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Shallow water sound source localization using the
iterative beamforming method in an image framework

Xun Wang*, Shahram Khazaie, Luca Margheri, and Pierre Sagaut
Aix Marseille Univ, CNRS, Centrale Marseille, M2P2, 18451 Marseille Cedex 13, France

Abstract

Shallow water is a complicated sound propagation medium due to mul-
tiple reflections by water surface and bottom, imprecisely measured sound
speed, noisy environment, etc. Therefore, in order to localize a shallow wa-
ter sound source, classical signal processing techniques must be improved by
taking these complexities into account. In this work, the multiple reflections
and uncertain reflectivity of water bottom are explicitly modeled. In the pro-
posed model, a measured signal is a mixture of the direct propagation from
the source and the multiple reflections. Instead of solving the Helmholtz
equation with boundary conditions of reflections, each signal is interpreted
as a superposition of signals emitting from the physical source and its image
sources in a free space, which results in a fast computation of sound propa-
gation. Then, the source location, along with its amplitude, reflection paths
and power loss of bottom reflection, is estimated via the iterative beamform-
ing (IB) method, which alternatively estimates the source contributions and
performs beamforming on these estimates until convergence. This approach
does not need to compute the sound propagation for all the possible source
locations in a large space, which thus leads to a low computational cost. Fi-
nally, numerical simulations are introduced to illustrate the advantage of the
proposed model and the source estimation method. The sensitivity of the
proposed method with respect to model parameter uncertainties is also inves-
tigated via a full uncertainty quantification analysis. The localization error
of IB is proved to be acceptable in the given error range of sound speed and
water depth. Besides, the IB source estimate is more sensitive to the sound
speed while the matched-field processing methods have a stronger sensitivity
to the water depth: this result can guide the choice of source localization
method in the different cases of model parameter uncertainties.

*Electronic address: xun.wang@univ-amu.fr, xunwang00@Qgmail.com
Preprint submitted to Journal of Sound and Vibration January 18, 2017
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1. Introduction

Sound source localization in shallow water is a challenging issue due to the
complexity of sound propagation environment and the difficulty of acoustical
measurements. Contrary to the ideal assumption in the classical source lo-
calization problem, experimental results obtained in shallow water acoustics
are always submitted to different kinds of uncertainties [1, 2]. Inhomoge-
neous and random sound speed profile [3-7], imprecise locations of sensors
[8-10], sound reflections by ships, water surface and bottom [11, 12], noisy
environment (due to shipping lanes for example) and presence of internal
waves [11, 13, 14] are all sources of uncertainties which may dramatically
affect the estimation result of sound source. Due to the complicated nature
of the underwater environment, until now no signal processing method for
source localization can be employed to eliminate all the bad effects from the
aforementioned uncertainties. In this study, a model quantifying the mul-
tiple reflections between the water surface and bottom is proposed. The
reflectivity of water bottom is assumed to be unknown.

By posing the boundary conditions at the water surface and bottom,
the depth-dependent function of sound wave in a Pekeris waveguide can be
analytically solved [2]. However, in order to compute the Helmholtz equation,
numerical methods, e.g., wavenumber integration [15] or normal modes [16],
have to be used. These approaches involve a low computational cost but
is not negligible when a very large number of sound propagation has to be
calculated, which is generally the case of source localization. Alternatively,
this paper considers an image source approach [2, 11, 17, 18], in which the
reflections between the two boundaries can be described by the images of
the physical source. In this case, the boundary conditions are not needed
and the sound propagation can be considered in a free-field. Furthermore,
the unknown loss of bottom reflection, which depends on the water bottom
properties, is also quantified in this image source model via the amplitudes of
the image sources. Finally, by identifying the multiple sources (the physical
source and its images) in the free-field, the sound source in the shallow water
environment can be localized. The reflectivity of water bottom can also be
decided via the estimated amplitudes of the sources.
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Near-field acoustical holography (NAH), time reversal and beamforming
are the most widely used signal processing techniques dedicated to the sound
source localization problem. NAH [19] back-propagates the sound field from
the measurement plane to a surface near the sound source, which guarantees
a high resolution by taking evanescent waves into account. However, this
approach only works for the near-field source. The time reversal method
[20-24] inverses the measured signal in time and reinject it back into the
same medium. This approach is able to refocus the source and return a
super-resolution result in a medium with multiple reflections, scattering and
refractions [23]. However, time reversal is sensitive to the model uncertainty:
if the environmental parameters (e.g., sound speed profile) were imprecisely
known, it could not even return a source estimate. Classical beamforming
(CB) [25-27] estimates the direction of arrival of plane wave or the location
of point source via the delay of signal arrival. However, CB is still limited in
the frequency range and minimum resolvable source separation, particularly
for the underwater case which has a relatively small size of microphone ar-
ray and long sound propagation distance. Matched-field processing (MFP)
[3-5, 28, 29] is a generalized beamforming method which takes the sound
field complexity into account. Conventional and Capon’s [30] approaches
are the most widely used MFP methods, the former is more stable with re-
spect to the model parameter uncertainties while the latter returns a super-
resolution source localization. Furthermore, the MFP approaches can not
only localize the sound source but also estimate the parameters related to
the sound propagation environment. However, MF'P needs to discretize the
space of source location and other unknown parameters which often involves
a large number of sound field computation. Iterative beamforming [10, 31]
is a maximum likelihood (ML) approach for multiple sources, based on the
expectation-maximization (EM) algorithm [32, 33]. This method assumes
that each acoustical measurement is a sum of latent signals emitted from the
multiple sources. Given an initial value of source parameters, IB iteratively
computes the latent signals (source contributions) using the current fit of
parameters and then performs beamforming on these source contributions to
estimate the corresponding source location and amplitude. The theory of the
EM algorithm guarantees the increase of likelihood function of model param-
eter after each iteration and the final result is a maximum likelihood estimate
(MLE) of the sound sources [32]. This parametric mechanism of IB is able
to avoid the limit of spatial resolution and augment the frequency range of
CB. In this paper, the IB approach is used to solve the source localization
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problem in the framework of image sources.

