N

HAL

open science

On symmetric decompositions of positive operators

Maria Anastasia Jivulescu, Ion Nechita, Gavruta Pasc

» To cite this version:

Maria Anastasia Jivulescu, Ion Nechita, Gavruta Pasc. On symmetric decompositions of positive operators.
Journal of Physics A: Mathematical and Theoretical, 2017, 50 (16), pp.165303. {10.1088/1751-8121/aa6469.

<hal-01527399)

HAL Id: hal-01527399
https://hal.science/hal-01527399v1

Submitted on 24 May 2017

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Auto':izition
HAL Authorization


https://hal.science/hal-01527399v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

arXiv:1609.05060v1 [math.FA] 16 Sep 2016

ON SYMMETRIC DECOMPOSITIONS OF POSITIVE OPERATORS

MARIA ANASTASIA JIVULESCU, ION NECHITA, AND PASC GAVRUTA

ABSTRACT. Inspired by some problems in Quantum Information Theory, we present some results
concerning decompositions of positive operators acting on finite dimensional Hilbert spaces. We
focus on decompositions by families having geometrical symmetry with respect to the Euclidean
scalar product and we characterize all such decompositions, comparing our results with the case of
SIC-POVMs from Quantum Information Theory. We also generalize some Welch—type inequalities
from the literature.
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1. PRELIMINARIES

We study different issues related to the decomposition of a positive operator (i.e. positive semi-
definite matrix) on a d-dimensional complex Hilbert space H, in analogy to the properties of
positive-operator valued measures (POVMSs) [16, 21] and frames [5, 8, 13]. We recall that, given a
positive operator T on H and a family £ = {E1,..., Ex} of positive operators on H, we say that £
is a decomposition of the operator T' if we have T = Zf\i 1 Ei. The family £ is called POVM in the
case when T is the identity operator on H. POVMs are the most general notion of measurement in
quantum theory, and have received a lot of attention in recent years, especially from the Quantum
Information Theory community. One of our main goals in this paper is to generalize some of the
known results for POVMs to decompositions of arbitrary (positive) self-adjoint operators 7T'.

We focus on the question of decomposing a positive operator T' by a symmetric family of positive
operators & = {E1,..., Ex}. The symmetry of the family £ refers to the geometry of the elements
in the Euclidean space of self-adjoint operators: we require the Hilbert-Schmidt scalar products of
all pairs of the elements of the family £ to be the same

<Ei7Ej>HS = TI'[EZE]] = a5ij + b(l — 5ij)7 VZ,]

For a symmetric family, we denote by a := Tr[E?] and b := Tr[E;E;] (i # j) its symmetry param-
eters. This type of problem has been recently asked in the framework of Quantum Information
Theory, for basic connections of this field with operator theory see [12]. A decomposition of the
identity by a symmetric family of N = d? linearly independent operators is called a symmetric-
informationally complete POVM (shortly SIC-POVM). Construction of all general SIC-POVMs
has been recently achieved in the papers [1] and [11]. With regard to the applications, a particularly
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2 MARIA ANASTASIA JIVULESCU, ION NECHITA, AND PASC GAVRUTA

difficult problem is the existence of SIC-POVMs whose elements are proportional to rank 1 pro-
jections. It is still an open question if rank 1 SIC-POVMs exist in any dimension; examples have
been found for d = 1,...,16,19,24,35,48 (ananlytical proofs) and d < 67 (numerically evidence)
[19]. The closeness of general SIC-POVM to a rank 1 SIC-POVM has been recently quantified
[11] using the parameter a that characterizes the symmetric family. We follow the same path of
investigation for decompositions of arbitrary operators 1" and we give bounds for the symmetry
parameter a. Our motivation is to achieve a better understanding of the more general situation,
with the hope that this will shed some light on the more interesting case of unit rank SIC-POVMs.

The paper is organized as follows. In Section 2 we gather some relatively straightforward general
properties of decompositions, proving that a local decomposition for an injective operator is essen-
tially a global one, and characterizing decompositions of orthogonal projections. In Sections 3 and
4 we focus on symmetric decompositions of general, and then positive operators; these sections con-
tain the main result of the paper, a characterization of all symmetric (positive) decompositions of a
given (positive) operator. Finally, Section 5 contains some generalization of weighted Welch—type
inequalities.

