a group, and
let {xy,...,x;} beanordered generating set for G. We say that {xi, ..., x;} determines
a Dehornoy structure (in Ito’s sense) if we have the disjoint union G; = P UP; UGy
forall i € {1,...,k}, where Gy+1 = {1}. In this case, as for the braid group, if
€=(€1,...,6) € {E£1}¥, then

P =P UPFU---UP

is the positive cone of a left order on G. This approach is actually used in Ito [25] to
construct groups having isolated left orders in their spaces of left orders.

In this paper we adopt another approach based on a definition of the Dehornoy order in
terms of Garside groups (see Dehornoy [10], Fromentin [16], Fromentin—Paris [17]).
In Section 3 we give a (new and different) definition of a Dehornoy structure on a
Garside group, and we show a criterion for a Garside group to admit such a structure.
We warm the reader that our new notion of a Dehornoy structure is different and,
probably, non-equivalent to the one in Ito’s sense given above (see Sibert [27]). In
Section 4 we prove that the braid group admits a Dehornoy structure (in the new sense),
and that this structure leads to the Dehornoy order. In Sections 5 and 6 we prove that an
Artin group of dihedral type admits a Dehornoy structure which leads to a left order on
the group. Then, we compare the left order obtained in this way with the one obtained
using some embedding of the group in a braid group defined by Crisp [5]. For technical
reasons, the study of the Artin groups of dihedral type is divided into two sections,
depending on the parity of the length of the Garside element. In Section 2 we give
some preliminaries on Garside groups and Artin groups.

2 Preliminaries

2.1 Garside groups

The Garside groups are a generalization of the braid groups on which one can apply
Garside’s ideas [18]. They were introduced in Dehornoy—Paris [13]. We refer to
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Dehornoy et al. [11] for a complete presentation on this theory. Here, we will just give
some basic definitions and properties that will be needed for our purpose.

Let M be a monoid. We say that M is atomic if there exists a map v : M — N such
that:

(a) v(g)=0ifandonlyif g =1;
(b) v(gg") > v(g) +v(¢g) forall g, ¢ € M.

Such amap v : M — N is called a norm on M. A non-trivial element g € M is called
an atom if it is indecomposable in the sense that, if g = g;g», then either gy = 1 or
g>» = 1. We denote by A = Ay, the set of atoms.

Assume that M is atomic. Then any generating set of M contains A, and A generates
M. In particular, M is finitely generated if and only if A is finite. We can define two
partial orders <; and <g on M as follows:

e Weset g <y g if there exists g3 € M such that g;g3 = g».
o Weset g1 <p g if there exists g3 € M such that g3g; = g».

These orders are called left-divisibility order and right-divisibility order, respectively.
For g € M we set:

Divi(g) ={g' €M |g' <L g}, Divr(g)={s' e M|g <rs}.
We say that g is balanced if Divy(g) = Divg(g).
A Garside monoid is a monoid M such that:
(a) M is atomic;
(b) M is cancellative, that is, g1gg> = g18'g> implies g = ¢/, forall g,¢’, 21,42 €
M;
(c) (M, <p) and (M, <g) are lattices;

(d) M contains a Garside element, that is, a balanced element A such that Divy(A)
= Divg(A) is finite and generates M.

The lattice operations in (M, <p) (resp. (M, <g)) are denoted by Ay and Vp (resp.
Ag and Vg). For every g, ¢’ € M we denote by g’\g and g/g’ the unique elements in

M suchthat gV, ¢ = ¢'(¢'\g) and g Vg &' = (g/g)g .

Proposition 2.1 (Dehornoy [11]) For every g, g1, g> in a Garside monoid, we have:

(1) gVr(g281) = ((g/81) Vr 82)81-
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(2) (g182) VL g = g1(g2 VL (81\9)).
(3) (g281)/8 = (82/(g/g1))(g1/g) and g/(g281) = (g/81)/82-
4 g\(g182) = (g\g((g1\8)\&2) and (g182)\g = £2\(81\8)-

Let M be a monoid. The enveloping group of M, denoted by G = G(M), is the group
presented by the generating set M and the relations g; g» = g if g1g» = g holdsin M.
There is a canonical homomorphism M — G(M) which is not injective in general. A
Garside group is the enveloping group of a Garside monoid.

Remark (1) A Garside monoid M satisfies the Ore conditions, hence the canonical
homomorphism M — G(M) is injective (see Dehornoy—Paris [13]). Further-
more, the orders <; and <pg extend to lattice orders on G(M) with positive
cone M. These are defined by g <; g’ (resp. g <g g')if g7 'g’ € M (resp.
gdegeM).

(2) A Garside element is never unique. For example, if A is a Garside element,
then AF is a Garside element for all k > 1 (see Dehornoy [9, Lemma 2.2]). We
will talk about a Garside system (M, A) whenever we will need to indicate the
Garside element.

Let M be a Garside monoid, and let A be a fixed Garside element. The elements
of Divy(A) = Divg(A) are called the simple elements of M, and the set of simple
elements is denoted by Div(A). By Dehornoy—Paris [13], there is an automorphism
® : M — M, called the flip automorphism, such that A g = ®(g) A forall g € M. On
the other hand, there is a one-to-one correspondence 0 : Div(A) — Div(A) such that
d(s)s = A for all s € Div(A). It is easily seen that 9%(s) = ®(s) and s~ !(s) = A
for all s € Div(A).

A pair (s,s”) of simple elements is called right-weighted (resp. left-weighted) if
ss' AR A =5 (resp. ss' Ap A = 5).

Proposition 2.2 (Dehornoy—Paris [13]) Every element g € G admits unique decom-
positions g = s, - s;A? and g = A5 - - -5, such that:

@ s1,--,8,8),--,5, € Div(A) \ {1,A};

(b) (sit1,s;) is right-weighted for all i € {1,...,p —1};

(©) (s},si,,) is left-weighted for all i € {1,...,p — 1}.
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The expressions g = s, - - -51A? and g = Ads’l . ‘-s;, of Proposition 2.2 are called
the right greedy normal form and the left greedy normal form of g, respectively. The
integer d is called the infimum of g, and is denoted by inf(g), the integer p is called the
canonical length, and is denoted by ¢(g), and the integer d + p is called the supremum,
and is denoted by sup(g). These invariants of the greedy normal forms are frequently
used in the theory of Garside groups, especially in the study of the conjugacy problem
(see Gebhardt—Gonzalez-Meneses [19], for example). In this paper we will need a

fourth invariant, that we call the negative-infimum of g, and which is defined by:
0 ifd>0

(o) — >0,

Ninf(g) { —d ifd<0.

Moreover, we set gg = s,---s51 and g, = s} ---s,. Note that g; = gg if the flip

P
automorphism @ is trivial.

Note that M = {g € G(M) | Ninf(g) = 0}.

Proposition 2.3 (Gebhardt—Gonzalez-Meneses [19]) Let g € G.
(1) Then inf(g) is the greatest integer d € Z such that A? <p g, and sup(g) is the
least integer k € 7 such that g <g A*.
(2) We have inf(g~!) = —sup(g), sup(g~') = —inf(g), and (g~") = ((g).

We define the left complement (resp. the right complement) of an element ¢ € G
to be comy(g) = A¥g™! (resp. comg(g) = g~ ' AK), where k = sup(g). Note that,
if s € Div(A)\{1,A}, then com;(s) = A(s) and comg(s) = O~ !(s). Moreover, if
® =1, then comz(g) = comg(g). The proof of the following is left to the reader:

Lemma 24 Let g € G, let g = s5,--51AY be the right greedy normal form of
g, and let g = A - -5, be its left greedy normal form. Then inf(com.(g)) =
inf(comg(g)) = 0, and ¢(comy(g)) = ¢(comg(g)) = p = {(g). Moreover,

comy(g) = ®7(A(s1) -+ D(A(sp-1)) sp) ,
comg(g) = 0~ (s)) @1 @7 (s),_ 1)) -+ - @TPTHOT(5))).
Furthermore, com;(g) = ®¥t7(comg(g)).
Proposition 2.5 (Dehornoy—Paris [13]) For every h € G there exists a unique pair

(g,g") (resp. (g',g)) of elements in M, such that h = g~ 'g' (resp. h = g’g~") and
gALg =1 (tesp. gArg = 1).

The pair (g, g’) (resp. (¢’, g)) in Proposition 2.5 is called the left orthogonal splitting
(resp. right orthogonal splitting) of h.
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2.2 Parabolic subgroups

We keep the above hypothesis and notations, namely, M is a Garside monoid, A
is a fixed Garside element, and G is the enveloping group of M. Recall that an
element & € M is balanced if Div;(6) = Divg(d). In this case, this set is denoted
by Div(§). Let § be a balanced element. We denote by S(J) the set of atoms of M
that belong to Div(d), and by G the subgroup of G generated by S(J). We say that
G; is a parabolic subgroup of G (or of (G, A), when the Garside element needs to
be specified) associated with § if Div(d) = Div(A) N Gs. We list in the following
proposition some results on parabolic subgroups that we will need, and refer to Godelle
[20] for the proofs.

Proposition 2.6 (Godelle [20]) Let 6 € M be a balanced element such that G is a
parabolic subgroup of G.

(1) Ms = MNGs is a Garside monoid, and § is a Garside element for Ms. Moreover,
G is the enveloping group of M.

(2) Let V51 and Nsp, (resp. Vs and Asg) be the lattice operations on (Ms, <)
(resp. on (Ms, <g)). Wehave g1V182,81/ .82 € M5, g1V1L82 = &1Vs,L82, and
81/A\L& = g1/\s,1.82, forall g1, g, € Ms. Similarly, we have g\ Vrg2, 81 \r&2 €
Ms, g1 VR g2 = g1 Vsr &2, and g1 Ar g2 = g1 Ns &2, for all g1, 8> € Ms.

(3) We have AN Ms = S(9), and this is the set of atoms of M.

(4) If g1 <1 g2 (resp. g1 <g g2) and g, € Ms, then g1 € M, forall g,80 € M.
The following lemmas in this subsection will be needed in our study:

Lemma 2.7 Let 61,0, € M be two balanced elements such that Gs, and G, are
parabolic subgroups, and S(61) € S(62). Then 6, is a balanced element of Ms,, and
Gs, = (Gs,)s, is a parabolic subgroup of Gs, .

Proof Clearly 0, is balanced in Mj,. Since S(6;) C S(d2) then M, is a submonoid

of Ms,. Hence Div(d;) = Div(A) N M;, C Div(A) N M;, = Div(d>). Therefore:
Div(d,) N Ms, C Div(A) N M, = Div(6;) C Div(6,) N Mj, .

Further S(A) D S(52) D S(01) = S(A) N Div(d;) C Div(d1). Hence S(61) = S(9,)

N Div(d1). Therefore Gs, = (Gs,)s, is a parabolic subgroup of G, . O

Recall that, by Dehornoy [9], AF is a Garside element for all k > 1.
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Lemma 2.8 Let § be a balanced element such that Gs is a parabolic subgroup of
(G,A). Let k € N, k > 1. Then §* is balanced, Gsx = Gs, and G is a parabolic
subgroup of (G, A¥) associated with 6% .

