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Abstract

In the present article, we investigate nonparametric estimation of the unknown drift function
b in an integrated Lévy driven jump diffusion model. Our aim will be to estimate the unknown
drift function on a compact set based on a high-frequency data sample.
Instead of observing the jump-diffusion process V itself, we observe a discrete and high-frequent

sample of the integrated process
t
X = / Vsds.
0

Based on the available observations of (X:), we will construct an adaptive penalized least-
squares estimate in order to compute an adaptive estimator of the corresponding drift function
b. Under appropriate assumptions, we will bound the L?-risk of our proposed estimator. More-
over, we study the behavior of the proposed estimator in various Monte Carlo simulation setups.

1 Introduction

In many applications in economics or financial mathematics, several occurring stochastic processes
can be interpreted as integrated processes, which, for instance, means that at time ¢ they possess
cumulatively all information up to this time point. In discrete time series analysis, integrated
processes play a significant role when dealing with nonstationary models of the AR-type. In contrast
to work with the original process, one uses linear combinations (e.g. differences) to get stationary
processes which allow for a more convenient treatment.

In this paper, we will focus on a continuous time model and, concretely, will face the problem
of estimating nonparametrically the unknown drift function in an integrated Lévy driven jump
diffusion model. We will at first concretize what is meant by an integrated process in our context
as follows.

Consider a two-dimensional stochastic process (Xy, V;);>0 such that

dX, = Vidt, Xo=0
AV, = b(V)dt + o(Vi)dWy + £(V;_)dLy, Vo 2, (1)

*Corresponding author, TU Dortmund, Faculty of Mathematics, Germany,
benedikt.funke@math.tu-dortmund.de
fUniversité Lille 1, Laboratoire Paul Painlevé, France, emeline.schmisser@math.univ-lillel.fr



where W = (W});>¢ is a standard Brownian Motion and L = (L;);>0 is a centered Lévy process
with finite variance E (L?) := [; y*v(dy) < oo such that

dL; = /Rz(u(dt, dz) — v(dz)dt).

W and L are independent and 7 is independent of both W and L. Moreover, p denotes the
corresponding Poisson random measure of L with intensity measure v. Note that L is a centered
L?-martingale with respect to its augmented canonical filtration under our conducted assumptions.

Remark 1. We shortly remark, that the system (1) is a special case of a two-dimensional stochastic
differential equation where no noise is contained in the first coordinate.

Our aim is the nonparametric estimation of the unknown drift function b exclusively based on
observations of the first coordinate of (1).
Usual estimation schemes for diffusion processes, as for example in Florens-Zmirou (1993), Bandi
and Phillips (2003), Bandi and Nguyen (2003) or Comte et al. (2007), are based on a sample of the
original process V. In contrast to this setting, we are now assuming that we cannot observe the
process V itself but rather a running integral over this process. In particular, we only observe the

first coordinate .
0

of the original bidimensional process at equidistant time points kA, k = 1,...,n + 3 over the time
interval [0, T], such that
T:=(n+3)A —oco0and A — 0.

Statistical inference for such integrated processes has been, to the best of our knowledge, sporadi-
cally investigated in the literature whereby applications in engineering science as well as in finance
and physics have been conducted. For example, Comte et al. (2009) refer to a model where V
denotes the velocity of a particle and X represents its coordinate. Further models and applications
of such processes in the context of paleoclimate data can be found in Ditlevsen and Sgrensen (2004)
as well as in Lefebvre (1997) and Baltazar-Larios and Sgrensen (2010). In mathematical finance, X
could model the integrated quarticity or the integrated volatility in a stochastic volatility model;
see for example Bollerslev and Zhou (2002) or Andersen et al. (2001).

For such models, parametric inference has been conducted in some works; see for example Ditlevsen
and Sgrensen (2004), Gloter (2000) or Gloter (2006) as well as Gloter and Gobet (2006). But in
general, this topic has not arisen much attention, although it is quite interesting and important for
real data applications.

In the nonparametric framework, we are only aware of few works, in which the coefficients of such
models have been consistently estimated. For example, Nicolau (2007) uses kernel estimators for
the pointwise consistent estimation of b(z) and o?(x). In contrast to the kernel based approach,
Comte et al. (2009) use a model selection approach to construct adaptive nonparametric estima-
tors of b and o on a fixed compact interval in an integrated diffusion model without jumps. This
work extends their approach for estimating ordinary univariate diffusions and was also pursued by
Schmisser (2014) in the case of univariate jump diffusions.

In view of these two papers, we will conduct an analogous approach for the case of estimating the
drift in an integrated jump diffusion model. To the best of our knowledge, adaptive nonparametric
inference for the drift function in an integrated jump diffusion model has not been investigated in



the literature before. In contrast, empirical likelihood inference for this model has been conducted
in Song and Lin (2013). Moreover, a re-weighted kernel estimation procedure has been used by
Song et al. (2013) for pointwise estimation of the function o2 + £2.

2 Assumptions

Let us at first impose the following assumptions, which guarantee the existence of a unique strong
solution (V;) in equation (1).