Acknowledgments. The work of M.A.J. and P.G. was supported by a grant of the Romanian
National Authority for Scientific Research, CNCS-UEFISCDI, project number PN-II-ID-JRP-RO-
FR-2011-2-0007. I.N.’s research has been supported by a von Humboldt fellowship and by the ANR
projects RMTQIT ANR-12-1S01-0001-01 and StoQ ANR-14-CE25-0003-01.

2. PROPERTIES OF GENERAL DECOMPOSITIONS

In this paper, we study operators acting on a Hilbert space H, which will be finite dimensional
(with the exception of Proposition 2.2) and complex (unless otherwise specified). Our focus will be
on the existence of decompositions of operators as sums of families having some specific symmetry
or positivity properties.

Definition 2.1. Let be & = {E;}Y, a family of self-adjoint operators acting on some Hilbert
space H, and T another given operator acting on H. We say that £ is a decomposition of T if
Zij\il E; =T. If the operators E; are positive (i.e. E; are positive semidefinite matrices), the family
& is called positive.

We say that £ is a local decomposition of T if for any x € H, x # 0, there is a complex number
a(x) # 0 such that

Z Eix = a(x)Tx. (1)

Proposition 2.2. Let H be any (possibly infinite dimensional) complex Hilbert space, and T an
operator acting on H. If T is injective and £ is a local decomposition of T, then there exists 5 € C
such that £ is a decomposition of BT .

Proof. We first consider z,y linearly independent and we show that a(xz) = a(y). By linearity,
we have a(x 4+ y)T'(x + y) = a(x)Tx + a(y)Ty and since T is injective, we get a(x +y)(z +y) =
a(x)x + a(y)y. Using the linear independence of z and y, together with [a(x +y) — a(z)]z + [a(x +
y) — a(y)]y = 0, we conclude that a(z) = a(y) = a(z +y).

Let now z,y # 0,y = Ax,A # 0. We have ) Eix = a(z)Tz, Y Eiy = a(y)Ty & > E;(A\x) =
a(Az)T(A\x), hence > Ejx = a(Ax)Tx, so a(z)Tr = a(Ax)Tx = a(\x) = ax), as T is injective.
This shows that the function « is constant, finishing the proof. O

Remark 2.3. If the operator T and the decomposition € are positive, then the scalar 8 is non-
negative, 3 > 0.
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Remark 2.4. In the particular case when the Hilbert space H is finite dimensional, we can prove
the above result in the following way. The operator T was assumed injective, hence it is invertible,

and we have N
Va # 0, 7! (Z EZ> r = o(z)z.
i=1

Hence, every non-zero vector x € H is an eigenvector of T~1 > Ei; this cannot happen unless
71 >; Ei has just one eigenvalue (eigenspace), i.e. it is a multiple of the identity.

Let T be a self-adjoint operator. For any given scalar weights (¢, ...,¢xy) such that Zfil t; =1,
it is clear that {¢;T'} is a decomposition of T' (if T' is positive and one assumes t; > 0 for all 4, the
decomposition is positive). Such a decomposition is called degenerate. We prove that if rk[T] = 1,
then T has only this type of decomposition.

Proposition 2.5. Let T be a positive operator acting on a finite dimensional complex Hilbert
space H, and € = {E;}.| a decomposition of T. If tk[T] = 1, then E; = t;T, 0 < t; < 1 for
ie{1,2,....,N} and "N t; = 1.

Proof. This is an easy consequence of the fact that the extremal rays of the positive semidefinite
cone are unit rank projections. More precisely, from T = Zf\; 1 B, it follows that T > E;, Vi.
We apply Proposition (1.63), from [16]. It follows that F; = ¢,T, for 0 < t; < 1,7 =1,2...N,
hence T = (3N, #;)T. Since rk[T] = 1, it follows that there is 2 € H such that Tz # 0. Hence,

N
Yoo ti =1 O
We characterize next decompositions of self-adjoint projections.

Proposition 2.6. Let £ be a positive decomposition of a positive operator T'. Then, the following
are equivalent:

i) T is projection

it) TE; = E;T = E;, for all i.

Proof. 1) = ii). We know that 7' > E; > 0. From [16, Proposition 1.46], it follows that TE; =
BT =E;.
i) = i). Wehave T2 =TSN B, =N TE, =N E =T. O

3. DECOMPOSITION OF A POSITIVE OPERATOR BY A SYMMETRIC FAMILY

In this section we are going to study decompositions of operators by families having the following
form of symmetry.

