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Abstract

A method for the identification of the mechanical moduli and density of flexible, supple

thermoplastic thin films placed on elastic substrates using ultrasonic waves has been de-

veloped. The composite medium immersed in a fluid host medium (water) was excited

using a 50Mhz transducer operating at normal incidence in reflection mode. Inverse

problems involving experimental data pertaining to elastic wave propagation in the thin

films on their substrates and theoretical fluid-solid interaction models for stratified media

using elasticity theory were solved. Two configurations having different interface bound-

ary conditions (BC) were modeled, transverse slip for the sliding contact interface in the

case where the thin films were placed on the substrate without bonding; a bonded inter-

face condition. The inverse problem for the recovery of the mechanical parameters were

solved for the thin films under the bonded and slip BCs. Substrates made of different

elastic materials having different geometries were also evaluated and their advantages

discussed.
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1. Introduction

This paper reports the development of new methods for the characterization of two

types of thin flexible films made from thermoplastic polymers by solving an inverse prob-

lem using real ultrasound reflection data and theoretical interaction models. The first

set of films were thin flexible, semi-crystallin thermoplastic polymer resin films made

from polyethylene terephthalate (PET) [1] and polycaprolactone (PCL) triol that are

employed in a variety of applications. These are the most common films of the polyester

family. PET like the majority of thermoplastics, can be bi-axially oriented or bubble

extruded and engineered to meet specific needs. Their mechanical properties make them

the premier film choice for a variety of industries. They are some of the most common

substrates used in the converting industry because of their balance of properties as com-

pared to other thermoplastic polymers. They are better than other thermoplastics in the

following categories: tensile strength, tear strength. They are employed in applications

like; packaging films, graphics/print media, custom engineered coated films, insulation

films, surface protection films/hardcoats, photo-voltaic back sheets. They are also widely

used as protective films that help hold shattered glass windows together during severe

weather conditions, accidental impact or vandalism.

The second type of thin film characterized in this study is a dominant interlayer

material made from polyvinyl butyral (PVB). It is prepared from polyvinyl alcohol by

reaction with butyraldehyde. PVB thin films are soft and flexible and are often employed

as resin for applications that require strong binding, optical clarity, adhesion to many

surfaces, toughness and flexibility. The major application of PVB is laminated safety

glass for automobile windshields. The PVB interlayer functions to distribute impact

forces across a greater area of the glass panes, thus increasing the impact resistance of

the glass [2]. PVB is also used in photo-voltaic thin film solar modules [3].

The desire to improve these materials and their manufacturing processes to obtain

excellent properties requires that methods of recovery of their mechanical properties be

developed. The manufacturing processes can generate a few challenging characteristics
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like: variability, non-uniformity, and instability of attributes that can only be unmasked if

precise characterization methods exist. Knowledge of elastic properties is also important

in estimating residual stress, to correlate with their chemical structure [4] for verifying

the micro-structure, to assess adhesion and provide better predictions of the laminated

glass window response modeling [5], for facilitating analysis of other characteristic modi-

fying the film parameters e.g atmospheric pressure plasma parameters after the PET has

been treated with helium plasma [6].

The popular methods for the characterization of thin films are based on scanning

acoustic microscopy [7]. These methods have mainly allowed access to the measured

velocity of sound waves propagating in the thin films and their output voltage V(z) of

the focused transducer curves as a function of the distance (z) of the focus and surface

of the specimen [8] at a frequency range from 170-450 MHz. Lavrentyev et al [9] pro-

posed a method for determining the properties of a coating on a thin plate. The method

allows simultaneous determination of the coating thickness, density, elastic moduli and

attenuation from both the normal and oblique incidences reflection frequency spectra.

Phase-shift shadow Moiré optical methods have also been employed to recover Young’s

moduli of composite systems composed of various epoxy coated polyethylene terephtha-

late (PET) micro-cantilevers [10].