Proof Let s € Div;(6%). Then s € M; and sup(s) < k,ie. s =s1---5, t < k, for
some si,...,s; € Div(d). Hence s <g 8’ < 0¥ because § is balanced. Analogously,
we obtain that if s € Divg(6¥), then s <; 6%. Therefore &* is balanced in M. Since
divisors of 6% are products of divisors of &, then Gg« = Gs. Clearly Div(5*) C Div(A¥)
NGy . Let s € Div(AN)NGgi, s # 1. Then s = s; - - - 5, for some sy, ..., s, € Div(A),
t <k.Ifk=1,thens € Div(A)NGs = Div(§). If k > 1 we suppose that the statement
is true for values less than k. If r < k, i.e. s € Div(A!)) N G, then, the inductive
hypothesis implies that s € Div(6') C Div(6%). If t = k, Proposition 2.6.4 implies
that s1 ---s;,_; € Div(A*¥1nN Ggsi—1 because s € G = Gs. So, by the inductive
hypothesis, we have s - --s;_1 € Div(5*""). Hence s; = (s1---sx_1)"'s € Gg, i.e.
si € Div(A) N Gs = Div(§), thus s € Div(6%). Therefore Div(A¥) N Gy = Div(5%)
which implies that G is a parabolic subgroup of (G, A%). O

Lemma 2.9 Let g,g’ € M such that A £ g,¢' and AF <p gg' for some k > 1.
Then g = g1h and g’ = comg(h)g, for some g1,g) € A" and h € Div(A¥) with
L(h) = k.

Proof Let gy € M such that gg’ = goAX. Note that /(g) > k. Otherwise A <; g’
which is a contradiction. Similarly £(g") > k. Let sq,...,s; € Div(A) be the first k
elements of the right greedy normal form of g. Then g = gih where h = s;---s7.
We have gy = g1hA*®*(g') = gicomy(h)~'®*(g’). Further g; Ag comy(h) = 1
because 1 = g Ag A¥. Therefore comy (h) <; ®*(g’). So, by Lemma 2.4, comg(h) =
®*(comy(h)) <1 g'. Hence, there exists g € M such that g’ = comg(h)g]. m|

2.3 Artin groups
Let § be a finite set. A Coxeter matrix over S is a square matrix M = (m; ) rcs,
indexed by the elements of S, with coefficients in N U {co}, and satisfying:

(@) mgs=1forall s €S;

(b) mg; =ms>2foralls,te€S,s#t.

A Coxeter matrix M as above is usually represented by a labeled graph, I', called
Coxeter graph. This is defined as follows:
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(a) The set of vertices of I' is S.

(b) Two vertices s,¢ € S are connected by an edge if m,, > 3. This edge is labeled
by mg; if my; > 4.

If a, b are two letters and m is an integer > 2, we set:

m . .
(ab)2 if m is even

rod(a, b : = m—
prod(a, bz m) {(ab)z‘a if mis odd |

In other words, prod(a,b : m) denotes the word aba--- of length m. Let I" be a
Coxeter graph as above. The Artin group associated with I' is the group A = Ar
defined by the presentation:

A = (S| prod(s,t : ms,) = prod(t,s : my,) forall s,t € S, s # t and m,; # 00) .
The monoid A" = Aff having the monoid presentation:
AT = (S| prod(s,t : ms,) = prod(t, s : ms,) forall s, € S, s # t and my; # 00) "

is called the Artin monoid associated with I'. By Paris [24], the natural homomorphism
A" — A is injective. The Coxeter group associated with T", denoted by W = Wr, is
the quotient of A = Ar by the relations s> = 1, s € S.

The reversed element of g € A*, denoted by rev(g), is the element represented by a
word x;, - - - x;, € S, where x;, - - - x;, is a word representative of g. Note that rev(g) is
well defined because relations of Artin monoids are symmetrical. Further, rev?(g) = g
forall ge M.

The Artin groups were introduced by Tits [28] as extensions of Coxeter groups. There
is an extensive literature on these groups, but most of the results concern only special
classes. One of the most popular classes is the one of spherical type Artin groups,
which is the class that concerns the present paper. We say that a Coxeter graph I' (or
an Artin group A = Ar) is of spherical type if the Coxeter group W = Wr is finite. A
classification of these groups is given in the following theorem:

Theorem 2.10 (Coxeter [4]) (1) A Coxeter graph is of spherical type if and only
if all its connected components are of spherical type.

(2) A connected Coxeter graph is of spherical type if and only if it is isomorphic to
one of the graphs depicted in Figure 2.1.
Note that the braid group B, is the Artin group of type A, .

Let I' be a Coxeter graph, let S be its set of vertices, let A be its associated Artin
group, and let AT be its associated Artin monoid. For X C S, we denote by I'y the
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Figure 2.1: Spherical type Coxeter graphs.

full subgraph of I" spanned by X, by Ax the subgroup of A generated by X, and by
A;{ the submonoid of A™ generated by X. By Van der Lek [22], the group Ay (resp.
the monoid A;) is the Artin group (resp. Artin monoid) associated with I'y. Now,
Artin groups and Garside groups are related by the following:

Theorem 2.11 (Brieskorn—Saito [2], Deligne [14]) Assume that I" is of spherical
type.

(1) The monoid A™ is a Garside monoid, A = V1(S) = Vr(S) is a Garside element
of A*, and A is the enveloping group of A™.

(2) Let X be a subset of S, and let Ax = Vi (X). Then Ax = Vg(X), Ayx is
balanced, Ay is a parabolic subgroup associated with Ay, and A;{ =ATNAy.
In particular, Ax = Aa, .

(3) We have |®| € {1,2}, and Z(A) is the infinite cyclic group generated by Al®!,
In particular, A? is central. Furthermore rev(A) = A.

In particular, by Garside [18] and Brieskorn—Saito [2], B, is a Garside group with
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the following Garside element:

Q= Qop - x0x1) (X - X2) -+ - (X X—1)Xs

X2VR*VRXp

2.4 Alternating forms and the Dehornoy order

In this subsection we recall some definitions and results on alternating forms from
Dehornoy [10] and Fromentin—Paris [17], and how one can define the Dehornoy order
from this alternating forms. This is the point of view that we intend to extend in the
following sections.

Proposition 2.12 (Dehornoy [10]) Let M be a Garside monoid, let N be a parabolic
submonoid, and let g be an element of M. Then there exists a unique element Ry(g)
inN suchthat {he N|h<gg}={heN|h<gRn(g}.

The element Ry(g) is called the N-tale of g.

Now, we suppose given a Garside monoid M and two parabolic submonoids N; and
N, such that Ny U N> generates M. Then every non-trivial element g € M can be
uniquely written in the form g = g, - - - g2g1, where:

. RNl(gp"-g,') lflISOdd,
i { Ry,(gy---gi) ifiiseven,

and g, # 1. This form is called the alternating form of g (with respect to (N2, Ny)).
Note that we may have g; = 1, but we have g; # 1 forall i € {2,...,p}. The number
p is called the (N, N1)-breadth of g and is denoted by p = bh(g) (or by p = bhy, n,(g)
if one needs to specify the submonoids Ny and N, ).

Assume that M = B: 1
S = {x1,...,x,} is the standard generating set of M. Let N; be the submonoid of M
generated by {xz,...,x,}, and let N, be the submonoid generated by {x,...,x,—1}.
Note that, by Theorem 2.11, N; and N, are both parabolic submonoids of M, and
N; ~ B,‘f ~ N, . On the other hand, it is easily seen that Ny U N, generates M. In this

context we have the following results:

= AXH is the positive braid monoid on (n+ 1) strands, and that

Theorem 2.13 (Fromentin—Paris [17]) Let g € B;r 1> and let k be a positive integer.
Then Q~*g is x| -negative if and only if k > max{1,bh(g) — 1}. In particular, if

g € B,+1, then g is x| -negative if and only if Ninf(g) > max{1,bh(g.) — 1}.

Theorem 2.14 (Dehornoy [10], Burckel [3]) Let g, € M, and let (g, ...,81).
(8- --» &) be their respective alternating forms. We have g <p g, if and only if,
either p < g, or p = q and ®*~1(g) <p ®*~1(g}), where k = min{i | g; # g/}
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3 Orders on Garside groups

Let M be a Garside monoid, let G(M) be the enveloping group of M, and let A be
a Garside element. We assume that the flip automorphism @ is trivial, that is, A is
central. We take two balanced elements Aj, A € Div(A)\{1, A}, and we assume
that G; = Ga, is a parabolic subgroup associated with A;, H = G, is a parabolic
subgroup associated with A, and A; is central in G;. We set M| = G; N M and
N = HN M, and we assume that M; U N generates M. Such a data will be called a
Dehornoy pre-structure. For convenience, we will often say that the pair (H, G) is
the Dehornoy pre-structure, without specifying any other data such as A and A.

We will consider alternating forms in M with respect to (N, M;). Note also that M,
will play a different role in our study from that of N.

An element g € M is called unmovable if A £r g. Note that g is unmovable if and
only if A £, g. Moreover, by Proposition 2.2, for all g € G, there exists a unique
d € 7 and a unique unmovable element gy € M such that g = goA?. In that case we
also have g = Afg, since A is central. Let g € M be an unmovable element. The
depth of g, denoted by dpt(g), is defined by

bh(g)—1 . :
dpt(g) = o gz) ?f bh(g) %s odd,
== if bh(g) is even .

In other words, if g = g, -- - g2g1 is the alternating form of g, then dpt(g) = [{i €
{1,...,p} | & € N}|. Now, take any g € G, and write g = A%g,, where d € Z and
go € M is unmovable. Then the depth of g is defined to be dpt(g) = dpt(go).

Set § = Al_lA = AAl_l, and, for k > 0, set g = dpt(Gk). We say that an element
g € Gis (H,Gy)-positive it g ¢ G| and dpt(g) > g, where k = Ninf(g). We denote
by P = Py g, the set of (H, G1)-positive elements.

Note that M\ G| C P because Ninf(g) = 0 for all g € M. Hence, every non (H,G))-
positive element has a positive negative-infimum.

We say that (H, G) is a Dehornoy structure if P satisfies the following conditions:
(a) P> CP.
(b) G1PG, CP.
(c) We have the disjoint union G = P L P 'UG.

Our goal in this section is to prove a condition on (H,Gy) that implies that it is a
Dehornoy structure (see Theorem 3.2). We will apply in the next sections this criterion
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to the Artin groups of type A, B, and I,(m) (m > 5). But, firstly, we show how left
orders appear in this way.

Assume given two sequences of parabolic subgroups Gy = G, Gy, ...,G, and Hy,. . .,
H, such that G;,H; C G;_; and (H;, G;) is a Dehornoy structure of G;_, for all
i€{l,...,n},and G, ~ Z. For i € {1,...,n}, we denote by P; the set of (H;, G;)-
positive elements in G;_;. Furthermore, we choose a generator g, of G, and we set
Py ={g|k>1}. Forie {l,....n+ 1} weset P;'! = {g7! | g € P;}, and for
€= (€1, en enr1) € {EIPT! we set:

n €n
PC=P{'U---UPrUP.
Proposition 3.1 Under the above hypothesis, the set P¢ is the positive cone for a left
orderon G.

Proof Let g, ¢’ € P°. Then g € P§ and g’ € P;’ for some i,j € {1,...,n+ 1}.
If i = j, (a) implies that g¢’ € PS¢ C Pc. If i # j, without loss of generality we
suppose that i < j. Hence g’ € G;y1. By (b), g¢’,¢'¢ € PS¢ C P¢. Therefore P¢ is
a subsemigroup of G. Since 1 € G, (c) implies that 1 ¢ P! forall i € {1,...,n}.
Further 1 ¢ Pﬂl because g, # 1 and G, ~ Z. Hence G = (P U P~) U {1}. Since
P; C G foralli € {1,...,n+ 1}, then, by (c), (P; UP; ") N (P;UP;") = {) forall
i # j. Finally, (c) implies that P; N P; ! = (). Thus G = P¢LJ(P9)~' LI {1}. Therefore
P¢ is the positive cone for a left order on G. O

Let (H, G1) be a Dehornoy pre-structure, with the above notations. We say that (H, G1)
satisfies Condition A if there exists a constant ¢ € N, ¢ > 1, such that g = kc + 1 for
all k > 1.