A 1. i) The functions b,o and & are globally Lipschitz-continuous.

it) The function o is bounded away from zero as well as uniformly bounded for all x:

Jo,00 RV eR: 0< o0y <o(z) <oyp.

i11) The function & is non-negative and also bounded:

JgeR, :VzeR: 0<&(2) < &.

i) The function b is elastic (cf. Masuda (2007)), which means that
IM>0:VeeR,|z| > M: zb(zx) < —2”
We remark that b cannot be bounded as required in Bandi and Nguyen (2003).

v) The Lévy measure v possesses the properties that

Var (Ly) = / yuldy) =1, v({0}) =0, / ¥ u(dy) < oo.

Under Assumption Al,i) a unique strong solution (V) of (1) exists (cf. Masuda (2007)). More-
over, under Al,i)-iv), this solution is equipped with a unique invariant probability distribution
['(dz). In addition, V is exponentially S-mixing.

Assumption Al,v) simply ensures that v has moments up to order 4. Indeed, the condition
Var (L;) = 1 is only an identifiability condition. Using Theorem 2.1 in Masuda (2007), we can
deduce the ergodicity of (V;), which means that for all measurable functions g € L!(T'(dz)):

1 /T
*/ g(Vs)ds — / g(@)'(dz) a.s., as T — oo.
T Jo R

Due to our assumptions on the Lévy measure v and the Lipschitz-continuity of the coefficients
b,o and &, we have that E (‘/;4) < oo for all t > 0. This can easily be proven by applying the
Cauchy-Schwarz inequality successively. We will focus on this property later on.

Moreover, we impose that

A 2. vi) T is absolutely continuous with respect to the Lebesque measure and, thus, possesses a
Lebesgue density my such that T'(dz) = my (z)dz.



vii) The process (V) starts in its invariant law:
Vo ~ I'(dx)
such that (V;) is stationary.

Remark 2. These assumptions are largely congruent to those in Schmisser (2014 ), who investigated
the nonparametric estimation of b in the usual non-integrated setting.

We will now concretize our estimation approach. Hence, let us assume that we are aware of a
high-frequent data set {Xxa, k& = 1,...,n + 3} of the process (X;) given by (1). As mentioned,
the process (V) is not observable and has to be approximated. The idea behind our estimation
approach relies on the following transformation. We set

1 [G+DA

_ - 1
Vin i =V ::K(X(k+1)A_XkA) :Z Vids, 1 <k <n-+2.
kA

Figure 1: Example of trajectories of (V;), (X;) and (Via)

-V (X)) - (Vka)
1
AX, = Vidt, dVi = =2V +dW, +dLy v(d2) = 5Ty

n =100, A =101,
V; is simulated thanks to an Euler scheme of sampling interval § = 1072,

Remark 3. We point out that (Vk)kzo shares some crucial properties of the underlying process
V. According to Comte et al. (2009), the averaged process (Vi)k>o is stationary and exponentially
B-mixing, too. The latter fact can be seen due to the fact that

By (k) < By (kA), k=1,...n+3.



Let us now start with a very useful proposition acting as a key point for our proofs. The
following proposition generalizes Lemmas 7.1-7.3 in Comte et al. (2009) to the case of integrated
jump diffusions.

Proposition 4. Under assumption Al, the following observations hold true:
a) We have that
1 kDA

Vi + —

(u—kA)AVy = Viernya, 1<k<n+2.
A Jia

b) For1 <k <mn+2 it holds that

(k+3)A

Vit — Viep1 1 /
Yiji=—F— =15 Y41y (w)dVy,
A A7 J,

where
V() == (u— kA) LA krnyaf(w) + (K +2)A = u)ljgrna, kr2)a(v)-

¢) To value the goodness of our used approximation, we state that
E((Visna —Va)?) SA, 1<k<n+2
d) Additionally, we state that
E((Viesna —Vi)') A, 1<k<n+2

Based on the sample {Vk, k = 1,..,n+ 2}, we will now propose the drift estimator for the
considered model and start with the following decomposition based on Proposition 4:

Vikt2)a — Viesna 1 kA
Y = = —
(k+1)A A A% Jyoii Yrg1(w)dVy,
1 (k+3)A (k+3)A (k+3)A
= A2 / ¢k+1(u)b(Vu)dU+/ ¢k+1(U)U(Vu)qu+/ Vit1(w)E(Vyy-)d Ly,
(k+1)A (k+1)A (k+1)A
1 (E+3)A
= 00ima) gz [ e ) V)
1 [k+3)A 1 k+3)A
oz Bl 5 [ e,
+ +
B B 1 kA
= 0ha) +00Vsa) = Tis) + g5 [ 060%) ~ Vi)
1 pk+3)A 1 rUe3)a
+ 23 e @oVi)aWat 35 [ eV )L,
(k+1)A (k+1)A

= b(Via) + R\Q + RER + Zj3 + Zix.



