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Adaptive nonparametric drift estimation of an integrated

jump diffusion process

BENEDIKT FUNKE* AND EMELINE SCHMISSER'

December 19, 2017

Abstract

In the present article, we investigate nonparametric estimation of the unknown drift function
b in an integrated Lévy driven jump diffusion model. Our aim will be to estimate the drift on
a compact set based on a high-frequency data sample.
Instead of observing the jump diffusion process V itself, we observe a discrete and high-frequent

sample of the integrated process
t
X = / Vsds.
0

Based on the available observations of X, we will construct an adaptive penalized least-squares
estimate in order to compute an adaptive estimator of the corresponding drift function b. Un-
der appropriate assumptions, we will bound the L2-risk of our proposed estimator. Moreover,
we study the behavior of the proposed estimator in various Monte Carlo simulation setups.

MSC 2010 Classification: 62M09, 62G08

Keywords: Adaptive estimation; Integrated jump diffusion; Drift estimation; Model selec-
tion; Mean square estimator

Introduction

In this paper, we consider a two-dimensional stochastic process (X, V;)i>0 such that

dX, = Vidt, Xo =0,

Vi = b(V;)dt + o (Vi)dW; + £(Vi_)dLe, Vo 2,

(1)

where W = (W});>¢ is a standard Brownian Motion and L = (L;);>0 is a centered Lévy process

with finite variance E (L?) := [; y*v(dy) < oo such that

dL, — /R S(u(dt, dz) — v(d=)dt).
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W and L are independent and 7 is independent of both W and L. Moreover, u denotes the
corresponding Poisson random measure of L with intensity measure v.

Our aim is the nonparametric estimation of the unknown drift function b exclusively based on
observations of the first coordinate of (1). For our purposes the process X; will be called an
integrated jump diffusion process.

Remark 1. We shortly remark, that the system (1) is a special case of a two-dimensional stochastic
differential equation where no noise is contained in the first coordinate. Moreover, note that the pure
gump Lévy process L is a centered L?-martingale with respect to its augmented canonical filtration
under our assumptions.

In many applications in physics, economics or financial mathematics, several occurring stochastic
processes can be interpreted as integrated processes, which, for instance, means that at time ¢ they
possess cumulatively all information up to this time point. For example, Comte et al. (2009) refer to
a model where V; denotes the velocity of a particle and X; represents its coordinate. Further models
and applications of such processes in the context of paleoclimate data can be found in Ditlevsen
and Sgrensen (2004) as well as in Lefebvre (1997) and Baltazar-Larios and Sgrensen (2010).
Especially in mathematical finance, if V; acts as a model for a certain asset price, then X; denotes
the (log-) return of this asset up to time ¢. If, for instance, only the return series with time lag A

tA tA tA

o (V) dW; + / £(V; )dL,

Rin = Xin — X(t—l)A = /
(t—1)A

(t—-1)A

b(V;)dt +/

(t—1)A

is available, our approach allows us to reconstruct the underlying price process and to estimate its
drift function; see also Campbell et al. (1997) for further reasons for investigating the return series
rather than the price process itself. In addition, we emphasize that we deal with high-frequency
data (A — 0), which is nowadays a common tool for investigating statistical properties of financial
processes and which is often readily available to the practitioner. Moreover, we remark that X;
is not assumed to be stationary and a quite simple example for a non-Markovian process with in-
creasing observations as long as V; stays positive. In addition, many researchers have investigated
the estimation of the integrated volatility in stochastic volatility models, which acts a variabil-
ity measure; see for example Bollerslev and Zhou (2002) or Andersen et al. (2001). Hence, when
assuming that V; is positive, our model and estimation approach can be applied in this context, too.

Usual estimation schemes for diffusion processes, as for example in Florens-Zmirou (1993), Bandi
and Phillips (2003), Bandi and Nguyen (2003) or Comte et al. (2007), are based on a sample of the
original process V. In contrast to this setting, we are now assuming that we cannot observe the
process V itself but rather a running integral over this process. In particular, we only observe the

first coordinate .
X, = / V.ds
0

of the original bidimensional process at equidistant time points kA, k = 1,...,n + 2, over the time
interval [0, T, such that

T:=(n+2)A —ocoand A — 0 asn — oo.

Statistical inference for such integrated processes has been, to the best of our knowledge, sporadi-
cally investigated. Besides the mentioned articles, further parametric inference has been conducted



in some additional works; see for example Gloter (2000), Gloter (2006) as well as Gloter and Gobet
(2008). But in general, this topic has not arisen much attention, although it is quite interesting
and important for real data applications.

In the nonparametric framework, we are only aware of few works, in which the coefficients of such
models have been consistently estimated. For example, Nicolau (2007) uses kernel estimators for
the pointwise consistent estimation of b(z) and o?(x). In contrast to the kernel based approach,
Comte et al. (2009) use a model selection approach to construct adaptive nonparametric estima-
tors of b and o on a fixed compact interval in an integrated diffusion model without jumps. This
work extends their approach for estimating ordinary univariate diffusions and was also pursued by
Schmisser (2014) in the case of univariate jump diffusions.

In view of these two papers, we will conduct an analogous approach for the case of estimating the
drift in an integrated jump diffusion model. To the best of our knowledge, adaptive nonparametric
inference for the drift function in an integrated jump diffusion model has not been investigated in
the literature before. In contrast, empirical likelihood inference for this model has been conducted
in Song and Lin (2013). Moreover, a re-weighted kernel estimation procedure has been used by
Song et al. (2013) for estimating the function o2 + ¢2 and a kernel based approach for estimating b
pointwisely has been used in Song (2017).