Since the underwater environment is complicated and some of the envi-
ronmental parameters cannot be precisely measured, the sensitivity of the
source localization method with respect to these parameters must be investi-
gated. Kriging method [34, 35] is an efficient tool to build response surfaces
for surrogate modeling, which is extensively used in uncertainty quantifica-
tion (UQ) in mechanics [36, 37] and fluid dynamics [38-40]. In this work, a
response surface of the estimated sound source as a function of uncertain pa-
rameters (water depth and sound velocity) is built using the Kriging method.
Then, a quasi-Monte Carlo sampling of the response surface is used to ob-
tain the probability density function (PDF) of the source estimate and to
quantify the sensitivities of the source estimation methods with respect to
the uncertain environmental parameters.

In this paper, the problem of sound source localization in a shallow wa-
ter environment is investigated. The sound waves are emitted from a single
source and reflected by the water surface and bottom. The sound propa-
gation process is considered via the image source model. The single source
localization problem is then transferred to a multiple-source estimation prob-
lem in a free-field, which is solved via the IB method. The organization of
this paper is as follows. Section 2 introduces the proposed image source
model. In Section 3, the source estimation methods are briefly introduced
first; the algorithm for estimating a shallow water source using IB is then
explicitly given. Section 4 presents experimental results on simulated data.
In Section 5, the sensitivity of the source localization methods to the uncer-
tain parameters of sound speed and water depth is investigated. Finally, the
conclusions and perspectives are given in Section 6.

2. Sound propagation in a shallow water environment

2.1. Model description

In this section, the sound propagation model in a shallow water envi-
ronment is presented. It is assumed that the acoustic field is produced by
a sound source radiating continuous time signals at ro = (o, Yo, 20). The
sound wave propagates through the underwater medium and is measured by
an array of sensors whose coordinates are v/, = (z/ .y ,z/),m=1,--- M.

Figure 1 shows the problem in 3D space, in which the cross and circles repre-
sent the source and microphone locations respectively. By assuming that the
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Figure 1: Description of the model in 3D space. The cross and circles represent the source
and microphone locations, respectively.

medium is sourceless except at ry, the sound pressure p(r,t) as a function of
spatial coordinate r = (x,y, z) and time ¢ is governed by the wave equation

, 13N\, .
Z) ’ - )
(v ———> (r,t) = 6(r — ro)W(t) (1)

v2 Ot2

in which v represents the sound speed, W (t) is a deterministic function of
source signal in the time domain, and ¢ is the Dirac delta function. Taking
Fourier transform of the both sides of Eq. (1) with respect to t results in
the following Helmholtz equation for the sound field p(r, f) in the frequency
domain:

(V2 +£) p(r, f) = 6(x — ro)W(f), (2)

where k = 2x f /v is the wavenumber, f is the frequency, and W(f) is the
Fourier transform of W (t). The solution of the wave equation depends on
the boundary condition. The water surface (z = 0) is assumed to be totally
mirror reflective. The bottom (z = d < 0) is smooth and has a frequency-
dependent reflectivity (denoted by a(f) € [0,1]). Moreover, the sound waves
propagating through the bottom are assumed to be fully absorbed by the
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bottom, i.e., no sound wave reflects back to the considered shallow water
region {r: z € [d, 0]}.

2.2. Image source model

In this work, the sound wave equation and source localization are consid-
ered in an image source framework. The canonical (Pekeris) shallow water
acoustic waveguide is considered. The sound speed field is assumed as a
constant. The wavelength is much smaller than the water depth and wave
propagation range such that the ray theory and the image method can be
applied. The sound emitted from the source is reflected by the water surface
and bottom. An acoustical measurement obtained by each microphone is
a superposition of contributions from the direct propagation and the reflec-
tions. Figure 2 demonstrates this multiple reflection problem: the solid lines
display the direct propagation (Fp) and the other three paths of reflections
(upper reflection P, lower reflection P, and upper lower reflections P).

Instead of solving the wave equation Eq. (2) with the boundary condition,
the sound pressure at each point r is seen as a mixture of contributions
propagating from the physical and image sources in a free-field:

o0

p(r,f) = D (=)"a(f)" D AG(x|rs, f)

s=0

s=0

in which ry (s > 1) represents the locations of the image sources, A is the
amplitude of the physical source rg, n(s) stands for the number of reflections
of s-th mode ((s + 1)-th term in Eq. (3)), and n~(s) is the corresponding
number of bottom reflections. The coefficient, (—1)™*) corresponds to the sign
change after each reflection due to the pressure-release boundary condition
and a” ®) means that the remaining power after each bottom reflection is
|aA|?, where a € [0,1] is the reflectivity and A represents the amplitude of
incident wave. Note that all the image sources are in the same line {r : x =
%o,y = Yo}, as shown in Figure 2. The z-coordinates z5 of the image sources
are obtained by successively imaging z, (symmetric with respect to the two
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boundaries z = 0 and z = d):

24 = 29 — 2id, (4a)
2441 = —20 — 2id, (4b)
Zyive = —20 + 2(i + 1)d, (4c)
Zgivs = 20 + 2(1 + 1)d, (4d)

in which ¢ € {0,1,2,---}. Figure 2 shows the locations of the first four
sources, i.e., i = 0 in Eq. (4). It is remarkable that the image source locations
rs, s € {1,2,3,---}, do not depend on the observation point. Therefore, the
sound pressure p(r, f) measured at any point r can be seen as being generated
by the image sources. Under the image source sorting method in Eq. (4), the
corresponding number of reflections and number of bottom reflections are
n(s) = [(s+1)/2] and n=(s) = [(s + 2)/4], in which [-] stands for the floor
function. Therefore, the amplitudes of the image sources are

Ag=(-1)"Dam @4y = ()IFalay, s=1.2,0 ()

By considering the measurement noise and ignoring the terms larger than
S (become negligible after several bottom reflections, depending on the de-
sired precision and the reflectivity «), the measured sound pressure from
m-~th microphone is

/ - g, M 6
=y Ay tegm=1,, M,
p) =S A+ e (6)

s=0
in which the amplitudes Ay is obtained from Eq. (5) for s > 1 and the mea-
surement error e, is assumed to follow a 0-mean complex-valued Gaussian
distribution [41].

