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In this letter we develop an effective version of non-conservative theory of gravity. From a general expansion of multiple commutators as a starting point it is possible to extract second order perturbation terms leading to corrections of source terms that reveal a characteristic harmonic oscillation term. The proposed model, a non-conservative theory of gravity, can explain the observed variations of G with an effective scale of 5 years.

Measurements of the gravitational constant (G) are notoriously difficult due to the gravitational force being by far the weakest of the four known forces. Recent advances, making use of electronically controlled torsion strip balances at the Bureau International des Poids et Mesures (BIPM) in the last 15 years, have improved the accuracy of G measurements (see [2] for details on experimental methods). These recent measurements have also revealed a peculiar type of oscillatory variation, seemingly following a 5.9 years cycle akin to the so called Length-of-Day (LOD) [1]. Although we recognize that the correlation between G measurements and the 5.9 year LOD cycle could be fortuitous, we think that this is unlikely, given the striking match between these two (Fig. 1). Fig. 1: Comparison of the CODATA set of G measurements ) with a fitted sine wave (solid curve) and the 5.9 year oscillation in LOD daily measurements (dashed curve), scaled in amplitude to match the fitted G sine wave. Acronyms for the measurements follow the CODATA convention. Also included are a relatively recent BIPM result from Quinn et al. [3] and measurement LENS-14 from the MAGIA collaboration [4] that uses a new technique of laser-cooled atoms and quantum interferometry, rather than the macroscopic masses of all the other experiments. The green filled circle represents the weighted mean of the included measurements, along with its one-sigma error bar, determined by minimizing the L1 norm for all 13 points and taking into account the periodic variation. Importantly, the observed correlation cannot be due to centrifugal force acting on the experimental apparatus, since changes in LOD are too small by a factor of about 10 5 to explain changes in G. This is because the Earth's angular velocity E  is by definition
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where 0

 is an adopted sidereal frequency equal to 72921151.467064 prad s -1 and the LOD is in ms d -1

(www.iers.org). The total centrifugal acceleration is given by
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where A is the amplitude of the 5.9 year sinusoidal LOD variation (= 0.000150/86400) and r s is the distance of the apparatus from the Earth's spin axis. The maximum percentage variation of the LOD term is 3.47 × 10 -9 of the steady-state acceleration, while dG/G is 2.4×10 -4 . Even the full effect of the acceleration with no experimental compensation changes G by only 10 -5 of the amplitude shown in Fig. 1.

An effective version of non-conservative theory of gravity (NCTG) was developed in an earlier publication [5]. Based on this model, and from a general expansion of multiple commutators, it is possible to extract second-order perturbation terms leading to corrections of source terms. The latter reveal a characteristic harmonic oscillation term that fits the observed variations in G shown in Fig. 1. The observed variations in G can, therefore, be explained by the proposed NCTG model.

Symbolic Gauge Theory (SGT), a formalism applied to General Relativity (GR), was proposed by R.

Mignani, E. Pessa and G. Resconi [7] and further developed by I.Licata and G. Resconi [8,9]. Manuel E. Rodrigues et al found black holes solutions within the framework of non-conservative theory of gravity [15]. The spherically symmetric solutions of this theory can be view as solutions that reproduce, the mass, the charge, the cosmological constant and the Rindler acceleration, without coupling with the matter content, i.e., in the vacuum. Application of SGT formalism in GR by the authors shows that the nonconservative gravitational equations can be represented by a wave equation with particular source where the variables are symmetric and anti-symmetric gravitational connections [5,6]. Cosmic acceleration can be derived by the harmonic gravitational connections (solutions of the wave equation).

Recently, G. Resconi, I. Licata and C. Gorda proposed a generalization of Gauge Theories based on the analysis of the structural characteristics of Maxwell theory, which can be considered as the 'prototype' of such theories (Maxwell-like) [6]. Theories of this type are based on a small number of principles related to different orders of commutators between covariant derivatives. We know that the Maxwell equations in the tensor form are 4 0,

FJ c F F F                  (3) 
where the controvariant four-vector which combines electric current density and electric charge density.
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is the four-current, the electromagnetic tensor is
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contains the electric potential and vector potential.

Using the covariant derivative notation defined by
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we have the classic relation [ , ] .
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Thus, we have
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In order to write the extension of the Maxwell equations, we define the general commutators as in eq. ( 5)

where F  is the general form for any field generated by the transformation. Using eq. ( 5), the equation
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can be rewritten as
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We also have the equation
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In conclusion, the Maxwell scheme for a general gauge transformation is
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where J  are the currents of the particles that generate the gauge field F. Such currents have the conservation rule 0.
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A modification of GR by Camenzind [START_REF] Licata | Information as Environment Changings. Classical and Quantum Morphic Computation[END_REF] was constructed as an analogy to the Yang-Mills theory, with the symmetry group SO (3.1). In the same vein, inspired by the foundations of gauge theory, Resconi et al. [7][8][9] constructed a modified theory of gravity in which the algebra of the covariant derivatives operators adds a term to the equations of motion. In the framework of this Maxwellian approach to gravity, we can obtain the general equation of motion by applying the commutator of   with the commutator of   with   to a vector field K  . This is achieved through the following steps:

First, it has been shown in [7] that
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where the Riemann tensor is R.
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With application of the double commutator we have the dynamic
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where k  is the covariant derivative and K  is the vacuum field. Using eq. ( 9), we connect the commutator with the gravity current in this way:
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Then, for the conservation of the current we have after contractions the equation of motion
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In the particular case where 0 K   , considering the validity of Einstein's equations, we re-obtain the second Bianchi identity for a non-zero vector field K  [6]. These motion equations are stemming directly from a Lagrangian or variational principle, as in the case of Rastall theory [START_REF] Camenzind | [END_REF]. All matter fields (scalar, vector and spinorial fields) are contained in the energy-momentum tensor, which gives us the interaction between matter and geometry (just as in RG). Equation ( 16) can be interpreted as the equation of motion in a theory that can be viewed as a generalization of GR. This theory is derived from the foundations of gauge theory with an added term with respect to GR coming from the covariant derivatives commutator. We call this theory Symbolic Gauge Theory of Gravity (SGTG). The vector field K  can be interpreted as a field that describes the interaction with a substratum [5][6][7][8][9]. As in gauge theories, the vector field K  can be a gauge field of a certain local (as SU(2) gauge group for example) or global (as SU(3)) gauge group [6,15]. By contrast with gauge theories , however, in SGTG the vector field K v is a source of another operator, like an eigenvalue equation of the double commutator of covariant derivatives in [6]. Considering the validity of the Einstein Field Equations for the matter-sources, the double commutator acting on a non-vanishing vector field K can be expressed as a term proportional to a matter-source current J. The latter can in turn be related to the quadri-divergence of the Riemann tensor.

As is well known, through a contraction of the Bianchi identities, this quadri-divergence of the Riemann tensor can be expressed as a difference between quadri-divergences of the Ricci tensor. Using these expressions it is easy to see that the quadri-divergence of the Riemann tensor vanishes for the Friedmann-Lemaitre-Robertson-Walker universe models (FLRW): indeed, the space-time metric is highly symmetrical, and the only non-vanishing components of the Ricci tensor are those with equal indices. This implies that the matter source term J vanishes for the FLRW models. Note that the FLRW are conformally flat models (the Weyl curvature tensor vanishes). In these cases there is indeed no nonuniformity of the gravitational field, in the sense that there are no tidal effects. In conclusion, in this context the double commutator has to vanish for the FLRW models.

Note, as well, that the de Sitter space-time solution also leads to a vanishing double commutator because of the high degree of symmetry of the model.

On the other hand, the situation turns out to be very different for anisotropic and homogenous Bianchitype models, as well as for inhomogeneous cosmological solutions. This occurs because the nonvanishing components of the Ricci tensor contain both diagonal and non-diagonal terms: in this way, the quadri-divergence of the Riemann tensor is non-zero and the double commutator is also non-vanishing. For Bianchi-type models, the Weyl curvature tensor is non-vanishing. As a consequence, these models are conformally non-flat. General inhomogeneous models can be shown to lead to a non-zero double commutator as well.

In addition, the Schwarzchild space-time solution also leads to a non-zero double commutator: these solutions are not conformally flat and thus are characterized by non-vanishing tidal effects.

The physical aspect which seems to be relevant for the interpretation of the double commutator is related to the non-uniformity of the gravitational field: if there are deep or fundamental requirements for a nonvanishing double commutator, this, in effect, makes the presence of non-vanishing tidal effects obligatory in physical models.

The dynamical equation ( 16 ( , ) ( , )
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We thus obtain the interesting result that the derivative of the gravitational connection ,    has wave behavior. The non-linear reaction of the self-coherent system produces a current that justifies the complexity of the gravitational field and non-linear properties of the non-metric gravitational waves. In analogy with non-linear optic, therefore, we can model gravitational phenomena as optic of tensor potentials. Equations (17) in the free field of the medium contain the Proca terms,     , the Chern-Simons terms (     )   , and the Maxwell-like terms (     ) (     ). In other words, we have the mass terms, the topologic terms and the electromagnetic field-like terms [13.14].

Integrating equation ( 17) with respect to dx  and assuming an equilibrium between the , R  J  tensors in the case of weak gravitational field ( 

The time-dependent part of the solution (20) is given by Model ( 21) is an effective version of a non-conservative theory of gravity with an effective scale of 5 years. From a general expansion of multiple commutators it is possible to extract second-order perturbation terms. The latter lead to corrections of source terms that reveal a characteristic harmonic oscillation term. As Fig. 2 shows, the proposed non-conservative theory of gravity can explain the observed variations of G at 5.9 year scale.

  ) can be represented by a wave equation with particular source where the variables are symmetric and anti-symmetric gravitational connections (including torsion T in one geometric picture). The dynamic equation for non-conservative gravity can be obtained by the SGT as follows[5

Figure. 2

 2 Figure. 2 Comparison of the set of G measurements with a fitted sine wave predicted by our model (21) with the 5.9 year LOD oscillation cycle. The black dots is the experimental measurements of G, the red curve is the theoretical variation of G predicted by model (21).The black dust curve is the set of G measurements fitted by the sine wave predicted by model (21).
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where, G 0 = 6.67366x10 -11 m 3 Kg -1 s -2 ;t 0 = 5.507 years ; 2 / P  

is the frequency of oscillation; A is free parameter. The comparison of the set of G measurements with a fitted sine wave predicted by our model (21) with the 5.9 year LOD oscillation cycle is calculated in Table .1, and is shown in Fig. 2. G 0 = 6.67366 ± 0.00018 x10 -11 m 3 Kg -1 s -2 ,t 0 = 5.507 ± 0.176years, A exper = 1.06 ± 0.24 x10 -3 x10 -11 m 3 Kg -1 s -2 T=5.9 years.

The fourth column is the theoretical variation of G predicted by our model (21):

G 0 = 6.67366x10 -11 m 3 Kg -1 s -2 ,t 0 = 5.507 years, A Theoretical = 1.476 x10 -3 x10 -11 m 3 Kg -1 s -2 ,T=5.9 years.