2 Assumptions

Let us at first impose the following assumptions, which guarantee the existence of a unique strong
solution (V;) in equation (1).
A 1. i) The functions b,o and & are globally Lipschitz-continuous.

it) The function o is bounded away from zero as well as uniformly bounded for all x:

Jo,00 RV eER: 0< o0y <o(z) <oyp.
i11) The function £ is non-negative and also bounded:
I eRL Ve eR: 0<&(x) < &.
i) The function b is elastic (cf. Masuda (2007)), which means that
IM>0:VeeR,|z|>M: zbzx) < —2°
We remark that b cannot be bounded as required in Bandi and Nguyen (2003).

v) The Lévy measure v possesses the properties that

Var (Ly) = / Poldy) =1, v({0}) =0, / YA u(dy) < oo.

Under Assumption Al,i) a unique strong solution (V) of (1) exists (cf. Masuda (2007)). More-
over, under Al,i)-iv), this solution is equipped with a unique invariant probability distribution
I'(dz). In addition, V is exponentially S-mixing with mixing coefficient 8y (t), which means that

Iy >0: By(t) = /R 1P,(z, ) — D(C)||lrv D(da) = O(e™ ), as t — oo,



where (P;);cr, denotes the transition probability of the underlying process V and || - |7y defines
the total variation norm, see Comte et al. (2009).
Assumption Al,v) simply ensures that v has moments up to order 4. Indeed, the condition
Var (L1) = 1 is only an identifiability condition.

Using Theorem 2.1 in Masuda (2007), we can deduce the ergodicity of (V;), which means that
for all measurable functions g € L'(I'(dx)):

1 (T
—/ g(Vi)ds — / g(x)T'(dx) as., as T — oo.
T Jo R

Due to our assumptions on the Lévy measure v and the Lipschitz-continuity of the coefficients
b,o and &, we have that E (Vf) < oo for all ¢ > 0. This can easily be proven by applying the
Cauchy-Schwarz inequality successively. We will focus on this property later on.

Moreover, we impose that

A 2. wvi) T is absolutely continuous with respect to the Lebesque measure and, thus, possesses a
Lebesgue density my such that T'(dz) = wy (z)dz.

vii) The process (V3) starts in its invariant law:
Vo ~ T'(dx)
such that (V;) is stationary.

Remark 2. These assumptions are largely congruent to those in Schmisser (2014), who investigated
the nonparametric estimation of b in the usual non-integrated setting.

We will now concretize our estimation approach. Hence, let us assume that we are aware of a
high-frequent data set {Xxa, k = 1,...,n 4+ 2} of the process (X;) given by (1). As mentioned,
the process (V;) is not observable and has to be approximated. The idea behind our estimation
approach relies on the following transformation. We set

) ) 1 1 DA
Vin i =V ::Z(X(k—&-l)A_XkA) :E Vids, 1 < k<n-+1.
kA

Remark 3. We point out that (Vk)kzo shares some crucial properties of the underlying process
V. According to Comte et al. (2009), the averaged process (Vi )ip>o is stationary and exponentially
B-mixing, too. The latter fact can be seen due to the fact that

By (k) < By (kA), k=1,..,n+ 1

Let us now start with a very useful proposition acting as a key point for our proofs. The
following proposition generalizes Lemmas 7.1-7.3 in Comte et al. (2009) to the case of integrated
jump diffusions.

Proposition 4. Under assumptions A1 and A2, the following observations hold true:
a) We have that
(k+1)A

Vi + — (u—kA)dVy = Vigta, 1<k<n+1
A Jia



Figure 1: Example of trajectories of (V;), (X;) and (Via)

>
L T T T T T I
0 2 4 6 8 10
t
(V) (X)) - (Vaa)
1
dX, = Vidt, dV, = =2V, +dW, +dL;, v(dz) = 5L—s

n =100, A =10""%
V; is simulated thanks to an Euler scheme.

b) For 1 <k <mn—1 it holds that

(k+3)A

Vieta — Vi1 1 /
Yiji=—F— =15 Y1 (w)dVy,
" A A? Jirna -

where
Yr(u) == (u — kEA) 1A, e yaf(w) + ((k +2)A = u) k1A, (kr2)a(@)-

¢) To value the goodness of our used approximation, we state that

E((Visna —Va)?) SA, 1<k<n+1

d) Additionally, we state that

E((Vosa —Vi)) SA, 1<k<n+1

Based on the sample {Vk, k =1,..,n+ 1}, we will now propose the drift estimator for the



considered model and start with the following decomposition based on Proposition 4:

Visoa — Va1 /(k+3)A
Y, — - Grosr (w)dVi,
(k+1)A A A% Jina +1(u)
1 (k+3)A (k+3)A (k+3)A
= Az /(k A Vi1 (w)b(Va)du + /(k A Vi1 (uw)o (Vi) dW, + /(k A Vi1 (w)€(Vi_)dLy,
+ + +
(k+3)A
=00aima) gz [ e ) Ve
+1
1 3 LG
+ 25 e @oVa)aWa+ 55 [ b (e(Ve )L,
(k+1)A (k+1)A
_ B (k+3)A
= b(Via) +b(Vigrn)a) = b(Via) + /(kH)A Vi1 () (0(Va) — b(Vigs1)a))du
| kA 1 pe3)a
—+ 3 1/)k+1(u)(f(vu)qu + A2 / l/}k—&-l(u)g(vu_)d[/u
A? Jra A% Jogna
= b(Via) + RN + R + z() + 722
Hence, Y(;11)a will act as an approximation of b(Vin) with
0 B @ 1 [Ea
Rpa =b(Vigs1)a) = b(Viea), BRya = A7 Jisna Yrt1 (w) (0(Va) — b(Vig+1)a))du
and
W) 1 (k+3)A @) 1 (k+3)A
Z0 = = / U1 (Wo(Va)dWa, ZX = / Vi1 (w)§(Vu_ )d L.
A? Jogna A% ey
We set . )
Ria = R + R
and

Zn =20 + 23,
and denote by
F = 0(Vo, Ws)o<s<t, (Ls)o<s<t)

the natural filtration of V;. Let us remark that Via belongs to Z(k+1)a Whereas Zpa and Rpa
belong to ;. 3)a. In order to control the approximation error Ria as well as the noise term Zja
we will need the following lemma in order to bound the required moments.

