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Abstract

We have investigated the radicality and the vertical singlet—triplet energy gap of
[n]cyclacenes (cyclic polyacenes) as a function of the system size for n even, from 6
to 22. The calculations are performed using the complete active space self-consistent
field method and second-order n-electron valence perturbation theory. We present
a systematic way for the selection of the active space in order to have a balanced
description of the wavefunction as the size of the system increases. Moreover, we
provide didactic insight into the failure of an approach based on a minimal active
space. We find that the ground state is an open-shell singlet and its multireference
character increases progressively with n. The singlet-triplet gap decreases as a function
of the system size and approaches a finite positive value for the limit n — co. Finally,
an analysis based on the one-particle reduced density matrix suggests a polyradical

character for the largest cyclacenes.

Introduction

Since the discovery of carbon nanotubes (CNTs) in 1991, the field studying low-dimensional
hydrocarbons has seen a tremendous increase of interest by research groups all over the
world. Among the vast domain of possible structures, [n]cyclacenes (rolled-up polyacenes
in a ring-like shape with zigzag edges) have been challenging both experimentalists and
theoreticians for the past 25 years. In fact, these molecules appeared for the first time in
the literature in a Hiickel study by Heilbronner? in 1954.

The interesting and unusual properties arising from the cyclization of polyacenes have
been already noticed in theoretical works applying semi-empirical methods, especially
in the late 90’s by Tiirker®® and Gutman,”?® and by André®!? in 2001. First-principles
calculations based on density functional theory (DFT) proposed by Choi and Kim!!

complemented these results by investigating the singlet-triplet energy gap (ST gap), the



carbon—carbon bond lengths and magnetic properties as a function of the system size. The
authors of that study considered [n]cyclacenes as two [2n]trannulenes stacked on top of
each other, such that a comparison of the properties and the aromatic character could be
made with respect to their two constituting fragments. On the other hand, the relation to
their open-ended “cousins”, the linear polyacenes, is evident. From the semi-empirical
studies, it is known that the behavior of [n]cyclacenes for odd and even n values is different.
In particular, in the latter case the electronic structure is similar to that of polyacenes,
thus sharing the same difficulties in the determination of the ground state which led to
controversial findings. Indeed, this was the case also for cyclacenes, where a slightly

increasing ST gap as a function of 1 was predicted by both Choi and Kim ' and Houk
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et al. '“ using DFT. It was only a few years later that Chen et al. ** and Sadowsky et a
showed by performing more accurate multireference calculations based on wavefunction
theory that the increasing gap was the result of a singlet instability of the ground state
computed by DFT. A recent study by Wu et al. ' explored the electronic properties of
[n]cyclacenes by thermally-assisted-occupation DFT (TAO-DFT) and found agreement
with the works based on high-level ab-initio methods.

The challenges posed by [n]cyclacenes to today’s quantum chemical approaches are not the
only reason for their investigation. The interest as conceptual models for understanding
more complicated hydrocarbons, their promising electronic and magnetic properties simi-
lar to linear acenes and the potential for applications in host-guest chemistry justify already
this theoretical work.!!"121617 Nonetheless, probably the most exciting characteristic of
these belt-shaped molecules is their remarkable similarity to carbon nanotubes. Much
effort has been invested in trying to synthesize these compounds, and the crucial obstacle
has been identified to be their high reactivity due to the radical nature of their electronic
ground state. 81

Cyclacenes constitute the last minimal building unit of carbon nanotubes that have not

yet been synthesized, as the basic blocks of armchair and chiral nanotubes are already



available. Hence, one of the major interests of such structures is their potential for the
controlled synthesis in a bottom-up fashion of finite-length zigzag carbon nanotubes.?’
Nonetheless, a series of similar cyclic hydrocarbons have been lately proposed both theo-
retically and experimentally, which allowed the successful growth of finite-size CNTs. 21724
Despite the fruitful activity of the recent years, theoretical works using high-level wavefunc-
tion theory on [n]cyclacenes are still far from being exhaustive. For example, [14]cyclacene
is the largest ring considered so far theoretically by wavefunction theory, !> while attempts
to synthesize [18]cyclacene have been reported in the literature.?’ The extrapolation of
the singlet-triplet energy gap to the asymptotic limit as well as a characterization of the
polyradical behavior with respect to the system size, although recently investigated by a
DFT-based approach, 1° are still missing from a wavefunction perspective.

In the present contribution we try to shed light on some of these points by complementing
and extending the work carried out by other authors, 31 treating [1]cyclacenes up to
n = 22 using a multiconfigurational approach and multireference many-body perturbation
theory. This allowed us to unveil the polyradical character of these systems and to provide
computational evidence of the decreasing ST gap as a function of the system size. We
introduce a systematic approach to select the active space (AS) for the multiconfigurational
calculations in order to maintain a balanced description of the wavefuntion throughout
the entire series of cyclacenes studied. Moreover, we investigate the dramatic failure
resulting from a minimal active space, evidencing again the difficulties that this typology
of hydrocarbons poses to electronic structure methods.

The article is organized as follows. In the next section, Computational Details, we list the
theoretical methods and the important parameters chosen for this study, accompanied
by a discussion of the [n]cyclacenes’ geometries used in the calculations. In the Results
section, we divide the presentation of our findings into two parts, the first one elucidating
the reasons of the failing minimal AS, and the second one presenting the results obtained

with the larger AS along with the radicality analysis based on the one-particle density



matrix. Finally, in the Conclusions section we wrap up the discussion and summarize the

main achievements of this work.



