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Abstract: Extending the ideas of [7], this paper aims at providing a ker-
nel based non-parametric estimation of a new class of time varying AR(1)
processes (X¢), with local stationarity and periodic features (with a known
period T), inducing the definition X; = a:(¢/nT)X¢—1 + & for t € N and
with a;y7 = a¢. Central limit theorems are established for kernel estima-
tors @s(u) reaching classical minimax rates and only requiring low order
moment conditions of the white noise (& )¢ up to the second order.
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This paper is dedicated to the memory of Jean Bretagnolle

1. Introduction

Since the seminal paper [5], the local-stationarity property provides new models
and approaches for introducing non-stationarity in times series. The recently
published handbook [7] gives a complete survey about new results obtained
since 20 years on this topics.

An interesting new kind of models is obtained from a natural extension of usual
ARMA processes, so called tvARMA (p, ¢)-processes defined in [8], as:

Zp:%( )X = Zﬂk( Jér 1<t<n, (1.1)

where a; and Bj are bounded functions. This is a special case of locally station-
ary linear process defined by Xt(n) = ZJ o%( ) &—;. Such models has been
studied in many papers, especially concerning the parametric, semi-parametric
or non-parametric estimations of functions «;, B or ;, or other functions de-

pending on these functions; see, for instance references [6], [8], [7], or [3], [11],
[15] or [2].

For simplicity, we restrict in this firstywork to time-varying AR(1)-processes
()&én’é)a):ﬁﬁe;ladmg 206ri0di6 dilepometationarity24052017.tex date: May 27, 2017

Xt( ) as (nT) Xt(f)1 + &, with agyr =ay, forany 1 <t <nT, neN,

(1.2)
where T' € N* is a fixed and known integer number, and (&) a white noise.
The choice of such extension of the tvAR(1) processes is relative to modelling
considerations: for instance, in the climatic framework, [4] considered models
of air temperatures where the function of interest writes as the product of a
periodic sequence by a locally varying function. This choice provide an interest-
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where (Z;) is a sequence of i.i.d. random vectors modelling for instance exoge-
nous inputs. This more tough case is deferred to forthcoming papers.

Time varying other models with an infinite memory may also be processed
as GARCH-type models (see for instance [9]). Quote also that [10] introduced
INGARCH-models, those models are GLM models; non-stationary versions of
which also may be considered. They will be considered in further works.

The structure of the paper is as follows. In Section 2, we define and study
asymptotic properties of non-parametric estimators for the process (1.2). Sec-
tion 3 provides some Monte-Carlo results while the proofs are reported in Section
4.

2. Asymptotic normality of a non-parametric estimator for periodic
tvAR(1) processes

2.1. Definition and first properties of the process

Here we denote by T' € N* a fixed and known period.
The paper is dedicated to the simplest case X = (Xt(n))lgtgnn nenN, of a T—periodic
locally stationary AR(1)—process,

Xt(n) =a (%) Xt(f)l +¢&, withagr=a; forany 1<t<nT, neN,
K (2.1)
where Xén) = X, with E(X2) < oo. Here (& )sen is a sequence of i.i.d.r.v. sat-
isfying E(&) = 0 and Var (&) = o2 for any t € N.
The functions (as(-))1<s<7, [0,1] — R are supposed to satisfy some regular-
ity. Hence, we provide the forthcoming definition 2.1 usually made in a non-
parametric framework:

Definition 2.1. For p > 0, we denote [p] € N the smallest integer number
such that [p] > p. A function f:x € R— f(x) € R is said to belong to the
class CP(V,,) where V,, is a neighbourhood of u € R, if f € CIP1=Y(V,) and if
fUPI=V s a (1 + p — [p])-Holderian function (0 <1+ p—[p] < 1), i.e. there
exists C > 0 such as

|f(W)(u1) _ f(W)(uQ)| < Cluy — u2|P*fPl for any ui,us € V.

Remark that with this unusual definition, a Lipschitz function is in C'. As a
consequence we specify the assumptions on functions (a;) using a fixed positive
real number p > 0:

Assumption (A(p)): The functions {a:(-); t € N} are such as:

1. (Periodicity) There exists T € N* such that oy(v) = agyir(v) for any
(t,v) € N x[0,1].
2. (Contractivity) There exists a = sup,en pejo,1] @t (v)] < 1.
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3. (Regularity) For any ¢t € N, assume that a; € C”.

Remark 2.1. Quote that T = 1 corresponds to a non-periodic case and (Xt(n))
is then a usual tvAR(1) process defined in (1.1).
First it is clear that the conditions on functions (as) insure the existence of a

causal linear process (Xt(n))lgtgnT for any n € N satisfying (1.2). More precisely,
we obtain the following moment relationships:

Proposition 2.1. Let X = (Xt(n))lgtgn, nen+ satisfy (2.1) under Assumption
(A(p)) with p > 0. Then,
1. Foranyn e N* and1 <t <n, (Xt(n))| gat‘E(Xo)‘.

2. Let s € {1,...,T}. There exists functions P e Cr(]0,1]) such as if
te{l,...,nT} and t =s [T]:

n 1
E((x{")?) = +2( T) +0(.),
(2) = g2 i Bei(v)
with { s () = o i 1;ﬂs,T(v) ’2' (2.2)
Bri(v) = Hj:o atij(v) <ot <1

3. Assume E(£3) = pg < oo and E(£3) = 0 (this holds e.g. if & admits a
symmetric distribution).
For s € {1,...,T}, there exists functions P e C*([0,1]) such as for

te{l,...,nT} witht=s [T]

(e _ @yt 1
E((X")) =% (%) +0(=),
@,y _ @)/ ) 14575 6. (0)
with { ¥ (V) = (ﬂfjﬁf 7 (v ))44 Cha) 0 (23)
ori(v) = JljZpai_;(v) <a® <1

Moreover, for any (t,t') € {1,...,nT}?,

Cov ((X{™)?, (X(M)?) = (%‘”( )Hat,ﬂ 0. (24)

We will now assume Xy = 0.

In addition of the previous proposition, another relation can be easily estab-
lished. Indeed, for ¢t € {0,1,...,nT}, with s = ¢ [T], by multiplying (2.1) by X
and taking the expectation:

()-

The relation (2.5) is the foundation of the definition of the following non-
parametric estimators of the functions as(-).

( t ) _ E(X,X; 1) (25)

“\nT E(X? ,)
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2.2. Asymptotic normality of the estimator

Assume that the sample (X7, ..., X,7) is observed for some n > 1; this condition
entails a reasonable loss of at most T data and allows a more comprehensive
study.

