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A fictitious domain method for unilateral contact

problems in non-destructive testing.

E. Bécache!! P. Joly*Y G. Scarella’¥

Abstract

In this work, we present a numerical method for solving the diffraction of transient elastic
waves by cracks of arbitrary shapes in complex media, with Signorini’s boundary conditions
on the crack. We use a fictitious domain method based on a mixed displacement-stress
formulation for elastodynamics. We propose an off-centered time discretisation scheme for

enforcing the stability.

Keywords: elastodynamics, unilateral contact, fictitious domain method, non-destructive

testing, cracks

1. Introduction

In this paper, we are interested in solving the diffraction of transient elastic waves by cracks
of arbitrary shapes in complex media, with Signorini’s boundary conditions on the crack.
This is the continuation of a previous work [1] done on the linear problem, that is when
the boundary condition on the crack is a free surface boundary condition. To get an effi-
cient method, we want to use regular meshes and at the same time respect the geometry
of the crack. This is possible thanks to the fictitious domain method, which takes into

account the boundary condition via a Lagrange multiplier defined on the crack, which can
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be interpreted as the jump of the displacement through the crack. This allows to work
with a uniform mesh in the whole domain and an independent mesh on the crack. In order
to consider the unilateral contact boundary condition as a constraint, we are led to use
the mixed displacement-stress formulation for elastodynamics. We will present a fictitious
domain formulation of this problem in which the boundary conditions are taken into ac-
count by a variational inequality for the Lagrange multiplier. For the space discretisation
of this problem, we propose to use the mixed finite element using spaces of symmetric
tensors for the stress[1]. This choice was shown to allow the obtention of an explicit time
discretization scheme (mass-lumping) in the linear case. In the non-linear case, we cannot
use a centered difference scheme for the time discretisation which would lead to an uncon-
ditionally unstable scheme. That is why we propose an off-centered scheme that we show
to be stable. This scheme is explicit in the volume unknowns (displacement and stress)
but implicit in the Lagrange multiplier: one has to solve an optimisation problem with

bound constraints at each time step.

2. Presentation of the dynamic unilateral contact problem

We want to solve the displacement-stress formulation of elastodynamics in a domain

Q = C\TI' € R?, where C is a rectangle (see Fig. 1):

Pu .
pﬁ—dlva =f inQx]|0,T][, M
Ao =¢e(u) in Qx]0,T7,

where u is the displacement field, o the stress tensor, and £(u) the strain tensor defined
as €;;(u) = (Ou; + 0ju;)/2. We add to (1) Dirichlet boundary conditions on the exterior

boundary: v = 0 on dC x )0, T, Signorini’s boundary conditions without friction on



the crack T, [3]:

[un]p >0 onT,
ON <0 onT,
onlunlp =0 onT, (2)
[on] =0 onT,
or =0 onT.

where, if n denotes the unit normal to I', we set: uy = u.n, oy =on.n, or =on—oxn

and prescribed initial datas that we will systematically omitt.

3. A fictitious domain formulation
The fictitious domain method consists in extending the two unknowns (u, o) in the whole
domain C' and in introducing Lagrange multipliers to take into account the Signorini’s

boundary conditions (2). Setting G = H&gz(f‘), we introduce

M = {u e [L*(0)]*},

X ={r € [LX(O))*, divr € [L*(O)/7yj = 7},
Ly = Hy) (D) = {uy € G/pn >0 ae. on T},
Ly = [Hyjp(D)* = {ur € G*/pr.n = 0}

The fictitious domain formulation consists in finding (o, u, Ax, Ar) : |0,T] — X x M X

LNXLT

.
a(o,7) +d(1,u) + bp(T, Ar) + by (T, Ay) =0V 7€ X,
0*u
p—=,v) —d(o,v =(f,v) Yve M,
) (0 )~ dovn) (f,0) N
br (o, pr) =0 VYoure Lr,
\bN(O',/LN—)\N) <0 V/LN € Ly.




with

a(J,T):/AJ:de, d(T,w):/w.diVde,
c c

br (7, pr) =< Tr, pir Ly

b (T, pn) =< Tn, iy >gr g -

The Lagrange multipliers can be interpreted as Ay = [uy]| and Ay = [uy], with up =

U — UNN.