Hence, Y{;11)a will act as a good approximation of b(Via) with

B 1 (k+3)A
RO = b(Vijsya) — b(Via), RE = A i1 () (0(Va) = b(Viy1)a))du
(k+1)A
and
o _ 1 era @ _ 1 [8
ZR =+ / Uk (Wo(V)dWy  ZiX = 55 / Vg1 (w)§ (V- )dLy.
(k+1)A (k+1)A
We set 1 9
Ria = R+ RP)
and

Zin = Z\R + Z2.

and denote by
Fy = U(%a (Ws)0§s§t> (Ls)Ogsgt)

the natural filtration of V;. Let us remark that Via belongs to Fk+1)a Whereas Zpa and Rpa
belong to .Z(j43)a. In order to control the approximation error Ria as well as the noise term Zja
we will need the following lemma in order to bound the required moments.

Lemma 5. Under Assumption A1 we have that for 1 <k <n+2 and A <1

a) E(RI\) SA and E (RiA) S A.

b) E (Zzilﬁ\c%mm) =0 and E (Zl(ci)‘gz(k+1)ﬁ) =0
2 2

¢) E ((ZISA)) Iﬁ(mm) <o5/A and E ((ZIEZA)) f(kum) <&/A
4 4

0 E((2R2) 1P0ma ) 182 o e ((22) 1Fna ) 1707

3 Spaces of approximation

Let us now turn to our essential aim, namely to estimate nonparametrically the drift function b
on a compact set K. To do this, we consider a sequence of nested subspaces Sy, ..., Sm,... such
that Uy, S, is dense in L?(K). We minimize a contrast function 7, (¢) on each S,, and then choose
the best estimator by introducing a penalty function (see for instance Barron et al. (1999)). The
rate of convergence of our estimator will depend on the regularity of the drift, i.e. its modulus of
smoothness.

Definition (Modulus of smoothness). The modulus of continuity of a function f at t is defined by

w(f,t) = sup [f(z) = f(y)l.

|z—y|<t

If f is Lipschitz, the modulus of continuity is proportional to t. If w(f,t) = o(t), then f is constant:
the modulus of continuity cannot measure higher smoothness.



We define the modulus of smoothness by
. r
or(1.0p = sup [8F()ps where Af(f.0) = Z(l)’“(k>f(w T kh).
<h<

If fe %", then for 1 < p < oc:
Wr(fv t)p S trw(f(T)7t)P'

Definition (Besov space). The Besov space BS ., is the set of functions:

Bg o = {f € L?,supt™w,(f,t)2 < oo}
>0
where r = |+ 1]. The norm on a Besov space is defined by:
[fll g :=supt™wr(f, )2+ [ fl 2 -
s t>0

For more details see DeVore and Lorentz (1993).

Figure 2: Example of approximation by piecewise linear functions

o fo

0 o1 02 03 04 05 06 07 08 08 1

1. Sp = {linear functions on [0, 1]}.

2. Sy = {linear functions on [0,1/4[,[1,4,1/2[,[1/2,3/4], [3/4,1]}

We consider a series of nested vectorial subspaces satisfying the following assumptions:
A 3. i) The subspaces Sy, have finite dimension D, .

i) On Sy, the L?-norm and the L®-norm are connected:

3¢y > 0,¥m € N,¥s € Sy, [|s|%, < ¢1.Dom 11|22 -

This implies that, for an orthonormal basis @y of S, Z)\D;”l wiH < ¢?D,,.
oo



i11) We can control the bias term: for an integer v called the regularity, there exists a constant
C > 0 such that for any function s € By, « <r, Vm,

s = smll 2 < C2 sl s

where sy, s the orthogonal projection of s in Sy, .

iv) The subspaces are nested: let us set M, = {m € N, D,, < N,} where N,, is an integer. Then
there exists Sy, satisfying properties i), i) and i), such that Vm € My, Sy C Sp-

Those assumptions are standard for estimation by projection. The subspaces generated by
wavelets of regularity r, piecewise polynomials of degree r or trigonometric polynomials satisfy
these assumptions (see Meyer (1990)).

4 Estimation of the drift function

We consider the mean square contrast function

n

1

Tn(s) = — > (5(Via) = Yia) Ly i
k=1

For any m € .4, where .#,, = {m € N, D2 <nA/In(n)} we consider the contrast estimator

R 1< _
b, = arg s%%n Yn(s), where ~,(s) = - ;(S(VkA) — YkA)Q.

As Via is not available, we consider the empirical risk

n
k=1

H(s) =E (1 > (s(Vaa) ~ b(VkA))lekAEK> :

The process Vja is stationary like Via. We denote by 7 its stationary density and we assume that
this density is bounded from below and above on K:

A 4. There exist mg, m such that for any x € K:
0 < m(z) <m(x) <m < oo.
We obtain the following bound:

Proposition 6. Under Assumptions A1-A4, for any m € My,

. 8 5 9 o.Dm c’
< Z — - -
(b)) < 3 |bm — bl + 48(a¢ + £5) A +CA+ —

where by, is the orthogonal projection of b on Sy, and Hs||fr = [ $*(x)m(z)dz.



The term ||by, — beT is a bias term, due to the fact that our estimator belongs to S,,. It de-
creases when m increases. The variance term D,,/(nA) increases with m. A and 1/n are two
remainders terms: A appears because the observations are not continuous, it is linked with the
difference b(Vy) — b(Via), and the term in 1/n comes from our approximation method.