For each s € {1,...,T}, we define I,, = {s, s+T,...,s+(n— I)T}, a set with
#I, s =n. Now for t € I, 5, (2.5) becomes:

E(X,X_1)
“(%) T E(xZ)

A convolution kernel K : R — R will be required in the sequel and it satisfies
one of both the following assumptions:

Assumption (K): Let K : R — RT be a Borel bounded function such that:

o / K(t)dt =1 and K(—x) = K(z) for any = € R;
R
e there exists > 0 such as limp; 4o P MK (t) = 0.

Assumption (K): Let K : R — R" be a Borel bounded function such that:

. / K(t)dt =1 and K(—x) = K(z) for any z € R;
R
e there exists some B > 0 such as K(t) =0, if |[¢{| > B.

Typical examples of kernel functions are K(t) = (2r)~2/2¢=*"/2 and K(t) =
3 I;_1 1) (t) satisfying respectively Assumptions (K) and (K).

Assume that a sequence of positive bandwidths (b,),en is chosen in such a
way that

lim b, =0, lim nb,, = oco.
n—oo n—oo

Now, keeping in mind the expression (2.5), for s € {1,...,T} and u € (0,1), we
set

5(n) N N K P X.X.
Ns(u) s (W) = o Yjer. b iXj—1
= 5@ s dreu 2

= by el K( £n )Xj—l‘
since extremities are omitted we avoid the corresponding edge effects. The case

u = 0 does not make any contribution while the case u = 1 corresponds with
simple periodic behaviours and such results should be found in [12].

(2.6)

S
w -~
S
)
2
&
|

Using essentially a martingale central limit theorem (the steps of the proofs
are precisely detailed in Section 4), we obtain:
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Theorem 2.1. Let 0 < p < 2 and Assumption (A(p)), let K satisfy Assumption
(K) or (K). Then, for a sequence (by,)nen of positive real numbers such as

1
limy, 0 by, NTF20AT = 0,

02
Vb (@s(u) — E(as(u)) = N(O,M/RKQ(:E)dx>,

n——+00 s (

for any u € (0,1),s € {1,..., T}, with & (u) =

g2 1+ i Beiw)
1= Bsr(u)

Note that for p < 1 the classical optimal semi-parametric minimax rate is
reached.

This is not the case if p € (1,2]. In that case, another moment condition is
needed in order to improve the convergence rate of as(u).

(2.7)

Theorem 2.2. Let 1 < p < 2 and Assumption (A(p)), let K satisfy Assumption

~ 2 1
(K) or (K). Moreover, suppose that E|&|? < oo with B =4 — 3 P 1€ [2, 30]
D —

and & admits a symmetric distribution. Then (2.7) holds for a sequence (by,)nen

- 1
of positive real numbers such as b, nz2?¥1  — 0.
n—-+oo

Moreover in case p = 2 and if b, = en™5 then the central limit still holds but
the limit s now non centred:

ila”u 2)(y a. (W) (Y (u 22K (2)dz 702 2(z) dx
N<%%mgsu%<>+4>m>(04 KMd7#mOAK<m>,

Remark 2.2. Optimal window widths write as b, ~ en” % thus the above
result holds with a suboptimal window width. Moreover the symmetry assumption
s discussed in Remark 4.2. Now for the case p = 2 in case the derivatives of
as are regular around the point u, then the optimal window width actually may
be used and the central limit theorem again holds with a non-centred Gaussian
limat.

Remark 2.3. Of course, if T = 1, Theorems 2.1 and 2.2 hold. These results
provide another minimax estimation of the function u € [0,1] — a(u) requiring
sharper moment and reqularity conditions than the ones proposed in Theorem

4.1 of [8].

3. Monte-Carlo experiments

In this section, numerous Monte-Carlo experiments have been made for studying
the accuracy of the new non-parametric estimator a(-). Firstly, we considered 3
typical functions [0, 1] — a{”’ (u) € €#(]0,1]) and such as SUDye(0,1],s€N lal” (u)] <

a<l:
e For p = 2, we chose a'” (u) = 0.9 cos (2m%%) cos(3u). Figure 1 exhibits the

graph of the function a§2) and an example of its estimation (for n = 1000);
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F1c 1. Graph of the function agz) and an example of its estimation (for n = 1000).

. (0.5)
FiG 2. Graph of the chosen function aj ™.

dt

u Wi(w)
For p = 1. hose a"*? (u) = 0. 2 / t
o For p = 1.5, we chose ;") (u) = 0.9 cos (27 =) 0 SUPseo,1) [Wa(w)]

where (W3);eo,1] is an observed trajectory of a Wiener Brownian motion;
nu W (w)
e For p = 0.5, we chose (% (u) = 0.9 cos (2r— “
: S T A
(Wi(w))tepo,1) is an observed trajectory of a Wiener Brownian motion.
(0.5)

where

Figure 2 exhibits the graph of this chosen function a
We also chose two ”typical” kernels:

e A bounded supported kernel, the well-known Epanechnikov kernel, Kg(z) =
% (1 —2?) I2<1y, which is known to minimize the asymptotic MISE in
the kernel density estimation frame;

e An unbounded supported kernel, the well-known Gaussian kernel defined
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2
by Kg(x) = \/% exp (—%).

We considered the cases n = 100, 200, 500 and 1000, and we fixed T' = 2. Finally

1000 independent replications of (X (")) are generated with two different cases

of innovations (&;):

e Firstly, the case where the probability distribution of &y is a Gaussian
N(0,4) distribution such as E|£|* < oo and therefore Theorem 2.1 holds
for p = 0.5 and Theorem 2.2 holds for p = 1.5 and p = 2.

e Secondly, the case where the probability distribution of &y is a Student ¢(3)
(with 3 degrees of freedom) distribution and such as E|&|? < oo for any
B < 3 but E|&|® = co. Then Theorem 2.1 holds for p = 0.5 but Theorem
2.2 does not hold for p = 1.5 and p = 2.

Finally, for each n, functions aFf ), kernel K and probability distributions of

&o, we present the results computed from 1000 replications and the following
methodology:

1. For each replication j, we defined b, = n=* with A = 0.10,0.11,...,0.80,
(ui)1<i<99 = 0.01,0.02,...,0.99, s = 1,2,--- , T, and the estimators @, (u;)
are computed.

2. For each replication j and each A = 0.10,0.11,...,0.80, an estimator of
the MISFE is computed:

99

MISE,(\) = % > (@s(ui) - as(u:))’.

i=1

3. For each replication j, we minimised an estimator of the global square

root of MISE: .
A= AI{) 1I<n,\120 8 Z V MISE()

4. Then we computed \ = m 21000 A; over all the replications.
5. Finally, we computed the estlmator of the minimal global square root of

MISE,
1000 T

MISEY/?2 = m Z Z \/ MISE,(\

j=1 s=1

As a consequence, A and MISE'/2 are two interesting estimators relative to
Theorems 2.1 and 2.2. The first one specifies the link between the choice of an
optimal bandwidth b,, qnd the regularity p of the functions as(-). The second
one measures the optimal convergence rate of the estimators as(-) to as(-). All
the results are printed in Tables 1 and 2.