In the framework of image method, the sound propagation can be analyt-
ically computed, such that the source localization can be rapidly performed,
which is crucial in the source localization problem. In Section 3, acoustic
imaging techniques are employed to visualize all the (physical and image)
sound sources. Since the presence of the two boundaries are known, the real
(physical) sound source can be identified from its images.

3. Sound source localization using iterative beamforming

In this section, a shallow water sound source is localized. This single
source localization problem with multiple reflections is transferred to a mul-

7
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Figure 2: Sound propagation with multiple reflections on the water surface (z = 0) and
bottom (z = d). The crosses and circles represent the (physical and image) sound sources
and microphone locations, respectively. The solid and dashed lines stand for the physical
and image sound propagation paths.

tiple source localization problem in a free-field using the image source ap-
proach, as introduced in Section 2.2. The data used are T snapshots of
sound pressure measurements in the frequency domain, denoted as p =
(py, - ,pr). BEach snapshot p, = (pi, -+ ,pme)’ includes the measure-
ments from M microphones, in which (-)T stands for the operation of vector
transpose.

In Sections 3.1 and 3.2, two sound source localization methods (CB and
IB) are introduced. The detailed source localization strategy is given in
Section 3.3. Finally, for comparison in terms of computational cost, the
MFP methods for the single source based on the image source method are
introduced in Section 3.4.

3.1. Classical beamforming

The CB method [25, 26] is based on the assumption of single source. In
this case, each snapshot of the measurement p, reads

P = AOG(I'O) + ey, (7>

in which G(rg) = (G(r}|ro), -, G(r),|re))T is the Green’s function vector
describing sound propagation from the source ry to the M microphones and

8
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being computed from the Helmholtz equation (2), Ag is the amplitude of the
sound source, and e; = (e, - , e Mt)T is the vector of measurement noises
which follows an M-dimensional complex Gaussian distribution N(0, 0*I;)
and I, is the M-dimensional identity matrix. Note that p, is the sound pres-
sure in the frequency domain, which is obtained from a linear combination of
measurements in the time domain (discrete Fourier transform). Therefore,
the measurements noise vector can be reasonably assumed as Gaussian dis-
tributed regardless of the distribution of the time domain noise according to
the central limit theorem.

The CB approach localizes the sound source by “steering” the microphone
array. The steering locations, which result in a maximum power, yield the
beamforming estimate. “Steering the array” is performed by forming a linear
combination of a measurement p;:

W P = Z WmPmt, (8)

in which (-)! is the operation of conjugate transpose, w = (wy, - -+ ,wy) " is
called the steering vector. The CB method is to estimate the source location
by maximizing | B;|? with respect to w, which finally reduces to maximizing

the classical spatial spectrum
GH(FO)PtP%{G(To)

S(I'o) = GH (I‘O)G(I‘O) (9>

Note that the CB estimate (maximizing Eq. (9)) is a MLE of the source
location ry.

In the case of multiple sources, CB solves the problem in the same way
as the single source case. An ry-S(rg) color map for all ry in the considered
region may be employed: each local maximum in this color map corresponds
to a source. However, this is not a parametric approach and thus has a spatial
resolution limit, i.e., the sources cannot be separated when they are close to
each other. The side lobes of beamformer may also be wrongly identified
as a source. In Section 3.2, a generalized beamforming method addressing
the case of multiple sources is introduced, which considers the parametric
multiple-source model and is a MLE of the multiple sources.

3.2. Iterative beamforming
Multiple sound source identification using the iterative beamforming (IB)
approach is introduced in Ref. [10] for deterministic amplitude sources and

9
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in Ref. [31] for random amplitude sources. IB is based on a ML approach to
deal with latent variables, known as EM algorithm [32, 33]. In this paper, the
shallow water source and its images are viewed as multiple sources, which can
thus be estimated using the IB method. Here the principle of this method is
briefly reviewed; for an extensive presentation, the readers are invited to refer
to Ref. [10]. The detailed algorithm for shallow water source localization is
introduced in Section 3.3.
In the case of S 4 1 sources, each snapshot of measurement p, has the
expression
p;, = G(r)A + e (10)
In this equation r = (rg,---,rg) represents the locations of the sources,
G(r) = (G(r§n|rs))%sls _o is the M x (S + 1) Green’s function matrix, in
which G(r],|rs) describes the sound propagation from s-th source to m-th
microphone, A = (A, -+, Ag)T is the vector of source amplitudes, and
e = (e, - ,ey)', t = 1,---,T, are i.i.d. random vectors of measure-
ment noises and follows a complex-valued Gaussian distribution N(0, 021 ,;).
The purpose of source identification is to estimate the source positions r and
amplitudes A. The log-likelihood function of the measurements p (after re-

moving unnecessary terms which are independent of the unknown parameters
and have no effect of the MLE) is

log L(r, Alp) = Z Ip, — G(r)A|*. (11)

The MLE of r and A is obtained by maximizing Eq. (11). In the case of
single source, i.e., r = ry and A = Ay, this ML estimate is identical to the
CB estimate (maximization of Eq. (9)).