Lemma 5. Under assumptions A1 and A2 we have that for A <1
a) E(R2\) SA and E(R},) S A.

b) E (Zzgla)\ﬁ(kﬂm) =0 and E <Z£2K|ﬁ(k+1)A) =0

2

2
¢) E qH)A) S1/A andE ((Z,?A)) ﬁ(mm) S1/A

((742)
d) E ((222)4

|
2 @\ & 3
| Zrsna ) S1/A2% and B (Zm) | Frania | S 1/A%.



3 Spaces of approximation

Let us now turn to our essential aim, namely to estimate nonparametrically the drift function b on
a compact set K. To do this, we consider a sequence of nested subspaces Sy, ..., Sm,... such that
UmENo S, is dense in L2(K). We minimize a contrast function v, () on each S,, and then choose
the best estimator by introducing a penalty function (see for instance Barron et al. (1999)). The
rate of convergence of our estimator will depend on the regularity of the drift, i.e. its modulus of
smoothness.

Definition (Modulus of smoothness). The modulus of continuity of a function f at t is defined by
w(f,t) = sup [f(z) = fy)l.

lz—y|<t

If f is Lipschitz, the modulus of continuity is proportional to t. If w(f,t) = o(t), then f is constant:
the modulus of continuity cannot measure higher smoothness.
We define the modulus of smoothness by

or(.thy = sup (A7) e AZ(f,x):Z(—l)k(k>f(x+kh)-

If f € %€", then for 1 <p < cc:

wr(frt) <t W(fT), 1),

Definition (Besov space). The Besov space B ., is the set of functions:

By = {f € L2 supt~w,(f,1)s < oo}
' t>0
where r = |+ 1]. The norm on a Besov space is defined by:
Hf”Bg i=supt” “w,(f,t)2 + Hf”L’Z :
s t>0

For more details see DeVore and Lorentz (1993).
We consider a series of nested vectorial subspaces satisfying the following assumptions:

A 3. i) The subspaces Sy, have finite dimension D, .

i) On Sy, the L?-norm and the L>-norm are connected:

3p1 > 0,¥m € N,Vs € Sy, [|s]|%, < ¢1 Do [|t]|55 -

This implies that, for an orthonormal basis @y of S, )\D;”l cpiH < ¢?D,,.
oo

i11) We can control the bias term: for an integer r called the regularity, there exists a constant
C > 0 such that for any function s € By ., « <r, Vm € N,

s = smll 2 < C27™ sl s

where sy, s the orthogonal projection of s in Sy, .



Figure 2: Example of approximation by piecewise linear functions

[ fo f

0 o1 02 03 04 05 06 07 08 08 1

1. Sp = {linear functions on [0, 1]}.

2. Sy = {linear functions on [0,1/4[,[1,4,1/2[,[1/2,3/4],[3/4,1]}

i) The subspaces are nested: let us set
My ={m eN, D,, <N,},

where Ny, is an integer. Then there exvists Sy, satisfying properties i), ii) and iii), such that
VYm € j/n; Sm - Sn

Those assumptions are standard for estimation by projection. The subspaces generated by
wavelets of regularity r, piecewise polynomials of degree r or trigonometric polynomials satisfy
these assumptions (see Meyer (1990)).

4 Estimation of the drift function

We consider the mean square contrast function

1< )
= Z (Vka) = Yin)* Ly, aex-
For any m € .#,, where #,, ;= {m € N, D2, <nA/In(n)} we consider the contrast estimator

by, = arg min s).
m = arg min Tn(s)
As Vi is not available, we consider the empirical risk

#(s) =E (711 Zn:(S(VkA) - b<VkA))2]l\7kAeK> :

k=1

The process Vja is stationary like Via. We denote by 7 its stationary density and we assume that
this density is bounded from below and above on K:



A 4. There exist my, m1 such that for any x € K:
0<mi(x) <m(z) <mp < o0,

Remark 6. Assumption A4 is quite mild, as it only assumes that the stationary density of Via is
bounded on a compact set. However, it is not easy to prove. For diffusions, the stationary density
of V; is explicit and Gloter and Gobet (2008) give some conditions on the coefficients which ensure
the boundedness of m: b and o have to be bounded, C® and their derivatives must also be bounded.
Howewver, it is not a necessary condition, as it is also satisfied for Ornstein- Uhlenbeck processes. For
jJump diffusions, to our knowledge, there do not exist any explicit expression of the stationary density
of Vi and it will be quite difficult to express assumption A4 with respect to certain conditions on
the coefficients. However, the simulations show that A4 is satisfied for our Monte Carlo simulation
setups.

We obtain the following bound:
Proposition 7. Under Assumptions A1-A4, for any m € My,

/

A 2 2 2 Lm
< b + 48(of + — + —
‘%(bm) =3 Hb m||7r ( 0 £o)n CA ot

where by, is the orthogonal projection of b on Sy, and Hs||72T = [ $*(x)m(z)dz.