Note that gy = 0, so the equality g = kc + 1 is never true for k = 0. Since in our
study we will need sometimes to replace 0 by 1 = Oc 4+ 1 when k£ = 0, we may use
the sequence g, defined as follows in place of gy :

1 ifk=0,
gr ifk>1

dk =

We say that an element g € M is a theta element if there exist go € M| and k > 1
such that g = 6¥gy, where § = AT'A = AA['. The set of theta elements is denoted
by © = 6(G).

Let g,g’ € M be unmovable elements such that {g, ¢’} ¢ M; U ©. We say that the
pair (g, g') satisfies Condition B if there exists € € {0, 1} such that:
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(a) dpt(gg") — e = dpt(g) + dpt(g’) — G > 0, where k = inf(gg"),

(b) e=0if {g,g'}NO #0.
We say that (H, G;) satisfies Condition B if, for all g,g’ € M unmovable such that
{g,¢'} ¢ M, U O, the pair (g, g’) satisfies Condition B.

The purpose of this section is to prove the following:

Theorem 3.2 Let (H, G1) be a Dehornoy pre-structure. If (H, G) satisfies Conditions
A and B, then (H, G1) is a Dehornoy structure.

The rest of the section is dedicated to the proof of Theorem 3.2.

Lemma 3.3 We have 0g = g for all g € G,. Hence A¥ = 0FAX for all k > 1.
Furthermore g £ 0 and g £g 6 forall g € M;\{1}.

Proof Let g € Gi. Then g = AgA~! = 0gf~! because A is central in G, and A,
is central in G;. Hence g = gf. Let g € M be aright divisor of #. Then gA; lies in
Div(A) N M, = Div(A), therefore g = 1. Similarly we prove that g = 1 whenever
it left divides 6. d

Corollary 3.4 Let g = 0*gy be a theta element. Then Ry, (g) = go. Furthermore, if
g is unmovable, then dpt(g) = qx.

Proof Lemma 3.3 implies that g; £g 6 for all g; € M, thus Ry, (g8) = go. Hence
bh(g) = bh(#¥). Therefore dpt(g) = gy if g is unmovable. i

In what follows of this section we assume that Condition A holds.

Lemma 3.5 Let g = 6Xgy be an unmovable theta element of G, and let p = £(go).
Then ¢(g) = max{k,p}, com.(g) = Of(g)*kAf(g)fpgl, and:

o ifp <k
dpt(g) + dpt(comz(g)) = { g+ 1 ifp>k

where g; = Algy ! is the left complement of gy with respect to /.

Proof Let s,---s; be the right greedy normal form of gg. Note that s; # A for all
i because g is unmovable. If p < k, Lemma 3.3 implies that g = 6 ---00s, - - - 051,
where 6 - - - § = 0P is the right greedy normal form of g. Hence ¢(g) = k. Therefore
comy(g) = A]f_p g1, and dpt(g) + dpt(comz(g)) = gx. If p > k, Lemma 3.3 implies
that g = s, - - - 5541 Osy - - - Osy is the right greedy normal form of g. Hence /(g) = p.
Therefore com;(g) = 0”7 ¥g;, and dpt(g) + dpt(com;(g)) = qx + G-k =qp+1. O
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Corollary 3.6 Let g = 0*gy be an unmovable theta element of G, and let t > 0 be
an integer. Then:

A7'gc Pand (A7 'g) ' ¢ P ift<k
A~'g € G, ift =k
A7'g g Pand (A7'g) ' € P ift>k

Furthermore A” g € P and (A" g)~! & P for all integer ¢ > 0.

Proof We have (A~"g)~! = Alg~! = A"~“com;(g), where d = (g). If t < k, then
dpt(@kgo) = gr > q;. Hence A~'g € P. Lemma 3.5 implies that d > k > ¢, and that
dpt(comz(g)) < ga + 1 — dpt(g) = ga — k¢ = qa—k < qa—;. Thus (A~'g)~! & P. If
t =k, then A~'g = AT'go € Gy. If t > k, then dpt(6*go) = qx < q:. Therefore
A7'g & P. If t > d, then (A~'g)~! € P. Otherwise, Lemma 3.5 implies that
dpt(comy(g)) > g4 — dpt(g) = (d — k)c > q4—;. Hence (A_tg)_l € P. We have
(A"g)~! = A~"~4com;(g). Lemma 3.5 implies that dpt(comy () < gq-+1—dpt(g) =
qa — k¢ = qa—r < qq+y . Therefore (A'g)y~ 1 ¢ P. |

Lemma 3.7 Suppose that dpt(g) + dpt(comy(g)) = gx for all unmovable element
g € M\O, where k = {(g). Then G=PUP~'LUG.

Proof By definition, no (H, Gp)-positive element belongs to G, hence (P U P Hn
G, = 0. We shall prove that P~! = (G\G)\P. Let g=! € P~! for some g =
Ag, € P, where d = inf(g), and let k = £(go). Suppose that go = #'g; € © for
some g € M;. If d > 0, Corollary 3.6 implies that g=! ¢ P. If d < 0, then
t > —d because g is (H, G)-positive, hence dpt(g) = g; > g—4. Then, by Corollary
3.6, g~! ¢ P. Suppose that g € M;. Then d > 0 because g is (H, G1)-positive.
Hence g~! = A~?*comy(go). By hypothesis, we have dpt(comz(go)) = gk < Ga+«-
Therefore g=! ¢ P. Suppose that go € M\(© U M;). In particular dpt(gg) > 1.
If d > 0, then (gf1 = A*d*kcomL(go). Hence, by hypothesis, dpt(comz(go)) =
qr — dpt(go) < gr < ga+k. In particular, we have proved that M'npP=10.If
d < 0,1ie. d = —t for some t > 1, then g_1 = A’_kcomL(go). We have t < k.
Otherwise g~! € M, and so g ¢ P, which is a contradiction. By hypothesis, we have
dpt(com(g0)) = gk — dpt(g0) < gk — gr < qi—- Therefore P~ C (G\G)\P. Let
g = A7"gy € (G\G))\P with inf(g) = —1, and dpt(go) < ¢;. Note that inf(g) < 0 for
all g € (G\G1)\P, because M C P. Suppose that gg = §9g; € © for some g; € M.
Hence, d < t because g4 = dpt(gg) < g;. Corollary 3.6 implies that g—' € P. Suppose
that go € M\O. We have g~! = A’ com;(go). If t > k, then g~ € M C P. If
t < k, then, by hypothesis, dpt(comz(go)) = gx — dpt(go) > gk — q: + 1 = qi—.
Therefore (G\G)\P C P~!. ]
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Lemma 3.8 Condition B implies that dpt(g) + dpt(comy(g)) = gx for all unmovable
elements g € M\©O, g # 1, where k = ((g).

Proof Let g € M\O be anunmovable element, and let k = ¢(g). Note that com(g) &
M, because g ¢ ©. If g € My, then comy(g) = Qk(A’fg_l). Therefore dpt(g) +
dpt(comy(g)) = qx. If g € M\M,, Lemma 3.5 implies that com;(g) & ©. So, by
Condition B, we have 0 = dpt(Ak) = dpt(comy(g)g) > dpt(comp(g)) + dpt(g) — gr >
0. Therefore dpt(comg(g)) + dpt(g) = gr = qx, because k > 1. O

Lemma 3.9 Let g € G;\M,. Then g; € © and dpt(g) = qx, where k = Ninf(g).

Proof We have g = Al_kgo for some k > 1 and gg € M, such that A; £Lg go.
Note that ¢ = Al_kﬁfkekgo = A*pkgy. If A <; 6Fgy, Corollary 3.4 implies that
A <y go, which is a contradiction. Therefore g; = #*gy € © and inf(g) = —k. By
Corollary 3.4, bh(gy) = bh(#*). Hence dpt(g) = q«- O

Lemmas 3.7, 3.8 and 3.9 imply that, if Condition B holds, then:
P! = {g € G| dpt(g) < qx where k = Ninf(g)} .

Lemma 3.10 Condition B implies that P~! is a subsemigroup of G.

Proof Let g, ¢’ € P!, thatis, g = A~'go and g’ = A" g}, where ¢ = Ninf(g) and
¢ = Ninf(g'), such that dpt(go) < ¢ and dpt(g})) < g». We have gg’ = A==+,
where k = inf(gog)), and h = (gogh)L, i-.e. h = A *gogh. If go,gy € My, then
k =0, and dpt(h) < q,». Hence gg’ € P~'. If go, g, € O, thatis, go = #9g; and
gh = 0%g". Then gog) = 6%+ g1g| and h = 64+ ~*pq for some hy € M;. Notice
that d < t and d’ < ¢ because g, g’ € P!, therefore k < d +d < t+1. We have
dpt(h) = Ga+a'—k < Qa+a'—k = Ga+G4a — Gk < 4t +Gr — Gk = Gr+v—k = Gr+r—k- Thus
gg € P~ . If gy = 0% € © and 8o € M\, then gog(, = Gdg1g6 € © and h = 09 *hy
for some hg € M. Note that d < t because g € P! therefore k < d < t. We have
dpt(h) = qa—« < qr—k < qi1v—k. Thus gg’ € P~!. Similarly, we prove that gg’ € P~!
whenever go € M, and g, € O©. If {go,g,} € M, U ©O, Condition B implies that
gr < dpt(go) + dpt(gy) < g: +qr — 2 = g4 — 1 < qi1p, therefore k < ¢+ 1. By
Condition B, we have dpt(h) < dpt(go) +dpt(g)) —qx +1 < ¢t +qv — g — 1 =
Griv—k — 1 < @ry—y. Thus gg' € P~!'. Therefore P~ ! isa subsemigroup of G. O

Lemma 3.10 implies that, if Condition B holds, then P is a semigroup.
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Lemma 3.11 Condition B implies that GiP~'G; C P~ !,

Proof Let g = A"'goc P!, andlet g’ € G,. If g € My, then gg’ = A~ "gpg’ =
A~"F*p where k = inf(gog’) and h = A *gog’. If go € My, then k = 0. Hence
gg’ € P! because dpt(h) = 0 < ¢,. If go = #Pg, € O, then h = 6P~¥1’. Note that
k < p <t because g is (H, G1)-negative. Then dpt(h) = g, < gp—r < g;—r. Hence
gg € P71, If go € M\(M,U®), Condition B implies that §; < dpt(go)+dpt(g’) < .
Hence k < r. Further, by Condition B, we have dpt(h) < dpt(go) + dpt(g’) —
G +1 < g — G < q,—. Therefore g¢g' € P~'. Similarly, we can prove that
gge P ' If ¢ € G\\M;, Lemma 3.9 implies that g’ = A7" gy = A0 gl), where
inf(¢') = —. Hence gg' = A~""gof"g) = A~""**n, where k = inf(gof" g})
and h = A_kgoﬁ’/gg. If go € M, then h = 6" %I for some i’ € M,. Note that
k <t < t+ . Further dpt(h) = qy_x < Gy—x < qi4v—x. Hence gg’ € P71, If
g0 = 0Pg; € O, then h = 6P~k for some &' € M;. Note that p < 7 because g is
(H, Gy)-negative. Hence k < p + 1 < t+¢'. Further dpt(h) = qpyv—k < Gpir—k <
Griv—k- Therefore gg' € Pl If gy € M\(M; U ©), Condition B implies that
Gr < dpt(go) +qr < q+qr —1 = qiyp. Hence k < t+1¢. If k =1+ 1, then
g¢ =he€M.If h € M\M;, Lemma 3.10 implies that g’ = g~'h € P since g~! € P,
which is a contradiction because g’ € G;. If h € My, then gof"gh = A*"'h =
0t+"A’1+’/h = 9’+’lg1g6 = 9tg10t/g6 for some g, € M. Then gg = 6'g;, which is
a contradiction because go ¢ © and g is (H, Gy)-negative. Hence k < t+ 1. By
Condition B, dpt(h) < dpt(go) +qr — Gk < gr +qr —qxk — 1 = G-k — 1 < Gryr—i
because gy € ©. Thus gg’ € P~!. Similarly, we have g’g € P~!. Hence P~'G| C
P~!and G\P~! C P!. Therefore G;P~'G, C P~1. m

Lemma 3.11 implies that, if Condition B holds, then G|PG| C P.