4. Discretisation

4.1. Semi-discretisation in space

We now introduce some finite dimensional spaces X, C X, M, C M, Gy C Gand (Ly)y C
Lt of dimensions respectively Ny, Ny, Ng, NI'. The semi-discretisation in space can then
be written in a matricial form as: finding (U, 3, Ay, Ap) € R x RN x ]ng x RNE

such that

)

M,S + D*U + BiAr + B Ay =0, (i)
d2U 3

My —— — DX =F, (17)

] @ (4)
By =0, (iid)
(BNE, iy — An) <0, VuyeRY. (iv)

\

In practice, and this is the interesting point in the fictitious domain method, we introduce
two meshes: the volumic unknowns U and ¥ are defined on a regular grid, 7, made of
squares K of size h while the surfacic unknowns Ay and Az are computed on a nonuniform

mesh on I', 7y made of segments S; of size H;, H = sup; Hj, see Fig.2.
Remark 1 The inequality (4)-(iv) can be reinterpreted as
Ay =TI(Ay + ByY) (5)

where 11 is the orthogonal projection on ]ng.



Choice of the finite elements. We intend to use the same discretisation than for the

linear problem (see [1]). For the lowest order element, this choice corresponds to :

Xy, ={on € XVK € T, o4 |k € (Qu(K))"}
My, ={v, € M/VNK € Tp,, v, |k € (Qo(K))*}
Gu = {puu € G/¥S € Ty, puls € Pi(S)}

Its main interest is that it leads to block diagonal mass matrices (even diagonal for M)

so that M, and M, are very easy to invert.

4.2. The fully discretised scheme.
It would be tempting to discretize (4) using centered finite difference operators, for instance:

1 -1
A+ AT

2 = (A} + ByX")

which would give an explicit scheme. However, one can show that this choice leads to
an unconditionally unstable scheme! That is why we propose the following off-centered

scheme:

M, + D*U™ + BEA% + B A% =0,
n+l _ a2y n—1

Y VAU pyr =,

) At?

Bryn =0,

n En+1
A'ELV‘FI — H(AR,JFI 4 BN%)
\

Note that if the mass matrices are block diagonal, this scheme is only implicit in Ay and

is explicit in the other unknowns. We can show a stability result:

Theorem 1 The scheme (6) is stable under the usual CFL stability condition

N (DT, DY)
—||D*D|| < 1, with |D*D|| = ~— 7

For proving this result we show the decay of an energy. The precise result is the following.

5



We set

Vn—l—l/? UTL+1 - U"
At (8)
E{H_l — % ((Mo—En+1, En-}-l) + (Mvvn+3/2’ Vn+1/2)) )

This quantity is an energy under the CFL condition (7), and one has the identity

AR; _ AvleJrl Zn-}-l + sn

Bt — B = At( A7 , By 5 ),

which shows that E}™' < E? thanks to 6-(iv).

5. Numerical aspects

The implementation of the method amounts to combine an explicit scheme for the un-
knowns U and ¥ with an optimisation problem (quadratic functional with bounds con-
straints) to be solved at each time step for the unknown A. The algorithm has been tested
in 1D (comparison with analytic solutions). We are currently developping a 2D code, the
optimisation procedure being handled by an algorithm combining the active set method

with gradient projection method, [2]. Numerical results will be presented at the conference.

References

[1] E. Bécache, P. Joly, and C. Tsogka. Fictitious domains, mixed finite elements and

perfectly matched layers for 2d elastic wave propagation. to appear in J. Comp. Acous.

(Tech. Report INRTA 3889, 2000).
[2] J. Nocedal and S. J. Wright. Numerical Optimization. Springer, 1999.

(3] J.R. Willis and V.P. Smyshlyaev. Effective relations for nonlinear dynamics of cracked
solids. J.Mech.Phys.Solids, 44(1):49-75, 1996.



Figures

5|

I

Q

Figure 1: The geometry of the problem

Figure 2: The two meshes