Note that maximizing Eq. (11) is a (45 +4)-parameter optimization prob-
lem, which is difficult to solve when S is large. However, this maximization
problem can be largely simplified by introducing the latent variable, which is
defined as an unknown information that could let the parameter estimation
straightforward, should it be available. In this multiple-source identification
problem, the contributions of the various sources to the measured pressures

could be introduced as the latent variables, denoted as ¢; = (cgs, -+ - , Cs¢), In
which

cq = Gy(rs)As +e4,s=0,---, 8. (12)
In this equation, Gg(rs) is the (s + 1)-th column of the matrix G(r) and
G(rs) A, stands for the contribution from s-th source, ey (s = 0,---,.5,

10
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t=1,---,T) are independent Gaussian random variables with mean 0 and

covariance matrix Y, = 3 +1IM Therefore, the latent variables c,; and the

original measurements p, are related via p, = Z cs and the log-likelihood

function of the latent variables (after removing l;nnecessary terms which are
independent of the unknown parameters and have no effect of the MLE) is

T S
log L(r, Alc) = = > 3 |lew — Ga(ra) Al (13)

t=1 s=0

Since the contributions ¢, cannot be measured, it is impossible to directly
maximize Eq. (13) with respect to each ry and A to separately estimate
each source from the others using the corresponding source contribution.
However, the EM algorithm [32] makes it possible to proceed with Eq. (13)
by treating the missing data as random variables. The IB approach starts
from an initial parameter ®° = (r’; A”); given I-th parameter estimates, the
(I 4+ 1)-th iteration consists in the following steps [10]:

e compute the expected source contribution

¢y = E(culp, r',A') = GLAL + S—Jrl (Pt ZG Al) ;o (14)

e decide the source location by performing a beamforming projection
using the estimated source contribution:

I+1 _ G?(rS)éi(éDHGS(rS)
re Gl(r,)G,(r,) (15)

s

T
. . N Al
in which ¢, = 7 > €;

e estimate the source contribution via
GH( l+1)é
GH(rl+1> (

o) (16)

It is important to remark that the IB estimate is a MLE of the multiple-
source parameters. The principle of EM algorithm guarantees the increase of

Al—l—l

11
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likelihood function after each iteration [32] and its convergence to a stationary
point [33]. In order to obtain the estimate at the global maximum, a multiple
initialization strategy could be employed: the above algorithm is performed
with different initial parameters, and finally retain the estimate with highest
likelihood.

3.3. Shallow water source localization using iterative beamforming

In this section, the sound source localization in a shallow water envi-
ronment is considered. As introduced in Section 2.2, the problem of single
source with multiple reflections is considered in a model of multiple sources
in a free-field. In this case, the locations of the sound sources are denoted by
r = (rg, - ,rg), in which ro = (¢, yo, 20) is the coordinate of the physical
source. The image source coordinates are ry = (zs,ys, 25), s > 1, in which
Ts = To, Ys = Yo, and zg is obtained from Eq. (4). The amplitudes of the
sources are represented by A = (A, -+, Ag)T, in which 4 is the amplitude
of the physical source, and the amplitudes As (s > 1) of the image sources
are obtained via Eq. (5).

Given an initial parameter of the physical source parameters, denoted

as 9 = (29,49, 20) and Aj, the corresponding initial location of each image

sources is 2 = (22,42, 29), in which 20 = 2§, y? = 43, and 22 is obtained by
inserting z{ back into Eq. (4). The initial amplitudes of the image sources
are obtained by replacing Ay in Eq. (5) by A and giving an initial value

of bottom reflectivity a”. Then, the source localization algorithm presented

in Section 3.2 is proceeded with the initial parameters r® = (rJ, - ,r%)
and A = (A9, ---, A%)T. The returned source estimates are represented by
r* = (rf, - ,r5)and A" = (A, -, AS). Then, each estimated image source

ri = (2, yk 2f), s > 1, is reflected back to the region z = [d, 0] to obtain

S S

the corresponding physical source estimate, denoted by ri* = (x%, y¥, 2¥*), in
which
2= 2 E] d, if Z} —0 (17a)
2=t [ﬂ d, if{i} - i (17b)
zZ*-—zj%—Q([ﬂ +1> d, if{i}—% (17c)
zj*:z;—2([ﬂ +1)d ﬁ{i}:% (17d)

12
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Here, {z} = x — [z] is the sawtooth function. Then, the estimate of the
physical source location can be obtained by

S
~ 1 * E *k
rg = S—H (ro + 2 I‘s ) . (18)

The reflectivity could be also estimated by

s+2

() M

s=2

Finally, the amplitude of the physical source can be estimated by an average
of the image sources considering the power losses of bottom reflections:

A= L S plEla- A, (20)

The IB strategy for localizing the shallow water source is summarized in
Algorithm 1.

Algorithm 1 Sound source localization in shallow water using 1B

1. For [ = 0, pick starting values for the source parameters (rJ and A)
and generate the initial parameters of image sources (r? and A%, s =
0,---,5) via Egs. (4) and (5).

2. Forl > 1:

repeat
estimate the source contributions ¢', via Eq. (14) for s = 0,--- , S;
estimate the source locations ri*! via Eq. (15) for s =0,---, S;
estimate the source amplitudes A via Eq. (16) for s =0,--- , S.
until the relative increase of the measured data log-likelihood
Eq. (11) is less than a given threshold k.
return location and amplitude estimates of the physical and image
sources (rf and A%, s =0,---,9).
3. The location and amplitude of the physical source and the reflectivity of
water bottom are estimated via Eqgs. (18), (20) and (19), respectively.