The term [|b — by, ||> is a bias term, which occurs due to the fact that our estimator belongs to
Sm. It decreases when m increases. The variance term D, /(nA) increases with m. A and 1/n are
two remainders terms: A appears because the observations are not continuous, it is linked with the
difference b(V,) — b(Via), and the term in 1/n comes from our approximation method.

We obtain a collection of estimators (bg, by, ...) and would like to select the "best" estimator,
which is the estimator that minimizes the empirical risk and, in particular, the trade-off between
bias and variance terms. If the drift function b belongs to the Besov space B3, then we have an
explicit bound for the bias term:

2 _
||b - bmHﬂ' < Dm2a

and the risk of the estimator b, is bounded by

. D
< —2a m
X(bm) S DY+ N +A.

This quantity is minimal for D,,, , o (nA)Y/(2e+1)  The risk of the optimal estimator Emam satisfies:

R (b, ) < (nA) 20/ Catl) LA

Mopt

If nA? tends to 0, that is if we have high frequency data, b
parametric rate (nA)~2e/(2a+1)

converges towards b with the non-

Mopt

As we do not usually know the regularity of the drift function b, we now aim at selecting the
best estimator without knowing it. Let us introduce the penalty function

pen(m) = k(0 +§5) Dm/(nA),



which is proportional to the variance term and let us also choose the "best" dimension according
to

o = arg 0 {3u(bm) + pen(m)}:

We obtain an adaptive estimator by. To prove that our estimator selects the "best" dimension m,
we make use of Bernstein-type inequalities. We need the following additional assumption in order
to control the big jumps of V:

A 5. We assume that the Lévy measure v is sub-exponential:
IC,A>0,V2>1 v —z2[°) < Ce AL
Hence, the tails of the jumps cannot be too heavy.

Remark 8. We remark that we only need to control the tail of the jumps. For example, Poisson
processes with sub-exponential tails, nearly stable processes or CGMY processes satisfy our assump-
tions.

We are now ready to state the bound of the L?-risk of the proposed adaptive drift estimator b

Theorem 9. Under Assumptions A1-Ab, there exists kg such that for any k > kg

~ 2 . 8 9 c
E Hbm —bp|| | £ inf 3 lb— b . + 4pen(m) ¢ + — + CA,
n n

meMn
where pen(m) = k(€2 + 02) Dy, /(nA) is defined as above.

Remark 10. In a comparable model, Song (2017) investigated the nonparametric pointwise estima-
tion of the unknown drift b as well as of the function o2 + &2 in an integrated jump diffusion model
using a kernel based approach. The resulting estimator is consistent and asymptotically normal dis-
tributed possessing a rate of convergence of vVnAh. In contrast to Song (2017), we are interested in
estimating adaptively the unknown function b on a compact set K using a model selection approach
under quite general assumptions on the driving jump process L. Moreover, we derive the empiri-
cal L?-risk and state assumptions under which the usual nonparametric rate of (nA)~2/(2o+1) 4
reached by our estimator as long as b € BY . .

5 Simulations

In order to practically construct our estimators, we choose the vectorial subspaces generated by
spline functions. In that case,

= (r) (r) _ om/2 (1) (gm (. _
S, r {VeCt((w’\’m)ogmgm—l)}’ where ¢y (x) = 2" (2" (x — A))

and
QO(T) = ]].[0’1] I 3 ]].[071]

is the r-times convolution product of the indicator function of [0,1]. The subspace S;, can also be
described as the subspace of all the piecewise polynomials of degree r which belong to €"~!. To

10



Figure 3: Spline functions ¢(")

09f i
0.8 J
07k X ]

r=1

\/ \ r=2
05r A =3 ||

0.4r r=4 ||

03F “\ 4

02 / 1

obtain the adaptive estimator, we select both (m,r) (0 < r < 7) simultaneously. We have the same
rate of convergence as if the regularity r was equal to 7.

Let us now focus on the Monte Carlo simulation settings. For each model, we are interested in
estimating the drift b on the compact interval K := [—1,1]. Thanks to an Euler scheme, we realize
for each model five simulations of (X, ..., X,a) for the number of observations n = 10° and the
sampling interval A = 1072 and draw the estimators. We also estimate the stationary densities for
each model. They look very much alike, therefore we only draw the estimated density of Model 1.

For each value of (n, A), we also realize fifty simulations by an Euler scheme of sampling interval
6 = A/10. We compute the estimators Bm and Bmom as well as the empirical risks Rn(l;m) and

R, (l;mopt ), where

Moreover, we derive the means of ]%n(l;m)7 denoted by risk, as well as the means of m and 7.

In addition, we compute
or:=mean | =— ———
Rn(bmopt)

to check that our estimator is really adaptive. Indeed, if the choice of m is in some sense good,
this quantity should be close to 1. For the sake of completeness, we also give T, the mean of the
computation times. T, depends on both nA (and therefore ., and the number of estimators I;m
computed) and n. !

From the results it can be seen that for the number of observation n = 10° and the sampling
interval A = 1072, the adaptive estimators are very close to the true drift function (they are nearly

IThe programming was done with the software R, the code is available on http://math.univ-lillel.fr/
~“schmisse/recherche.html

11



superposed). Moreover, the risk of our estimator decreases as the observed time horizon of the
underlying process, T' = nA, increases. This coincides with our theoretical findings in the previous
sections. The best results are obtained for n = 10°, A = 1072, that is, A small enough, and nA
large enough. The oracle is greater for Model 3 (which does not satisfy Assumption A5) than for
the other models, especially when nA is big, that is when we can try more models. The choice of
the best dimension seems more difficult.