In this paper a model comprising of equations for the acoustic wave propagation in

the host medium and the elastic wave propagation in the layered composite medium com-

posed of the thin films and their substrates for the geometrical configurations studied

have been developed using elasticity theory [11]. The detailed theory of wave reflection

from interfaces often derived using acoustic impedance theory in layered media are dis-

cussed in detail in [12]. In this study only the mechanical properties of the thin films

were recovered.
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2. Experimental methods and configurations

Thin thermoplastic films are flexible, supple materials therefore in order to be able

to characterize them using plane acoustic waves requires that they either be placed to

rest on or glued onto an elastic substrate. In this study the substrates employed were

made from different elastic materials in form of thick plates, cylinders and slabs. The

experiments were done at normal incidence using the pulse-echo technique in which a

short, broad-band pulse (E) is sent by a transmitting transducer. The pulse reflected

(R) back by the front surface of the immersed film on a substrate were received by the

same transmitting transducer (Fig. 1). In order to consider the substrate layer as a

semi-infinite half space, the signals reflected from its opposite face were not included in

the captured transducer signals’ windows.
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Figure 1: The experimental setup for the characterization of thin films using reflected ultrasonic waves.
The upper panel depicts the the film glued onto an elastic plate acting as substrate. The two aluminium
substrates of different geometries are also shown. The difference between the two lower substrates is
that the cube has a rougher surface.

The thin films and their substrates were placed on an elastic cylinder acting as sup-

port. This was done in this configuration to elevate the height of the thin film on its

substrate so as to approach the transducer as shown on the upper panel of Fig. (1).

In other configurations, the elastic cylinders of circular and square cross-sections were

employed as substrates. In order to acquire the incident signal, the film-substrate pair

were turned upside down so that the lower side of the substrate acted as an acoustic

mirror (lower panel of Fig. (1)). In that position the substrate was resting on the film.

This was done to assure that the reflector-transducer distance were approximately the

same as the film-transducer one when acquiring the reflected incident signal.

The high frequency immersion transducer employed in this study was a 50 MHz
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V358/50/0.25” connected to a pulser Model 5077PR both manufactured by Panametrics

(Waltham USA). The signals were digitized (after averaging of 512 samples) using a

Tektronix oscilloscope model TDS3014B (Beaverton, OR USA). The instrumental setup

and acquisition methods are exposed in details in reference [13].

2.1. Matching the transducer-reflector and transducer-film surface distances

As mentioned previously, the reflected incident signal was obtained by turning the

film-substrate pair upside down. In theory this assured that the transducer-reflector and

transducer-film surface distances were the same when acquiring the reflected incident

signal and the one reflected by the film. However, the thin films being flexible and supple,

the weight of the substrate squeezed them resulting in the two distances not being equal.

Consequently the arrival times of the incident and the reflected signals were different.

This was later corrected artificially so that the arrival times of the two signals were both

the same on the time axis. This was done practically by shifting the signals so that the

reflected wave at the first interface of the film was at the same position temporal-wise

with that from the reflector. This was subject to two conditions: The two signals should

not be deformed (like in the case of non-normal incidence (θi 6= 0), nor distorted by the

transducer signal amplifier due to high amplification levels). Distortion also occurs if the

two angles of incidences are not the same between the two measurements to acquire the

reflected and the incident waves. The best indication is that the two temporal signals

should be of Gaussian form after being Fourier transformed. This correction also assured

that the magnitude of the reflection coefficient was correct.

3. Modeling the configurations

The geometry of the acoustic wave reflection configuration by the layered media

composed of the thin film (Ω1) placed on an elastic substrate (Ω2) and immersed in

water (Ω0) are depicted in Fig. (2). The mode conversions are also represented in

the figure. The geometry is represented with an oblique angle of incidence (θi 6= 0)

6



for the acoustic wave impinging on the film. The measurements were done at normal

incidence (θi = 0) only. The theoretical models herein were developed using elasticity

theory (starting from Hooke’s law up to the derivation of the elastic wave propagation

equations in the elastic solid as in reference [11]). The general case of an oblique angle

of incidence θi was chosen for the model.

The plane harmonic wave solutions of the wave equations (in the Laplace domain

s = iω) (i =
√
−1 and ω is the angular frequency) in terms of potentials (compressional

Ψ and shear Φ) for each domain are

Ψs1 (x, z, s) = (A11 cosh (κz11 z) +A12 sinh (κz11 z)) eκf x z ∈ Ω1,

Φs1 (x, z, s) = (B11 cosh (κz31 z) + B12 sinh (κz31 z)) eκf x z ∈ Ω1,

Ψs2 (x, z, s) = Φ21 e
κz12 (z+L)eκf x z ∈ Ω2,

Φs2 (x, z, s) = Ψ21 e
κz32 (z+L)eκf x z ∈ Ω2,

pf (x, z, s) =
(

eκf cos(θ)z +RIMe−κf cos(θ)z
)

eκf xpi z ∈ Ωf (Ω0),

(1)

where the superscripts s and f stand for solid and fluid media respectively, pi is the

amplitude of the incident compressional wave in the fluid, RIM is the reflection coefficient,

the compressional wave potential amplitudes A11 = Φ11 + Φ12, A12 = Φ11 − Φ12 (when

Ψs1 (x, z) is written in exponential forme and A11 and A12 are the amplitudes), and

those of the shear waves are B11 = Ψ11+Ψ12 and B12 = Ψ11−Ψ12. The amplitude Φ11

and Ψ11 are for the incident P-wave and shear-wave respectively, while Φ12and Ψ12 are

amplitude of the reflected P-wave and shear-wave respectively and L is the thickness of

the film.