13
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3.4. Matched-field processing and computational costs
In the underwater source localization problem, MFP [28] is probably the
most widely used method, which generalizes the beamforming approach to
estimate both source location and other unknown environmental parame-
ters. In this section, conventional and Capon’s MFP methods are briefly
introduced, their computational costs are quantified and compared with the
IB method.
In this work, the MFP methods are based on the image source model.
The Green’s function at m-th microphone r/ is
S
Gt r9.0) = S (=1)"@a ()

s=0

eIklrs, —rs|
_ (21)
Arr], — x|
The conventional and Capon’s MFP estimates for the source location ry and
the reflectivity a are respectively:

pz{—IG(rm a)GH<r07 a>pt

{ro,a} = arg I}%‘E( G (10, )2 (22)
and .
{ty, &} = argmax (23)

oo GH(rg,a)K  G(ro, )
in which G(rg, a) = (G(r}|ro, @), - - , G(rhy|ro, @)).

Then, the computational costs of the MFP approaches are estimated.
The 3D space and o € [0,1] are discretized; N,, N,, N, and N, denote
the number of discrete points in z-, y-, z-axis and « € [0, 1], respectively. In
order to obtain the MFP estimate, the sound propagation has to be calculated
SNyN,N_.N, times, such that the computational cost is very high when the
possible region of source is large and high estimation precision is requested.

By contrast, the computational cost of IB is relatively low, which mainly
comes from the optimization step. For this approach, the sound propagation

L S

process needs to be calculated > > Ny times, in which Ny is the number of
I1=1s=1

calculation of Green’s function in the optimization step for s-th source and

[-th iteration, depending on the optimization method. Therefore, the compu-
tational cost ratio between IB and MFP is approximately N, N, N, N,/ (LNg),
where N, is the average of N,; and in general is less than 100. In most cases,
IB requires much less computational cost than the MFP approaches. Besides,
IB is not limited to the estimation precision while high estimation accuracy
of MFP results in a high computation cost.
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4. Numerical experiments

In this section, numerical experiments are introduced to illustrate the
proposed model and source estimation method. The experimental setup is
displayed in Figure 1. The Pekeris shallow water waveguide is assumed with
a sound speed v = 1500 m/s. The water depth is 100 m, i.e., d = —100 m.
The sound source is located at ro = (0,0,—32) m and its amplitude is
Ao = 1 at the frequency f = 1500 Hz. Note that in order to apply the
image model, the wavelength must be much smaller than the water depth.
Here, the wavelength is A = 1 m, which is sufficiently small to guaran-
tee the model accuracy. Besides, the source localization accuracy depends
on the frequency. Refs. [10, 31] have discussed the influence of frequency
on IB and MFP, therefore it is not the main concern of the present pa-
per. In this experiment, five towed hydrophone arrays are used, each array
has 7 sensors. More specifically, M = 35 sensors are placed on an x-plane
x!, = 5000 m; their y- and z-coordinates are y,, € {—100, —50,0, 50,100} m
and 2, € {—95,—80,---,—5} m, respectively. The water surface is totally
mirror reflective; the water bottom is smooth and has a reflectivity a = 0.1.
Generally speaking, an interference having an incident angle smaller than 75°
can be ignored due to more bottom reflections (depending also on the ma-
terial of water bottom and the microphone-source distance) [1]; in the data
generation of this experiment, 34 modes (i.e., S = 33) are considered such
that minimum incident angle is around 75°. Thus, the sound waves propa-
gating from the source are within a cone whose apex angle is 30°. The sound
propagation and measurement process are simulated via Eq. (3). The num-
ber of snapshots is 7" = 30. The signal-to-noise ratio (SNR) is assumed to be
10*, the standard deviation of measurement noise is thus ¢ = 1073 |GA.

First, CB is employed to estimate the sound source. By inserting the
mean of 7" measured pressures in the frequency domain into Eq. (9) and
plotting the ro-S(ry) color map for each ry on the source plane z = 0, the CB
sound field (sound pressure level whose reference pressure is the maximum
value in the plane) of source plane can be constructed, as is shown in Figure 3
(a). It is clear that CB has a problem of spatial resolution, i.e., the physical
and the first image source cannot be separated. Actually, the resolution of
CB can be theoretically estimated [27] by:

|z, — 20| A

Res =
es o) ,

(24)
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Figure 3: Sound source localization using (a) classical beamforming, (b) iterative beam-
forling, (c) conventional MFP, and (d) Capon’s MFP. The distance between the source
and the sensor plane is 5 km . The frequency of the sound source is 1500 Hz. In subfigures
(a) and (b), the crosses stand for the physical and image source locations, and the two
lines represent the water surface and bottom. (For interpretation of the references to color
in this figure, the reader is referred to the web version of this paper.)

;9 in which D is the size of the hydrophone array and A is the wavelength. In
0 this experiment, the size of the microphone array is 200 m in the y-direction
s and 90 m in the z-direction, thus the theoretical spatial resolution is 25 m x
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Figure 4: Actual (solid lines) and estimated (dash lines) paths of sound propagation from
the source to each microphone. The cross and the circles stand for the actual source and
the estimates of the image sources reflected back to the physical region.

56 m, which is consistent with the numerical result.