Remark Assume that (H, G) is a Dehornoy pre-structure of G. Let g € G with
inf(g) < 0, and set + = —inf(g) > 1. Then g is (H, Gp)-positive, if and only if,
bh(g) > 2g,. Indeed, if dpt(g) > §g;, then bh(g) > 2dpt(g) > 2g,. Suppose that
bh(g) > 2g,. If bh(g) is even, then dpt(g) > §,;. If bh(g) is odd, then bh(g) > 2g,,
hence dpt(g) > g;.

4 Artin groups of type A

In this section G and M denote the Artin group and the Artin monoid of type A,,
respectively, where n > 2. Recall that M is defined by the monoid presentation with
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generating set S = {xj,...,x,} and relations:

XiXip1X; = X xixip i1 <i<n—1,
XiXj = XjXi if‘i—j| 22.

The group G is the enveloping group of M, and it is isomorphic to the braid group B,
on n + 1 strands. By Theorem 2.11, M is a Garside monoid, and Q2 = x| Vg --- Vg x,
is a Garside element of M.

We have Qx; = x,41-; forall i € {1,...,n}. In particular, 2 is not central, but
A = ©? is central. Note that, by Dehornoy [9], A is a Garside element, and, by
Brieskorn—Saito [2], A = (x - - - x,,)" 1.

Let G; be the subgroup of G generated by {x,,...,x,}, and let H be the subgroup
generated by {xi,...,x,—1}. By Theorem 2.11 and Lemma 2.8, G; and H are
parabolic subgroups of (G, A). The subgroup G is associated with A} = (xaVg---Vg
x)? = (X3 -+ - x,)", and H is associated with A = (x; Vg - - Vexy—1)? = (X1 - - Xp_1)".
As ever, we set M| = Gy N M and N = HN M. Obviously, M| UN generates M,
hence (H, G;) is a Dehornoy pre-structure. Note that A is decomposed as follows:

2 2 2 2
A = (X1X2 - Xy 1XXn—1 - X2X1) (X2 + Xy 1 X Xn—1 = = X2) * + * (X 1 X Xn—1)X;, -

0=AAT'=A7'A A1=(x2VgVrxn)?
The main result of this section is the following:
Theorem 4.1 The pair (H, G) satisfies Conditions A and B.
Applying Theorem 3.2 we get:
Corollary 4.2 The pair (H, Gy) is a Dehornoy structure.

Since G is an Artin group of type A,_; (see Theorem 2.11), iterating Corollary 4.2
and applying Proposition 3.1 we get:
Corollary 4.3 Set:

Gl' = <xl~+1, . ,x,,> s Hi = (x,-, Ce ,xn_1> N Ai = (xi—H . _xn)n—&-l—i’
forie{l,....,n—1}.

(1) The group G; is a Garside group, and A; is a Garside element of G;, for all
ie{l,....,n—1}.
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(2) The pair (H;, G;) is a Dehornoy structure of G;— for all i € {1,...,n— 1},

where Gg = G.

(3) Forie {l,...,n— 1}, wedenote by P; the set of (H;, G;)-positive elements of
G;_1. Furthermore, we set P, = {x* | k > 1}. Take € = (ey,. .., €,) € {£1}",
and set:

P =Pl U LP.
Then P¢ is the positive cone of a left order on G.

Before proving Theorem 4.1, we show that the left order obtained from it coincides
with that obtained from Theorem 1.1. More precisely, we prove the following:

Recall that the definition of an x; -positive element is given in the introduction.

Proposition 4.4 The set P = Py G, is the set of x; -positive elements of G = B4 1.

Proof Let g be a x;-positive element of G. Then g = goxll"gl 8o 1x]1<” gp for
some ki,...,k, > 1 and go,...,8, € Gi. Note that x|’ € P forall i € {1,...,p}.
By Theorem 4.1, G{PG; C P. Therefore g € P. Conversely, let g € P. If
g € M, then g is x;-positive. Otherwise g = A~¥g(, where k = Ninf(g), such that
dpt(go) > qx = ck+ 1 > k+ 1. (Actually, as we will see soon, we have gy =k + 1.)
Hence bh(gg) > 2dpt(go) > 2k + 2. Since g € Gy and g = Q> g, Theorem 2.13
implies that g is x;-positive. |

The rest of the section is dedicated to the proof of Theorem 4.1.

By Dehornoy [10, Lemma 4.19], the (N, M{)-breadth of AFis 2k +2, forall k > 1.
Lemma 3.3 implies that bh(#¥) = bh(AX) because A’f € M. Hence g = k+ 1 for
all kK > 0. Therefore (H, G) satisfies Condition A.

In what follows we will prove that Condition B holds:

Lemmad.5 Letg € M\M, andletk > 1 be an integer. Then bh(gf*) = bh(g) + 2k.

Proof Let (g,,...,g1) be the alternating form of g. Note that ggf1 #+ 1 because
g ¢ M. Hence x| <p g2 and x; £g ggl_l forall r > 2. By Lemma 3.3, 0g; = g16.
Then (g, ..., 83,82X1,Xx2 - Xp_1X2,Xu_1 - X1,81) is an (N, M1)-sequence of g6. If
x <R g9g1_1 = gg1_19 for some ¢t € {2,...,n}, Lemma 3.3 implies that x, <g ggl_1
which is a contradiction. Hence g; = Rp,(g0). If x,—1 <g ggflxl .. -xn,lel, then
XnXn—1 <R ggl_lxl - Xp—1X,. In particular, x,—; <g ggl_lxl <+ Xp—1X,. Then x,, <p
ggl_1 which is a contradiction. If x; <g ggl_lxl <o Xp_1x2 forsome k € {1,...,n—2},
then x;1 <g ggf1 which is a contradiction as well. Therefore bh(gf) = bh(g) + 2.
Inductively, we obtain that bh(g#*) = bh(g) + 2k for all k > 2. o
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In general, if M is a monoid, and N;, N, are two submonoids of M. A (N,,Np)-
sequence of an element g € M is a tuple (gp,...,g1) suchthat, g =g,---g1, g € N;
when i is odd, and g; € N> when i is even. If M is Garside and it allows alternating
decompositions with respect to (N2, Ny), we say that (N,, Ny)-breadths are minimal
if for all g € M, its (N, Ny)-breadth is minimal in the set of lengths of all (V,, Ny)-
sequences of g.

Proposition 4.6 (Dehornoy [10], Burckel [3]) (N, M;)-breadths are minimal.

In general, if (M, A) is a Garside monoid, (H, G;) is a Dehornoy pre-structure, and
g € M, then we denote by dpt*(g) the depth of the element gRy,(g)~!. More
specifically, we have the following result:

Lemmad4.7 Let (M, A) be a Garside monoid, let (H, G|) be a Dehornoy pre-structure,
and let g € M. Then:

MO=1 " jfbh(g) is odd,

dpt*(g) =
pt (8) {bh2<g> ifbh(g) is even.

Proof Letg = gRy,(g)~'. If A <g g',then A; <g g’ because A; € Div(A)\{1}.
This is impossible because Ay € M; and h £ g’ forall h € M;\{1}. Therefore g’ is
unmovable. Since Ry, (g) € M, then bh(g) = bh(g’). This implies the equality. O

We come back to the hypothesis given at the beginning of the section. In particular,
now G denotes the Artin group of type A,. Note that rev(gA) = rev(g)A for all
g € M because rev(A) = A. Thus inf(g) = inf(rev(g)).

Lemmad4.8 Letg € M\M,, and let k be its infimum with respectto A. Let go € M,
and let t > 1 be an integer. Then:

(1) dpt*(goA") = dpt*(got) = dpt*(0'go) = dpt*(A'go) = Gr.

(2) dpt*(g) = dpt(g) + k.

(3) dpt*(g) = dpt*(rev(g)).

(4) dpt*(ggo) = dpt*(gog) = dpt*(g).

(5) dpt"(A'g) = dpt*(0'g) = dpt”(gf") = dpt"(gA’) = dpt*(g) + g: — 1.
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Proof (1) It is a consequence of the fact that go, A} € M; and Lemma 3.3. (2)
Lemma 4.5 implies that bh(g) = bh(g,A*) = bh(g;6*) = bh(g) + 2k. There-
fore dpt*(g) = dpt*(gr) + k = dpt(g) + k. (3) Let (gp,...,g1) be the alternat-
ing form of g’ = gA_k. If p is odd, then (rev(gy),...,rev(gy)) is an (N,M;)-
sequence of rev(g’). Proposition 4.6 implies that bh(rev(g’)) < p. Therefore
dpt(rev(g’)) < (p — 1)/2 = dpt(g’). If p is even, then (rev(gy),...,rev(gp), 1) is an
(N, M;)-sequence of rev(g’). Proposition 4.6 implies that bh(rev(g’)) < p + 1. Hence
dpt(rev(g’)) < p/2 = dpt(g’). Analogously we prove that dpt(g’) < dpt(rev(g’)) be-
cause rev>(g’) = g’. Hence, (2) implies that dpt*(g) = dpt(g’)+k = dpt(rev(g’)+k =
dpt*(rev(g)). (4) Since gy € M, then dpt*(ggo) = dpt*(g). Further, by (3),
dpt*(gog) = dpt*(rev(gog)) = dpt*(rev(g)rev(go)) = dpt*(rev(g)) = dpt*(g). (5)
Lemma 4.5 implies that dpt*(gA’) = dpt*(g#") = dpt*(g)+g,— 1 and dpt*(rev(g)d'") =
dpt*(rev(g)) + ¢ — 1. By (4), dpt"(A’g) = dpt*(#'g). Finally, (3) implies that
dpt*(0'g) = dpt*(rev(g)0') = dpt*(rev(g)) + g; — 1 = dpt*(g) +g: — 1. o

Lemma 4.9 Let g € M; UO, and let g’ € M such that either gg' € © or g'g € O©.
Then g’ € M, U © as well.

Proof Assume that gg’ € ©. Let k > 1 be such that gg’ = #h for some h € M, . If
g € My, Lemma 3.3 implies that g <; h and g’ = 6*(¢"'h) € ©. If g € ©, namely
g = 0Pgy for some p > 1 and gy € M, Lemma 3.3 implies that gg <; k. Further
p < k. Hence g’ = Gk_P(galh) € M;UBO. If g'g € ©, then we show in the same way
that g € M; U O. O

Lemma 4.10 Let g € M\(M; U ©) be an unmovable element, let g’ € © be another
unmovable element, and let go € M. Then:

(1) dpt(ggo) — 1 = dpt(g) — gk > 0, where k = inf(ggo).
(2) dpt(gog) — 1 = dpt(g) — gk = 0, where k = inf(gog).
(3) dpt(gg’) = dpt(g) + dpt(g') — Gk, where k = inf(gg’).
(4) dpt(g'g) = dpt(g) + dpt(g') — Gx, where k = inf(g'g).