The complex wave-numbers κf = iγf , γf = kfsin(θ) (kf is the compressional wave

number in the fluid) and the complex wave numbers κz1n and the shear ones κz3n
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(n = 1, 2 represents the medium Ωn) are given by

κz11 = i
√

k211 − γ2
f , κz12 = i

√

k212 − γ2
f

κz31 = i
√

k231 − γ2
f , κz32 = i

√

k232 − γ2
f

(2)

In terms of the elastic constants, the wave numbers are given by

k11 = ω

√

ρ1
M1

, k31 = ω

√

ρ1
µ1

k12 = ω

√

ρ2
M2

, k32 = ω

√

ρ2
µ2

(3)

where ρn, µn and Mn (n = 1, 2) are the density, shear modulus and the P-wave,

modulus of layer n respectively. The inherent damping of the the films were taken into

account by introducing a scalar-valued loss factor ηsn into Young’s modulus, such that

Es
n = Es

n(1 + iηsn) (Es
n is the dynamic Young’s modulus of the layer). The relationships

between Mn and Es
n are given in [11].
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Figure 2: The geometry of the reflection configuration of ultrasonic waves impinging on a thin film
(domain Ω1) placed on an elastic substrate (Ω2). The semi-infinite fluid media (water) domain is
depicted by Ω0.The boundary between the fluid and the film is Γ1, that with the substrate Γ2 and that
between the substrate and the fluid Ω3, is Γ3. The mode conversions of the incident wave from P-wave
into P-wave and shear waves in the thin film (Ω1) are not shown but are indicated for the substrate.

The probing frequency is imposed by the film intrinsic properties (density, elastic

moduli), thickness (L) and the number of desired longitudinal modes (n) propagating in

the film. The longitudinal frequency modes can be determined using,

fn ≈ nv11/2L, (4)

where v11 = k11/ω is the longitudinal wave velocity (Eqn. 3). The probing frequency

within the resonant region is important for a good signal-to-noise ratio. The reduction

in film thickness raises the required probing ultrasonic frequency even higher.
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3.1. Thin flexible film stuck on an elastic substrate

In this configuration the thin film (Ω1) was glued onto the elastic substrate of finite

thickness. To simplify the modeling, the elastic substrate was considered as a semi-

infinite elastic half-space at the wavelengths employed i.e no reflected wave from the

second interface Γ3 of the elastic medium substrate (top panel of Fig.1 ). The geometry

of the problem is depicted in Fig. (2). The upper surface (Ω0) is considered as a semi-

infinite fluid (water) half-space.

The boundary conditions at the interface Γ1 between the thin film and the upper

fluid are ; continuity of the velocity and the normal stress (σzz), while the tangential

stress (σxz) is zero across the interface at z ∈ Γ1

vf (x, 0, s) = vs1z (x, 0, s), pf(x, 0, s) = σs1
zz(x, 0, s), σs1

xz(x, 0, s) = 0. (5)

The boundary conditions at the interface Γ2 between the thin film and the elastic

substrate are bonded together (glued condition) are; continuity of the velocity, the normal

stress and tangential stress across the interface at z ∈ Γ2,

vs1z (x,−L, s) = vs2z (x,−L, s), σs1
zz(x,−L, s) = σs2

zz(x,−L, s), (6)

σs1
xz(x,−L, s) = σs2

xz(x,−L, s). (7)

The displacement, velocity, stress and strain relationships are given in AppendixA

and the resulting matrix equation obtained using the elasticity relations is given in

AppendixA.1. It is a linear system of the form A.x = b and was solved using a lin-

ear solver that returns vector x that satisfies the equation[14]. The reflection coefficient

RIM was then extracted from the solution of this equation. This constitutes the inter-

action model (IM).
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3.2. Thin flexible films resting on a substrate of finite thickness

The thin film is bounded on one side by a semi-infinite fluid half-space (Ω0) while the

opposite side is bounded by a substrate considered as a semi-infinite elastic half space.