Computational Details

All the calculations were performed using the 2015.1 version of the MOLPRO program

package, 2627

applying the default convergence thresholds. The basis set used throughout
the entire work is the atomic natural orbital (ANO) split-valence double-{ basis set by
Roos and coworkers,?® without (ANO-DZ) and with (ANO-DZP) a set of polarization
functions on the carbon atoms. To ensure the quality of the results with respect to the basis
set chosen, calculations on a [8]cyclacene and a [20]cyclacene have been performed using
a larger triple-{ basis set, without (ANO-TZ) and with (ANO-TZP) a set of polarization
functions on the carbon atoms. As it will be discussed in more details in the Results section,
the use of a larger basis did not affect the results in a significant way.

[n]cyclacenes are highly symmetric molecules, hence in order to maintain the full Dyy
molecular point group, geometrical constraints have been imposed during the optimization
procedure. However, the symmetry of the wavefunction is explicitly treated only by
the highest abelian subgroup (i.e. Dy;) due to limitations of the software employed
and the labels of the states used throughout this work refer to that subgroup only. All
the geometries were relaxed at restricted Hartree-Fock (RHF) level using the ANO-DZ
basis set, optimizing a totally symmetric closed-shell singlet (1A, state) and manually
imposing the occupation pattern of the molecular orbitals (MOs) for each value of n
(Table S1 in the Supplementary Information). To assess the quality of the geometries
obtained at this level of theory, a series of additional optimizations has been performed
on a [8]cyclacene using restricted (RB3LYP) and unrestricted (UB3LYP) DFT with the
three-parameter Becke exchange energy functional?>? and the Lee-Yang-Parr correlation
energy functional®! and restricted second-order Moller-Plesset perturbation theory (RMP2)
using different contractions of the ANO basis set. A comprehensive table containing the
geometrical parameters for all the combinations of basis set sizes and methods is available

in the Supplementary Information (Table S2). The geometries obtained with the highest



level of theory considered (RMP2/ANO-TZP and RB3LYP/ANO-TZP) differ from the
geometry used in the calculations by less than 1 % for all structural parameters (Table
S3). In particular the largest deviations are observed for the parameters involving the
hydrogen atoms. To test if the same deviation is observed on larger systems, a medium size
[16]cyclacene as well as a large [20]cyclacene have been optimized at RB3LYP/ANO-DZP
level of theory. In this case, apart from the C—H bond length (with a deviation of 1.5 %
from the RHF/ ANO-DZ geometries) all the parameters obtained are within 0.8 % from the
geometries used in this work (Table S4).

In this work, the complete active space self-consistent field (CASSCF) method23? has
been employed, complemented by partially contracted second-order n-electron valence
perturbation theory (NEVPT2)3+-% calculations where possible. In the CASSCF procedure,
two states of different spin multiplicity have been optimized in the state-average fashion
with equal weights, namely the lowest singlet ! A, state and the lowest triplet 3By, state
(within the subgroup D). All orbitals have been optimized simultaneously for both
states, including the ¢ core ones. Two sets of active space were chosen for the CASSCF
calculations; i) a minimal two electrons in two orbitals (denoted (2,2)) and ii) a dynamically
sized space generated by a selection rule based on the Hiickel approximation (denoted
(k,k)). For the AS i), surprisingly wrong results came out from the calculations and an
investigation of the nature of this failure has been carried out. The AS ii) consisted of a
subset of the valence 7t orbitals, selected in a systematic way according to a precise rule
which will be described in detail in the Results section.

For systems up to n = 16, state-specific NEVPT2 calculations have been performed using
the state-average natural orbitals (NOs) obtained from the CASSCF procedure, freezing
the o core orbitals.

In this work, the vertical singlet-triplet energy gap has been computed as simple energy
differences (Et, — Eg,) at both the CASSCF and the NEVPT2 level of theory. As a last

remark, the effects of the geometry on this energy difference appear to be minimal, as in



the comparison of the RHF/ANO-DZ with the RB3LYP/ANO-DZP geometries virtually
no change of this energy difference has been observed for [16]- and [20]cyclacene, while

only a small change of ~ 0.03 eV was found for [8]cyclacene (Tables S5 and S6).



Results and Discussion

The electronic structure of [n]cyclacenes shares some similarities with that of linear poly-
acenes. At the RHF level, the highest occupied molecular orbital (HOMO) and the lowest
unoccupied one (LUMO) are completely delocalized over the two zigzag edges, as depicted
in Figure 1 for [10]cyclacene. Note that the orbital of Figure 1a is symmetric with respect to
reflection through the horizontal plane, where as the orbital of Figure 1b is antisymmetric.
This symmetry property is characteristic of the HOMO-LUMO pair of all even-numbered
[n]cyclacenes. Thus, in the following we will denote the symmetric MO of Figure 1a as 4,
and the antisymmetric MO of Figure 1b as 77_.

We inform the reader already at this point that the nature of all the valence 7t orbitals re-
mains the same irrespective of the level of theory used to calculate them: Hiickel, canonical
and natural orbitals always have the same shape, and we therefore will keep the same 77

and 71_ notation to refer to them.

Minimal Active Space

Table 1 shows the CASSCEF results for the minimal active space of two electrons in two
orbitals using the ANO-DZ basis set (this basis set is used for all the calculations with
the minimal active space). The singlet-triplet energy gap is surprisingly increasing as a
function of the system size n. Besides the three smallest cycles, we clearly see that the
tendency of the ground state is to become of closed-shell character as the size parameter
n of the cyclacene increases. The occupation of the 7r_ orbital reaches almost two for the
largest system, and consistently the weights C_ of the associated (77_)? configuration
show a value close to one. For n = 6,8,10 we observe a ground state where the 77 orbital
is more occupied than its antisymmetric counterpart.