Conclusions of the simulations: Firstly, and as it should be deduced from

Theorem 2.1 and 2.2, we observed the larger the regularity p, the smaller A
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TABLE 1
Results of the Montecarlo experiments providing the accuracy of as for the three chosen
functions the three chosen functions with & following a N(0,4) distribution, 1000
independent replications are generated.

o ag?) agl.s) agO.S)
Kernel Kg [ Kg [ Kg [ Kg [ Kg [ Kg [
n = 100 B 0.243 | 0.407 || 0.283 | 0.450 || 0.235 | 0.392
MISEL/2 || 0.248 | 0.239 || 0.286 | 0.282 || 0.354 | 0.353
n = 200 B 0.227 | 0.363 || 0.278 | 0.429 || 0.250 | 0.386
MISEY? || 0.185 | 0.175 || 0.219 | 0.219 || 0.308 | 0.303
n = 500 B 0.234 | 0.320 || 0.276 | 0.399 || 0.287 | 0.406
MISEY? || 0.129 | 0.119 || 0.154 | 0.156 || 0.256 | 0.254
n = 1000 b 0.240 | 0.321 || 0.270 | 0.384 || 0.328 | 0.438
MISEY2 || 0.098 | 0.093 || 0.124 | 0.122 || 0.226 | 0.221

TABLE 2
Results of the Montecarlo experiments providing the accuracy of @s for the three chosen
functions with & following a t(3) distribution, 1000 independent replications are generated.

o agQ) agl.s) agO,S)
Kernel Kg [ Kg [ Kg [ Kg [ Kg [ Kg [
n = 100 A 0.226 | 0.394 || 0.267 | 0.430 || 0.220 | 0.360
MISEL/? 0.341 | 0.320 || 0.350 | 0.340 || 0.418 | 0.405
n = 200 A 0.207 | 0.343 || 0.259 | 0.402 || 0.225 | 0.362
MISE/2 0.261 | 0.258 || 0.281 | 0.287 || 0.353 | 0.346
n = 500 A 0.194 | 0.304 || 0.252 | 0.373 || 0.239 | 0.360
MISE/2 0.214 | 0.201 0.213 | 0.217 || 0.302 | 0.296
n = 1000 A 0.193 | 0.321 0.246 | 0.356 || 0.258 | 0.368
MISEL/? 0.166 | 0.093 || 0.172 | 0.181 0.262 | 0.275

and therefore the larger the optimal bandwidth b, = n~*, and the faster the
convergence rate of a,. Secondly, even if the choice of the optimal bandwidth
is significantly different following the choice of the kernel (clearly smaller with
the Epanechnikov kernel), the optimal convergence rate is almost the same for
both the kernel. Finally, according also with Theorem 2.2, the convergence rate
is clearly slower with a heavy tail distribution (#(3)) than with a Gaussian dis-
tribution, and this phenomenon increases when p increases.

4. Proofs
We first provide the proof of Proposition 2.1.

Proof of Proposition 2.1.

n 1 . .
1. We have EX% ) = q (ﬁ) E(Xp) from relations (2.1). From Assumption

imsart-ejs ver. 2014/10/16 file: nonstationarity24052017.tex date: May 27, 2017



Bardet and Doukhan/Non-parametric estimation of periodic time varying AR(1) processef

1
(A(p)) and since ’a1 (ﬁ)‘ < a < 1, we deduce the right term of (2.2).

2. Below, for ease of reading, we will omit the exponent n. Set v; = IE(XE),
and v = sup, v, € [0, 400]; also write oy = a7 (-5 ). We have:

UV = Qi Vi1 + o2 < azvt_l + 02 < a? sup vs + 02,
S

thus

sup vg < + vy < 0. (4.1)
s -«

Moreover, with §; = vy — v;_r for any ¢t > T', we have:

0 = b1+ (o — ap_r)vi—7_1,
5 < olda|+ S with 0> 0, (4.2)
from (4.1) and since ’at — at_T| = ’a%(ﬁ) — a?*T(%D from Assump-

tion (K), implying

2 1 d(a?) Oas
— < — 5 < — .
<at at*T) -n 1?3ng H ou ‘oo - x 1@52% H (4.3)
As a consequence of (4.2), we also obtain:
c 1
) - —. 44
6 < - (14)

Now use again the definition (2.1) of the model, and by iterating (4.1), we

derive:
vy = o+ oy (02 + O[t_ll)t_g)
T2
= 02<1 + Z o - "Oétfi) +ap o101
T-2 1
2
= 1 e 77:) e _ O —_
o ( +§Ozt o + o Q741 V¢ + (n)
from (4.4).
Hence,
1 + Z 0 [0 2N 0 T 1
= O(—). 4.5
o I T S * (n) (45)
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t—7 - t
Now quoting that o;_; = af_j(—T]) we set oy_j = af_j(—T) for 1 <
n n

j < T then since p > 1 and from (4.5) we derive
T-2 ~  ~
21+ 2 g G 1 (2)

t
T OG0 G

)+ (9(%). (4.6)

V=0
The conclusion follows.
3. The proof mimics the case of E(X?). With A; = a; (%), q: = EA}, denote
i = E(&F), for k =1,2,3,4, then u; = 0.
w; = B(X}) = B(A: X1 +6)* = g1 HARAEX, 1 3 +6EA%v; 107414
Since p3 = 0, we have:
wy = qrwy_q + 602 vy + pg < atwp_q +7(t), (4.7

with 7(t) = 602 v; + p4 and this implies as previously sup, w; < co. We
also obtain: We also obtain:

1
|wt — ’LUt_T| S m . E (48)
Finally by iterating (4.7), we obtain:
T2
Wy = Gt QT+l We—T + (T(t) + (@ qi)r(t—i— 1))
1 =0 _
= @ @-rr1 W+ O(g) + (T(t) + (g qi)r(t —i— 1))
i=0

from (4.8). Hence, always following the previous case

w = MO T (0w inl) Ly
1—q - q—741 n

:’W+Zgﬂ%“%mﬁ”—U+mg,
=g qi—r41 n

and this implies (2.3).
Finally, for any ¢ < ¢ such that ¢,t' € {1,...,nT}, since (X;) is a causal
process and by iteration,
Cov (X7, X)) = oy Cov(X{y, X7) + 0+ Cov (&, X77)
= o Cov(X2 |, X2)