The boundary conditions at the interface Γ1 between the thin film and the fluid are:

continuity of the velocity and the normal stress while the tangential stress (σxz) is zero

across the interface at z ∈ Γ1,

vf (x, 0, s) = vs1z (x, 0, s), pf(x, 0, s) = σs1
zz(x, 0, s), σs1

xz(x, 0, s) = 0. (8)

The thin film was placed on the substrate and the water between them was squeezed

out by sliding the edge of a flat ruler over it. The measurement was taken immediately

before water infiltrated between the film and substrate interface. The boundary condi-

tions between the thin film and the elastic substrate at the interface Γ2 was considered

to be that of contact allowing transverse slip (sliding can occur). Overall, there was;

continuity of the normal velocity, the normal stress, while the tangential stress (σxz) is

zero across the interface at z ∈ Γ2,

vs1z (x,−L, s) = vs2
z (x,−L, s), σs1

zz(x, z, s) = σs2
zz(x,−L, s), (9)

σs1
xz(x,−L, s) = σs2

xz(x,−L, s) = 0. (10)

The resulting matrix equations are given in AppendixA.2. The linear matrix system

of equations is solved as in the glued/bonded case in the previous section.

4. The inverse problem for the retrieval of mechanical parameters of the thin

film

The first inverse problem solved in this study was that of the retrieval of the elastic

moduli (Young’s modulus, Poisson ratio) and the density parameters from the measured

reflection coefficient of the thin film glued or placed on an elastic substrate and both
11



immersed in a water tank. The viscoelastic interaction model (IM) of the wave reflection

of the setup geometry was developed in this study. An error functional expressing the

distance between the reflection coefficient experimental data from that of the interaction

model was computed in the interval of the observation frequency, for each set of trial

values of the parameters.

J(E1, ν1, ρ1, E2, ν2, ρ2) =

Ns
∑

n=1

(

|RIM (ωn, E1, ν1, ρ1, E2, ν2, ρ2)| − |Rexp(ωn)|
)2

, (11)

where Rexp is the reflection coefficient of the thin film on its substrate, captured from

the water tank experimental data and RIM is the interaction model reflection coefficient

and Ns is the number of samples representing the interval of the observation frequency.

The method of signal processing for obtaining the reflection coefficient from the measured

incident and reflected signals from the thin film by computing the transfer function, are

explained in detail in reference [15]. The Poisson ratios, Young’s moduli and densities

of the layers are denoted by νm, Em, ρm (m = 1, 2), respectively. The parameters were

retrieved by minimizing the objective functional J. The substrate parameters E2, ν2, ρ2

were supposed known.

The problem was split into the computation of three cost functions (JE , Jν , Jρ) where

each of the model parameters (E1sm , ν1sm , ρ1sm , where s is the step, m = 1 . . . p and

p is the number of intervals) was varied while the other two were fixed. This was done

in various intervals not too wide , e.g. Poisson ratio interval was chosen from 0.1 to 0.5,

density from 800 to 2000, etc.

Three initial values of the sought-for film parameters (E1si, ν1si, ρ1si) were chosen at the

initial step. Some of these values, found in the literature (e.g for PET [16, 17], for both

PET and PVB [18]) were obtained using different methods. The solution for each of the

parameters was found from the position of the global minimum of the cost function (CF)

exhibiting a parabolic shape. The values corresponding to the three CF minima consti-
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tuted the solution to the inverse problem for the step. The three new minima values were

then used to update the initial values for the next step. The search for the optimized

values was a manual iterative process repeated for each parameter at a time, at each

iteration/step, until convergence was achieved for all the three sought for parameters.

The objective functional curves for each parameter were then reported after assuring

that all the three parameters had converged to their optimal values. The curves were

plotted with respect to one of the three problem variables, the others being fixed at their

computationally-optimal values, i.e, as 2-D plots [19].

The presence of several local minima in the cost functionals can complicate the choice

of the correct parameter values [19] but in this study the measured wave velocity and

density allowed an unambiguous determination of the parameters. The densities of the

films were determined from their precisely measured weights (using Lab Scale Analytical

Balance, Sartorius ME235P, Goettingen Germany) and volumes (using a 250 ml grad-

uated cylinder, tolerance ± 1.5 ml, Witeg, Germany). The two were then compared to

the recovered longitudinal wave velocity v11 =
√

M1si/ρ1si (Eqn. 3) and the film density

ρ1si .