Model 1: Ornstein-Uhlenbeck process with binomial jumps

dV, = =2V, dt + dW, + dL;

with binomial jumps: v(dz) = $1.—4;.
Figure 4: Density estimate of V.

Estimated density of Model 1

1.5

1.0

Density

0.5
|

0.0
|

N = 100000 Bandwidth =0.1976

Model 2: Cubic function with Laplace jumps

VZ+3
AV = (—(V; = 1/4)° = (Vy + 1/4)%) dt + Vgiildwt + dLy
2

with Laplace jumps:
f(dz) = v(dz) = 0.5¢7127°],

12



Figure 5: Model 1

ba) = ~20, o(e) =€) =1, w(d2) = SLer.

1.0 05 0.0 05 1.0
— : true drift - - : estimators
n=10° A =102
A n risk or m 7 T

10°T 10°| 0.072 1.15 [ 0.04 0.98 | 0.088
10°% 10*| 0.043 1.00| 0O 1.02 | 1.28
10-' 105 | 0.037 1.00 | 0.02 1.02 | 34.9
1072 10| 0.86 2.83|0.16 0.6 | 0.031
1072 10* | 0.076 278 | 0.2 0.98 | 0.73
1072 10° | 0.0055 1.29 | 0.04 1.04 | 11.3
107 10*| 094 287|022 0.6 | 0.22
1073 105 | 0.068 3.54 | 0.2 1.02| 7.10

Model 3: Ornstein-Uhlenbeck process with jumps of Student law
dVy = =2V, +dW, + dL,

with L; a compound Poisson process of intensity A = 1 with jumps according to

F(d2) = v(dz) = \/%Fé%z) (1 + 28)_

This process satisfies Assumptions A1-A2 and A4, but not Assumption A5. Indeed, E (L?) = 0.

[S[e)

Model 4: Nearly stable Ornstein-Uhlenbeck process
1
dV, = —2Vidt +dW, +dL; with v(dz) = m1|2\51d’2'

Note that in this model, the jumps have infinite intensity.

13



Figure 6: Model 2

b(z) = —(z +1/4° = (2 = 1/4°, o) = zz I :137 E(x)=1, wv(dz)= 0.5e~ 12721,

1.0 05 0.0 05 1.0
—: true drift - - : estimators
n=10° A =102
A n risk or m 7 T.

10-T 10°] 036 1.23]0.04 0.96 | 0.077
10°Y 10* | 027 106 | O 1 1.00
107 10°] 025 105| O 1 27.2
1072 103 | 3.58 248 | 0.1 0.2 | 0.027
1072 10* | 041 1.66| 0.1 0.94 | 057
1072 10° | 0.12 195 | 0.2 1.66 | 8.50
1073 10* | 3.71 2.34 | 0.08 0.22 | 0.17
1073 105 | 0.45 2.01 | 0.14 0.98 | 5.37

6 Proofs

In this section, we will present the proofs of the stated results. The Burkholder-Davis-Gundy
inequality for stochastic integrals driven by L2?-martingales will be one of the keys for the proofs.
For the sake of completeness, we will state its formulation at first.

Proposition 11 (Applebaum (2009); denoted as Kunita’s first inequality). Let V = (V;)¢>0 be the
solution of (1) and let
yt = U(V07 (Ws)sgtv (Ls)sgt)-

Then, under assumptions A1 and A2 for any p > 2 such that [ |y|Pv(dy) < oo and [ y*v(dy) =1,
there exists a deterministic positive constant C, such that

t+A
E ( sup 3@) <G, (IE (‘/ o?(Vi,)du
sE€[t,t+A] t

14

P p/2

/ (V)W




Figure 7: Model 3

—: true drift - - : estimators
n=10% A =10"2
A n risk or m 7 T.
10-1 103 | 0.051 1 0 1 | 012
10~Y 10* | 0.038 1 0 1 1.81

1071 10° | 0.036 1 0 1 37.1
1072 10| 093 837 |0.12 0.34 | 0.034
1072 10*| 0.060 1.05| 0 1.02| 0.81
1072 10° | 0.0060 1.97 | 0.02 1.02 | 12.6
1073 10*| 094 775 01 04 | 024
1073 10° | 0.058 1.18 | 0.02 1.02 | 7.90

as well as

p/2
E sup
SE[t,t+A]

P

/t eV, )L,

%) < CyE (‘ /tHA £2(V,)du g@)
<0, [ v (( / i If(Vu)l”dU> ]9)

A consequence of this proposition is the following corollary. Its proof is fairly classical and can
be found for instance in Gloter (2000, Proposition A) for diffusion processes.

Corollary 12. Let V = (V;);>0 be defined as in Proposition 11. Under assumptions A1 and A2 it
exists a constant C > 0 such that
E < sup (Vi — Vt)2> < CA,

SE[t,t+A]

for every t > 0, provided that A < 1.
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Figure 8: Model 4

2
|

-1.0 05 0.0 05 1.0
—: true drift - - : estimators
n=10° A =102
A n risk or m 7 T.
10-Y 103 | 0.081 1 0 1 0.092
1071 10 | 0.043 1 0 1 1.14
10~Y  10° | 0.041 1 0 1 34.6

1072 10| 095 445| 01 0.7 | 0.031
1072 10* | 0.080 1.95|0.18 1.04 | 0.66
1072 10° | 0.0051 1.44 | 0.04 1.02 | 10.8
1073 10% 096 5.12|0.22 0.64 | 0.20
1073 105 | 0.068 1.27 | 0.1 1 6.67