@ t/ 1 t—t
0 i)+ 0G) L eve

t—t
where s’ = ¢’ [T] and ’ H aturi‘ < 2t=t
i=1
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This completes the proof. [ ]

Now we establish a technical lemma, which we were not able to find in the
past literature (even if variants of this result may be found) and that will be
extremely useful in the sequel. For a bounded continuous function ¢ defined
n [0,1], and a kernel function H (see details below), then a Riemann sums
approximation yields (as for [17)’s estimator, see [18] for further developments):

o1 A A
e j§H< o > C(FT> = c(u),

where u € (0,1), Ins = {s,s+T,...,s+ (n—1)T} with s € {1,...,T} and
T € N*.
More precisely we would like to provide expansions of

1 J_
An — H nT
5y
J€In,s

b;“) c(nLT) — e(u). (4.9)

Lemma 4.1. Let u € (0,1), p > 0, ¢ € C*(V,,) a bounded function and H sat-
isfying Assumption (K)(p). Then, there exists C > 0 depending only on ||H||co,
llcl|oos Lip (H) and Lip (c), such that, for n large enough and b, > 0,

A, =1, under (K)(p),

A, =log(n), wunder (K)(p). (4.10)

Al <C (:7” + bf’> with {

Finally, if p € N* we have:

c(p) (u)

A, =00
p!

n

/Rz”H(z) dz (1+o0(1)) + O(nb ) (4.11)

Proof of Lemma /.1.

o First assume that the function ¢ = 1 4 a constant. Set v; = i(nT)~!
for j € Z and for v € R, define hy,(v) = & H (b,'(v — u)). Then h,, is a
Lipschitz function with Lip h,, = % Lip H For 1 < s < T, we consider

the sets
Kn,s = {j € N; |vs+jT - U| < Anbn}

— {(u — A,by)n — %,u + Anbpy)n — %] nN,
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and L, s = I s \ K, 5. Then, for n large enough,

N
n
j:
1
+ J—
n

Thus
A <
<
<

1
ie;n,s h (v;) — /Rhn(v) dv + p le;nd B (05)

[(utAnbn)n—7#] Vot (H1)T

S ) - )
[(U—Anbn)n_%]-i_l et
(u=Anbn)+1/n

> e [ (o= [ oy
i€Ln,s (utAnby)+1 oo
(et Anbo)r= 2] Us+(+1)T
Lip (hn) Z / (v — Vopyr)dv
j:[(u*Anbn)n—%]Jrl Vs+43iT
> (u_Anbn)
+2/ ‘hn(U>’dU+2/ ‘hn(v)]dv
(u+Anbn) -
Llp (H) 2Anbnn 00 A,
2o +2/An \H(w)\dwm/_oo (H(w)| dw
. A,
Lip (H) 2 + C exp(—6 An),

nb,,

with C > 0 and using the assumptions on H. Then, if 4, > S~ 'logn

then exp(—

B Ap) <1/n and we deduce (4.10).

e We now turn to the case of a non-constant function c. First, if p > 0, for

(u,v) € (0,

1)? the Taylor-Lagrange formula implies:

c(v) —clu) = (v —u)d(u) + -+ w-w! O (u+ Mo —u)),

14

with £ = [p] and A € (0,1). Since ¢ € C*(]0,17),

1O (u

Therefore,

c(v) —clu) = (v —u)d(u) + -+

with |R(u,

imsart-ejs ver.

+A(v —u)) — c(e)(u)| < Cp|A(v - u)}pfl <C,lv— u’pfe.

(v—u

)y 9 (u) + R(u,v) (4.12)
14 T '

v)| < Cp|u —v|?. Then for any u € (0,1), using Assumption
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(K)(p) and especially the relation [2PH(z)dz=0forp=1,...,¢,

‘/ dv—c(u)/Rhn(v) dv}

’/ H(z)(c(u+ bpz) — c(u ))dz’

‘/_Oo H(Z)R(U,u—l—bnz)dz‘ (4.13)

< opbgc/ e Pl 2Pz
< O (4.14)

with C’ > 0. Here we denote k,(v) = h,(v)c(v) for v € [0, 1].
Now, if p € (0,1), we have

IIHIIOo

[kn(v1) = kn(v2)] < [lefloo Lip (hn) [v1 — va| + Cp o1 — 2]

and therefore using the previous results:

[(u+Anby)n—=

ol Vs+(j+1)T )
|An| < Z / C (Llp (hn) |’U — Us+jT|

J=l(u=Anbp)n—2]+1 " VatiT

1
- wv’) do + C ]l exp(~BAs)

+’/h V) dv — e(u /h dv

A, A,
o
< O(nb + —|—exp( ﬁAn)—an).

from (4.14) and this implies (4.10) since nb, — oo and therefore n=" is
negligible with respect from b2.
Now, if p > 1 and since H and ¢ are bounded continuous Lipschitz func-
tions, we obtain the inequality

1 .
Lip (kn) < llellooLip (hn) + 3= [ HllooLip (¢) < oo.

Then, using the same computations than previously (replace h,, by h, xc),

((ut+Anbp)n—+#]

Vs+(j+1)T
|An| < Z / |I€n(vs+jT) - kn(l})| dv
j=l(u—Anb, )n_i]+1 Vs 44T
Ol +‘/ dv—c<u>/ ha(v) do|
R
<

02 (elloLip () + by Lip <c>||H|\oo) + Oflelloce™ 4 + O,

from (4.14) and this completes the first item since b,, is supposed to con-
verge to 0. The proof is now easily completed.
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o Finally, in the case p € N*, we can use the previous case an a Taylor-

?(9) fu— o’

p!