4.1. Sensitivity of the interaction model to the desired input variation and search for

optimized values

A sensitivity study of the model output to the variation of the desired input to be

recovered by the inverse problem (IP) was necessary. This was undertaken prior to solving

the IP. It was done to assure that the interaction model was sensitive to the variation

of each of the three input variables, a condition that was necessary for the successful

recovery of the desired parameters from the experimental data.
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5. Results

5.1. Characterization of thin films glued onto a thick elastic substrate

5.1.1. Correction for the time of flight for the incident and reflected signals and the wave

velocity in the film layer

A correction was undertaken by shifting the signals so as to assure artificially that

the transducer-film and transducer-reflector distances were the same. The opposite face

of the substrate was used as mirror to obtain the incident signal. Aligning the signals

was done by first computing an unbiased estimate of the cross-correlation [20] between

the two discrete-time sequences of the acquired signals (pi(tn), pr(tn), tn (n = 1, 2 . . .)

are the sequences). The lag (lag1) in number of samples was obtained from the maxi-

mum of the cross-correlation function between the two measurements. The pulse that

correlated best with the incident pressure was found to be the acoustic pressure pulse in

the reflected signal corresponding to the reflection from the film-substrate interface Γ2.

The correlation coefficient for the pulse in the reflected signal due to the presence of the

fluid-film interface Γ1, was found to be lower in all the cases.

The best correlated pulse signal peaks from the two measurements were then aligned

through shifting of pi(tn) to obtain p′i(tn) and the tail of pr(tn) was cut appropriately to

obtain p′r(tn) so that the two signals were of same lengths (Fig. 3a-2).

The final shift operated assured that the incident signal pulse (in p′i(tn)) was aligned with

that from the film-water interface Γ1 in p′r(tn). This was done in two steps. Firstly a

division of each element of the new array p′r(tn) with the corresponding element of p′i(tn)

(pri(t) = p′r(tn)/p
′

i(tn) provided a means of destroying the correlation at the points where

the pulses of the two signals were already aligned (p′i(tn) (Fig. 3a-3). However, the divi-

sion by p′i(tn) was avoided incase some of its values were null. Instead, the values around

the peak of interest were simply annulled. A correlation operation between p′i(tn) and

pri(t) was computed to get the new lag lag2 to be used to shift the signal to the position

corresponding to the reflection from the film-water interface Γ1 (Fig. 3b). This lag

constitutes the time lapse for the wave to travel forth and back within the film layer.
14



This method was found to be precise and was automated to determine the wave velocities

within the film layers. The longitudinal wave velocity was computed using the relation,

vL = 2L/(lag2/Fs) (where Fs is the sampling frequency). The frequency spectrum of

the different signals are shown in Fig (3)c. The reflection coefficient was computed using

theMatlab [21] function tftestimate with a periodic rectangular windowing function [22]

applied to section the incident and reflected (shifted and aligned) signals. The reflection

coefficients are depicted in (Fig. 3d). When the window function is employed it is not

necessary to shift the signals in order to obtain the correct modulus of the reflection

coefficient

It can be noted that the first two modes of the film as indicated by the reflection

coefficient, are not deformed nor attenuated. The higher modes that occur later on,

i.e. after multiple reflections in the film layer are deformed because of interference from

reflections originating from the bottom surface of the substrate, Γ3. In reality, the

substrate is not a semi-infinite half-space but an elastic layer having finite thickness.

This provides the justification of using a thicker substrate in order to capture many

modes of the film before interference from waves propagating within the substrate layer.

15
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Figure 3: The corrections done on the temporal signals to make the transducer-film and transducer-
reflector distances identical (a) Plot number (1), The original temporal incident (using a 1.0 cm thick
aluminum substrate reflector) and the reflected from a 200 µm PCL triol film waves (upper left panel -
numbered (1)). In (2), the shifted incident pulse is aligned with the one reflected from the film-substrate
interface Γ2. In (3), the shifted incident pulse is aligned with the pulse reflected at the interface Γ1

(b) The shifted and aligned final positions of the two signals. (c) The spectrum of the original and the
shifted and aligned signals. They have a Gaussian shape. (d) The reflection coefficient of the original
signal and that of the shifted and aligned one.

16



5.2. Sensitivity of the interaction model to the desired input variation

The reflection coefficient curves were plotted (Fig. 4) for two of the three parameters

(Young’s modulus and Poisson ratio) and for each, three values were chosen: the correct

value and the two others ± 10% of it (-5% and +10% for Poisson ratio). The computa-

tional results showed that the interaction model was sensitive to the variation of each of

the three input variables, a condition that is necessary for the successful recovery of the

desired parameters from experimental data.