However, the above limitation can be overcome by IB [31]. Since the
IB approach is parametric (the estimates of point sources are explicitly ob-
tained), the reconstructed sound field is not limited by the minimum resolv-
able source separation of CB. Here, in order to reduce the computational
cost, the number of modes assumed in the IB estimation process is 10, i.e.,
only the sources with powers larger than |a3Ag|? are considered. Ten initial
source location of ry is randomly obtained, following a 3D uniform distribu-
tion with support {(z,y,z) : € [-50,50],y € [-50,50], z € [-60,0]}. The
corresponding initial source amplitudes are randomly generated from a uni-
form random variable in [0.8, 1.2]. Then, the IB estimates are obtained using
the method introduced in Section 3.3: the estimate with highest likelihood
is retained as the final source estimate. Figure 3 (b) shows the reconstructed
sound pressure level on the source plane: for each discrete point r on the
source plane z = 0 (r # r¥), the reconstructed sound pressure is computed
by

pr(r) =) AUG(r[r)l. (25)
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This figure shows that IB avoids the limitation of spatial resolution of CB
and can clearly separate all the sources. Besides, the source amplitude and
the bottom reflectivity are estimated via Eqgs. (20) and (19), being Ay = 0.99
(the actual value is 1) and & = 0.107 (the actual value is 0.1). Figure 4
displays the source estimates projected back to the physical region z € [d, 0]
on the X-Z plane via Eq. (17), denoted by the circles. These estimated
physical sources are almost overlapped with the actual one, which illustrates
the precision of the IB estimates. The sound propagation paths from the
real source (solid lines) and the estimated sources (dashed lines, each of
which is emitted from the corresponding projected image source) to each
hydrophone are also shown in Figure 4. It is clear that the sound propagation
paths can also be accurately identified by IB. Furthermore, the IB algorithm
converges fast such than the computational cost is low. Actually, the number
L of iteration steps is always less than 100 (and maximum 1000) while the
threshold & of relative likelihood function increment is 1074

Finally, the conventional and Capon’s MFP methods are used. The 3D
coordinate of source and the reflectivity of water bottom are discretized by
{(z,y,2) : x = =50 : 0.1 : 50,y = =50 : 0.1 : 50,z = =5 : —0.1 : =95} m
and o = 0 : 0.01 : 0.5, respectively. The source estimates are obtained
from Egs. (22) and (23) and the reconstructed sound fields in the source
plane x = 0 are shown in Figure 3 (c¢) and (d). Besides, the estimated
reflectivity obtained from the both approaches are respectively & = 0.1 and
a = 0.09. It is clear that the both MFP methods are also accurate in terms
of source localization, although conventional MFP has a relatively large focal
spot size. However, it is remarkable that the MFP methods require a much
higher computational cost: in this example, the sound propagation process
has to be computed 4.6 x 10! times. By contrast, the IB approach needs to
calculate the sound propagation maximum 10 times (with 10 initial values).
Therefore, the computation speed of IB is approximately 4.6 x 10° times
faster than the MFP approaches.

5. Sensitivity to environmental parameter uncertainties

In the above experiments, the sound speed and water depth are assumed
to be precisely known in the source estimation process. In real applications,
however, these environmental parameters often cannot be accurately mea-
sured. For example, Ref. [3] proposes that the error ranges of shallow water
sound speed and water depth are +2.5 m/s and +2.5 m. In this section, an
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UQ analysis is presented. The source estimation method is proceeded with
inaccurate information regarding the sound speed and water depth. Kriging
is used to build a response surface (i.e., a meta-model of the true simulation
output) of the predicted acoustic source localization. A quasi-Monte Carlo
sampling of the response surface is then used to obtain the PDF of the source
estimate, the sensitivities of the environmental parameters are also discussed.

5.1. Building a Kriging response surface

The Kriging method proposes a weighted linear estimator, i.e., given n
values of the generic quantity of interest (Qol) X (w) sampled over the un-

certain space €2, the estimate of the Qol X (w) at an unmeasured location w
is:

X() = M) X (), (26)

where \;(w) is the Kriging weight assigned to sample X (ws) and wy is the
sample location. It is important to notice that the Kriging weights are func-
tions of location at which an estimation is needed, since the s-th weight
depends on the distance between the unmeasured sample and the s-th sam-
ple location. The Qol X (w) is arbitrarily decomposed into a residual R(w)
and a trend component §(w):

X(w) = R(w) + B(w)- (27)

The residual component can be treated as a stationary random field with 0-
mean and covariance Cov(R(w), R(w + h)) = C'(h), where C'(h) is called the
covariance function. The fundamental step of Kriging is to correctly select
the covariance function defining the underlying Gaussian process. Here, the
spline covariance function is used to build the response surface, i.e.,

1 —6(h8)* + 6(h0)*, h < 5
Chy={ 20-hdp, L<h<li (28)
0, h>;

in which 6 can be obtained via MLE or empirical tuning.

The Kriging weights A\s(w) are determined by minimizing the variance of
the estimator Var(X (w)—X (w)) under the unbiasedness constraint E[X (w)—
X(w)] = 0. As a matter of fact, Kriging estimator is a best linear unbi-

ased predictor (BLUP). A number of variants of Kriging exists in literature,
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among which the Ordinary Kriging approach is preferred, given that there
is no a-priori assumption on trend and given the simplicity and robustness
of Ordinary Kriging compared to other variants. In this approach, the trend
part of the random field X (w) is assumed to be constant but with unknown
B(w) = pp. Unbiasedness condition requires that the sum of Kriging weights
is equal to 1. Then, by minimizing the error variance and adding a Lagrange
parameter to respect the unbiasedness constraint, the well known Ordinary
Kriging system is obtained:

{Z}Ll Aj(W)O(wi —wj) + po = Clwy —w) i=1,,n
Z?:l Aj(w) =1
To assess the reliability of the meta-model, a leave-one-out cross valida-

tion strategy [42] is adopted. The cross-validation values are expressed here
as a global relative Ly-error:

(29)

V(X = X2
oV, =
) Vo X2dw

where X~ is the Kriging response surface built without the s-th sample. A
threshold € on the computed cross-validation value C'V; for each sample is
imposed to assess convergence.