For all cyclacenes there is a clear trend: the natural orbital occupation number (NOON) of

10



7+ monotonically decreases towards zero, while that of 77_ increases towards two as the
system increases in size. Moreover, this trend is accompanied by a decrease of the weight
C. of the configuration (771 )? and an increase of the weight C_ of the configuration (77_)2.

1415 and our

These results are in contradiction with the most recent theoretical studies
results using a larger active space, as it will be shown in the next subsection. Although
[n]cyclacenes are known to possess an open-shell ground state, calculations with this
AS fail to correctly describe the nature of the wavefunction when the size of the system
grows; instead of an increase of the multireference character, the ground state becomes
increasingly closed-shell in character as n increases. To investigate what drives the failure
of the minimal AS, we studied the individual contributions to the correlation energy
introduced by the active space part.

The CASSCF wavefunction [Y¢45) can be factorized into a core determinantal part |®.)
and an active space part |'¥,) such that it can be expressed as the tensor product |®.) ®

¥,) = |®.F,) = [¥¢4°). For our particular case, the active space part of the singlet

ground state is given by

[¥a) = Cy |P4) +C [@-) = Cy [p491) +C [p-¢p), 1)

where g,y =am, yand ¢, = By, _y denote the alpha and the beta spin orbitals
of the corresponding symmetric and antisymmetric 7z, _} molecular orbitals exemplified
in Figure 1, respectively. Note that although | _) and |, p_) have spin multiplicity
equal to one, they do not contribute to the singlet ground state wavefunction because they
do not belong to the same irrep as |¥,).

The CASSCF total energy is given by

<‘I’CA5 ’ A ’\PCAS> = Ecore + (¥a | H | ¥a) = Ecore + Ecorr, @)

11



where the electron correlation energy E.o,r due to the active space part of the wavefunction

can be further decomposed into one- and two-electron contributions as

<Ta ‘ 7:[ “Pa> = Ecorr = E1 + E2, 3)

with E; and E; given by
Ey = 2C2 (e [h|es) +2C2 (m_ |l ), @
Ey = Ci(myimy|mypmy) +C2(mom_|mom_) +2CCo(m_my|m_mry). )

The terms enclosed in round brackets are one- and two-electron integrals over the two

orbitals of the active space.

The two-electron integrals on a delocalized basis set go to zero with respect to the system

size; this means that the larger the ring gets, the more the energy is dominated by the

one-electron terms. Thus, for our case, the values of (7t |h|7y) and (71— |h|7_) are crucial

to determine the character of the wavefunction in the limit of large n. If their difference

is significant, the ground state wavefunction will be predominantly described by the

determinant including the orbital with the associated lowest one-electron integral (or,
equivalently, the largest in absolute terms).

In Figure 2 the two-electron integrals of type (774 |mimy) and (w7 |m_my) are

plotted against the system size for n = 8,12,16,...,28. Note that the integrals of type

(rr_m_|m_m_) are omitted since they are practically indistinguishable from (74 7t |74 714).
For both types, a rapid decay obeying a power law is confirmed by our numerical results.
The model function f(n) = bn~° falling towards zero is fitted to the integrals’ values and

the optimal exponents are found to be ¢ = —0.65 for (74714 |m74) and ¢ = —1.0 for

(rr_mty|m_my). The one-electron terms depicted in Figure 3 show a negative gap atn = 8§,
which becomes positive at n = 12 and steadily increases with n, up to n = 28. There is

a direct relationship between the gap 6 = (7t |h|7ty) — (7r—|h|7t—) and the coefficients

12



C4+ and C_, as well as the occupations of the two MOs of the active space. An increasing
positive gap é corresponds to an increase of both the weight C_ and the occupation of the
antisymmetric MO 7r_. Besides nn = 8, there is also a relationship between ¢ and the ST
gap, as both increase with increasing system size. The trends of the one- and two-electron
integrals with respect to the size of the cyclacenes explain why we observe a closed-shell
ground state for large n values.

The one-electron integrals gap 6, and therefore also the singlet-triplet energy gap, depend
on the shape of the molecular orbitals 77, and 77_. The orbitals optimized within the small
AS and using a small double-{ basis set might lack the flexibility to correctly relax, thus
resulting in natural orbitals (NOs) which produce an artificially increasing gap ¢ (although
the effect of the basis set size does not influence dramatically the ST gap, see Table 2). To
investigate if this is the case, complete active space configuration interaction (CASCI) cal-
culations with the minimal AS of two electrons in two orbitals have been performed using
CASSCEF(8,8) NOs and CASSCF(16,16) NOs on [8]cyclacene and [20]cyclacene, respectively.
This choice of natural orbitals is motivated by the systematic selection approach discussed
in the next subsection and by the corresponding CASSCF calculations which produced
results in line with the existing literature. Therefore, we consider these two sets of orbitals
as qualitatively correct for the two particular [n]cyclacenes analyzed. The results listed
in Table 3 show for both systems an increase of the singlet-triplet gap using the correctly
relaxed orbitals. In particular, for n = 8 the difference between the two gaps is 0.006 eV,
whereas in the larger [20]cyclacene the gap goes from 0.50 eV to 0.61 eV. Hence, it appears
that the CASSCF(2,2) NOs have the effect to underestimate the ST gap, suggesting that
the minimal active space is actually limiting the increase of the gap with respect to the
system size, rather than artificially creating it by the lack of flexibility. Corroborating this
picture, the one-electron integrals computed using CASSCF(8,8) and CASSCF(16,16) NOs
shift the gap J by +0.03 eV and +0.12 eV for [8]cyclacene and [20]cyclacene, respectively

(see Table 4). The two-electron integrals appear to be unaffected by the type of orbitals, as
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their values remain virtually unchanged (Table 4).