Definition 3.1. A family £ = {Ez}l]\i1 of self-adjoint operators acting on a finite dimensional
Hilbert space H is called symmetric if, for all i,7 € {1,2,...,N},

TI“[EZE]] = aéij + b(l - 513) (2)
The scalars a,b are called the parameters of £.

Most of the results below hold for general decompositions of self-adjoint operators. However,
when the operator T is positive and we require that the decomposition should also be positive,
some additional structure emerges, and we emphasize this case in the respective results.

Proposition 3.2. Given a self-adjoint operator T, let to := Tr[T?]. Consider & a symmetric family
of self-adjoint operators as in (2), having parameters a and b. Then, € is symmetric decomposition
of T if and only if the following relations hold

tz — Na
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and ;
Te[E;T) = N2 i=1,2,...N (4)

Proof. We assume first that £ is a symmetric decomposition of T'. We have that 7% = Zzszl E;E;,
hence

ty = Tr[T?) = ZTrEE = Na+ N(N —1)b.

2,7=1
It follows that
ts — Na
b= ———.
N(N—-1)
For i € {1,2,... N}, we have
N N
Te[ET] = Tr[E; Y Ej] = Tr[E]] + Y Tr[EiE;] = a+ (N - 1)b.
j=1 j=1
JFi
Using (3) we get that
to—Na ¢t
Te[ET) = a+ — ~ = N2

Conversely, if (3) and (4) hold, then we have

N N
=T E-T)_E;—1T)
=1 j=1

HS

N
v > EiEj] ZTr [E;T] — ZTr [TE;] + Tr[T?]
3,j=1 j=1

_ NatN(N—1)b-N2 N2y o
a+ N( ) N N+2 0

O

Proposition 3.3. Let £ be a symmetric decomposition of a self-adjoint operator T. Then, the
parameter a of the family € satisfies a > to/N?. If a > to/N? and T # 0, then the set {E1,... Eyx}
is linear independent. If a = to/N?, then the decomposition & is degenerate: E; = t;T, for all i and

Zi]\il ti=1.
Proof. To establish the bound, we use the Cauchy—Schwarz inequality
(Tr[E;T))? < Tr[E?] - Tr[T?]
and Proposition 3.2 to get (t2/N)? < ata, so to/N? < a.
We suppose now that a > t3/N2. From Proposition 3.2 it follows that this inequality is equivalent
to the inequality a > b. Consider scalars A; such that Zf\il N E; = 0. We have

2 N N
HS i=1 j=1
= Z)\)\TrEE faZ])\ ]2+bz/\)\~

t,j=1 t,j=1
i#j

N

=(a—b)> N[>+

=1

N

2N

=1
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If b is non-negative, all the terms in the sum above are zero, so A\; = --- = Ay = 0, showing that
the family of operators operators £ = {EZ}Z]\L1 is linearly independent. On the other hand, if b < 0,
we have, using again Cauchy-Schwarz,

2
N
a—b ‘Zi:l)‘i <
D VEL Y
and thus b < —a/(N — 1). However, this contradicts (3): 7" # 0 and thus

b to — Na S a
 N(N-1) N1

I

Finally, if a = t2/N?, using the equality case in the Cauchy-Schwarz inequality, we get E; = ¢;T
for some scalars ¢;. We have thus T' = (Zi\il t;)T, and we can choose the t; such that Zfil t; =1,
finishing the proof. O

As a corollary of this result, we obtain a generalisation of [4, Proposition 4.2].

Corollary 3.4. Let & = {Ez}f\il be a symmetric family of self-adjoint operators acting on a Hilbert
space H, and let d = dim H. If the operators in £ are pairwise distinct, then N < d?. Moreover, if
H is a real Hilbert space, then N < d(d+ 1)/2.

Proof. Since the operators in £ are pairwise distinct, from the Cauchy-Schwarz inequality it follows
that b < a, where a,b are the parameters of the symmetric family £. In Proposition 3.3, it has
been shown that in this case, the operators {E1, ..., Ex} are linearly independent. Thus, N must
be at most the dimension of the space of self-adjoint operators on H, proving the claim. ]

One can also upper bound the parameter a of a symmetric decomposition in the case where the
elements of the decomposition are positive operators (i.e. positive semidefinite matrices).

Proposition 3.5. Let £ be a positive symmetric decomposition of a positive operator T'. Then, the
parameter a of the family £ satisfies a < ty/N.