Moreover, the fourth moment can also be bounded by

E < sup (V‘; - ‘/15)4> < éAa

sE[tt+A]

for every t > 0 provided that A < 1 and whereby C denotes another positive and deterministic
constant.
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6.1 Proof of Proposition 4

We start with the proof of a), which is more or less an interchanging of integrals according to

B 1 kDA 1 kDA
Ve=7X Vids = */ (Vies1ya + Vs = Virg1ya)ds
A Jea A Jiea
1 pUenA (k+1)A 1 DA 4 opu
= Vik+1)a — / dVy | ds = Viger)a — « (/ dS) dV,
A Jia s A Jra kA
1 (k+1)A 1 (k+1)A
=Vie+)a — % / (u—EkA)dVy = Vigyna + (kA — w)dV,,.
A Jia A Jin

By the use of a), we are able to deduce statement b) as follows:

1 | kE3)A

Yon = + (VM)A -~ (u— (k +2)A)dV,
(k+2)A
1 (k+2)A
—Vira + 1 (u—(k+ 1)A)qu>
(k+1)A
1 A

= Az /(k+1)A ((u— (k 4+ DA hr1)a,r2)a) (@) + ((k +3)A = w)Ljhi2)a, or3)a) (1)) dVy
= A2/(k-"_1)A 1/)k+1(u)qu.

The proof of ¢) is based on Corollary 12 as well as the Cauchy-Schwarz inequality and is derived

as follows:

- 1 (k+1)A 2
E((Virna — Va)?) = E]E /kA (Vik41)a — Vs)ds

1

(k+1)A i
= E/ AE (Viggya — Vs)?) ds S A.

kA

Statement d) can be deduced by using a) and the Cauchy-Schwarz inequality twice as follows

. 1 (k+1)A 4
E ((V(k+1)A — Vi) ) = Ak /m (Vikr1ya — Vi)ds

1 (k+1)A 2 1 (k+1)A 2
‘E A/ (Vierya — Vs)?ds < E / (Viks1ya — Vs)?ds
A kA A kA

1 (k+1)A 1
: A/ E ((Virna — Va)*) ds < A A% = A
kA

IN
2|

IN
|
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6.2 Proof of Lemma 5
Let us start with a). Obviously, we have that

2 2
E(R2,) <2 <E ((R;;g) > +E <(R,§2) )) .
By using the Lipschitz-continuity of b as well as Proposition 4 we can conclude that
E ((R2)?) = E ((o(Viwrna) = b(70a))?) < CF B ((Vikra = Vea)”) S 4,

where (' denotes the Lipschitz constant of the drift function b.
Using the Cauchy-Schwarz inequality as well as the fact that

(k+3)A IA3
/ ¢/€+1(U)du = 3
(k+1)A

the second term can be handled as follows

B ((r2)°) -2 (( 5 ::): Y () ((V) - b<V<k+1>A>>du) )

s (k+3)A ,
< N/( Vi1 (u)du - E /( (b(V) = b(Vikg1)a)) "du

k+1)A E+1)A

o pEE3A , o2 (3 ,
=3A E ((b(V) = b(Vikr1)a))?) du < 3A E((Vu = Vigs1ya)?) du
(E+1)A (k+1)A
1
< A=A
~ A

The fourth moment of Rjpa is treated in an analogous manner. At first, it holds that
1 2
E(Rha) <8 (E((B2)) +E((R2)*)).

Again by Proposition 4, statement d), we have that

E ((RIEIA))Al) =E ((b(‘/(k+1>A) - b(VkA))4> <Gy E ((V<k+1)A - Vm)4) S A

In order to derive the second summand, we make use of the Cauchy-Schwarz inequality twice:

E ((Rz(i))[l) =E <A12 /((HB)A Yret1(u) (b(Vi) — b(V(k+1)A))dU>

k+1)A

1 (k3)a 2 (k+3)A , 2
<as ([ wtatd) B[00 - bVina) e
(k+1)A (k+1)A

404 (E+3)A
o E ((Vu = Viegnya)*) du

E+1)A 9A (k+1)A

AAG (k+3)A y
< gae® (B, 00 —Vikna) i) <
1 2
N A=A

N

18



which concludes the proof of statement a).

Statement b) is a direct consequence of the fact that both Zéz and Z,ng) are martingale difference
sequences with respect to the canonical filtration .#;. We explicitly remark that Vya belongs to
Z(k+1)a such that Zp is centered, conditionally on Via, by the use of the martingale property of
(W) and (Ly).

Concerning statement c), we make use of Proposition 11 as follows

2
a2 | 1 (k+3)A _
E (Zm) Fht1)A :E]E /(k+1)A Vi1 (w)o(Vi)dWy | | Fer1)a

1 (k+3)A 2 (k+3)A 2 2A3 92 2
= 5E </ w2+1(u)a2(Vu)du 90 / 2 90 90
( (

< 20 — . )
y(kﬂ)A) S Al DA Viet1 A T3 S 3A

A E+1)A

In order to handle the Lévy-driven part Z ,(i) we proceed analogously
22 1 (k+3)A 2
E ((Zm> y(k—o—l)A) = FE / Yr+1(w)E(Vau_ )dLy, ‘y(kH)A
(k+1)A

1 (k+3)A
- K ( /( Ry (W€ (V) du

A E+1)A

52 (E+3)A §2 2A3 252
9(k+1)A> < A*OZL/ Vi g (w)du = KOAL 5= 37AO'

(k+1)A
The fourth conditional moments of Z,(clA) and Z,(i) can also be treated by Proposition 11:

(k+3)A

4
W\ |z 1 7
E (Zm) t+1)a | = 25E e Vi1 (u)o (Vi) dWy, (k+1)A

1 h+3)a , 2 ol (k3)a 2
S EE / Vg1 (uw)o™(Vy)du ’ﬁ(kﬂm < A8 / Y1 (w)du
(k+1)A (k+1)A

0761.4A6< 1

A3 9 ~ A2
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as well as

1 (k+3)A 4
9(k+1)A> = EE /(k+1)A Y1 (w)§(Vy_ )Ly, ‘5‘(k+1)a

(k+3)A 2
/(k A ¢%+1(“)§2(Vu)du> ‘y(k+l)A
+1

E ((Z,SA))4

..