Proof (1) We have ggo = AFh for some h € M with dpt(ggo) = dpt(h). Lemma 4.9
implies that 2 & M, because g ¢ M1UO. Hence dpt(h) > 1. Lemma 4.8.4 implies that
dpt*(ggo) = dpt*(g) = dpt(g), and Lemma4.8.5 implies that dpt*(ggo) = dpt*(A¥h) =
dpt*(h) + qx — 1 = dpt(ggo) + Gk — 1. Therefore dpt(ggo) — 1 = dpt(g) — gk- (2) By
Lemma4.8.2-3 and (1), dpt(gog) = dpt*(gog)—k = dpt*(rev(gog))—k = dpt(rev(gog))
= dpt(rev(g))—gx+1 = dpt(g)—gx+1. Further, Lemma 4.9 implies that dpt(gog) > 1.
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(3)Let p > 1 be such that g’ = 6Ph’ forsome i’ € My, and let h € M be an unmovable
element such that gg' = A*h. By Lemma 4.9, h ¢ M, because g ¢ M; U ©. Lemma
4.8.4-5 implies that dpt*(gg’) = dpt*(gh’60") = dpt*(gh')+g, — 1 = dpt(g) + g, — 1 =
dpt(g) + dpt(g’) — 1 and dpt*(gg’) = dpt(h) + gx — 1 = dpt(gg’) + g — 1 . Therefore
dpt(gg’) = dpt(g) + dpt(g’) — Gx. (4) We have rev(©) C O because rev(f) = 6.
Lemma 4.8.2-3 and (3) imply that dpt(g’g) = dpt*(g’g) — k = dpt*(rev(g’g)) — k =
dpt(rev(g'g)) = dpt(rev(g)) + dpt(rev(g’)) — g« = dpt(g) + dpt(g") — Gx. O

Lemma 4.11 Let g,g’ € M\M; be two unmovable elements such that gg' = A* for
some integer k > 1. If dpt(g) + dpt(g’) =k + 2. Then g, ¢’ € O.

Proof Let p = dpt(g) — 1, and let ¢ = dpt(g’) — 1. Then 1 = (g7 'AP)(A%g'™1)
because gg' = AP, Note that g7!A? = Q~2g’ and AY'~! = Q~2g. Further,
2q < 2dpt(g") — 1 < bh(g") — 1 and 2p < 2dpt(g) — 1 < bh(g) — 1. So, Theorem 2.13
implies that g~ ' A? (resp. A9g’~!)is either x;-positive or belongs to G;. Note that,
if at least one of them is x;-positive, then 1 is x;-positive, which is a contradiction.
Therefore g~ 'A? = h and A9g’~! = K’ for some h,h’ € G;. Thus g = OP(AFh~1)
and g’ = (W~1AN09. Let (ho, b)) be the left orthogonal splitting of ATh~!, and let
(H), h1) be the right orthogonal splitting of #/~'AY. Then g = 6Ph, 'Kl and g =
h/lhfleq. Since ho Ap by = 1 and hy Ag b} = 1, then hy <g 6P and h; <; 07,
because g, ¢’ € M. Lemma 3.3 implies that iy = h; = 1. Hence g = 6Phj, and g’ =
h} 07 = 07k} . Note that Ay £g hj), h| because A £ g,g". Therefore g,g' € ©. O

Lemma 4.12 Let h, ' € M\M; be two unmovable elements, and let k = inf(hh'). If
A~Kni' € My and dpt(h) + dpt(h’) = k +2. Then h, i’ € ©.

Proof By Lemma 2.9, there exist g, g, g0, g\, € M such that h = gog, h' = g'g(,, and
gg' = AF. Then A~*hi' = gog{, because A is central, hence go, gy € M. We have
dpt(g’) = dpt(#'), and, by Lemma 4.8.4, dpt(g) = dpt(h). Therefore dpt(g)+dpt(g’) =
k +2. Lemma 4.11 implies that g,g’ € O, i.e. g = 0Pg; and g’ = 69g} for some
p.q > 1 and g1,8) € M. Hence h = 6P(gog:) and ' = 69(g}g(). Note that
A1 £r 8081, 818 because A L h,h'. Therefore h,h' € ©. O

Lemma 4.13 Let g,¢' € M\(M; U ©) be two unmovable elements, and let k =
inf(gg’). Then dpt(gg’) — € = dpt(g) + dpt(g’) — Gx > O for some € € {0, 1}.

Proof Let p,g > 1 be the respective depths of g,¢’. Then bh(g) € {2p,2p + 1}
and bh(g’) € {2¢,2q + 1}. Theorem 2.13 implies that Q=g and Q%/g’ are x-
negative, and that Q~2**2g and Q2912¢ are either x;-positive or belong to G .
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Then Q~~2gg’ = A~P~9tkg, is x|-negative, and Q=2 ~24T4gg! = A—P—at2tkg,
is either x;-positive or belongs to G, where go = A~ Xgg’. Note that k < p + ¢
because AP~4tkgy & M. Hence p + g — g > 0. Theorem 2.13 implies that
2p+2g—2 < bh(gg’) < 2p+2q—+1. Therefore p+g—1 < dpt*(gg’) < p+q. Assume
that go € My, then dpt*(gg’) = gk, and k > 1 because g, ¢ € M. lf g =p+q—1,
i.e. dpt(g) +dpt(g’) = k+2, Lemma 4.12 implies that g, g’ € © which contradicts the
enunciate. Therefore dpt(gg’) = dpt(g) + dpt(g’) — gx. Assume that go & M;. Then,
by Lemma4.8.2, p+q—g; = p+q—1—k < dpt(gg)) < p+q—k =p+q—g+1. O

Thus, Lemmas 4.10 and 4.13 have proved that Condition B holds.

S Artin groups of dihedral type, the even case

In this section G and M denote the Artin group and the Artin monoid of type I>(m),
respectively, where m = 2k is even and k > 2. Recall that M is defined by the monoid
presentation:

M= (x,y| () = (o))",

The group G is the enveloping group of M. By Theorem 2.11, M is a Garside monoid
and A = x Vg y is a Garside element of M. By Brieskorn—Saito [2], A is central, and
A =)t = k.

Let Gy = (y) ~ Z and H = (x) ~ Z. By Theorem 2.11, G; and H are parabolic
subgroups of (G, A). The subgroup G is associated with A = y, and H is associated
with A = x. Once again, weset M| = GiNM ~ Nand N = HNM ~ N. Obviously,
M7 U N generates M, hence (H, G) is a Dehornoy pre-structure.

The main result of the section is the following:

Theorem 5.1 The pair (H, G) satisfies Conditions A and B.
By Theorem 3.2, this implies the following:

Corollary 5.2 The pair (H, Gy) is a Dehornoy structure.

We denote by P; the set of (H, Gy)-positive elements of G, and we set P, = {y" | n >
1}. For € = (€1, €2) € {£1}? we set P¢ = P{' U P*. Then, by Proposition 3.1:

Corollary 5.3 P€ is the positive cone of a left order on G.
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We denote by z1, ..., 24— the standard generators of the braid group By;. By Crisp
[5], the map ¢ : S — By defined by:

k=1 k=1
60 = [[z2ir1, o) =[]z,
i=1

i=0

induces an embedding ¢ : G — By satisfying ¢p(M) C BZC. In a second part of the
section we will show how the left orders on G obtained in Corollary 5.3 can be deduced
from ¢. More precisely, we prove the following:

Proposition 5.4 Let g € G. Then g is (H,Gy)-positive if and only if ¢(g) is
71 -positive.

The rest of the section is dedicated to the proofs of Theorem 5.1 and Proposition 5.4.
Theorem 5.1 is proved in Subsection 5.1, and Proposition 5.4 is proved in Subsection
5.2.

5.1 Proof of Theorem 5.1
Note that, if g € M is unmovable, then it has a unique word representative in {x, y}*.

Lemma 5.5 Let g, g’ € M be two unmovable elements such that inf(gg’) = 0. Then:

dpt(g) +dpt(g’) — 1 ifx<gpgandx<; g

dpt(gg’) =
pi(ss) { dpt(g) + dpt(g) otherwise

Proof If x £z g or x £; g’ itis obvious that dpt(gg’) = dpt(g) + dpt(g’). If x <g g
and x <; g, let k be the greatest integer such that x* <; g’. Then g = x'g
for some gj € M unmovable where x %, g. We have dpt(gx*) = dpt(g), and
dpt(gp) = dpt(¢’) — 1. Hence dpt(gg’) = dpt(gx*)+dpt(gy) = dpt(g)+dpt(¢")—1. O

Note that § = (xy)*~'x = x(yx)*! because A; = y.

Lemma 5.6 Let gy € M, and let g € M\M, . Then:
(1) bh(get) = m.
(2) bh(gh) =Dbh(g) +m — 2.
(3) bh(0") = m —2)t+2 forallt > 1.
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Proof (1)Notethat (x,y,...,x, 1)isthealternating form of #, and bh(f) = m because
lgg(8) = m — 1. Lemma 3.3 implies that gof) = 6go. Hence bh(gof)) = bh() = m.
(2) Let g be the M;-tale of g, and let g = gg;'. Note that g’ # 1 because
g ¢ M. By Lemma 3.3, g6 = g'fg1, and Ry, (gf)) = g1 because y £r g’. Moreover,
if h <p 6, and a <g h for some a € {x,y}, then b £r g'h because y £r ¢,
where b € {x,y}\{a}. Therefore (g,,...,83,82%,,...,x,g1) is the alternating
form of g0, where ¢’ = g,---g> and (g, ...,g1) is the alternating form of g. So,
bh(g#) = bh(g) — 2 + m. (3) By (1), bh(f) = (m — 2) + 2. If t > 1, we suppose that
bh(6'~!) = (m — 2)(t — 1) + 2. Hence, (2) implies that bh(#") = bh(@'~") 4+ m — 2 =
m—2)t—D4+2+m—2=(m—2)r+2. O

Lemma 5.6.3 implies that g; = (k — 1)t + 1 for all k > 1, because bh(f’) is even.
Therefore, Condition A holds, where §; = tc + 1 withc =k — 1 forall t > 1.

Note that, since A = (xy)¥, then dpt(s) + dpt(comg(s)) = g; for all s € Div(A)\{A}.

Since relations of Artin monoids preserve lengths, all words representing an element
g of an Artin monoid A have the same length. Thus, we may consider the length of g,
denoted by 1g(g), defined as the length of its word representatives in S*, where S is
the standard generating set of A.

Lemma 5.7 Let g,g' € M be two unmovable elements, and let hy, hy be two simple
elements in Div(A)\{1, A} such that hyhy <g g and comg(hi)comg(hy) <, g'. If
a <p hy and b <g comg(h;), where {a,b} = {x,y}, then:

(1) a<ghy and b <; comg(h).
) dpt(gh;") + dpt(comg(h;)~'g’) = dpt(g) + dpt(g') — q1 + 1.