(30)

5.2. Sensitivity estimators from the Kriging meta-model

The main statistics and the Sobol’ variance-based sensitivity indices [43]
are obtained through quasi Monte Carlo (Sobol sequences) estimators [44].
The mean estimate p(X) is calculated as

pX)=—> X (31)
qmc -

where ¢yc is the number of quasi Monte Carlo samples X; of the Kriging
meta-model of X (). Similarly, the variance 0%(X) for large qurc can be
obtained by

qmc

2 (X) = qM% > (6 X)) (32)
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Finally, for the first order sensitivity indices, a common approach is to gen-
erate two independent quasi Monte Carlo sample sets of 2. The independent
sets €21 and €25 are obtained from a ¢y;c X 2D matrix, which is a quasi Monte
Carlo sample series in dimension 2D, D is the dimension of the original prob-
lem. The Sobol” indices S; = 07 /0” for j-th dimension is derived from the

estimate of the variance and the partial variance (7]2-:

gMC
7 = 2 3 K@) () — Kl (33)

where le is the first samples set {2; where the j-th column has been replaced
by the corresponding column of the second sample set €25. The residual
variance can be estimated by the difference between the total variance and
the sum of first order partial variances.

5.8. Uncertainty quantification of the source localization to the environmental
parameters

In this section, the UQ analysis of source localization with respect to un-
certain environmental parameters is presented. As previously discussed, the
shallow water sound speed and the water depth are assumed to be uncertain,
the ranges of which are set to be v = 1500 £ 2.5 m/s and d = —100 £ 2.5 m,
respectively. Here, both parameters are assumed as independent random
variables. The UQ analysis of source localization using IB, conventional and
Capon’s MFP is done. The sound source is located at (0,0, —32) m and
the frequency is 1500 Hz. The sensor locations are the same as in Sec-
tion 4. In order to decrease the computational costs, the x-coordinate of
sound source is assumed to be known for all the the three methods, thus
only the y- and z-coordinates have to be estimated. Note that in this case
the computational cost of MFP decrease (the region of possible source loca-
tion becomes two-dimensional), but is still much heavier than IB: the com-
putation speed of 1B is approximately 460 times faster than the MFP ap-
proaches. Besides, in order to eliminate the influence of random initialization
of IB, the starting values for the source parameters are obtained from a grid
{(y,2) : y = —100,-80,---,100,z = 0, —10,--- , =70}.

A regular grid with 25 samples of uncertain parameters (v = 1500, 1500+
1.25,1500 4+ 2.5 m/s, d = 100, 100 + 1.25, 1000 + 2.5 m) is used to assess the
reliability of the Kriging-based response surface. The number of samples of
the UQ grid depends in general on the dimensionality of the UQ problem, on
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the physical ranges of each UQ parameter and on the expected complexity of
the response. In this case, a grid with 25 samples proved to be enough to get
a reasonable convergence of the Kriging response surface. Further tests with
additional samples are proved to be inefficient in terms of response surface
reliability:.

Figure 5 shows the computation results of IB with four different assumed
parameters: (a) v = 1500 m/s, d = —98.75 m; (b) v = 1500 m/s, d = —97.5
m; (c¢) v = 1501.25 m/s, d = —100 m; (b) v = 1502.5 m/s, d = —100
m. In the latter two cases, the image sources with low strengths cannot be
accurately estimated. However, the first two sources (the physical source and
its first image which have the highest amplitudes) can be identified in all the
cases. Since the main purpose of this work is to localize the physical source,
these results are sufficient: the estimated source between the two boundaries
can be identified as the estimate of the physical source. Here, the source
location estimate of IB is the first mode of the multiple-source estimate. In
the following, the estimation accuracy of all the three methods is quantified.

A response surface is built for the z-coordinate estimate of source through
ordinary Kriging with spline covariance function and 6 = 0.1 (tuned to well
fit the meta-model). Actually, the experimental results of IB show that the
estimation error of y-coordinate is always much smaller than z-coordinate and
relatively negligible (smaller than 0.1 m), thus the z-coordinate estimation
error |zp — 2| can be seen as the source estimation error ||ro —rj||. Although
the main interest of the UQ analysis is to quantify the error on the source
localization, using it to build the response surface is not so efficient as it
may appear, since the absolute value operator results in a response surface
with sharp points, which can not be correctly fitted by a Kriging meta-model
with a small sample size. Therefore, the response surface of the z-coordinate
estimate is constructed and the error is then derived. The interested reader
can see Ref. [40] for a discussion on the importance of the choice of the Qol in
building the response surface and assessing its reliability. Furthermore, the
leave-one-out cross validation is used to assess the reliability of the Kriging-
based response surface, where the cross-validation value is CV, < 1% for all
s.

At first both uncertain parameters are assumed to be uniformly dis-
tributed; then the results are compared to the truncated Gaussian distri-
butions, which let the range of each parameter mentioned above be equal to
six standard deviation centered at the mean value. The PDFs, along with
the mean value u(z) and the confidence interval p(z) + o(z) (o(2) is the
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Figure 5: Reconstructed sound pressure levels using IB with imprecise information of
water depth and velocity: (a) d = —98.75 m, v = 1500 m/s; (b) d = —97.5 m, v = 1500
m/s; (¢) d = =100 m, v = 1501.25 m/s; (d) d = —100 m, v = 1502.5 m/s. The black
crosses stand for the locations of (physical and image) sound sources. The white lines
indicate the water surface and bottom. The source-microphone range is 5000 m and the
frequency is f = 1500 Hz. (For interpretation of the references to color in this figure, the
reader is referred to the web version of this paper.)