[

1 A (k+3)A . ,
+ *8/21 v(dy)-E / Vi1 (W (Va)du| Fy1)a
R (k+1)A
¢ (k)8 2 ) k)
< AS / 1/)k+1(u)du +/y V(dy)/ ¢k+1(U)du
(k+1)A R (k+1)A

_ﬁ 46_|_/ Yu(d )2A5 <L(A6+A5) i+i< !

TAas\ g T LYV AS A2 A3~ A
with regard on A <1 and

(k+3)A A 2A5
/ Vg (w)du = -
(k4+1)A
6.3 Proof of Proposition 7
We introduce the empirical norm
1m0
Islf2 = I 282(Vm)~
k=1
We have that
1 — 2 I, o _ - 2
Yn(s = Z:l s(Vika) = Yia)™ = -~ 2 (s(Via) = b(Via) +b(Vea) — Yia)

2 o _
= ||s = Il + 7 (b) + - Z (Vea) = b(Vea)) (b(Via) — Yaa) -
k=1

Therefore, as Yya = b(Via) + Ria + Zia,

n

n5) = () = s = B2 = 2 37 (s(Via) = (Vi) (Rrs + Zia)
k=1

By definition, Vn(i?m) < Yn(brm) and thus
2~
-~ > (b (Vea) = bm(Via)) (Ria + Zia)-

b -t

By the use of the Cauchy-Schwarz inequality, it holds for any a > 0:

n
a 2
+ - > _Ria
k=1

—Z (Via) = b (Vea)) Rias < = Hb
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Due to Proposition 4, it holds that E (R?,) < A. Let us consider the linear form

Z s(Via)Zia.

k=1

3\>—‘

Moreover, let us define %, := {s € Sm, ||3H72T = 1}, the unit ball (for the [|.||, norm) of S,,. We
have, for any ¢ > 0, by the use of the Cauchy-Schwarz inequality:

2

72 (Vea) = b (Vea)) Zea < 2 [ - L

- sup vp(s) < - Hém — by,

2
+c sup v2(s). (4)
T S€EBm c
1| < 1/2}

™ SEBm

§

Let us introduce the event
2
HSH

Q, = {wEQVmGJ/{n,V € S,

on which the norms |.|| . and ||.||,, are equivalent.
Note that for any deterministic function s, it holds that

Ellsll,.) = llsll»

Q,, happens nearly all the time, as shown by the following lemma from (Comte et al., 2007, Lemma
6.1).

Lemma 13. As
i) Vi is exponentially B-mizing,
i) Vi is stationary and its stationary density 7 is bounded from below and above on K,
i11) the vectorial subspaces Sy, satisfy Assumption A3,

then

P(Q) < ¢/nS. (5)
We first control the risk on Q,,. Gathering (2), (3) and (4),
2 1 . 2
) +E <Hbm — b, >
n C ™

E (Hb — bmHi ngn) <E (Hb _ bm||i) n éE (Hbm — b,

+cE ( sup Vfl(s)) +aE (R%) .
SEBm

By the triangular inequality, it holds for any norm that
. 2 . 2 )
Hbm - bmH <2 Hbm - bH 200 — bl
As b — b, is a deterministic function, we have that

E (16 buall7 ] = l1b = b
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Moreover, on €, we conclude the relation ||s||fr <2 ||sH$I Therefore, it holds that

E (HBm — b, i 1Qn) < 4E (

~ 2 N 2 9
E (Hbm by, ) < 2E <Hbm —bH ) + 26— b2

such that consequently

2 2 4 ) 2 2 ) ,
E Hb—bm To, ) (1=2=2) <b—bul? (14 2+2) +aE(RL) +cE ( sup 12(s) ).
n a c a c SE€B,

Let us set a = ¢ = 12, then we have

b — bH2> +2]b = bl?

and

L2
E (Hb bmH ]lgn> < g b= b2 + CA 4 24E ( sup VZ(S)) (6)

SEBm

and, moreover, let us consider (), an orthonormal basis (for the norm ||.||,) of S,,,. We have that

By, = {sESm,s:Za)\ga)\,Zai < 1}.
A A

Using the Cauchy-Schwarz inequality, we obtain that

SEBm a3<1

E < sup ug(s)> = sup (Z axvn (o )
< (ZE ) (z ) <Y B (o)

2<1

Moreover,

1 o .
=E ( @?\(VkA)Z/%A> 2 > E [oa(Via)ea(Via) ZeaZia) -
i<k

We first bound the square terms:

lioal? = 228FE,

E (03 (Vin)Z2s) = E (63 (Via)E (Z2a| 7 < 2o tls z
©x(Vka) ch)_ (%\( kA) (kA| (k+1)A)) A 37 A

-3
If |j — k| > 2, then Zja € F(j13)a € F(r+1)a and the expectation of the product is null:

E (ox(Vea)ox(Via)ZkaZia) = E (ox(Vea)ox(Via) Z;aE (Zeal Fri1ya)) =0
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and if j = k — 1, by the Cauchy-Schwarz inequality,