Proof (1) Since hycomg(hy) = A, if b <g hy, then a <; comg(hy). Similarly,
if a <g comg(hy), then b <g hy. Hence hyh; and comg(h;)comg(h,) are simple
elements. Note that 1gg(hah)) < m and lgg(comg(h)comg(fz)) < m because g, g
are unmovable. Thus, lgS(Az) = lgg(hohicomg(hy)comp(hy)) < 2m, which is a
contradiction because lgS(Az) = 2m. Therefore a <g hp and b < comg(hy). (2) By
Lemma 5.5, we have the following:

dpt(g) — dpt(h;) ifa=y

1N
dpt(gh, )_{ dpt(g) — dpt(hi) + 1 ifa=x

dpt(g’) — dpt(comg(h)) +1 b=x
dpt(g’) — dpt(comg (/1)) b=y

Therefore dpt(ghl_l) + dpt(comR(hl)_1 g) = dpt(g) + dpt(g) — q1 + 1. O

dpt(comg()~'g') = {
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Lemma 5.8 Let g, g’ € M be two unmovable elements such that inf(gg') = 1. Then
dpt(gg’) — e = dpt(g) + dpt(g’) — g1 > 0 for some ¢ € {0, 1}.

Proof Let i € M be a simple element, such that 4 <z g and comg(h) <, ¢’,let g; =
gh™!, and let g} = comg(h)~'g’. By Lemma 5.5, if g1, g} # 1, we have:

dpt +dpt(g}) —1 ifx< and x <; ¢/
dpt(gg’) = dp (g1) +dp (g,l) <k 81 <L &
pt(g1) + dpt(g)) otherwise
and:
dpt(g) —dpt(h) +1 ifx<ggiandx <ph
dpt(g1) = :
dpt(g) — dpt(h) otherwise
dpt(g) = dpt(g’) — dpt(comg(h)) + 1 if x <g comg(h) and x <;, g}
PREY = dpt(g’) — dpt(comg(h)) otherwise

If x <; hand g1, g} # 1 we obtain the following:

dpt(g) + dpt(g") —q1 + 1 ifx <g g andy <, g

dpt "y =
pi(zg) { dpt(g) + dpt(g") — 1 otherwise

If y<; hand g;,g] # 1 we obtain the following:

dpt(g) + dpt(¢') —q1 + 1 ify <g g1 andx <, g}

dpt "y =
pi(ss) { dpt(g) + dpt(g") — q1 otherwise

Ifx <, hand 1€ {g1,8)} we obtain the following:

dpt(g) +dpt(g) — g1 + 1 ifx <g g
dpt(g) + dpt(g') — ¢ if x g g1

If y<g hand 1€ {g,g}} we obtain the following:

dpt(gg") = {

dpt(g) +dpt(g) —q1 + 1 ifx < g
dpt(g) + dpt(g") — q1 ifx £1 &)
Therefore dpt(gg’) — ¢ = dpt(g) + dpt(g’) — g1 for some e € {0,1}. If A~lgg’ & My,
then dpt(gg’) > 1. Hence dpt(g) + dpt(g’) — q1 > 0. If A~!gg’ € My, then dpt(g) +
dpt(g’) = dpt(h) + dpt(comg(h)) = 1. Thus dpt(g) + dpt(g’) — g1 = 0. O

dpt(gg") = {

The following lemma proves Part (a) of Condition B:

Lemma 5.9 Let g, ¢’ € M be two unmovable elements with t = inf(gg’), such that
{g,¢'} £ M, UO. Then dpt(gg’) — e = dpt(g) + dpt(g’) — G, > 0 for some € € {0, 1}.
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Proof If 1 =0, Lemma 5.5 implies that dpt(gg’) = dpt(g) + dpt(g’) — Go + € for some
e € {0,1}, where € = 0 if and only if x <g g and x <; g’. Note that dpt(gg’) = 0 if
and only if g, g’ € M, . Therefore dpt(g)+dpt(g’) —go > 0. If t = 1, the result is clear
by Lemma5.8. If r > 2, there exist simple elements Ay, ..., h; suchthat g = g(h; - - - hy
and g’ = comg(hy)- - - comg(h,)g}, for some gi, g} € M such that inf(g;g}) = 0.
Lemma 5.7 implies that dpt(g;/,) + dpt(comg(h,)g|) = dpt(g) + dpt(g’) — g—1 + 1.
So, by Lemma 5.8, dpt(gg’) —¢ = dpt(g18}) — € = dpt(g1h,) +dpt(comg(h)g}) —q1 =
dpt(g) + dpt(g’) — g, for some € € {0, 1} with dpt(g) + dpt(g’) — g, > 0. O

The following lemma proves Part (b) of Condition B:

Lemma 5.10 Let g,g’ € M be two unmovable elements with ¢t = inf(gg’), such that
{g.8'} £ M1 UO and {g,8'} N© # 0. Then dpt(gg') = dpt(g) + dpt(g) — Gr

Proof Suppose that g € ©, i.e. g = gof* for some s > 1 and g9 € M;. Note
that go = 1 because g is unmovable. Hence g = #*. If s < ¢, then YA <; ¢/,
which is impossible because g’ is unmovable. Then s > ¢, and y' <, g'. If s = 1,
then dpt(gg’) = dpt(g’) = dpt(g) + dpt(g’) — G;. If s > t, Lemma 5.5 implies that
dpt(gg") = dpt(¢°~") + dpt(g') — 1 = dpt(g) + dpt(g') — g, because y £, y~'g’. O

5.2 Proof of Proposition 5.4

We denote by € the standard Garside element of By, by A; the submonoid of B;?c
generated by z1, . . . , 22k—2, and by A, the submonoid of Bg; generated by 22, ..., 22k—1.
Note that ¢(G1) C A} NA;.

Proposition 5.11 (Crisp [5]) Let g, € M, and let (gp,...,81) be the greedy
normal form of g. Then:

(1) g <g g ifand only if $(g) <r P(g").
(2) P(gAr &)= d(g) Ar B(g) and ¢(g VR &) = ¢(g) VR H(g").
(3) (¢(gp) ..., d(g1)) is the greedy normal form of ¢(g).

Lemma 5.12 We have ¢(g) € By \(z2,...,204—1) forall g € G\G.

Proof Let i € Ba, and let (hy, hy) be its right orthogonal splitting, thatis h = hih; !
and h; Ag ho = 1. Since G(A,) is a parabolic subgroup, we have h € G(A,) if and
only if hy,hy € A;. Let g € G, and let (g2, g1) be its right orthogonal splitting. By
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Proposition 5.11, we have ¢(g) = ¢(g1)¢(g2) ! and ¢(g1)Ard(g2) = 1. Itfollows that
?(g) € G(Ap) if and only if ¢(g1), #(g2) € A,. Furthermore, we have g € G, if and
only if g1, g2 € M. So, we only need to prove that ¢(g) € B;;C\Az forall g € M\M, .
Let h € Bg;, and let (h,, ..., h) be its right greedy normal form. Since G(Ay) is a
parabolic subgroup, we have h € A, if and only if h; € A, forall i € {1,...,p}.
Let ¢ € M, and let (gp,...,g1) be its right greedy normal form. By Proposition
5.11, ¢(g) = ¢(gp) - - - ¢(g1) is the right greedy normal form of ¢(g). It follows that
d(g) € A, if and only if ¢(g;) € Ay forall i € {1,...,p}. Furthermore, we have
g € M ifand only if g; € M, forall i € {1,...,p}. So, we only need to show that
#(g) € Div(2)\A, for g € Div(A)\M; = Div(A)\Div(x). Let & € Div(f2), and let
it,...,0 € {1,...,2k — 1} such that h = z;, ---z;. By Bourbaki [1], Chapter IV,
Section 1.8, wehave i € Ay ifandonlyif {z;,,...,z,} C {z2,...,z2%—1}. Thisimplies
that, for g € Div(A), we have ¢(g) € A, if and only if g € {1,y} = Div(y). O

For each i,j € {0,...,k — 1} with j # 0, and for every ¢ > 1, we define:
k—1 k—1
Xoip1 = HZt21+1 ) )’tzj = Hztzl-
I=i I=j
In particular x| = ¢(x') = ¢(x)' and y; = ¢(y') = ¢(y)'. Note that y’zj €A NA;.

Lemma 5.13 Let g € M\M; be an unmovable element such that dpt(g) < k — 1.
Then ¢(g) has a (A1,A;)-sequence and a (A, A;)-sequence of length 2.

Proof Let d = dpt(g). Then g = y'x* ... y'1 xSy where s1,...,50 > 1, fo, 14 > 0,
and t1,...,t5_1 > 1ifd > 2. Since d < k — 1, then:

$g) = NPy -y
= S ag gy
= g gy
Ve g g yigyy

_ ld Sd Sd Sd $2 82 1 _S1 Sd $2.,01 81,00
= Yol R332y i3 03 (Xygyt Xs Ve X3 o

Let b = 325, |-+ 22\ -+ 2¥zpaygy and let b = x5, | -+~ x2yix3'yy . Note that

h € Ay and i’ € A|. Therefore (1, h) is a (A1, A;)-sequence of ¢(g). Let ® be the
flip automorphism of By;. Then ¢(g) = P(P(g)) = P(W)P(h) because P(A) is the
Garside element of B,;. Note that ®(h’') € A, and ®(h) € A|. Therefore (®(h'), P(h))
is a (A2, A1)-sequence of ¢(g). Both sequences are of length 2. O
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The limit of an unmovable element g € M\M|, denoted by lim(g), is the unique integer
t > 1 such that g, < dpt(g) + 1 < g,. Since §;—1 — 1 < dpt(g), then:
2gi—1+m—4  2dpt(g) +m —2
< .
-2 m—2
We set lim(gg) = O for all go € M;. Thus bhy, 4,(¢(g0)) = lim(gp) + 1.

(5-1 lim(g) =

Lemma 5.14 Let g € M\M; be an unmovable element. Then ¢(g) has a (A}, A;)-
sequence of length lim(g) + 1.

Proof We have g = ydx’ .. .ylixS1y"0 with d = dpt(g), where s1,...,54 > 1, 19,14
>0,and t1,...,15-1 > 1if d > 2. Let t = lim(g). Forevery i € {1,...,t}, we
define an element g; € M, as follows:

g = Ylitk=1) xSik=1) .. Pli=Dk=D+1 xSi=Dk=D+1 §f § < ¢
t yfdx-vd .. .yt(t—l)(k—1)+1_xs(t—l)(k—1)+1 ifi=t

Note that dpt(g;) = k — 1 for all i < ¢, and dpt(g,) € {1,...,k— 1}. Lemma 5.13
implies that there are hy,...,h, € Ay and h},...,h; € Ay, such that (A}, h;) is a
(A1,Az)-sequence of g; if i is odd, and (h;, h}) is a (A2, A1)-sequence of g; if i is even.
Therefore, the following is a (A1, Az)-sequence of ¢(g):

(W}, hhy—1, . .. h3hy, B5RG hiy™)  if ¢ is odd
(he, Wl ... hshy, W5, hyy"™) if tis even
-1 2
Note that, the length of this sequence is # + 1. |

Proposition 4.6 and Lemma 5.14 imply that bhy, 4,(¢(g)) < lim(g) + 1 for all unmov-
able element g € M\M .

Lemma 5.15 Let g’ € G such that ¢(g') is z; -positive. Then g’ is (H, Gy)-positive.