Rationalizing this analysis of the correlation energy and the individual integrals contribu-
tions, we argue that the failure of the minimal AS is completely AS-driven and not caused
by insufficiently relaxed orbitals. The AS with two electrons in two orbitals is simply too

small to capture the essential physics of the system.

Dynamical Active Space

In order to obtain the correct qualitative description of the wavefunction it is required to
go beyond the minimal active space. Since the systems under investigation are of increas-
ing size, it is important to keep a balanced description of the wavefunction throughout
the series of cyclacenes, such that the results obtained are comparable with each other.
In particular, for AS-based methodologies one should adopt a systematic procedure to
increase the number of explicitly correlated orbitals as the system grows.

A common approach applied to linear polyacenes in recent years is to include all the
valence 7t orbitals in the AS.16373 However, it was not a viable option in our case since
the resulting active spaces were computationally too demanding for the CASSCF method.
Therefore, we have devised an alternative selection scheme based on Hiickel theory. As
depicted in Figure 4, one can model [n]cyclacenes as 1 units containing four carbon atoms

each. The resulting Hiickel Hamiltonian is given by the following block matrix

H, H 0 .. 0 H.,
H, H H ... 0 0

Hl’l: ’ (6)
H, 0 0 .. H, H

14



where each entry is itself a matrix of size 4 x 4, as the elementary unit cell is composed by

4 atoms. The blocks Hy on the diagonal are given by

g 0 0]
x —B 0
6 & B
0 —f a|

(7)

and describe the interactions within the elementary units, while the off-diagonal blocks

H; and H_; are given by

and

0 00
B 00
H = P
0 00
0 00

and describe the interactions across the units. Upon diagonalization of H,, through a

unitary transformation, analytical expressions for its eigenvalues, or otherwise said for the

orbital energies, are obtained. Moreover, these expressions are defined in the reciprocal

space; as such they are periodic with period 27t. Since there are four basis functions in each

unit cell, four energy bands appear in reciprocal space given by the following analytical

expressions

er(k) =a—p-
ea(k) =a—B-
es(k) =a—p-
ea(k) =a—B-

+14 /9 + 8cos(kb)

2

—1+ /9 + 8cos(kf)
2

+1— /9 + 8cos(k0)

2

—1—+/9+ 8cos(ko)

2
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©)
(10)
(11)

(12)



where « and B are the usual Coulomb and resonance integrals of Hiickel theory, respec-
tively, 0 is equal to 271 /n and k can take integer values from 0 to n — 1. By setting arbitrarily
a = 0and B = 1, it is possible to plot the energy bands, as exemplified in Figure 5 for a
[6]cyclacene and a [16]cyclacene. Note that each circle corresponds to a Hiickel eigenvalue,
i.e. to the orbital energy. Moreover, note that by going from a smaller system to a larger
one, the size of the valence 7t space increases, and consequently more molecular orbitals
appear in the same interval of 277. When 7 is even, four molecular orbitals always appear
at k6 = 7r, whose shape is independent of n and their energies are different apart for the
HOMO-LUMO pair, which is energetically degenerate within this simple model (note that
in Figure 5 there are actually two circles at the Fermi level for kf§ = 7, one from ¢, and one
from e3).

The orbitals at k& = 7 are of particular interest for our scheme. First, we point out that
the HOMO and the LUMO associated to €3(11/2) = e3(n/2) = a correspond qualitatively
to the 77 and 77— orbitals discussed in the previous section, and have the same charac-
teristic shape as depicted in Figure 1. The other two orbitals at kff = 7, i.e. associated
toe1(n/2) = o — pand e4(n/2) = a + B (to which we shall refer to as 7/, and 77 from
now on), also have a characteristic shape as depicted in Figures 6a and 6b. Note that
the difference between the orbitals 7t _, and nf{ 4118 the position of the p-like atomic
orbitals on the carbon atoms, in the latter case they are non-zero only on the central atoms,
while in the former only on the external ones.

By drawing two horizontal lines passing through 7/, and 7’ in Figure 5, a delimited
energetic zone (depicted in gray in Figure 7) appears containing a finite number of orbitals
for finite values of n. Our approach consists in selecting for the active space all molecular
orbitals lying in this window, including the 77/, and 7’ orbitals defining the boundaries.
Since more orbitals appear along the bands when the size of the system is increased,
automatically the energy window (and therefore the active space) will also contain more

orbitals.
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It is important to take into account that by changing the level of theory, the ordering of the
orbitals is likely to be affected. However, it turns out that their nature remains unaffected
regardless of the method employed, so that 77/, and 7t/ are always easily identifiable.

In this work, the selection of the dynamical active spaces was made by applying the
described method on canonical Hartree-Fock orbitals. This choice generated active spaces
enlarging by four orbitals and four electrons for each increase of six hexagonal units in the

[n]cyclacenes, i.e.

n—-n+6

(k) — (k+ 4,k +4).

The resulting AS sizes for the systems considered in this work are summarized in Table 5.

The CASSCF vertical singlet-triplet energy gap calculated using both the ANO-DZ and the
ANO-DZP basis sets, along with the NOONSs of 77, and 77— and the configuration weights
C4 and C_ of the ANO-DZP results are shown in Table 6. We predict a monotonically
decreasing ST gap with system size for both basis sets. The natural orbital occupation
number of 77 is always greater than that of 77—, contrary to the CASSCF(2,2) case and this
result is accompanied by the weight of the configuration doubly occupying 77, which is
always greater than that doubly occupying the antisymmetric orbital.

Interestingly, the increase of size of the cyclacene has a greater impact on the weight of the
symmetric configuration than that of the antisymmetric one. Indeed, from n = 6 ton = 22
the absolute value of the coefficient C goes from 0.85 down to 0.28, while C_ only goes
from 0.36 to 0.24. In addition, both C; and C_ decrease in magnitude as n increases; with
increasing AS along this homologous sequence, the two “reference configurations”, (7t )?
and (77_)?, become less and less important.