100

standard deviation), of the estimated z-coordinate using the three source
localization methods with uniform or Gaussian assumption of the uncertain
environmental parameters are shown in Figure 6. For the IB estimation, in
the case of uniform distribution, the mean value of the z-coordinate estimates

is u(z5) = —31.88 m; by contrast, in the Gaussian case, the mean value is
wu(z5) = —31.91 m. In both cases the PDF is spread around the reference
value zp = —32 m and the confidence interval contains zy, meaning that the

IB method is able to retrieve the exact solution in most of the combina-
tions of the uncertain environmental parameters. Similarly, the conventional
MFP estimate has mean value p(z5) = —32.18 m for uniform distribution
and u(z5) = —32.11 m for Gaussian distribution, which imply that the exact
estimate can also be retrieved by the mean value. The mean value error of
conventional MFP is more or less same as IB but the variance is smaller,
which can be observed from Figure 6. The Capon’s MFP estimate results in
w(z5) = —33.92 m for uniform distribution and u(zj) = —33.61 m for Gaus-
sian distribution, and the confidence interval is far away from z,, which leads
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to a much larger localization error than the two methods. Table 1 displays
a-th percentile (o = 5%, 10%, 25%, 50%, 75%, 90%, 95%) of the distribution
of the z coordinate estimate obtained from the three methods under the uni-
form or Gaussian assumption for the uncertain environmental parameters.
It is interesting to notice that for IB the error is slightly larger far from the
nominal value for the uniform assumption, so that in the case of Gaussian
approximation for the environmental parameters the percentiles correspond-
ing to a given error of 1 m increase by about 15%: the z-coordinate estimate
at —33 m corresponds to the percentile being 10% for uniform assumption
and 25% for the Gaussian assumption.

To further investigate the error distribution against the uncertain en-
vironmental parameter and to compare it with the MFP approaches, the
response surface of |r§ — rg| is analysed for all the three source estimation
methods. Maps of the source estimation error |rjy — ro| for IB, conventional
and Capon’s MFP are shown in Figure 7. As can be noticed, the conven-
tional MFP approach returns the most robust result while Capon’s MFP is
most sensitive with respect to uncertain parameters. The IB estimates have
an intermediate error in terms of dispersion of the results, but it is also reli-
able enough since the absolute error never exceeds 2 m in the given range of
uncertain parameters. Here, we may conclude that IB is a good choice which
returns an acceptable source localization error in presence of environmental
parameter uncertainties with a relatively low computational cost.

Finally, Sobol” index calculation for IB shows a weak sensitivity of source
estimation to the shallow water depth (S; ~ 3%), a strong sensitivity to
the sound speed (S, ~ 92%) and a low effect of coupling between the two
uncertain environmental parameters (S, = 03_, /0% = 5% where 03_, is
the residual variance). On the contrary, the MFP methods are more sensitive
to the water depth and to the coupling of the two environmental parameters:
the Sobol” indices are Sy =~ 67%, S, ~ 1% for conventional MFP and S; ~
62%, S, ~ 2% for Capon’s MFP, respectively. The same conclusions can be
observed in Figure 7. It is remarkable that this result is able to guide the
choice of source localization method: when the uncertainty level of the water
depth is higher than the sound speed IB can more accurately estimate the
source, while in the opposite case the MFP methods are preferable in the
sense of estimation robustness.
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Figure 6: Probability density functions of the z-coordinate estimate using the IB (a,b), con-
ventional MFP (c,d) and Capon’s MFP (e,f) methods under the assumption of a uniform
distribution (a,c,e) and a Gaussian distribution (b,d,f) for the uncertain environmental
parameters.

64 6. Conclusions

605 In this paper, sound source localization in a shallow water environment is
s addressed. The multiple reflections on the water surface and bottom during
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« IB Conventional MFP Capon’s MFP
Uniform | Gaussian | Uniform | Gaussian | Uniform | Gaussian
5% -33.14 -32.97 | -32.33 -32.30 -34.65 -34.14
10% | -33.00 -32.86 | -32.31 -32.27 -34.50 -34.03
25% | -32.72 -32.59 | -32.26 -32.19 -34.25 -33.82
50% | -32.03 -32.02 | -32.20 -32.09 -33.93 -33.55
5% | -31.14 -31.38 | -32.10 -32.03 -33.59 -33.38
90% | -30.72 -30.88 | -32.02 -32.00 -33.42 -33.31
95% | -30.54 -30.65 | -31.99 -31.99 -33.34 -33.29

Table 1: a-th percentile (o = 5%, 10%, 26%, 50%, 75%, 90%, 95%) of the distribution of
the z-coordinate estimate obtained from the IB, conventional MFP and Capon’s MFP
methods under the uniform and Gaussian assumption for the uncertain environmental
parameters.

the sound propagation are considered. Instead of solving the wave equa-
tion with boundary conditions of reflection, an image source model including
multiple sound sources in a free-field is proposed. Therefore, the multiple-
reflection problem is transferred to a multiple source problem which results
in an analytical solution of sound propagation. Then, the multiple sources
are estimated using the iterative beamforming approach, which is a gener-
alization of classical beamforming to deal with the case of multiple sources.
The proposed source localization technique is a parametric method based
on the maximum likelihood, which avoids the limits of spatial aliasing and
resolution of classical beamforming.

The results obtained via numerical simulations show the interest of the
proposed model and the source estimation method. The experiment justifies
that classical beamforming is limited in the underwater source localization
problem due to a long microphone-source distance and a relatively small
size of microphones array. However, iterative beamforming is able to accu-
rately estimate the sound source and return a super-resolution reconstruction
of sound field. Furthermore, the proposed method has a much lower com-
putational cost than the matched-field processing methods. In this paper,
the uncertainty quantification study also justifies that the proposed iterative
beamforming method is stable with respect to the model uncertainties: when
the sound speed and water depth are imprecisely known (the error range is
+2.5 m for water depth and +2.5 m/s for sound speed), the sound source
can still be accurately localized.
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In this paper, only the case of homogeneous sound speed field is consid-
ered. However, the proposed image model and the source localization method
can be naturally generalized to the inhomogeneous case. Furthermore, this
work analyzes the sensitivities of the proposed method with respect to un-
certain sound speed and water depth. Other uncertainties, for example the
roughness of water bottom, can also be considered. It would be also inter-
esting to model the uncertain parameters as random variables, which may
further improve the accuracy of source localization.
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