(a)

(b)

Figure 4: A sensitivity analysis of the output of the interaction model through variation of the thin film
parameters. The theoretical curve (continuous line) using optimized values to fit the experimental data
(long-dash line) (a) Variation of Young’s modulus, +10% (circular marker), -10 0% (diamond marker)
of the optimal value. (b) Variation of Poisson ratio, +5% (circular marker), -10% (diamond marker) for
a 200 µm PCL triol film.
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5.3. The inverse problem for the recovery of the mechanical parameters - the bonded case

The cost functions obtained from the reflection coefficient of a 200µm polycaprolac-

tone triol film stuck on an aluminium slab (2 cm thick ) are depicted in Fig. (5a-c).

Fig.(5d and 5e) shows the comparisons between the amplitudes and arguments of the

reconstructed reflection coefficient, using recovered values, and the experimental ones.
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(a) (b)

(c) (d)

(e)

Figure 5: The cost functions for the recovery of the mechanical parameters for a 200 µm polycaprolactone
triol film (a) density (kg/m3), the measured one is 1241 kg/m3, (b) Young’s modulus, (c) Poisson
ratio. The comparison between the theoretical (continuous line) reflection coefficient using the recovered
parameters and the experimental one (long-dash line) (d) amplitude (e) argument.
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The cost functions obtained from the reflection coefficient of a 100µm PET glued on an

aluminium cylinder substrate are depicted in Fig. (6). The amplitudes and arguments of

the reconstructed reflection coefficient and the measured ones for the aluminium cylinder

substrate are also shown. The one for the 8 mm thick glass plate substrate are also shown.

The reflection coefficient for the first longitudinal mode is higher because the amplitude

of the incident signal reflected from the glass is slightly smaller than that from the

aluminium substrate (employed as mirror/reflectors).
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(a) (b)

(c) (d)

(e)

Figure 6: The cost functions for the the recovery of the mechanical parameters for a 100 µm PET film (a)
the density ρ (kg/m3), (b) Young’s modulus, (c) Poisson ratio. The comparison between the theoretical
(continuous line) reflection coefficient using the recovered parameters and the experimental one (cylinder
substrate - long-dash and 8mm thick glass substrate - dot-dash) (d) the Amplitude (e) the argument.
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It is important that the substrate be of adequate area and thickness. It should be

chosen in such a way so as to avoid interference between the waves reflected at the

bottom or edges of the elastic substrate with the multiply reflected waves within the

film (longitudinal and shear wave modes). The measured reflection coefficient in Fig.6d

shows that the higher modes of the longitudinal waves in the film starting from about

25 MHz deviate from the curves provided by the theoretical model. This is due to

interference from waves reflected from the lower bottom of the substrate. The thicker

the substrate, the later in time the interference with the multiply reflected waves within

the thin film. This guaranties the supposed semi infinite half-space dimension condition

of the substrate. Since the time window was limited, the oscilloscope time-base was

tuned such that these interfering waves were not captured/limited. The first three modes

represented by the first three peaks in the reflection coefficient spectrum are enough to

obtain the mechanical parameters of the films.

5.4. The flexible thin PVB films placed on a glass substrate - slip boundary

The flexible PVB film was placed on a thick glass substrate (8 mm thick) and the

reflected signal measured. The substrate was then put under the glass, but supported by

the aluminium cylinder acting as platform. Flipping of the thin flexible film-substrate

setup upside down was to ensure that the transducer - reflector distance for the reflected

incident signal was the same as that of the PVB film - transducer one. The captured

reflected wave from a PVB film and the incident wave reflected from flipped substrate

face acting as mirror are shown in Fig. (7). The first peaks of the captured temporal

incident and reflected pressure signals are not exactly at the same temporal position.

This is due to the deformation (squeezing) of the thin flexible PVB film due to the

weight of the substrate on the film..