For small [n]cyclacenes, the decrease of the gap does not follow the same decaying be-

17



havior observed for the larger ones; in particular for n = 6 to n = 10 the decay is clearly
different from the one seen for n > 10, as shown in Figure 8. The best fit to the energy gap
is given by the exponentially decaying function f(n) = a + be™ ", excluding the first two
points (n = 6 and n = 8) in the parameters estimation. Of special interest is the limit of the
singlet-triplet energy gap as n approaches infinity, predicting a value between 0.14 and
0.16 eV for the infinite-size system.

For systems with n up to 16, dynamical electron correlation has been introduced by per-
forming NEVPT2 calculations, in order to study its effect on the singlet—triplet energy
gap. Since we are working with a restricted AS on relatively large systems, the choice of
method to introduce the dynamical correlation has to be taken carefully. The well-known
CASPT2 method*4? suffers from the so-called intruder states problem if insufficiently
large active spaces are considered in the underlying CASSCF calculation. This problem can
be removed by the introduction of an energy shift*'#? or through the IPEA shift.*3 In both
cases though, the choice of the parameters is arbitrary up to a certain degree and a series
of tests has to be conducted in order to assess the quality of the results. On the contrary,
the NEVPT2 approach has been devised such that the problematic denominator does not
appear in the expression of the second order correction to the energy. This effectively
removes the problem of intruder states by design and thus it overcomes the problem
given by excitations to quasi-degenerate orbitals. Table 7 lists the results of the NEVPT2
calculations. First of all the inclusion of polarization functions on the carbon atoms does
not seem to have an effect on the qualitative behavior of the gap, as it was observed for
the CASSCF results too. The gap slightly increases for the first three cycles and only from
n =10 to n = 12 it begins to go down; again in agreement with the calculated gap with
the CASSCF method. For all cyclacenes the effect of dynamical correlation is to reduce the
ST gap. The ST gap for n = 6,8, 10 seems to be qualitatively different than for the rest of
the series with an increase as high as 0.08 eV, this behavior will be discussed later on, after

the comparison of our results with those present in the literature.

18



Previous theoretical studies on [n]cyclacenes using wavefunction theory did not investi-
gate the asymptotic limit of the singlet-triplet gap, this was only proposed recently by Wu
et al.!® in a study based on DFT. In the following we will compare our results with those
obtained by other authors using both wavefunction theory and DFT-based approaches.

1.12 who obtained

Our prediction for the ST gap is in contrast with the results of Houk et a
a nearly vanishing one, slightly increasing with system size. In this case the singlet state
was calculated using restricted DFT and the B3LYP hybrid functional, while the triplet
using unrestricted time-dependent DFT. This choice clearly overestimates the energy of
the singlet state, which we here argue is an open-shell singlet, and requires a multiconfigu-
rational approach with a sufficiently large AS in order to be correctly described. Moreover
the comparison of energies calculated using restricted and unrestricted methodologies
might not be balanced. In this particular case, the triplet state would be favored by the
additional flexibility provided by the unrestricted approach, while the restricted singlet
would result energetically too high since it is not properly described by the method.

In another study, Chen et al.!3 applied both unrestricted DFT and the CASSCF method
combined with second-order multireference perturbation theory (MRMP2). Even if in
this case unrestricted DFT was used for the singlet state too, the gap still showed the
opposite behavior, increasing as a function of n. On the other hand their CASSCF result for
[6]cyclacene with eight electrons in eight orbitals was 0.65 eV using the 6-31G* basis set.
This result is in very good agreement with our predicted gap of 0.65 eV using the same AS
size and the ANO-DZ basis set. Inclusion of polarization functions lifts the gap to 0.75 eV,
thus resulting 0.1 eV higher. The MRMP2 gap of 0.32 eV is also in good agreement with
our results; it is 0.02 eV smaller than the NEVPT2 one using the ANO-DZ basis set and
0.04 eV lower compared to the ANO-DZP one.

The work of Sadowsky et al.!* provides to the best of our knowledge the most recent

results on [n]cyclacenes using wavefunction theory. Both unrestricted DFT and CASSCF
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with CASPT2 were applied to the series of [n|cyclacenes, for n going from 6 to 12. Using
the B3LYP functional, an erroneous positive and increasing ST gap was predicted, while
by employing the M06-L functional, they found an increasing gap for n = 6,8, 10 which
dropped down for n = 12, yielding the smallest value in the series. The active space for the
CASSCEF calculations was of 8 electrons in 10 MOs, but unfortunately no numerical values
were provided neither for the energy gap nor for the natural orbital occupation numbers.
The CASPT2 values listed in the last column of Table 7 show an oscillating behavior as n
increases. This behavior is not observed in the case of NEVPT2, where for the first three
cyclacenes the ST gap increases from 0.36 eV to 0.44 eV for the ANO-DZP basis set. In
particular it was argued that the increase from a gap of 0.49 eV for n = 10 to a gap of 0.60
eV for n = 12 was probably due to the limited size of the active space. This increase was
indeed not observed in the case of NEVPT2, probably thanks to the enlargement of the AS
from (8,8) to (12,12). Given the different choices of methods, basis sets and active spaces,
a quantitative comparison between CASPT2 and NEVPT2 values does not provide any
additional information. Nevertheless, the fact that in the two cases different qualitative
results have been obtained, is a proof of the difficulty that this kind of systems still poses
to quantum chemical methodologies.