(
Lagrange expansion of the function ¢, implying R(u,v) = ¢
with 6 = A+ (1 — A)v and A € [0, 1].
Then, using (4.13) and with p,(2) € [0,1], and ¢, = /hn(v) c(v)dv —

c(u) /]R hy(v) do )

A
b = - / H(z)2 P (u+ pu(2)bnz) dz
Pl )
% o) [
= o P (u) /_OO H(2)z" dz (1 + o(1))
from Lebesgue theorem on dominated convergence. [ |

Lemma 4.2. Let H satisfy Assumption (K)(1) and let (Xt(n)) be a solution of
(2.1). Then for any u € (0,1), s {1,...,T},

L gy, RN oyl H(0)
s+(i-1)T-1 n—+oo 1-— BS7T(U) '

Proof of Lemma 4.2. We use here a limit theorem for L'-mixingales established
in [1].
Indeed, for u € (0,1), s € {1,...,T}, let

1 s+(E-D)T ” (n) ) (n) )
nT n n
Znt = a H( b, ) ((Xs+(t—1)T—1) - E(Xs—&-(t—l)T—l) ) (4.15)

Then, set

u t41—i
co(t) =1, and ¢(t) = Hat+1_i(T), for k > 1,
i=1

we have:

X" =" en(t) & (4.16)
k=0
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Therefore,
[ ntl]:nsz m]_%]{(%)
X {E{(ick(s +(t-1)T—-1) §5+(t71)T717k>2| ‘F'r(jgfm}
k=0
. i s+ (- 1T - 1)}

k=0
B % H(W) {(k i (t-1)T-1) fs+(t—1)T_1_k)2
=mT—1
—o? i s+t —1)T - 1)}
k=mT—-1

But for any t € N, we have |cx(t)| < a¥ from Assumption (A(p)).
Therefore,

1 s+(g’l—1)T —u
H]E nf| nt m]H <b7H( Tbn )
o0 2 o0
x {]EK Z cr(s+(t—1)T - 1)§s+(t—1)T—1—k) ] +0? Z a%}
k=mT—-1 k=mT-1
s+(j—1)T _
<202H( iz 7U>Xa2mT 2.
- b, b, 1—a?

Thus, using the notations of definition 2 in [1], it is easy to derive that (Z, ;)
is a triangular array such that ¢, = a®™7=2 — 0 (as m — o) since 0 < a < 1
and:

1 « 202 202 sHUZDT
- nt| —  ————= . with ¢ = H( nT )
n D leml 1 —a7) =5 W e =Gy b
t=1
As a consequence,
1
E Z: n—>+oo 7
implies
Lo (T ) 2 (n) 2 _P
. ;H( ) () ~ B o)) o 0

Now, we collect the above relations. Lemma 4.1 and Proposition 2.1 with the
p—regularity of the function ¢(v), together conclude the proof. ]

imsart-ejs ver. 2014/10/16 file: nonstationarity24052017.tex date: May 27, 2017



Bardet and Doukhan/Non-parametric estimation of periodic time varying AR(1) processd$

Lemma 4.3. Under the conditions of Theorem 2.1, with (Y, ;)1<i<n, nen defined
n (4.26), for any € > 0,

P
ZEY’aﬂ{lYMPeH O o (4.17)

n—-+4oo
j=1

Proof of Lemma 4.3. Since E€2 = 1 < oo this is easy to exhibit an increasing
sequence (ci ) with
1
co=1, c; =2 and cxq1 > ck, where E(fo H{|§O|>ck}) 73 for all k € N*.

Define g(-) as the piecewise affine function such that g(c;) = k for k € N and
g(0) = 0. Then the function ¢ defined by ¢ (z) = z2g(z) for x > 0 satisfies
¥(0) = 0 and it is a continuous and non-decreasing function (for almost all
x>0, 9 (x) = 22¢/(z) + 2xg(x) > 0) and convex function (indeed, for almost
all z > 0, ¥’ (z) = 4z¢'(z) + 29(x) > 0). Hence, we have:

Z]E(Eog €ol) Cks\so|<ck+1}) ZE(509 €ol) ]I{k<g(|50|)<k+1})
k=0

k=1

<D (k+ DE(& e <ieoy)
k=1 k=1
Therefore,
Ey(1éol) < E(&59(Iél) Lo<ieo<2y) + ZE(§§9(|§0|)H{Ck<|£o‘)<Ck+1} < 00(4.18)
k=0 N

The construction of (c)x and the relation cx41 > ¢2 together imply:

Y(zy) < h(a)Y(y). (4.19)

Indeed, this relationship is equivalent to

g(wy) < g(x)g(y), forany 0 <z <y. (4.20)

But if 0 < 2 <1 and y > z, then zy < y: therefore g(zy) < g(y) < g(z)g(y)
since ¢ is an increasing function and g(z) > 1 for any « > 0. Moreover, if
1 <z <y, there exists 0 < k and A € [0,1] such as y = Ack + (1 — X)cp41. But
h:[0,00) — R defined by z +— h(z) = g(2?) is a convex function since h”" > 0
a.e. As a consequence,

9(y*) = h(xc + (1 = Newsr) < Aglci) + (1= Ng(cia)
S Ag(ertr) + (1= Nglerr2) SAE+D)+ (1 -A)(k+2) =k+2 -,

from the construction of (cx). Since g(y) = Ag(cx) + (1 — AN)g(cg41) =k +1—A
because g is a piecewise function, we finally obtain g(y?) < g(y)+1. We conclude
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with g(zy) < g(y?) for any 1 < 2 < y and g(x) > 2 (since ¢; = 2).
Hence the function v is a Orlicz function and ||&plly < oo with

Vv
IV]ly = inf {z > 0; Ew(u) < 1}, for any random variable V. = (4.21)

z

Now theorem 1.1 in [14] implies:
.. 1
VIl < inf - (1 +E[$(IVD]) <2Vl (122

Therefore |V, < 1+ Ey(|V]), and L1E(2|V]) < 2||V]|y for any z > 0 since
from convexity

z

BG(V]) < 2= BY(0) + - BSGIV]) <2Vl

and 1(0) = 0.

Now choose || Xol|y < 0.
Then, from the definition of (Xt(”)) and the triangular inequality

t—1
Xy < al X + Iy < o'l Xolly + D a7 lé—jlly  for any t € N¥,
j=0

with 0 < o < 1. Since |5l = ||€o]|y for any s € N, we finally obtain
n 1
sup {1 X, |} < 77— ll€ollu + [ Xols < o.
teN -«

Thus (4.19) implies with the independence of & and X"} that:

B (16X ™)) < (&) - B (1X ).

Now relation (4.22) with z = 1 entails
sup {||£tXt(f)1||w} < 00.
teN

Thus with ¢t = s + (j — 1)T we have from (4.22),

1 ni—u n
Yol < o= | K (25— ) Rellull X4y < o
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Again using (4.19) and with K; = K(TTb—u)7

n

2 _
E(Y7 Iy, 2e) = nb B((K&X| {g(\KtstX?ﬁ’l\)zg@ﬁnbn)})
x (™)
1 (n)ye 9K Xi4al)
< L A
= b ((thtXt 1) g(ev/nby) {g(|thtXfﬁ)l|)2g(a\/nbn)})
L (n)

< ——EW(Ki&EX

S v B EEX))

< 20 (| Ky)