Proof. For any i, we have T' > E; so Tr[E;(T — E;)] > 0, hence, using Proposition 3.2, a < Tr[E;T]| =
ta/N. O

Proposition 3.6. If T is a projection, then
to t3

N2 == N2
The upper bound is saturated if and only if E; is of rank one, fori=1,2,... N.

()

Proof. We have a = Tr[E?] < (TrE;)? = t3/N?, since if T is projection, then by Proposition 2.6
E, T =TE; = E;. We have equality iff rk[E;] =1, forall 1 <i < N. O

Assuming that the operators F; are positive and invertible, one can derive a different upper
bound for the parameter a of the decomposition than the one obtained in Proposition 3.5. Recall
that the condition number of an invertible operator A is defined as

R(A) = [l Al - [ATH].
In the case A is a strictly positive operator, we have

)\max (A)

k(A) = 7>\min(-’4) )
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Proposition 3.7. If T is positive operator which has the decomposition T = Zf\il E;, where
Ei,i=1,...N are strictly positive operators, then we have

2} 1o

where

2
1 1
M = 12%1 (\/H(T)H(Ei) + K(T)K(Ei)> . (7)

Proof. We use Proposition 3.3 and the converse Cauchy-Schwarz inequality [18, Corollary 1.4]. O

We describe next all the possible symmetric decompositions of a given self-adjoint operator T’
acting on a finite dimensional Hilbert space. The result is a generalization of [11, Theorem 3]
to general operators 1. Moreover, we give necessary conditions for the existence of a positive
decomposition of T, in the case where T is a positive operator (one can assume actually T' to be
invertible in this case, since any positive decomposition of T" is supported on the orthogonal of the
kernel of T').

Proposition 3.8. Let T be a self-adjoint operator acting on H ~ C%, and consider an operator
subspace F orthogonal to CT', of dimension N — 1. Then, the set of symmetric decompositions
E ={E}Y| of T with support in CT & F is in bijection with N -tuples (z, F1, Fa, ..., Fx_1), where

x 18 a non-negative number and F, ..., Fn_1 is an orthonormal basis of F. The bijection can be
described as follows: put F := Zfi}l F;, and define
F VN
R; = — F;, 1=1,...,N—1 8
" JYN-1(/N+1) VN-1" ®
F
Ry= — . 9
V= 0
Then, for any non-negative real x, the operators
1
EZ:NT—F.%R@, i1=1,....,N (10)
define a symmetric decomposition T = Zf\il E; of T, with parameters
to
a = ﬁ + IE2 (11)
tQ :132
-2 12
NN T (12)
where ty = Tr[T?) = ||T||%s. Reciprocally, all symmetric decompositions of T can be obtained as

described above.
Assume now that T is positive definite matriz and let —p; denote the smallest eigenvalue of R;;
since Tr[R;T| = 0 for all i, we have p; > 0. If, moreover,
T

r < —) 13
_Nmaxfil,ui (13)

where T = Amin(T'), the operators {Ez}f\;l are positive semidefinite.

Proof. The proof follows closely [11, Theorem 3], with a different normalization of the operators R;.
Let us show first the relation between the angles among the F;’s and the angles among the Ej’s.
Starting from an orthonormal family Fi, ..., Fn_1, by direct computation, and using facts such as
(Fi,F) =1, (F,F) = N — 1, (R;,T) = 0, the symmetry of the family {E;}Y, follows, namely

<E¢,Ej> = aéij + b(l — 5”) (14)
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The decomposition property » . E; = T follows from the fact that ), R; = 0, which can be shown
directly from (8) and (9).

Reciprocally, one has z = ||E; — T'/N||2 and we can write the operators F; in terms of the Ej
working back the equations (8),(9),(10). The orthonormality of the F;’s and the fact that F; L T,
for all 1 <i < N — 1 follow now from the symmetry relation (14).