Proof Let m = inf(g’) such that g = A™g for some unmovable element g € M.
Note that ¢’ € G; because ¢(g') is z;-positive. We have ¢(g') = d(A)"p(g). If
m > 0, then g’ € M\M,. Therefore g’ is (H, G;)-positive. If m < 0, namely m = —¢
for some ¢ > 1, Theorem 2.13 and Equation (5-1) imply that # +2 < bhy, 4,(¢(g)) <
lim(g) + 1 < (2dpt(g) 4+ 2(m —2))/(m —2). Hence (k— 1)t < dpt(g), i.e. dpt(g) > g¢;.
Therefore g’ is (H, G)-positive. a

If g € G is (H, Gy)-positive and ¢(g) is z;-negative. Then ¢(g)~! is z; -positive. So,
Lemma 5.15 implies that g~! is (H, G1)-positive as well, which contradicts Corollary
5.2. This proves Proposition 5.4.

We finish this subsection with the following consequence:
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Corollary 5.16 We have bhy, 4,(¢(g)) = lim(g) + 1 for all unmovable g € M\M .

Proof Let gy € M, be the M-tale of g, and let g’ = gg, ! By definition, §,_; <
dpt(g) = dpt(g’) where ¢ = lim(g). Then A~"*lg’ is (H, G|)-positive. So, Proposition
5.4 implies that ¢(A~"*lg’) is z;-positive. By Theorem 2.13 and Lemma 5.14,
1+ 1 < bhy, a,(¢(g") <1+ 1. Therefore bhy, 4,(¢(g)) = lim(g) + 1. O

6 Artin groups of dihedral type, the odd case

In this section G and M denote the Artin group and the Artin monoid of type I>(m),
respectively, where m = 2k 4+ 1 is odd and k > 2. Recall that M is defined by the
monoid presentation

M = (x,y | cn)fx = owy) T,

The group G is the enveloping group of M. By Theorem 2.11, M is a Garside monoid
and €2 = x Vg y is a Garside element of M.

‘What makes the difference between the case m even, treated in Section 5, and the case
m odd, treated in the present section, is that, now, the Garside element () = (xyYex =
(yx)Xy is not central. It satisfies Qx = yQ2 and Qy = x{2, hence A = Q2 = (xy)"
is central. In order to apply our criteria, we will use the Garside element A and not
2, making the proofs more complicated than in Section 5, although the statements are
identical.

Let G| = (y) ~ Z, and let H = (x) ~ Z. By Theorem 2.11, G| and H are parabolic
subgroups of (G, A). The subgroup G is associated with A; = y?, and H is associated
with A = x2. Once again, weset M| = GiNM ~ Nand N = HNM ~ N. Obviously,
M; UN generates M, hence (H, G1) is a Dehornoy pre-structure.

The main result of the section is the following:

Theorem 6.1 The pair (H, G) satisfies Conditions A and B.
Then, applying Theorem 3.2 we obtain:

Corollary 6.2 The pair (H, Gy) is a Dehornoy structure.

We denote by P; the set of (H, G})-positive elements of G, and we set P, = {y" | n >
1}. For € = (€1, €2) € {1} we set P¢ = P{' U P3*. Then, by Proposition 3.1:
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Corollary 6.3 The set P¢ is the positive cone of a left order on G.

We denote by z1, ..., 20k the standard generators of the braid group Byii1. By Crisp
[5], the map ¢ : S — Bok41 defined by

k=1 k
¢ = [[zt1, o0 =]] 2,
i=0 =1

induces an embedding ¢ : G < By;1. As in the case m even, we will show how the
left orders on G obtained in Corollary 6.3 can be deduced from ¢. More precisely, we
will prove the following:

Proposition 6.4 Let g € G. Then g is (H,Gy)-positive if and only if ¢(g) is
71 -positive.

The rest of the section is dedicated to the proofs of Theorem 6.1 and Proposition 6.4.
Theorem 6.1 is proved in Subsection 6.1, and Proposition 6.4 is proved in Subsection
6.2.

6.1 Proof of Theorem 6.1

The proof of Theorem 6.1 is a similar but much more complex proof of Theorem 5.1.
Because of that, we will only give a sketch of this proof:

Note that, if g € M and Q £g g, then g does not contain x V; y as a subword.
Therefore g has a unique word representative in {x, y}*. We will denote by ¢ the flip
automorphism of G respective to 2. Note that, if g € M\{1} such that Q £ g, then
bh(®(g)) = bh(g) + 1 when y <r g, and bh(®(g)) = bh(g) — 1 when x < g.

Let g, g’ € M suchthat Q £z g, Q £r g,and Q £ gg’. Asin Lemma 5.5, we have:

bh(g) + bh(g’) ify <ggandx <p ¢
(6-1) bh(gg) = bh(g) +bh(g’) —2 ifx <ggandx <, ¢
bh(g) + bh(g’) — 1 otherwise

By using Equation (6-1) it is not hard to prove the following properties:
(1) bh(go#) = 2(m — 1) for all gg € M;.
(2) bh(gh) =bh(g) + 2(m — 2) forall g € M\M,.
(3) bh(0) =2(m—2)t+2forallt>1.

So, more generally, for all go € M; and g € M\M; with Q £ g, we obtain:
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(4) bh(go€)") = bh(Q’gy) = bh(gg) + (m — 2)¢t + 1 forall t > 2.

(5) bh(gQ') = bh('g) = bh(g) + (m — 2)t when t > 2 is even.

(6) bh(gQ') =bh(g) + (m —2)t+ 1 whent>2isoddand y <g g.

(7) bh(gQ') =bh(g) + (m — 2)t whent > 2 isoddand g € N.

(8) bh(gQ) =bh(g)+ (m —2)t—1 whent>2isodd, x <g g and g & N.

(9) bh(Q2'g) = bh(g) + (m — 2)t when t > 2 is odd.
Property (3) implies that g, = (m — 2)tr + 1 for all kK > 1, because bh(6’) is even.
Therefore, Condition A holds, where g, = tc + 1 with c = m — 2 forall r > 0.

Let g,¢' € M such that Q £z g,¢" and gg’ # Q, and let s, s’ € Div(Q)\{1,Q} such
that s <g g, s’ <p ¢, and ss’ = Q. Note that, x <; s if and only if x <g s’. Further,
x <g s if and only if y <; s’. By using Equation (6-1) and Properties (1) to (9) we
can prove that there is € € {0, 1,2,3} such that:

(6-2) bh(gs!) + bh(s''g’) = bh(s) + bh(s') — m + €.
Similarly to Lemma 5.7, we have the following result:

Lemma 6.5 Let g,¢' € M with Q £z g,¢’, and let 51,s57,5, s, € Div(Q)\{1,Q}
such that ss1 <g g, 8155 <p g, and s15| = ®(s2)s), = Q. Then, there is a unique
z € {x,y} satisfying z <p s1,s, and z <g s}, 53.

Proof Let z be the unique element in {x,y} such that z <; s; and z <g s}, and
let r € {x,y} such that r <; s5. Since ®(sp)s) = €2, then r <g s5. Suppose that
r # z, then 1g4(s2s1) < m and 1gg(s}sh) < m because Q £ g,&". Hence, 1g4(A) =
1gg(s2515155) < 2m, which is a contradiction. Therefore r = z. |

Let g,8' € M with Q £g g,¢', and let 5,5" € Div(Q)\{1,Q} such that s < g,
s' <p g, and ss' = Q. Let z € {x,y} such that z <; s and z <g s’. Assume
that z <p gs~', z < s’ !¢/, and Q «£i ®(gs~")s’"!g’. Then, as a consequence of
Equations (6-1) and (6-2), there is k € {1,2} satisfying:

(6-3) bh(®(gs~)s'~'g’) = bh(®*(g)) + bh(g') — m + 2.
Furthermore, if g, g’ € M such that Q £ ®(g)g’, and, if 5,5’ € Div(Q)\{1,Q2} such

that ss" = Q and Q2 £g gs,s'g’. Then, by Equation (6-1) and Properties (1) to (9), we
obtain that, there are k € {1,2} and € € {0, 1,2,3}, such that:

(64) bh(®(g)g’) = bh(®*(gs)) + bh(s'g") — m + €.

Consequently, Equations (6-3) and (6—4) imply a kind of Part (a) of Condition B,
namely, for breadths instead of depths, as follows:
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Proposition 6.6 Let g,g’ € M such that ) £ g,¢' and Q2 <g gg’, and let t > 1 be
the maximal integer satisfying Q' <g gg’. Then, there exists ¢ € {0, 1,2} such that:

bh(Q2"gg") — € = bh(u;(g, &) — bh(Q) > 0.

We obtain Part (a) of Condition B as a consequence of Proposition 6.6 by passing from
breadths to depths. Part (b) of Condition B is a consequence of the following lemma:

Lemma 6.7 Let g € M\M,, and let ¢’ € © unmovable. Then dpt(gg’) = dpt(g) +
dpt(g’) — g, where r = inf(gg’).

Proof We have g’ = 6'y* for some 7 > 1 and e € {0, 1}. Let ¥ > 0 be the maximal
integer satisfying y* <g g. Then g = go)" for some gy € M satisfying y £z go and
x <g go because g € M;. If r = ¢, then dpt(gg’) = dpt(g) = dpt(g) + dpt(g’) — G,.
Asumme that r < t. If ¥ = 2r, then gg’ = A’go6'~"y*. If = 2r+1 and e = 0, then
gg = A’gof" "y, and, if ¥ = 2r — 1 and e = 1, then gg’ = A"gp0"~". So, Property
(2) implies that dpt(gg’) = dpt(go) + (m — 2)(¢ — r) = dpt(g) + dpt(g’) — G, m

6.2 Proof of Proposition 6.4

In this subsection, we denote by 2 the standard Garside element of By, 11, by A; the
submonoid of Byi4 generated by zi, ..., 21, and by A, the submonoid of Boy
genereted by z2,...,z2¢. Note that ¢(H) C A;\A, and ¢(G;) C A;\A;. Further, we
denote by € the standard Garside element of G.

Proposition 6.8 (Crisp [5]) Letg,g’ € M, andlet (g,, ..., &) be the greedy normal
form of g. Then:

(1) g <r g ifand only if $(g) <r P(g").
(2) P(gAr &)= d(g) Ar B(g) and ¢(g Vr &) = P(g) Vr P(g").
(3) (@(gp), ..., P(g1)) is the greedy normal form of ¢(g).

Lemma 6.9 We have ¢(g) € Ba+1\(22,-..,2) forall g € G\G].

Proof Leth € Byiy1,andlet (hy, h) beitsright orthogonal splitting thatis 4 = hih, !
and h; Ag hp = 1. Since G(A;) is a parabolic subgroup, we have & € G(A;) if and
only if hy,hy € A>. Let g € G, and let (g2, g1) be its right orthogonal splitting. By
Proposition 6.8, we have ¢(g) = ¢(g1)¢(g2)_1 and ¢(g1) Ar ¢(g2) = 1. It follows
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that ¢(g) € G(Ay) if and only if ¢(g1), #(g2) € Ap. Furthermore, we have g € G
if and only if g;,g0 € M;. So, we only need to prove that ¢(g) € B;k Jrl\A2 for
all g € M\M;. Let h € B;;CH, and let (/,,...,h;) be its greedy normal form.
Since G(A,) is a parabolic subgroup, we have i € A, if and only if h; € A, for all
ie€{l,...,p}. Let g € M, and let (gp, ..., g1) be its right greedy normal form. By
Proposition 6.8, ¢(g) = ¢(gp) - - ¢(g1) is the right greedy normal form of ¢(g). It
follows that ¢(g) € A, if and only if ¢(g;) € A, forall i € {1,...,p}. Furthermore,
we have g € M, if and only if g; € M; forall i € {1,...,p}. So, we only need
to show that ¢(g) € Div(Qp)\A, if g € Div(Q)\M;. Let h € Div(Q2p), and let
it,....i € {l,...,2k} such that h = z;, - - - z;. By Bourbaki [1], Chapter IV, Section
1.8, we have h € Ay if and only if {z;,,...,z;} C {z2,..., 2ok }. This implies that, for
g € Div(Q2), we have ¢(g) € A, if and only if g € {1,y} = Div(y). O

For each i,j € {1,...,k} with j # k, and for every 7 > 1, we define:

k k
xlzi—l = Hz’y_l, yt2j = Hzgz-
I=i I=j
In particular x| = ¢(x') = ¢(x)" and y5 = ¢(y') = ¢(y)'.