5.4.1. The inverse problem for the PVB films

The interface between the thin flexible PVB films and the thick glass plate substrate

are considered as having a sliding boundary conditions (BC). Transverse slip is allowed.
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In the interaction model the thick glass substrate is considered as a semi infinite half-

space. The cost functions for the inverse problem of retrieval of the the three sought

parameters and the final reflection coefficient reconstructed from these values for the 450

µm thick PVB film are shown in Fig. (8). Two reconstructed reflection coefficients using

recovered values for two other thin flexible PVB films of thicknesses 750µm and 400 µm

are shown in Fig. (9).
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Figure 7: (a) The reflected temporal signals and (b) their frequency spectra for the 750 µm thick PVB
film. The time of flight in the thin film layer is denoted t1.
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(a) (b)

(c) (d)

(e)

Figure 8: The cost functions for the recovery of the three mechanical parameters for a 450 µm PVB film
on a 8mm thick glass substrate with sliding contact boundary condition (a) the density ρ (kg/m3), (b)
Young’s modulus, (c) Poisson ratio. The comparison between the theoretical (continuous line) computed
using the recovered parameters and the experimental one (dot-dash line) where in (d) the magnitude
and (e) the argument of the reflection coefficient R.
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(a) (b)

(c) (d)

Figure 9: The comparison between the reflection coefficients obtained using the theoretical interaction
model (continuous line) with values of parameters retrieved from the measured data (dot-dash line) for
the PVB films placed on a thick glass plate (8 mm thick) substrate. The interfaces between the PVB
films and the glass were considered as sliding. (a) and (b) are the magnitude and argument respectively
of the reflection coefficient for the 750µm thick film, (c) and (d) are those for the 400 µm thick PVB
film.

5.5. Summary of the results

The results are summarized in Table (1). The densities were compared with those

obtained from small specimens of the film whose weights were measured on an analytic

electronic balance and the volume measured using a cylindrical tube. The velocities

measured from the time of flight using correlation functions and the measured densities
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Thickness (µm) Velocity (m/s) E1 (GPa) ν1 Loss ρ1 (kg/m3)
measured (vL) IP (v11) ηs1 IP Measured

750 1895 1872 1.25 0.43 0.08 1020 1086 - 1101
PVB 450 1941 1996 1.5 0.432 0.06 1090 1097

400 1648 1668 1.12 0.42 0.05 1027 1083
PET 100 1851 1848 2.15 0.414 0.005 1462 1497

PCL triol 200 2267 2259 3.77 0.36 0.0075 1260 1278 - 1420

Table 1: Summary of the identified mechanical parameters with the measured velocity recovered from
the time of flight of the longitudinal wave in the film layer.

results were within 3% (percent) difference with the ones recovered by solving the inverse

problem using experimental reflection coefficient data.

The values of the set of parameters used for computation in the case of the aluminium

substrate are (E2 = 67 GPa, ν2 = 0.3, ρ2 = 2780 kg/m3) and those for glass are (E2 =

70 GPa, ν2 = 0.22, ρ2 = 2500 kg/m3).

5.6. Case of a thin PET film with sliding BC on substrates made of different elastic

materials

The comparison between the modeled reflection coefficient with the measured one

for the 100µm PET film resting on three different substrates: a 8 mm thick glass plate

substrate, a rough surface aluminium slab substrate and aluminium cylinder substrate

are shown in Fig. (10). The interface is considered as sliding in the theoretical model.

The best material substrates that approaches closest the modeled reflection coefficient

amplitude is the aluminium one. Young’s modulus, Poisson coefficient, density for the

100 µm thick film are; 2.15 GPa, 0.41, 1490 kg/m3 respectively. The similarities of these

values to those in Table (1) indicate that the method of posing the film on the substrate

without gluing is reliable and can be employed easily to characterize most flexible thin

and soft materials.
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Figure 10: The comparison between the model when the interface is considered as sliding (solid line),
the measured reflection coefficients for the 100µm PET film resting on the glass plate substrate (dotted
line), aluminium slab substrate (long-dash) and rough surface aluminium block substrate (dash-dot).

6. Discussion

The difficulty in making the incident pressure (reflected acoustic wave from the op-

posite side of the elastic substrate employed as an acoustic mirror) to coincide with the

reflected pressure from the thin film is due to the deformation of the latter by the heavier

substrate lying on top of it. This deformation of the thin film can avoided or improved

if the elastic substrate is chosen in such a way that it is not too heavy. The consequence

of the thin film deformation is the increase of the substrate - transducer distance. The

other elastic substrates (2cm thick wrought iron plate) that were tested gave very similar

results. The best choice of elastic material in this experiment was aluminium. Its den-

sity is lower than that of most of the elastic materials tested as compared to the heavier

wrought iron with the same geometry.

The method chosen to compute the experimental reflection coefficient by employing win-

dowing functions assures that it is not affected by the difference in transducer-film and

transducer-mirror/reflector distances during signal acquisition.