> > 2/ 2 2 (1 o \W1/2 _ 205 +&
E (o2 (Vea)oa(Via)ZjaZka) < (B (X (Via) Zia) E (90X (Via)Z5a)) " < 3= 1=
Therefore: e
2 05 + &0
<
e (p A0) =275
and by (6),

D,

nA’

It remains to bound the risk on Q¢. We can remark that (b, (Va), bm(Vaa), ..., bm(Vaa)) is the
orthogonal projection for the ||, -norm of (Ya,...,Y,a). We denote this projection by II,, and
define Y := (YA, .o ,YnA)7 R = (RA, ey RnA) and Z := (ZA, ey ZnA)-

We have that Yya = b(Via) + Rea + Zia and

A 8
E (Hb _ bmH ILQn) < S b= b2 + €A+ 48(03 + &)

e

= ||b =T, Y|> = [|b — IL,b||> + [ TL,R + 11, Z?

and, hence, by the Cauchy-Schwarz inequality

. /
E [bemHi lﬂn] S (;ZE(b4(VkA)1VkAeK)P(Q%)>1 2

which ends the proof.

6.4 Proof of Theorem 9

As previously, we decompose the risk on €2, and QF. On Qf, we obtain the same bound as for the
non-adaptive estimator. We bound the risk on Q,,. We have, for any m, like in (6):

. 2 8
E wbm - bH nﬂn} < 2 b= b I3 + 2pen(m) — 2pen(ii) + CA + 24E

SG.@mwm

sup V?l(s)] ,

where %y, ms is the random ball of the set S, + Sp. Let us introduce the function p(m,m’) as
follows:
12p(m,m’) := pen(m) + pen(m').

Then

2 ~

E Uyz;m b sup  v2(s) p<m7m>] .

2
]].Qn:| < 8 [b = bu||Z + 4pen(m) + CA + 24E
n 3 SEBm,m
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The problem is to bound »2(s) on a random ball. We have:

E

a6t <508 | w0t
SG%T,Lm m/ SEAB,

m,m/’

We follow straightly the proof of Theorem 2 in Schmisser (2014). To bound this term, we use a
Bernstein inequality and, moreover, we need to apply a Markov inequality on the term exp(v,,(s)).
The following proposition is exactly Corollary 5.2.2 of Applebaum (2009).

Proposition 14. Let F; and K; be two locally integrable and previsible processes and let

t t t 2
Y, ::/ E,dW, Jr/ K,dL, ,/ [" +/ (eK"Z —1-Kyz2) I/(dz)] du.
0 0 o L2 R
Vi>0, E / / (dz) < 00,
|>1

then e¥* is a .F;-local martingale.

If

We set
1 n 1 n
F, = deS(Vm)U(Vu)WH(U), Ky = ZkZ:OS(VkA)ﬁ( Y1 (u)
g2 ot t
Acpi=— | F2du, B.;:= (5K —eKy2 — 1) v(dz)d
2 0 0 R

and consider
t t
Mt = / Fuqu +/ KudLu, and }/E,t = EMt — Aeﬂg — Ba,t-
0 0

As Pppq(u) <A, |Ky| <nls|l &o and for e < e := (AA1)/(2n||s]|, o), by Assumption A5,

(e

Then, by Proposition 14, e¥=* is a local martingale for ¢ < ;. It remains to compute its expectation.
We can remark that

2A3 A3
/ Vi (u / Yp(w) Yy (u)du = 5
and the function ¢y1; is identically null if |k —j| > 2. Then
e _ _ t
Aot < grzob 3 sia)s(Via) [ s (wpdyn ()

osmgn

82 2 2
== Anls|2 o3

| /\

2 2A3 AS
ot sl (3+2(3>
k=0
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Moreover, if « < 1A A,
/(eaz —az —1)v(dz) < Ca?.
R
Then, if € < 7,

Bo [ @RS 8T o)) [ (s (i S 2ansl 6

k.j

Hence, there exists a ¢ > 0, such that for any ¢ < 1,

Ay + By < ene*(0f + &) |1sl2
Using the fact that v,(s) = ﬁMHA, we conclude for € < e7:
P (un(s) >, sl < <2) <P (eMma > e AL a4+ Bena < enAe(0f +£3)¢7)
<P (eYE*”A > exp (nAne — cnAe?(od + fg)CZ)) .
We choose

_ U
 2c(0f +83)¢% + /ey

such that € < e; as well as

Ane — enAe? (02 + €2)¢2 < — o
e T ERBERT0 TN = T (02 + €)C + o 5]

Let us consider a sequence {7y} of increasing stopping times such that limy_, 7 = 0o0. Then, as
e¥= is a local martingale, the following equality for the corresponding expectation holds:

E (e¥trrw) = E (e¥e0) = 1.

Moreover, we have that:
P (eY“ATN > a) <e @

Letting N — oo, we obtain P (e¥=* > a) < e~* such that

, n’nA
P (vals) = . [sll} < <2) < exp (—40«03 +E2)C + ko ||soo>> '

To conclude the proof, we use a L2 — L., chaining technique (see (Schmisser, 2014, Proposition
20)).
Let Dy := dim(Sy, + Spyy). We finally obtain that

3/2
E( sup va(s)—p(m,m) | S (& +05)—e vV Emm
SEB  t nA
and, therefore, as >~ , D iﬂm,e VEPmm: — 0(1),
2, 2
+ 0
E| sup v2(s)—pim,m)| <> E[ sup v2(s)—p(m,m < & 9,
(Jp HON ) 2 (Jp OB >) g

which concludes the proof.
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