(n)
sup ||&X, .
w(&_ /nbn) teN® Hgt t le

As a consequence, for any € > 0,

n

E( 3B L, el Fi)0))

j=1
supyers 16X 0 Ml 1 & SHUZOT
St%mfmeWW¥%*W

<o SuPteN* ||€t t 1||w /1/1 K (

if n is large enough, from Lemma 4.1. As a consequence, since g(v/nb;,) —> 0,

then for any € > 0, E(Z E( njl[{lyn]‘>€}| e 1)) = 0 and since

TL*) o0
Y7”L27j][{‘ymj|>€} is a non-negative triangular array, the proof of Lemma 4.3 is
complete. [ ]

Proof of Theorem 2.1. Using (2.1), write

Rt = o 52 ()R (o () v )
J

n,s

we decompose it as: N (u) = N (u) + MS(n) (u), with

WW=nb;M S)e X

JE n,s

- - j

NP = e 3 K (P () (K
J€ln,s

Therefore we obtain:

MM (u) Iy
=@y TR
Dy (u)  Ds™(u)

nb, (as' (u) — as (U)) = \/@ (4.23)
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with
N 1 % —
DM (u) = nb”j;qd Tbn )XJQ ) 1o
- HE U ) J
JIn = T j;ms K( Tbn )(Xjfl)Q(a,s(ﬁ) — as(u)). (4.25)

We are going to derive the consistency of the estimator as(u) of as(u), in two
parts.

1/ We first prove that v/nb, M{" (u)/ﬁg")(u) % N(0,C) for some con-
n—-+0o0

venient constant C' > 0.
Let s € {1,...,T} and u € (0,1). Denote for n € N* and j € {1,...,n},

1 s+(i-1T
Y,

= v (n)
m nan( nTbn )ger(j*l)TXs-k(j—l)T—l- (4.26)

This is clear that (Y, j)<j<n, nen+ is a triangular array of martingale in-
crements with respect to the o-algebra f(sf = o((ﬁz)l<s+(t 1)T) Indeed
(Xt(n))t20 is a process, causal with respect to (£;);>0. This implies that &

is independent of (Xi(n))igt,l and that E(§y) = 0. We are going to use a
central limit theorem for triangular arrays of martingale increments, see
for example [13].

Denote

2 (s) L s+(j;I)T —u (n) 2
On,j = ( 7LJ|‘7:nJ 1) = Tan = by, )(Xs+(j—1)T—1) ’

since E(£2) = 0. Using Lemma 4.2, we obtain:

n T-1
1 S, ’l
T R o (a.27)
j=1 T omoeo = Bs, 7(

ﬁg")(u) is defined from (4.24) and satisifies

T-—1
ﬁgn)(u) L o2 1+ Zi:o 651(“) _ (2)(u)

= 4.2
ol 1= Bor(u) Vs (4.28)

Moreover, from Lemma 4.3, then for any ¢ > 0,

n
P

Z]E( nJ]I{‘ng‘>E}| n] 1) — 0.

. n—-+o0o
Jj=1

As a consequence, the conditions of the central limit theorem for triangular
arrays of martingale increments, in [13]), are satisfied and this implies that
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Z?:l Yn»] L
—_= =
Zn L 2 ) n—-+oo
j=1"n,j
Therefore from Slutsky lemma entails:

N(0,1).

M(")
nb,, ST )( u)
D" (u)
n n 2
Zj:l Yn,j Zj—la n,j
e " AN e 2
§=1%n,j nb Z] 1 ( b )(Xs+(j71)T71)

L o2 1 — Bs,r(u) 2(2) dae
e N (0’ 1+ Bei(u) /RK . ) (429

2/ The second term Jn/ﬁgn) (u) in the expansion of v/nby, (as(u) — a,(u)) de-
pends on the non-martingale term J,, see (4.25), and the consistent term

ﬁg")(u), see (4.24) and (4.28). The asymptotic behavior of this second
term can be first obtained following two steps.

a. A first step consists in establishing an expansion of E.J,,. Using Propo-
sition 2.1 and with 7(2) € CP([0,1]) defined in (2.2), we have

EJ, — nbn% 3 K(“JTbn_“)

" jE€lns
x (1) +0() (as () — asw).

Using twice Lemma 4.1, with firstly c(x) = ~y§2)(:1:)(as(:z:) — as(u)),
and secondly ¢(x) = (as(x) — as(u)), we deduce:

EJ,| < c\/@(%‘mg)(uo(%)). (4.30)

As a consequence, if b, = o(n_l/(1+2")), then EJ, — 0.
n—-+o0o

In the case p € {1,2}, we also obtain from (4.11) and with d,(v) =
(as(v) — ax () (v) € €7((0.1)),

A SP)
EJ, = \/nby (O(Tb’;)wg i p!(“)/]R K(2)dz (1+0(1)))
d) (u) P 2p+1 2p+1 Ap
= T/}RZ K(z)dz\/nby""" + o(y/ nby )—i—(’)(\/@)

(4.31)

(\/W)Jro(f‘n) ifp=1
By(u) nb5+o\ﬁ O(Fa). ifp=2.

with B (u) = d/lé w) /}RzzK(z) dz.

71
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b. Now we are going to prove a first consistency result for J,/ ﬁgn)(u)
using the Markov Inequality. Indeed,

ElJn] < 1 Z ‘K(W)“as(j) *as(u)‘Var(X](f)l)

\/mjeln.s bn nT
Sbn ]g: ‘K(anbn_ u) “"S(%T) ~ as(u)]

Now using Lemma 4.1 with ¢(v) = |as(v) — as(u)| which also belongs
in C?([0,1]) (thisis clear if p < 1 and, for p = 1 the Lipschitz property
of z — |z| allows to conclude), and c(u) = 0, we derive:

E|J,| < \/@(% n b:;“). (4.32)

Therefore, if b, = o(n”7271), then EJ, —> 0 and E|J,| — 0,
n—-+oo n—+o00
implying from Markov Inequality, J,, % 0. Finally, since (4.28) estab-
n—-+0oo

lishes the consistency of DM (u), from Slutsky lemma, we deduce

Jn P
= —

(4.33)

As a consequence, the proof of the Theorem results by using the decom-
position (4.23), the consistency results (4.29) and (4.33). [ |

Proof of Theorem 2.2. We restrict this proof to the case p € (1,2].
a. Case E(£)) < o0.

t
= —u
Denote again K; = K ( nT >7 for t € Z. First remark that the symme-

bn,
try assumption on p’s distribution implies E(fg) = E(fg) =0.
1
Var(Ja) = = 3 ). KiKy Cov(X},X7)
t€l, o t'€lp s
t t
(0 () = o) (0 7) = 0 w)
1
= > KKy Cov (X}, X7)
(t,t')ELn, s,
X (ag(i) - ag(u)> (ag(t—/) — ag(u))
“nT ) “nT )
1
+ % Z Kth/COV (XE,XE/)