The new method for the characterization of the thin PVB film resting on a substrate
28



(slip boundary interface) can also be used to study the bulk elastic modulus of plant leaf

tissue [23] which have previously been determined using the volume of symplasmic water

and the pressure potential [24]. This modulus expresses the change in turgor of tissue

cells for a uniform change in the relative water content of the cells. On the other hand,

the methods in the cited papers require more complicated apparatus.

7. Conclusion

Two methods for the recovery of the mechanical parameters of flexible thermoplas-

tic thin films (PET, PCL Triol, and PVBs) on elastic substrates using high frequency,

reflected ultrasonic acoustic waves and the corresponding interaction models using elas-

ticity theory, have been developed. In the first method, the thin film was stuck/bonded

onto an elastic substrate using an acrylic glue. The thickness of the glue was neglected.

In the second method, the thin flexible film was just placed to rest on the substrate.

The interface condition for the first configuration was modeled using bonded boundary

condition and in the second case, the thin-films (PVBs and a PET) were placed in con-

tact with the elastic substrate. Subsequently the interface was modeled using contact

slip boundary condition. The ultrasonic wave was generated using a 50 MHz transducer.

The whole test rig was placed in a water tank. The same transducer was used to excite

and acquire the reflected ultrasonic waves from the thin films on their substrates. The

method of acquiring the incident signal and the shifting corrections applied to obtain

the correct reflection coefficients and wave velocity automatically within the thin films

were also developed. Data from the two configurations were employed successfully with

the interaction models of the thin films on their substrates to retrieve their mechanical

parameters. The retrieved mechanical parameters results agree well with those reported

in the literature for materials of the same composition.
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AppendixA. The resulting matrix equations

The relationships employed for the displacement (u), velocity (v) using the wave

potentials in the Laplace domain (s) are

usn
x =

∂

∂x
Ψsn (x, z, s)− ∂

∂z
Φsn (x, z, s) , n = 1, 2,

v sn
x = s

∂

∂x
Ψsn (x, z, s)− s

∂

∂z
Φsn (x, z, s) ,

usn
z =

∂

∂z
Ψsn (x, z, s) +

∂

∂x
Φsn (x, z, s) ,

v sn
z = s

∂

∂z
Ψsn (x, z, s) + s

∂

∂x
Φsn (x, z, s) .

(A.1)

The stresses are given by

σsn
zz = λn

(

∂

∂x
usn
x (x, z, s) +

∂

∂z
usn
z (x, z, s)

)

+ 2µn

∂

∂z
usn
z (x, z, s) , n = 1, 2,

σsn
xz = µn

(

∂

∂z
usn
x (x, z, s) +

∂

∂x
usn
z (x, z, s)

)

.

(A.2)

AppendixA.1. The thin film glued onto the substrate, the matrix equation

The matrix equation is written as a linear system in the form A.x = b. The matrix

expressions are given in Eqn.(A.3).
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0 sκz11 sκf 0 0 0 −

cos(θ)pi
cf ρf

−s sinh (κz11 L)κz11 s cosh (κz11 L)κz11 s cosh (κz31 L)κf −s sinh (κz31 L)κf −sκz12 −sκf 0

s cosh (κz11 L)κf −s sinh (κz11 L)κf s sinh (κz31 L)κz31 −sκz31 cosh (κz31 L) −sκf sκz32 0

ξ1 0 0 2κz31 µ1 κf 0 0 pi

ξ1 cosh (κz11 L) −ξ1 sinh (κz11 L) −2κz31 µ1 κf sinh (κz31 L) 2 cosh (κz31 L)µ1 κf κz31 −ξ2 −2µ2 κf κz32 0

0 2µ1 κf κz11 µ1

(

κf
2
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2
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0 0 0 0
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)
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(A.3)

.

3
2



where ξ1 =
(

(2µ1 + λ1)κz11
2 + λ1 κf

2
)

and ξ2 = (2µ2 + λ2)κz12
2 + λ2 κf

2.

AppendixA.2. The sliding interface case - the matrix equation

The matrix equation for the slip boundary condition case is reported in Eqn.(A.4).
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0 sκz11 sκf 0 0 0 −

cos(θ)pi
cf ρf
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ξ1 cosh (κz11 L) −ξ1 sinh (κz11 L) −2κz31 µ1 κf sinh (κz31 L) 2 cosh (κz31 L)µ1 κf κz31 −ξ2 −2µ2 κf κz32 0
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κf
2
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2
)

0 0 0 0
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