We obtain a collection of estimators (by, by, . ..) and would like to select the "best" estimator,
which is the estimator that minimizes the empirical risk and in particular the trade-off between
bias and variance terms. If the drift function b belongs to the Besov space Bg ., then we have an

explicit bound for the bias term: ||b — bm”i— < D2 and the risk of the estimator b, is bounded
by

- D
< —2« m
X(bm) S D%+ A + A.

This quantity is minimal for D,,, , o« (nA)Y/(2¢+1)  The risk of the optimal estimator b satisfies:

Mopt

R(bm,,,) S (nA) 720/ Cetl) L A

~

If nA? tends to 0, that is if we have high frequency data, b
2a+1).

converges towards b with the non-

Mopt

parametric rate (nA)=/(

As we do not usually know the regularity of the drift function b, we now aim at selecting the
best estimator without knowing it. Let us introduce the penalty function

pen(m) = #(c + £5) Dm/(nA),

which is proportional to the variance term and let us also choose the "best" dimension according
to

i =arg_inf {ya(bm) +pen(m)}.

We obtain an adaptive estimator by, and need the following additional assumption to control the
big jumps:

A 5. We assume that the Lévy measure v is sub-exponential:
ACA>0,V2>1 v( -2z < Ce A1,
Hence, the tails of the jumps cannot be too heavy.

Theorem 7. Under Assumptions A1-Ab, there exists ko such that for any k > kg

E [Hf)m—bm

e it L= bl 4+ apenim) L + €+ 0
n| ~ med, | 3 milm P n ’

where pen(m) = k(&2 + 02) Dy, /(nA) is defined as above.

5 Simulations

To construct our estimators, we choose the vectorial subspaces generated by spline functions. In



Figure 3: Spline functions ¢(")
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that case,

= (r) (r) —om/2, (r)(om(,. _
Shr {Vect <(<p/\’m)0§m§2m—1>} where L,O)“m(.i?) 2M2 o (2™ (x — X))

and
(p(r) = ]].[071] ..ok ]].[0,1]

is the r-times convolution product of the indicator function of [0, 1]. The subspace Sy, can also be
described as the subspace of all the piecewise polynomials of degree r which belong to €"~!. To
obtain the adaptive estimator, we select both (m,r) (0 < r < 7) simultaneously. We have the same
rate of convergence as if the regularity r» was equal to 7.

Let us now focus on the Monte Carlo simulation settings. For each model, we are interested in
estimating the drift b on the compact interval K := [—1,1]. Thanks to an Euler scheme, we realize
for each model five simulations of (X, ..., X,a) for the number of observations n = 10° and the
sampling interval A = 1072 and draw the estimators. We also realize fifty simulations and compute
the estimators b;, and Z)mom. We compute the empirical risks Rn(l;m) and Rn(l;mom), where

R, (t) = % Z(t(VkA) —b(Via))?.

k=1

Moreover, we derive the means of ]%n(ém), denoted by risk, as well as the means of m and 7.

In addition, we compute
R, (b
or:=mean | —=——
R7l(bmopt)

to check that our estimator is really adaptive. Indeed, if the choice of m is in some sense good,
this quantity should be close to 1. For the sake of completeness, we also give T, the mean of the

10



computation times. T, depends on both nA (and therefore .4, and the number of estimators Bm
computed) and n.

From the results it can be seen that for the number of observation n = 10° and the sampling
interval A = 1072, the adaptive estimators are very close to the true drift function (they are nearly
superposed). Moreover, the risk of our estimator decreases as the observed time horizon of the
underlying process, T' = nA, increases. This coincides with our theoretical findings in the previous
sections. The best results are obtained for n = 10°, A = 1072, that is, A small enough, and nA
large enough.

Model 1: Ornstein Uhlenbeck process with binomial jumps
dVy = =2Vidt + dWy 4 d Ly

with binomial jumps: v(dz) = 11._44.

Figure 4: Model 1

2
|

-1.0 -0.5 0.0 0.5 1.0
— @ true drift - - : estimators
n=10° A =102
A n risk or m 7 T.

01-!' 10% | 0.074 203 |0.14 1.12 ] 0.13
10-1 10* | 0.041 1.09 | 0.14 1.18 | 2.06
10-t 10 | 0.037 1 0.06 1.06 | 51.77
1072 103 | 1.24 5.88 | 0.66 1.08 | 0.05
1072 10* | 0.078 6.71 | 0.38 1.16 | 1.12
1072 10° | 0.0099 5 0.3 1.28 | 17.67
1073 10* | 1.26 11.38 | 0.58 1.12 | 0.32
1073 10 | 0.16 16.2 | 0.72 1.56 | 10.74
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Model 2: Cubic function with Laplace jumps

VZ+3
dVy = (=(V; = 1/4)> — (V; + 1/4)*) dt + Vgiﬂdwt +dLy
ful
with Laplace jumps:
f(dz) = v(dz) = 0.5¢712"°21,

Figure 5: Model 2

b(z) = —(z +1/4° = (2 = 1/4)°, o) = zz I :137 E(x)=1, wv(dz)= 0.5e~ 12721,

1.0 05 0.0 05 1.0
—: true drift - - : estimators
n=10° A =102
A n risk or m & T.