At last, the most recent study of [n]cyclacenes has been carried out by Wu et al.'> by
performing thermally-assisted-occupation DFT (TAO-DFT)#* calculations on systems with
n values ranging from 4 to 100. The behavior observed for the singlet-triplet energy gap
is qualitatively the same, with a monotonically decreasing gap as system size increases.
No extrapolation to the infinite-size system has been done, but with a system as large as
[100]cyclacene the gap observed of 0.02 eV (0.49 kcal/mol) is a good estimate for such
a limit. This value is below our prediction for n — oo, amounting to ~ 0.15 eV. This
discrepancy, although remarkable, should not surprise the reader, when considering the
different methodologies applied and the different basis sets as well as geometries em-

ployed for the calculations. It is in fact important to remember that in this contribution,
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the vertical singlet-triplet energy gap has been investigated, in contrast to the work by Wu

etal.1®

where the triplet state has been relaxed to yield the adiabatic energy gap. TAO-DFT
calculations show an increase of the ST gap from [6]cyclacene to [8]cyclacene as it was the
case for our NEVPT?2 results and the CASPT2 ones obtained by Sadowsky et al. 4. The
ST gap decreases then from n = 8 to n = 10 for both TAO-DFT and CASPT2, but not
for NEVPT2 where it keeps increasing. The different behavior of NEVPT2 suggests that
perhaps the AS size predicted by our selection method is not large enough in this particular
case. Indeed, calculations with a (12,12) AS (instead of the predicted (8,8) AS) show a
lowering of the ST gap at CASSCF/ ANO-DZP level from 0.62 eV to 0.59 eV. Moreover, the
gap computed using NEVPT2 on this larger active space also provides a lower estimate by
going from 0.44 eV to 0.38 eV. This last value falls below the gap of [8]cyclacene and thus
agrees with the previous works by Sadowsky et al.* and Wu et al. 1>, making the ST gap

obtained with NEVPT2 decrease monotonically starting at n = 8.

It is known from studies on linear polyacenes as well as on graphene nanoribbons that
the inclusion of all valence 7t orbitals in the active space is important in order to account
properly for the large static correlation present in these systems.'®%” This can be expected
to be true also for [n]cyclacenes, although it was never thoroughly tested. Using our active
space selection scheme we were able to consider only a fraction of the 7 valence space,
which nevertheless proved sufficient to produce qualitatively correct results (in all cases
but n = 10). As an illustrative example, the enlargement of the active space of [12]cyclacene
with respect to that of [10]cyclacene was sufficient to predict the correct decaying behavior
of the ST gap at NEVPT2 level of theory, in contrast to the result obtained by Sadowsky
et al.'* using the CASPT2 method.

It is important however to study the influence of the AS on the AET,_g, gap. To this
end, two larger active spaces have been tested for [10]cyclacene and one larger AS for

[16]cyclacene. From Table 8 it is clear that for the small cyclacene the influence is significant,
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with the gap decreasing by 0.03-0.04 eV at CASSCF level and by 0.06 eV at NEVPT?2 level
as seen previously in the discussion of the NEVPT2 gap. This however is not true for the
large cyclacene, where the gap remains unchanged upon enlargement to the (16,16) AS.
Thus, it appears that our selection method works best for the larger cyclacenes, while for
the smaller ones, extra care has to be taken in order to ensure the quality of the results.

As it was mentioned in the Computational Details section, the effect of the basis set size was
tested too. In particular the gaps for both a small (n = 8) and a large (1 = 20) [n]cyclacene
were calculated using the ANO triple-( basis set without (ANO-TZ) and with (ANO-TZP)
polarization functions on the carbons. The results listed in Table 9 show that the further
extension of the basis set does not affect the ST gap. The differences between the results

obtained with bases with and without polarization functions persist at the triple- level too.

To establish the polyradical character of the (open-shell) singlet ground state, the nat-
ural orbital occupation numbers of the CASSCF wavefunction are plotted in Figure 9.
For a better readability, the orbitals displayed are all unique empty and doubly occupied
valence 7 orbitals (i.e. only one orbital for each degenerate pair). The occupation of the
active orbitals tends towards one as more hexagonal units are added to the cyclacene.
In particular the occupation number of the highest occupied (HONO) and the lowest
unoccupied (LUNO) natural orbital as well as the HONO-1 and the LUNO-1 appears to
change rather quickly, while this behavior is slower for the other orbitals of the AS. This
effect could possibly arise from the limited size of the active space, its sudden change
every time 7 increases by 6 (noticeable in Figure 9) or by the fact that geometries optimized
for the closed-shell singlet have been used. The occupation numbers approaching to one
have to be understood in this case as an increase in the radical character of the molecule;
pairs of electrons doubly occupying single orbitals decouple and localize on either end of
the cyclacenes (this can be easily seen by a unitary orbital transformation) singly occupy-

ing one orbital each. As a comparison, the active orbital occupation numbers (AOONSs)
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resulting from TAO-DFT (note that these occupation numbers are an approximation of
NOONSs) behave differently; although the tendency is an increasing number of orbitals
with fractional occupation tending to one as the system size increases, the way in which
this happens is not the same as in the CASSCF case. Depending on the orbitals considered,
the occupations oscillate getting close to one for later increase or decrease again, or they
remain approximately constant for a certain range of n values before changing signifi-
cantly, or lastly, certain pairs of orbitals have approximately the same occupation number
in limited intervals of n. However, it is important to note that for both methods no crossing
of the HONO and LUNO ocuppation numbers is observed. An analysis of the AOONSs is
beyond the scope of this article, but since a similar study on linear polyacenes has been
performed employing the same method, *#4> some remarks can be done considering the
larger information available in the literature. A ”simple” change of NOONs towards
one has been observed in the case of linear polyacenes for calculations on systems up to
[12]acene using the density matrix renormalization group (DMRG) and the variational
two-particle reduced density matrix method (v2RDM) with the minimal basis STO-3G. 16,46
A different behavior, in which a crossing of the HONO and LUNO occupation numbers
appears at n = 10, has been observed by calculations using the same v2RDM method but
with a larger basis set?” and by TAO-DFT.*4° In the second v2RDM study it has been
argued that the crossing appears only when a larger (and thus more reliable) basis set is
used, hence supporting the TAO-DFT results. In the case of [n]cyclacenes no crossing is
observed for both AOONs and NOON:Ss, nevertheless qualitative differences still exist. In
this work, a reliable ANO-DZP basis set is used (with benchmarks on selected systems
with an ANO-TZP basis) and thus the differences probably do not arise from the basis set
chosen; more likely the limited size of the AS or the intrinsic difference between AOONSs