(&) E€IR NDns,a
tl

X (as(niT) — as(u)> (as(n—T) — as(u))
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with Ly s = {(t,1)) € I2,, [t —1/| < {22}

Firstly, consider the first left side term of the last inequality. If ¢ € I, 5 then

Proposition 2 1 entails Var (X?) = ’y§2)(t/(nT)) +0(1/n) for an adequate

function %) € C*([0,1]). Hence we also have Var (X?) = ~ 3 (t/(nT))
O(log(n)/n). Here the fact that (z — 22) is a function in C?, implies that

the function defined from b(v) = (a,(v) — as(u))2 is in C*([0,1]) too, and

again b(u) = 0 and /$H2(l‘)dl‘ = 0. Therefore, we use Lemma 4.1 to

derive:
t t
Z K, K. Cov (Xf, Xf,) (as(ﬁ) — as(u)> (as(ﬁ) — as(u))
£t ELp a0

[t—t']

- ¥ [T (e o)

X (as(%) — as(u)) (as(

t/

)~ 0x()

5% K?H (L) () — ) +0(B0))

Jj=0 t€ln, s n

< 220421' > Kfl:[ﬁ‘l)(%) X (as(%) —as(u))2

tel, s

< 2nb, Zan Z K2< )gj(%%

“?

with g;(z) = (as(x) 2 H @) (z), since for n large enough the

—_

J
above expression satisfies |(’)( o8 2”)‘ < 1. Using Lemma 4.1, with functions

H = K? and ¢ = g; with g; € C?([0,1]) (quote that max;<; (||g;]| V
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Lip (g:)) = O(j)), we finally obtain:

% Z KK Cov (XE’Xt%)(as(niT) fas(u))(as(%) —as(u))’

"t E€Ln o a

< C(A—b” +0). (434)

nby,
Secondly, from Proposition 2.1, for ¢,t' € ITQL,S \ Ly,s,a, we have

(Cov (X2, X2)| < Ca? =1 <
Thus,
1 t t
‘n— Z KKy Cov (X2, X7) (as(ﬁ) — a,s(u)) (as(ﬁ) — as(u)> ’

bn
/€12 \Ln s.a

< b (% > Kt(as(niT) - as(u)))Q <ol (% +b,’;)7 (4.35)

n? n \nb,

from Lemma 4.1. Then, (4.34) and (4.35) provide
An

Var (J,) < € (&

+ bg) (4.36)

implying Var (Jn) — 0 for any (b,,) such as

n—-+4oo

max (b, A,(nb,)"') — 0.

n—-+oo

b. Case E(|&]?) < oo, for some 3 € [2,4].
From its expression given in (4.25), J, is a quadratic form of (X;) and
therefore, as X; is a linear process with innovations (&), J, is also a
quadratic form of (&;). As a consequence, the fourth order moment can be
injected such as there exists a sequence z, | 0 (as n 1 0o0) satisfying:

An

nb,

Var (J,,) < z, (]E(gé) Vv 1) = Zn (u4 Vv 1), and z, = O( + bﬁ). (4.37)

Now, assume only that E(£2) < oo. The innovations (£;) can be truncated
at level M, and write

§em =6 e, )<y forany t € N
Note that the symmetry assumption entails E(&; ar) = 0. Define also De-

fine also
n t n
xn = at(n—T)Xt(_)LM +&m,  1<t<nT, neN
1 ) j
and J,pm = Z K(L) (Xj(-ri)l)2 (as(—) — as(u)).
\/nb, P b, nT

imsart-ejs ver. 2014/10/16 file: nonstationarity24052017.tex date: May 27, 2017



Bardet and Doukhan/Non-parametric estimation of periodic time varying AR(1) process&i
A consequence of (4.37) is:
Var (Jnar) < 20 E(€5 21) < 20 MPh(M), (4.38)

with A(M) = E(|&[*If¢,>ary) which satisfies limps_, o0 h(M) = 0.
Moreover,

o= s = = ¥ ()

Jj—1 j—1 nT
But
n n .77 1 n n
XM - X = ai T ) (X5 0 = XE) + (G- — &5-1),
XJ@LM - Xg@l e ’XJ@27M - X](-ﬁ)zl + |§J’*1|][{\Ej71|>M}' (4.40)

We first remark from Proposition 2.1 that IE(XJ(-:L)I)2 + E(X](T_L)LM)2 <c
for some constant ¢ > 0. Hence, Cauchy-Schwartz Inequality shows that,

for each j:
E(|(x{™)? = (X" 02 < Ved—var, (4.41)

with ;1,0 = E(|X{") — X" %),

We are going to bound d;_1, 5. A first simple bound is clearly d;_1.p < 2¢
and we use it together with (4.40), and Cauchy-Schwartz inequality in
order to derive

Oj—1m < 0425j72,M+204]E(\X§7i)2,M— -1 Mg, =y )
HE(I&- 1" Tgjg; o> ary)

< a®§j_om +2aV2e \/Elfjfllzl{\sjfle} +EI& 1T,y >y
< 0 o+ H(M) (with H(M) = 2av2¢/h(M) + h(M))
< a*6j_gm+ (1+a?)H(M)
< 042(j_1)507M + (14 + az(j_2))H(M)

2
< ﬁH(M)

since oo s < h(M) < H(M). Now, from (4.41), we obtain for M large
enough:

B (X7 — (X7, )] < ey VA < CRVA(M)  (4.42)
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with C' > 0 and always with h(M) = E(|&|*Tj¢,|> 1) - Now a careful use
of (4.32) and (4.39) entails:

A
ElJ, — Juy| < C \/nbn(ﬁ + bn) h1/4(M) (4.43)
n

since z — |a(z)—a(u)|is a C! function (in the above defined sense). Finally,
using Cauchy-Schwartz inequality in (4.38), we obtain for M large enough,

]E|Jﬂ‘ < E|Jn - Jn,M| + 4/ Var (JmM)

< O (Vb (g b BN + (G + 80) M)
< C (\/@hl/‘*(M) +bg/2Mh1/2(M)) (4.44)

assuming A, /nb, = o(b%?) i.e. (n/A,)"2@+?) = o(b,) (and note that
—2/(2+p) < 1/(1+2p)),

Now, if E(|§0|ﬁ) < oo with 8 € (2,4], then using Holder and Markov
Inequalities, there exists Cg > 0 such as

h(M) = E(|¢[*Ngj¢, > ary) < Cp M?7P.