10-T 10°]0.38 1.2 | 0.08 0.96 | 0.11
1071 10% | 027 1.08| 0 1 1.54
1071 105 | 026 1.03| 0 1 | 44.96
1072 103 | 3.34 3.64 | 0.28 0.54 | 0.04
1072 10* | 0.52 2.06 | 04 1.06 | 0.89
1072 10° | 0.09 1.4 | 042 214 | 13.3
1073 01* | 4.95 4.51 | 0.56 0.46 | 0.25
107 10° | 0.63 2.74 | 0.64 1.24 | 8.14

Model 3: Sine function with normal jumps

V2 +3
dVy = (—2V; +sin(3V;))dt + Vt2 1 1th + \/2 + 0.5sin(w V- )dL;
¢
with normal jumps: v(dz) = \/%6_22/2

12



Figure 6: Model 3

. x2+3 i e—22/2
b(x) = =2z +sin(3z), o(x) = R () = /24 0.5sin(nx), v(dz) = ok

1.0 05 0.0 05 1.0
— @ true drift - - : estimators
n=10%, A =102
A n risk or m 7 T.

10-T 103036 1.32]0.08 0.96 | 0.11
10-Y 10* | 027 1.08| 0 1.04| 1.49
10-1 10° | 0.25 1.04 | 0.04 1.02 | 44.82
1072 103 | 3.43 342 | 0.26 0.68 | 0.04
1072 10* | 0.48 1.76 | 0.36 1.16 | 0.87
1072 105 | 0.1 148 | 0.7 2.04 | 13.45
1073 10° | 5.24 4.05 | 0.44 0.72 | 0.24
1073 10° | 0.84 3.27 | 0.92 0.98 | 8.11

Model 4: Nearly stable Ornstein Uhlenbeck process

1
- =

Note that in this model, the jumps have infinite intensity.

6 Proofs

In this section, we will present the proofs of the stated results. The Burkholder-Davis-Gundy
inequality for stochastic integrals driven by L?-martingales will be one of the keys for the proofs.
For the sake of completeness, we will state its formulation at first.

Proposition 8 (Applebaum (2009); denoted as Kunita’s first inequality). Let
Fy = U(VO7 (Ws)s§t7 (Ls)sgt)-

13



Figure 7: Model 4

-1.0 05 0.0 05 1.0
—: true drift - - : estimators
n=10° A =102
A n risk or m 7 T.

10-% 103 | 0.093 1.37 | 0.08 1.04 | 0.13
10-1 10* | 0.046 1.02 | 0.02 1.1 | 1.79
1071 105 | 0.041 1 004 1.1 |56.24
1072 103 | 1.13 3.15| 0.54 0.84 | 0.04
1072 10* | 0.12 6.07 | 0.44 1.38 | 1.02
1072 10° | 0.012 528 | 0.5 1.26 | 16.65
1073 10* | 1.1 724|044 1.08| 0.29
1073 105 | 0.14 6.87 | 0.52 1.44 | 9.81

Then, for any p > 2 such that [, |y|Pv(dy) < oo and [ y*v(dy) = 1, there exists a deterministic

positive constant C}, such that
E( sup / o(Vy)dW, §t> ( (‘/ w)du ft>>
SE[t,t+A] t
t+A
t) < CyE (‘/ ﬁt)
¢

/ £,
+G [ lypvian)e (( / e |£<vu>|pds> 'ﬁ)

A consequence of this proposition is the following corollary. Its proof its fairly classical and can
be found for instance in Gloter (2000, Proposition A) for diffusion processes.

P p/2

as well as

p/2

sup
s€t,t+A]

14



Corollary 9. Let V = (V});>0 be the second coordinate of the solution of (1). Under assumptions

Al,i)-vi), it exists a constant C > 0 such that
E| sup (Vi-V)?| <A,
SE[t,t+A]

for every t > 0, provided that A < 1.
Moreover, the fourth moment can also be bounded by
E ( sup (Vi — m)“) < CA,

SE[tt+A]

for every t > 0 provided that A < 1 and whereby C denotes another positive and deterministic

constant.

6.1 Proof of Proposition 4

We start with the proof of a), which is more or less an interchange of integrals according to

_ 1 pB+DA 1 kDA
Vi = N Vids = K/ (Vie+1a + Vs = Vigg1)a)ds
kA kA
1 DA (k+1)A 1 kDA u
= — ‘/(k-‘,-l)A — / qu ds = ‘/(k:-‘rl)A - — </ dS) qu
A Jia s A Jia kA
1 fR+DA (k+1)A
= ‘/(k""l)A — Z (u — kA)qu = ‘/(k+1)A + Z (kA — u)qu
kA kA

By the use of a), we are able to deduce statement b) as follows:

1 | [k+3)A
Y. :(V - — u— (k+2)A)dV,
n=x(Veoa=x (u—( )A)
1 2
— Vikt2)a + N ( (u— (k+ 1)A)qu>

E+1)A

| A
=2 /(k A ((u— (k+ DA hs1)a,tr2)a) (@) + ((k +3)A = w)Ljhi2)a, r3)a) (1) dVy
+