and NOON s are the cause of this discrepancy.

To further assess the radicality of cyclacenes, we have calculated an effective number
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of unpaired electrons using an expression introduced by Head-Gordon*® based on the
one-particle reduced density matrix. This measure yields an estimate of the total number
of unpaired electrons present in the system and thus characterizes its radicality. This index
is given by
orp
R =Y min(n;,2-n;) , (13)
i=1

where n; is the natural orbital occupation number (NOON) of orbital i. It is easy to see that
empty and doubly occupied orbitals do not contribute to R, and the sum can therefore be
restricted to the orbitals included in the AS. The computed values are reported in Figure 10
where the radical index R highlights clearly the “jumps” to larger active spaces that were
less obvious in Figure 9. Note the clear trend of R: for n = 6,8, 10 the radical index is
between 1 and 2, for n = 12,14, 16 between 3 and 4, and finally for n = 18, 20,22 between
5 and 6. The basis set dependence appears to be minimal, as the two curves are almost
superimposed. For the first three cyclacenes there is a slightly slower increase of the index
than for the larger rings, which is in agreement with slower decrease of the singlet-triplet
energy gap, suggesting a close relationship. We point out that the radical index provides
a lower bound for the radicality of the system, in particular the larger the AS, the more
unpaired electrons are predicted by R.
The analysis based on the one-particle density matrix provides strong evidence of polyrad-
ical character for systems with n > 10 with an open-shell singlet ground state. Similar

conclusions have been drawn for linear polyacenes, 617,37 444749

although it has been
argued that for systems up to heptacene, the ground state can be regarded as closed-shell
and therefore single reference methods are able to predict the electronic properties within
chemical accuracy.™ Nevertheless, the increase in radicality with system size is undeniable

and therefore an appropriate method able to account for static correlation effects has to be

used.
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Conclusions

We have studied the vertical singlet-triplet energy gap and the polyradical character of
[n]cyclacenes for increasing n using high-level wavefunction methods. The singlettriplet
gap was found to exponentially decrease with system size n, and to approach a finite
value in the order of a tenth of eV in the limit n — co. A criterion to dynamically select
the active space as a function of n has allowed a balanced treatment of the static electron
correlation throughout the series. Our results are compared to previous results from the
literature. They extend these results and confirm the open-shell singlet nature of the
electronic ground state. The increasing polyradical character has been studied by means of
an analysis on natural orbital occupation numbers and of a measure of unpaired electrons.
Overall qualitative agreement to the closely related linear polyacenes has been found.
Moreover, calculations using a minimal active space of two electrons in two orbitals
have been performed and insight into the failure of this AS has been provided through
a scrupulous analysis of the integral contributions to the correlation energy. With the
wrong choice of AS, the ground state of the system increasingly tends to be of closed-shell
rather than open-shell character as n increases. Besides the results provided, this study
didactically shows the importance of the choice of the active space for this kind of systems
and proposes a criterion for its systematic selection.

To conclude, although [n]cyclacenes have not been synthesized yet, they remain a fertile
ground for theoreticians and experimentalists to increase the basic understanding of

hydrocarbon systems.
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Supporting Information Available

Molecular orbitals occupation patterns imposed for the geometry optimization, an exhaus-
tive comparison of the [8]cyclacene geometry optimized at different levels of theory as
well as different basis set sizes are available. The geometries of [16]- and [20]cyclacenes op-
timized at a higher level of theory than that used throughout the work as well as the effect
of the different geometries on the ST gap is tabulated. The geometries of all [n]cyclacenes

used in the calculations are provided.
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Table 1: ST gaps, Natural Orbital Occupation Numbers of 77, and 77— for the Singlet
State S) and Weights of the Two Configurations of the CASSCF(2,2) Wavefunction.

AEr,_s, NOON Sy conf. weight
n (eV) | e Cy | C-

6 0.07 132 | 0.68 -0.81 | 0.58
8 0.02 122 | 0.78 -0.78 | 0.62
10 -0.003 1.01 | 099 -0.71 | 0.70
12 0.03 071 | 1.29 -0.60 | 0.80
14 0.12 043 | 1.57 -0.46 | 0.89
16 0.24 025 | 175 -0.35 | 094
18 0.37 0.15 | 1.85 -0.27 | 0.96
20 0.50 0.10 | 190 -0.22 | 0.98
22 0.62 0.07 | 193 -0.18 | 0.98
24 0.73 005 | 19 -0.15 | 0.99
28 0.91 003 | 1.97 -0.11 | 0.99

Table 2: Effect of the Basis Set on the CASSCF(2,2) ST Gap for [8]cyclacene and for
[20]cyclacene.

n || ANO-DZ ANO-DZP ANO-TZ ANO-TZP

AEr, s, (eV)

8 0.02 0.09 0.02 0.09
20 0.50 0.36 0.51 0.36
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Table 3: NO(2,2) Refers to the CASCI(2,2) ST Gap Computed Using NOs from
CASSCEF(2,2) Calculations, while NO(k,k) Computed Using NOs from CASSCEF(8,8)
and CASSCEF(16,16) for [8]cyclacene and [20]cyclacene, Respectively.