Since here b, = o(n’l/(1+2P)), does not yields the minimax rates, we
deduce that

VB RYAM) — 0 when M1+ > p(e=9/(5-2)
n—-+o0o -
VP MRYE(M) —s 0 when M2 < pe/=5)

n—-+oo
Thus, from inequality (4.44), we deduce that the optimal choice is obtained

when
dp—4  p

-2 15 Whichentails,B:4—2-5p_4.

d. Case p=2.
The expression of the non-central limit for the case of optimal window
widths and the expansion of the bias (4.31) now the asymptotics expression
for (4.33) yields the proposed noncentred Gaussian limit, see Remark 4.1.
The same truncation step as above is also needed.

The proof is now complete. [ ]

Remark 4.1. Using the previous bound (4.30) of EJ,, and Bienaymé-Tchebychev

inequality, we deduce that if b, = o(n=Y/1+20)) then J, £ o,
n——+oo

15 using the expansion (4.31) of EJ, and

Moreover, if p = 2 and b, = cn~
again Bienaymé-Tchebychev inequality, then J, % By(u) /2.
n—-+0oo
Therefore with the consistency result (4.28), for anyu € (0,1) and s € {1,...,T},
Jo ¢ 1+ Bai(w)
= — — .
DM (u) notoo o 1—fsr(u)

Bg(u)
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Remark 4.2. For the general case with maybe &y non symmetric and E€y = 0,
the item 3. of Proposition 2.1 needs some improvements. Denote wt(k) =E(X})
for k =1,3, then w§4) = w; and w§2) = vg, then (4.7) turns to be written

wy = qwy—1 + AEAEX, 1 pis + 6020, + pg < atwy_1 + (1), (4.45)

as previously sup, w; < o0o.
We need to derive suitable equivalents of wt(k) if k=1. Firstly

w =EAwY, = ... = EA, - EA, -EX,

and n fact this term is negligible and the proof of Proposition 2.1 and Lemma
3. remains unchanged.
In this case the proof of the above point 2/ c. needs a simple improvement and

§im =AM (=M) =E(§ AMV (=M)).

In this truncated setting, inequality (4.40) writes:

|X]('7—l)1,M - Xg('ri)1| < 04|XJ(-7_1)2,M - Xj(’,i)Q‘
1611y 1>ney + BUG -1 Ty, o> y)

so that the end of the proof is unchanged by only setting C = 2cE&2 /(1 — a).
Remark 4.3. Secondly, in case we even omit the condition E€y = 0 one needs to
also express an asymptotic expansion for wt(d) = EA?wEi)l +3]EAtwt(£)1U2 +p3 ~

EAfwgi)l + ps; an analogue expansion to Proposition 2.1 and Lemma 3. may

oyt 1
thus be derived. Namely wt(?’) =3 (=) + O(=),, with
n

nT
1+ ZT—_I Cs,i v
W) =y s Gaill)
1- Cs,T(U)
i—1
Crilv) = Haf_j(v) <o’ <1, for 1<i<T, ve(0,1).
3=0

Then the expression of the equivalent of wy is also adequately transformed up to
the above relations.

Aknowledgement. The second author wishes to thank Rainer Dahlhaus for
many interesting discussions. This work has been developed within the MME-
DII center of excellence (ANR-11-LABEX-0023-01).

References

[1] Andrews, D. (1988). Laws of large numbers for dependent non-identically
distributed random variables. Econometric Theory, 4(3):458—-467.

imsart-ejs ver. 2014/10/16 file: nonstationarity24052017.tex date: May 27, 2017



Bardet and Doukhan/Non-parametric estimation of periodic time varying AR(1) processé&t

[2] Azrak, R. and Melard, G. (2006). Asymptotic properties of quasi-maximum
likelihood estimators for ARMA models with time-dependent coefficients.
Stat. Inference for Stoch. Proc., 9:279-330.

[3] Bibi, A. and Francq, C. (2003). Consistent and asymptotically normal esti-
mators for cyclically time-dependent linear models. Ann. Inst. Statist. Math.,
55:41-68.

[4] Dacunha-Castelle, D., Huong Hoang, T. T., and Parey, S. (2015). Model-
ing of air temperatures: preprocessing and trends, reduced stationary pro-
cess, extremes, simulation. Journal de la Société Francaise de Statistique,
156(2):138-168.

[5] Dahlhaus, R. (1996). On the kullback-leibler information divergence of lo-
cally stationary processes. Stochastic Process. Appl., 62:139-168.

[6] Dahlhaus, R. (1997). Fitting time series models to nonstationary processes.
Ann. Statist., 25:1-37.

[7] Dahlhaus, R. (2012). Locally Stationary Processes, volume 30. Time Series
Analysis: Methods and Applications, Elsevier.

[8] Dahlhaus, R. and Polonik, W. (2009). Empirical spectral processes for locally
stationary time series. Bernoulli, 15:1-39.

[9] Doukhan, P.; Grublyté, I., and Surgailis, D. (2016). A nonlinear model for
long memory conditional heteroscedasticity. Lithuanian Journal of Mathe-
matic, 56:164—188.

[10] Fokianos, K. and Tjgstheim, D. (2011). Log-linear poisson autoregression.
J. Multivariate Anal., 102:563-578.

[11] Francq, C. and Gautier, E. (2004). Large sample properties of parameter
least squares estimates for time-varying ARMA models. J. Time Ser. Anal.,
25:765-783.

[12] Lund, R., Hurd, H., Bloomfield, P., and Smith, R. (1995). Climatological
time series with periodic correlation. Journal of Climat.

[13] Major, P. (2016). Central limit theorems for martingales.
http://www.math-inst.hu/ major/probability /martingale.pdf:1-22.

[14] Maligranda, L. (1989). Orlicz spaces and interpolation. In Campinas
Sao Paulo, B., editor, Seminars in Math. 5, volume 5 of IMS Lecture Notes-
Monograph Series, pages 127-140.

[15] Moulines, E. Priouret, P. and Roueff, F. (2005). On recursive estimation for
locally stationary time varying autoregressive processes. Annals of Statistics,
33:2610-2654.

[16] Paraschakisa, K. and Dahlhaus, R. (2012). Frequency and phase estimation
in time series with quasi periodic components. J. Time Series Analysis, 33:13—
31.

[17] Priestley, M. E. and Chao, M. T. (1972). Nonparametric function fitting.
Journal of The Royal Statistical Society, Series B, 34:385—-392.

[18] Rosenblatt, M. (1991). Stochastic curve estimation, volume 3. NSF-CBMS
Regional Conference Series in Probability and Statistics.

imsart-ejs ver. 2014/10/16 file: nonstationarity24052017.tex date: May 27, 2017



	Introduction
	Asymptotic normality of a non-parametric estimator for periodic tvAR(1) processes
	Definition and first properties of the process
	Asymptotic normality of the estimator

	Monte-Carlo experiments
	Proofs
	References