1 (k+3)A

= — YViprna(w)dVy,.
A2 /(k+1)A (k+1)

The proof of c) is based on Corollary 9 as well as the Cauchy-Schwarz inequality and is derived as

follows:

_ 1 (k+1)A 2
E((Vierya — Va)?) = Azl /kA (Viks1)a — Vs)ds

(k+1)A
/ AE (Vigsnya — Vs)?) ds S A.
k

<1
SA? )
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Statement d) can be deduced by using a) and the Cauchy-Schwarz inequality twice as follows

) 1 (k+1)A 4
E (Virya — Vi)*) = EE /m (Vik41)a — Vs)ds

1 (k+1)A 2
-E A/A (Vik+na — Vs)?ds
k

IN
2l

1 (k+1)A 2

S Az -E / (Vierya — Vs)?ds
kA

1 (k+1)A \

<ar A E(una - V) ds
kA

1
< LAZ=A.
~ A

6.2 Proof of Lemma 5

Let us start with a). Obviously, we have that

2 2
E(R2,) <2 (E ((Rg) > +E ((R,(fg) )) .
By using the Lipschitz-continuity of b as well as Proposition 4 we can conclude that
E ((RR)?) = E ((6(Viksn)a) = b(Via))?) < CF B ((Visna — Via)?) S A,

where ('} denotes the Lipschitz constant of the drift function b.
Using the Cauchy-Schwarz inequality as well as the fact that

(k+3)A A3
/ 7/’1%+1(U)du = 3
(k+1)A

the second term can be handled as follows

2
=((r2)") == (Al [ o - b(wkH)A»du)

(k+1)A
1 (k+3)A (k+3)A
< E/ Y (u)du - E (/ (b(Va) — b(‘/(k+1)A))2dU>
(k+1)A (k+1)A
o [kt3)A ,
=3A A E ((b(Va) = b(Vikt1ya))?) du

205 (k+3)A 5
E ((Vu = Vikg1)a)?) du

~ 3A Jta
1

< . 2 =

S5 AT=A
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The fourth moment of Rpa is treated in an analogous manner. At first, it holds that
E(Rba) <8 (E((B)*) +E((R2)*)).
Again by Proposition 4, statement d), we have that
4 ~ 4 =4
E ((RSA)) ) =E ((b(‘/(k+1)A) —b(Via)) ) <C}-E ((‘/(k+1)A — Vi) ) <A

In order to derive the second summand, we make use of the Cauchy-Schwarz inequality twice:

E ((RI(C2A))4) =E <A12 /((k+3)A Vi1 (w) (b(Va) — b(V(kJrl)A))dU)

k+1)A

1 k) 2 (k+3)A , 2
— s ([ etade) B[ 000 - WVaa)Pdu
(k+1)A (k+1)A

A6 (k+3)A y
: @E A/(k+1)A (bVa) = b(Vik1ya))du

404 (k+3)A
b E ((Vu = Virr1)a)?) du

~ 9A Jigna
1
<UA2ZA

which concludes the proof of statement a).

Statement b) is a direct consequence of the fact that both Zéz and Z,ng) are martingale difference
sequences with respect to the canonical filtration #;. We explicitly remark that Vya belongs to
Z(k+1)a such that Zpa is centered, conditionally on Via, by the use of the martingale property of
(W) and (Ly).

Concerning statement c), we make use of Proposition 8 as follows

2
2| 1 (k+3)A _
E (ZkA> F k1A | = EE _/( Yr+1(w)o (Vi) dW, Z(k+1)A

k+1)A
1 k3)a )
- E /(M)A 21 (o (Va)du| F s a
0_2 (k+3)A 0_2 2A3 20_2
< 20 2 du = -9 . < 220
- Al /mm Vi = i = 5
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In order to handle the Lévy-driven part Z ,(i) we proceed analogously

2
(2) 2 T 1 (k+3)4 o
E((22) |Zusna ) = x7E /UM)A e (WEVa YLy | | Frinya

1 (k+ma ,
= il / Vi1 (WE (Vi) du| F (e y1)a
(k+1)A
5 M E g 2% 2g
<=0 du =20 . 220 _ 250
= A4 (ht1)A wk-‘rl(u) U A4 3 SA

The fourth conditional moments of Z ,glA) and Z ,(CZA) can also be treated by Proposition 8:

4
(1) 4 T 1 ()4 T
E (Zm> Ferna | = {5E /( Vrer1(w)o(Va)dWy | | Frr)a

E+1)A

1 kt3)a , 2

4 (k+3)A 2 4 6
99 2 0y VAN 1
_— d [ S
A8 (/(k+1)A Ve (W) u) A8 9 A2

IN

as well as

4 1
() o) - ([

(k+3)A 4

/( WH(U)E(Vu)dLu) ‘ﬁ(kﬂ)a
(k+3)A 2

/( 1/)13+1(U)€2(Vu)du> ‘%kﬂm

(k+3)A
+i8/Ry4u(dy)'IE (/( . P (W)E (Vi) du

k+1)

s (k+3)A ) 2 . (k+3)A .
S A8 / Vi (u)du +/y V(dy)/ Yy (u)du
(k+1)A R (k+1)A

ﬁ(kH)A)

with regard on A <1 and
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6.3 Proof of Proposition 6