AET,_s, (eV) NOON Sy conf. weight

n || NO@22) | NO(kk) my|m. Cy|C-
8 0.021 | 0.015 1.20 | 0.80 0.77 | -0.63
20 0.50 | 0.61 0.08 | 1.92 0.20 | -0.98

Table 4: One-electron Integral Difference § and Two-electron Integral Terms for [8]cy-
clacene and [20]cyclacene. Integrals Computed over CASSCF Natural Orbitals from
Calculations With Two Different Active Spaces. All the Values Are Given in eV.

[8]cyclacene [20]cyclacene
integral term || CAS(2,2) \ CAS(8,8) CAS(2,2) \ CAS(16,16)
6 | -017|-0.14 0.81 | 0.93
(g rry|myomy) 3.8436 | 3.8627 2.1327 | 2.1447
(o |m_my) 0.9416 | 0.9556 0.3765 | 0.3847

Table 5: Active Space Sizes Resulting from the Hiickel-based Selection Scheme.

| (kk)

6,810 || (88)
12,14, 16 || (12,12)
18,20, 22 || (16,16)

Table 6: CASSCEF(k,k) ST Gap, NOONSs of 77 and 77— for the Singlet State 1Ag and
Weights of the Two Dominant Configurations.

AET,_s, (eV) NOON Sy conf. weight

n || ANO-DZ ANO-DZP . \ TT_ Ct \ C_

6 0.65 0.76 1.61 | 0.39 0.85 | -0.36
8 0.59 0.72 1.62 | 0.38 0.84 | -0.33
10 0.50 0.62 1.58 | 0.42 0.82 | -0.33
12 0.39 0.44 1.39 | 0.61 0.67 | -0.34
14 0.30 0.32 1.31 | 0.69 0.60 | -0.34
16 0.24 0.24 1.25 | 0.75 0.53 | -0.33
18 0.23 0.20 1.18 | 0.82 0.36 | -0.29
20 0.20 0.18 1.18 | 0.83 0.32 | -0.26
22 0.18 0.16 1.17 | 0.83 0.28 | -0.24
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Table 7: Predicted ST Gap Using the NEVPT2 Method and CASPT2 Values Taken from
the Literature.

AETl— So (eV)
n || ANO-DZ ANO-DZP ‘ CASPT2*

6 0.34 0.36 0.52
8 0.36 0.41 0.63
10 0.37 0.44 0.49
12 0.29 0.33 0.60
14 0.24 0.25 -
16 0.19 0.18 -

? Results reported from Ref. 14, 6-31G(d) basis

Table 8: Effect of the Active Space Size on the CASSCF ST Gap for [10]cyclacene and
[16]cyclacene Using the ANO-DZP Basis. All Values Are Given in eV.

no|| 88 (1212) (16,16)

10 || 0.62 0.59 0.55
16 - 0.24 0.24

Table 9: Effect of the Basis Set on the CASSCF(k,k) ST Gap for [8]cyclacene and for
[20]cyclacene.

AET1, So (eV)
n (k,k) ANO-DZ ANO-DZP ANO-TZ ANO-TZP

8| (88) 0.59 0.72 0.60 0.72
20 | (16,16) |  0.20 0.18 0.20 0.18
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(b)

Figure 1: Symmetric (a) and antisymmetric (b) molecular orbitals constituting the HOMO-

51

LUMO pair for [10]cyclacene. Images created using the Jmol computer program,”* with a

cutoff value of 0.04.
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Figure 2: Values of two-electron integrals over CASSCF(2,2) natural orbitals plotted against
the system size n. The green squares represent integrals over the symmetric orbital (corre-
sponding to the Coulomb integral in Hartree-Fock nomenclature), while the red circles
represent integrals over the symmetric and the antisymmetric orbitals (corresponding to
the exchange integral in Hartree-Fock nomenclature). The calculations were run using the
ANO-DZ basis set.
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Figure 3: Values of one-electron integrals over CASSCF(2,2) natural orbitals plotted against
the system size n. The blue squares represent integrals over the symmetric orbital, while

the brown circles represent integrals over the antisymmetric orbitals. The calculations
were run using the ANO-DZ basis set.
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n

Figure 4: Schematic drawing of an [n|cyclacene. The elementary unit is composed by four
carbon atoms and is highlighted by the square brackets.
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Figure 5: Hiickel energy bands in arbitrary units for a [6]cyclacene (left) and for a
[16]cyclacene (right) obtained by setting « = 0 and B = 1. Note that the points at kf = 27
are periodically repeated ¢; which are the same as ¢;(0).
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(b)

Figure 6: Molecular orbitals on the external energy bands for a [10]cyclacene. Figure (a)
shows 7/, and Figure (b) shows 7. Images created using the Jmol computer program,°!
with a cutoff value of 0.04.
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Figure 7: Hiickel energy bands. The light gray zone delimits an energetic window contain-
ing a finite number of orbitals. Note that the points at ktf = 27 are periodically repeated ¢;
which are the same as ¢;(0).
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Figure 8: CASSCF(k,k) singlet-triplet energy gaps using the ANO-DZ (green squares) and
the ANO-DZP (red circles) bases plotted against the system size n.
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Figure 9: CASSCEF(k,k) natural orbital occupation numbers using the ANO-DZP basis set.
Note that all unique 7r orbitals are plotted, including those not included in the active space.
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Figure 10: Effective number of unpaired electrons with respect to the system size.
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