Lemma 6.10 Let g € M\M; be an unmovable element such that bh(g) < 2k. Then
¢(g) has a (A1,A,)-sequence of length 2. Moreover, if bh(g) # 2k, then ¢(g) has a
(A2, A1) -sequence of length 2.

Proof Let b = bh(g). Then g = a’ ---y3x2y"" ,where t; >0, 12,...,tp > 1, a=x
if b is even, and a = y if b is odd. Since b < 2k, then:

dg) = @) xiysal - yy
= Ga) - xy Ay
SRR e
s - A

= (@) BB ayyy XA
where i = lifa=x,andi=2ifa=y. Let i’ = (zf_,---z") - 252257}, and let
h=ap - x2y;x3yy . Notethat h € Ay and b’ € A;. Therefore (i, h) is a (A1, Az)
-sequence of ¢(g). If bh(g) # 2k, then bh(P(g)) < 2k. As above, Qggb(g)(lgl has a
(A1,Az)-sequence (A', h). Then (QBh’le, QBthl) isa (Ap,Ap)-sequenceof g. O
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The limit of an unmovable element g € M\M|, denoted by lim(g), is the unique integer
t > 1 such that §;—; < bh(g) < g;. Since §;—; < bh(g), then:
Gi—1+m—3 - bh(g) +m —3
-2 m—2 '
We set lim(go) = O for all go € M. Thus bhy, 4,(¢(g0)) = lim(go) + 1.

(6-5) lim(g) =

Lemma 6.11 Let g € M\M; be an unmovable element. Then ¢(g) has a (A1, A3)-
sequence of length lim(g) + 1.

Proof Let (g),,...,8)) be the alternating form of g, and let r = lim(g). Let
g0 = g, foreach i € {l,...,t — 1} let g; = H?=_128Em—2)(i—1)+j’ and let g, =
8 8mni—1yr1- Leti € {1,... .t —1}. If i is odd, then Ry, (g;) = 1 and bh(g;)
= m — 1. Similarly, if i is even, then Ry(g;) = 1 and bh(g;) = m — 2. Furthermore,
Ry, (gr) =1 and bh(g;) < m—11if tis odd, and Ry(g;) = 1 and bh(g,) < m—2if tis
even. Lemma 6.10 implies that there are Ay, ..., h € Ay and /), ..., h; € A;, such that
(hi, h) is a (A1, Az)-sequence of ¢(g;) if i is odd, and (h;, h}) is a (A2, A;)-sequence
of ¢(g;) if i is even. Therefore, the following is a (A, A)-sequence of ¢(g):

(W, heho_y, . .. hsho, IGH, hgo)  if tis odd
(he, W, ..., hshy, HoR)  higo)  if tis even

t—1

Note that the length of this sequence is ¢ + 1. |

Lemma 6.12 Let g € G, and let t,// > 1 such that g = A7 'gy = Q_’/gg for
some go, g, € M, where A £ go and Q £g g,. Then bh(go) > 2, if and only if
bh(gg) > bh(Q).

Proof If 0 £z go we are done because go = g, and ¢/ = 2r. Otherwise gy = €1g
and /' = 21— 1. Lemma ??.4-8 implies that bh(go) = bh(g()+ (m —2) when g, & M,
and bh(gg) = bh(g) + (m — 1) when g, € M;. If bh(gy) > 2, = 2(m — 2)t + 2,
then bh(gy) > (m —2)+ 1 > 2,ie. g, ¢ M;. Hence bh(gg) = bh(gy) + (m — 2).
So bh(g)) > (m — 2)(2t — 1) + 2 = bh(Q"). Conversely, if bh(gh) > bh(Q"), then
86 & M, . Therefore bh(gg) = bh(gy) + (m — 2) > bh(Q) + (m — 2) = 23,. m|

Lemma 6.13 Let g’ € G such that ¢(g') is z; -positive. Then g’ is (H, Gy)-positive.

Proof Let m € Z such that ¢’ = Q™g for some g € M with 0 £z g. Note that
g & G because ¢(g’) is zi-positive. We have ¢(g") = QEo(g). If m > 0, then g’ €
M\M, . Therefore g’ is (H, G;)-positive. If m < 0, namely m = —¢ for some 7 > 1,
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Theorem 2.13, Lemma 6.11 and Equation (6-5) imply that ¢ + 2 < bhy, 4,(¢(g)) <
lim(g) + 1 < (bh(g) + 2m — 5)/(m — 2). Hence bh(£)") < bh(g). So, Lemma 6.12
implies that g’ is (H, G1)-positive. O

If g € G is (H, Gy)-positive and ¢(g) is z1-negative. Then ¢(g)~! is z1 -positive. So,
Lemma 6.12 implies that g~! is (H, Gy)-positive as well, which contradicts Corollary
6.2. This proves Proposition 6.4.

Corollary 6.14 We have bhy, 4,(¢(g)) = lim(g) + 1 for all unmovable g € M\M, .

Proof Let gy € M; be the M-tale of g, and let ¢’ = gg, L By definition, §;—1 <
bh(g) = bh(g’) where t = lim(g). Lemma 6.12 implies that Q~'*l¢’ is (H, G)-
positive. Proposition 6.4 implies that Qg’+1¢(g’ ) is zj -positive. By Theorem 2.13 and
Lemma6.11, 141 < bhy, 4,(4(g")) < t+1. Therefore bhy, 4,(¢(g)) = lim(g)+1. O

References

[1] N. Bourbaki, Eléments de mathématique. Fasc. XXXIV. Groupes et algébres de Lie.
Chapitre IV: Groupes de Coxeter et systemes de Tits. Chapitre V: Groupes engendrés
par des réflexions. Chapitre VI: systemes de racines, Actualités Scientifiques et Indus-
trielles, No. 1337, Hermann, Paris, 1968.

[2] E.Brieskorn, K Saito, Artin-Gruppen und Coxeter-Gruppen, Invent. Math. 17 (1972),
245-271.

[3]1 S.Burckel, The wellordering on positive braids, J. Pure Appl. Algebra 120 (1997), no.
1, 1-17.

[4] H.S.M. Coxeter, The complete enumeration of finite groups of the form R} =
(RiR;jYi = 1, J. London Math. Soc. 10 (1935), 21-25.

[51 J. Crisp, Injective maps between Artin groups, Geometric group theory down under
(Canberra, 1996), 119-137, de Gruyter, Berlin, 1999.

[6] J. Crisp, Symmerical subgroups of Artin groups, Adv. Math. 152 (2000), 159-177.

[71 J. Crisp, L Paris, Representations of the braid group by automorphisms of groups,
invariants of links, and Garside groups, Pacific J. Math. 221 (2005), no. 1, 1-27.

[8] P. Dehornoy, Braid groups and left distributive operations, Trans. Amer. Math. Soc.
345 (1994), no. 1, 115-150.

[9] P. Dehornoy, Groupes de Garside, Ann. Sci. Ecole Norm. Sup. (4) 35 (2002), no. 2,
267-306.



Ordering Garside groups 37

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

(21]

(22]

(23]
[24]

[25]

[26]

[27]

P. Dehornoy, Alternating normal forms for braids and locally Garside monoids, J.
Pure Appl. Algebra 212 (2008), no. 11, 2413-2439.

P. Dehornoy, Foundations of Garside theory, with F. Digne, E. Godelle, D. Krammer,
and J. Michel, EMS Tracts in Mathematics, 22, European Mathematical Society (EMS),
Ziirich, 2015.

P. Dehornoy, I. Dynnikov, D. Rolfsen, B. Wiest, Ordering braids, Mathematical
Surveys and Monographs, 148, American Mathematical Society, Providence, RI, 2008.

P. Dehornoy, L. Paris, Gaussian groups and Garside groups, two generalisations of
Artin groups, Proc. London Math. Soc. (3) 79 (1999), no. 3, 569-604.

P. Deligne, Les immeubles des groupes de tresses généralisés, Invent. Math. 17 (1972),
273-302.

T. V. Dubrovina, N. I. Dubrovin, On braid groups, Mat. Sb. 192 (2001), no. 5, 53-64,
translation in Sb. Math. 192 (2001), no. 5-6, 693-703.

J. Fromentin, Every braid admits a short sigma-definite expression, J. Eur. Math. Soc.
(JEMS) 13 (2011), no. 6, 1591-1631.

J. Fromentin, L. Paris, A simple algorithm for finding short sigma-definite represen-
tatives, J. Algebra 350 (2012), 405-415.

F. A. Garside, The braid group and other groups, Quart. J. Math. Oxford Ser. (2) 20
(1969), 235-254.

V. Gebhardt, J. Gonzalez-Meneses, The cyclic sliding operation in Garside groups,
Math. Z. 265 (2010), no. 1, 85-114.

E. Godelle, Parabolic subgroups of Garside groups, J. Algebra 317 (2007), no. 1,
1-16.

S. Lambropoulou, Solid torus links and Hecke algebras of B-type, Proceedings of the
Conference on Quantum Topology (Manhattan, KS, 1993), World Sci. Publ., River
Edge, NJ (1994), 225-245.

H. Van der Lek, The homotopy type of complex hyperplane complements, Ph. D.
Thesis, Nijmegen, 1983.

J. Michel, A note on words in braid monoids, J. Algebra 215 (1999), 366-377.

L. Paris, Artin monoids inject in their groups, Comment. Math. Helv. 77 (2002), no.
3, 609-637.

T. Ito, Dehornoy-like left orderings and isolated left orderings, J. Algebra 374 (2013),
42-58.

V. Shpilrain, Representing braids by automorphisms, Internat. J. Algebra Comput. 11
(2001), no. 6, 773-777.

H. Sibert, Orderings on Artin-Tits groups, Internat. J. Algebra Comput. 18 (2008), no.
6, 1035-1066.



38 D. Arcis and L. Paris

[28] J. Tits, Normalisateurs de tores. 1. Groupes de Coxeter etendus, J. Algebra 4 (1966),
96-116.

IMB UMR 5584, CNRS, Univ. Bourgogne Franche-Comté, 21000 Dijon, France
IMB UMR 5584, CNRS, Univ. Bourgogne Franche-Comté, 21000 Dijon, France

arcisd@gmail.com, lparis@u-bourgogne.fr


mailto:arcisd@gmail.com
mailto:lparis@u-bourgogne.fr

	1 Introduction
	2 Preliminaries
	2.1 Garside groups
	2.2 Parabolic subgroups
	2.3 Artin groups
	2.4 Alternating forms and the Dehornoy order

	3 Orders on Garside groups
	4 Artin groups of type A
	5 Artin groups of dihedral type, the even case
	5.1 Proof of Theorem 5.1
	5.2 Proof of Proposition 5.4

	6 Artin groups of dihedral type, the odd case
	6.1 Proof of Theorem 6.1
	6.2 Proof of Proposition 6.4

	Bibliography