We introduce the empirical norm
n

1 _
Isll2 = = > s (Vaa).

k=1
We have that
%Z YkA) = % Z (s(Via) = b(Via) + b(Viea) — Ym)2
=1 k=1
=|b— SHi + v (b) + % Z (S(VkA) — b(VkA)) (b(VkA) - YkA) .
k=1

Therefore, as Yia = b(Via) + Ria + Zia,
n

Y (8) = (b) = [ls = bl[3 — %Z(S(VkA) — b(Vea))(Ria + Zia)-
k=1

By definition, 7n(13m,) < 4 (by,) and thus

5= b < 1= B2 4 257 o (Fn) — b (Via)) (R + Zia).

With Cauchy-Schwarz inequality, for any a > 0:

szs Vi) — b (Via)) Ria < = Hb

n
a 2
RN
k=1
By Proposition 4, it holds that £ (Rz A) < A. Let us consider the linear form

I~ -
Un(s) = - Z s(Vka) Zra-
k=1

Moreover, let us define B, := {s € Sy, ||5H72T = 1}, the unit ball (for the ||.||. norm) of S,,. We

have, for any ¢ > 0, by the use of the Cauchy-Schwarz inequality:

2

1.
- sup vn(s) < - ’ by, — b,
T SEBm &

n Z (Vka) = bm(Via)) Zra <2 HEm —

K

Let us introduce the event

R

Q, = {w € ), Vm € Mp,¥s € Sy,

on which the norms .|| and ||.||,, are equivalent.
Note that for any deterministic function s, it holds that

Ellsll,.) = llsll»

+ ¢ sup v2(s). (4)

Q,, happens nearly all the time, as shown by the following lemma from (Comte et al., 2007, Lemma

6.1).

19



Lemma 10. As
i) Vi is exponentially B-mizing,
ii) Vi is stationary and its stationary density 7 is bounded from below and above on K,
i11) the vectorial subspaces Sy, satisfy Assumption A3,

then
P(QS) < ¢/nS. (5)

2 1 . 2
)+E<Wm—bm )
n C s

We first control the risk on ©,,. Gathering (2), (3) and (4),
~ 12 1 A
(o= b 10, ) <2 (10 5012) + 25 ([ -
n a

+cE < sup VZ(S)) +aE (R}) .
See%yn

By the triangular inequality, it holds for any norm that
R 2 R 2 )
Wm—@ﬂ g2wm—4‘+2mm—w.
As b — b, is a deterministic function, we have that
2 2
E 1o = bul] = llb = bl

Moreover, on §2,,, we conclude the relation ||5||fr <2 ||5Hi Therefore, it holds that

EO@m—anih%)§4EOﬁm—4ﬁ>+2w—ﬁmﬁ

2 N
E( )gQE(Wm—b
n
such that consequently

2 2 4 2 2
EO&-@nnnm)<1—a—c)gub—@n3<L+a+c)+aEa&)+dE(wpuﬂ@).

SEBm
Let us set a = ¢ = 12, then we have

EG@—&n

and, moreover, let us consider (), an orthonormal basis (for the norm ||.||,) of S,,,. We have that

By = {SZZGM"/\’Z@%\ < 1}.
A A

and

by, — by

2
n

) 20l b2

2
]lgn> < 8||b—bm||fr+OA+24]E< sup V%(S)) (6)
n 3 SEBm
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Using the Cauchy-Schwarz inequality, we obtain that

= (s ) =2 | s (Tovacon) )
< (ZE )(Zai) <Y E(vi(e) -

2<1

Moreover,

2
/\(VkA)ZkA>

Sl
M=
€

k=1

E (vi(px) =E (
1

n B 9 B B
=E <n2 wi(VkA)Z§A> +3 > E[oa(Via)oa(Via)ZeaZia)l -
k=1 j<k

We first bound the square terms:

E (03 (Via)Zia) = E (03 (Vea)E (Zial Zhi1)a)) < % =37 A

=3 A
If |j — k| > 2, then Zja € F(j13)a € F(r+1)a and the expectation of the product is null:

E (ox(Via)oa(Via) ZeaZin) = E (ox(Via)oa(Via) ZiaE (Zral- Fri1ya)) =0
and if j = k — 1, by the Cauchy-Schwarz inequality,

2 2
E (o(Via)oa(Via)Zsa Zia) < (E (#(Via) Z2a) B (3 (Via) Z2a)) /7 < 270550,

Therefore:

2 ¢2
E < sup VZ(S)) < 2M

SE:%WL nA
and by (6),

8 Dy,
E (o= b 10,) < 5 16— buals + CA + 48005 + )

It remains to bound the risk on Q¢. We can remark that (b, (Va),bm(Van), ..., bm(Via)) is the
orthogonal projection for the |||, -norm of (Ya,...,Y,a). We denote this projection by II,, and
define Y := (YA, .o ,YnA), R = (RA, ey RnA) and Z := (ZA, ceey ZnA)-

We have that Yya = b(Via) + Rea + Zia and

I 2 2 2
o= b =16 = TLL Y = b= I + TR + 11,2
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and, hence, by the Cauchy-Schwarz inequality

n

N 1/2
2 1 _ .
E [bem 19:;] S (n ;E(b4(VkA)1vaeK)P(Qn)>

n 1/2
+ (i S (B[R] +E [zm) (B(05) 2

k=1

By Lemmas 5 and 10 we finally conclude that

E U’b b

2 1

Jlszc} S -
n " n
which ends the proof.

6.4 Proof of Theorem 7

As previously, we decompose the risk on €2, and QF. On QF, we obtain the same bound as for the
non-adaptive estimator. We bound the risk on ,,. We have, for any m, like in (6):

. 2 8
E [Hbm - bH Ilgn} < 3 Ib— bm||72T + 2pen(m) — 2pen(r) + CA + 24E

an 0

SEBm,m

where %y, ms is the random ball of the set S, + Sp. Let us introduce the function p(m,m’) as
follows:

?|

The problem is to bound v2(s) on a random ball. We have:

12p(m,m’) := pen(m) + pen(m').
Then

R 2
b —bH 194 < % b — by |2 + dpen(m) + CA + 24E

sup  v2(s) —p(m,m)] .
SEBm,m

E

sup 12(s) p(m,ﬁl)] < ZE [ sup  v2(s) p(m,m')] .

SEAB m,h

We follow straightly the proof of Theorem 2 in Schmisser (2014). To bound this term, we use a
Bernstein inequality and, moreover, we need to apply a Markov inequality on the term exp(vy,(s)).
The following proposition is exactly Corollary 5.2.2 of Applebaum (2009).

Proposition 11. Let F; and K; be two locally integrable and previsible processes and let

2

t ¢ t
Y, = / F,dw, _|_/ K,dL, — / [F“ _|_/ (eK"Z —1-K,z2) V(dz)] du.
0 0 o l2 R

¢
Vt>0, E / / |6K“z —1|v(dz)du | < oo,
0 J|z[>1

then €Yt is a .F;-local martingale.

If
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1 n ~ 1 n ~
Fui= 3 ) s(Vea)o(Va) i (u), Ky =1 ) s(Via)§ (Vi ) (u),
k=1 k=0
52 t t
Acp = — qudu7 B, ;= / / (eEK“Z —eKyz — 1) v(dz)du
2 Jo o Jr

and consider
t t
Mt = / Fuqu + KudLu, and }/E,t = €Mt - As,t - Bg’t.
0 0

As gy (u) <A, |Ky| <nfs|l & and for e < e := (AA1)/(2n 5] o), by Assumption A5,

([ [t

Then, by Proposition 11, e¥=* is a local martingale for ¢ < ;. It remains to compute its expectation.
We can remark that

k 2A3 ¢ A3
/O Vi (u)du = =3 /0 V(W) (w)du = =

and the function y1; is identically null if |k — j| > 2. Then

As,t§2AQUOZ VkA JA / ¢(k+1) 1/’(J+1)()

g2 2A3 A3 2
Y (2 ) = A 2,
ZAQJO || ” - ( 3 + 6 > 9 n HSHnUO

| /\

Moreover, if « < 1A A,
/(eaz —az — 1)v(dz) < Ca?.
R
Then, if ¢ < ey,
B [ @RS G Y o)) [ b i S 2ansf 6
k,j
Hence, there exists a ¢ > 0, such that for any ¢ < 1,

Acy+ Bey < enAe(02 +€2) 1512

LM, A, we conclude for € < e;:

Using the fact that v,(s) = —x

P (va(s) > . [5l2 < ) SB (M2 > €31, AL ux + Bea < enAe(03 +E)C7)
<HD( Ye na >exp (nA’I’)E—CTLAa (UO +§O)C ))
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‘We choose
_ n

- 2c(0f +£5)¢ + /e

such that ¢ < &1 as well as

Ane — enA*(of + €3)¢% < — L
NENE T RSBS00 TR0 = T (02 + )¢ + o 18]

Let us consider a sequence {7y} of increasing stopping times such that limpy_, . 7w = 0o. Then, as
e¥=t is a local martingale, the following equality for the corresponding expectation holds:

E (eYE’“TN) =E (eYEVO) =1.

Moreover, we have that:
P (ng,th > a) <e “

Letting N — oo, we obtain P (eYEvt > a) < e~ % such that

nA
P (o) 2 sl < ¢2) < emp (-~ L )

((of +&8)¢% + o lslo)

To conclude the proof, we use a L2 — L., chaining technique (see (Schmisser, 2014, Proposition
20)).
We finally obtain that

3/2

E( sup u,%(s)—p(m,m’)) < (€ +ot) VD
s€B nA

m,m/’

and, therefore, as ), D32 VD — 0O(1),

m,m/e

2 | 52
IE( sup v2(s) — p(m, ﬁz)) < ZE( sup  v2(s) p(m,m’)> < & + 0

te@nz,ﬁz SEAR ’ nA

m,m

which concludes the proof.
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