Let us now discuss the positivity of the operators F;. We have, by standard inequalities,

T T
)‘min(Ei) > N + -T)\min(Ri) = N — T ;.
Hence, if x > 0 is as in (13), then necessarily E; > 0. O

Remark 3.9. The equations (8),(9),(10) relating the operators E; to the orthonormal basis F; can
be summarized as follows:

N-1

. 1
VISi<N, Ei=gTa ) ViF;,
7j=1
where V€ My (nv—1)(R) is the following matriz
[1—-+VN-N 1 . 1 ]

. 1 1-vVN-N - 1

- VN -1(V/N+1)

1 1 oo 1—=v/N-=N
VN +1 VN+1 .- VN +1
Note that V is a multiple of an isometry which maps RN=1 to the orthogonal of R(1,1,...,1)" in
RY: we have VIV = N/(N — 1)In_1 and VV' = N/(N —1)(Iy — N"1Jy) = N/(N — 1)Py,
where Py is the projection on the orthogonal of R(1, ..., DT in RV,

Remark 3.10. When T =1 and N = d?, we recover [11, Theorem 3].

Remark 3.11. Note that the geometric parameters a and b of the decomposition £ depend only on
the square x> of the free parameter x; this is related to the fact that if one allows negative values
of x, the N-tuples (x, F1,...,Fn_1) and (—z,—Fy,...,—Fn_1) give the same decomposition of T

In order to obtain an upper bound for the parameter a of a symmetric decomposition of a positive
operator T', we need the following lemma.

Lemma 3.12. Let B be a positive definite operator acting on H ~ C%, having eigenvalues by >
by > -+ > by > 0. The following two optimization problems are equivalent:

(Py) : min ap
(F1) : min- Amax(A4) subjectto a3 >as > --->aq €R
subjectto A= A* Zd W2 =1
| Aflus = 1 .
ALB ISLLES

d
Y g @ibgi1—; <0,

and have common value
p(B) = o(b) = [(B/ba—1)* +d—1]7"%, (15)

where B = Tr[B] = 2%, b;.

1=
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Proof. Let us first show that the programs (P;2) are equivalent, and then solve the easier, scalar
version (P»). To show equivalence, note that the objective function and the Hilbert-Schmidt normal-
ization condition in (Pj) are spectral, i.e. they depend only on the eigenvalues a; > ag > -+ > a4 of
A. The equivalence of (P 2) follows from the following fact: given to spectra at = (ap >+ > ay)
and bt = (by > -+ > by) with by > 0, there exist a unitary operator U acting on C? such that
U diag(ay,...,aq)U* L diag(by,...,bq) iff

(a*,b%) >0 and (a*,b1) <0, (16)

where b' = (bg < ---by); note that the conditions above are precisely those appearing in (P»). The
property above is implied by the following fact (see [14, Theorem 4.3.53)):

{Tr[U diag(ay, . .., aq)U* diag(by, . ..,bg)] : U unitary} = [(a*,b"), (a*, b%)].

Let us now solve (P;). The proof will consist of two steps: we shall show first that an optimal
vector a is necessarily of the following form:

a=(8,...,8,—Tr), 17
( ) (17)
d—1 times

for some r, s > 0. We shall then optimize over vectors of this form.

For the first step, let us consider a feasible vector a which is not as in (17): a = (a1 = -+ =
Gm > Qmy1 > -+ > ag; here, m+1 < d. Since a is at least three-valued, there exist m < i < j such
that a; > a;. Moreover, let us assume that 7 is the smallest index where a takes the value a; and
J is the largest index where a takes the value a;; we have thus a; < a;—1 and, if j < d, a; > a;j41.
Let us define the vector a’ by

a; +¢ ifk=1
a, =4 a; —¢ itk=j
ax if k # i, j,
where ¢ > 0 is the largest such that a} > --- > a/;. In terms of the majorization relation (see [3,

Chapter II]), we have a < d/, so the scalar product relations (16) still hold for a’. Note however
that @ is not feasible, since

(13 = llall5 = 2¢(a; — a;) + &> > 0.
We normalize o’ by ||d/|2 > 1: a” = d’/||d’||2. Obviously, a” is feasible and moreover

/
n a1 ai

1= = <@
la'lla - [la’ll2 ’

and thus a cannot be optimal.
Let us now optimize over two-valued vectors a as in (17). The conditions in (P5) read, respectively

(we put = 37, by)
r2+(d—1)s2 =1
$(8 = ba) — by = 0
s(B—0b1) —rb; <0.
Thus, (P,) is equivalent to minimizing s under the constraints
ba <5< b

\/(5—bd)2+(d—1)b(21 VB b2+ [d-1)5

and the conclusion follows.




ON SYMMETRIC DECOMPOSITIONS OF POSITIVE OPERATORS 9

Remark 3.13. Note that in the optimization problem (Py) over self-adjoint matrices A, one could
have replaced the objective function by —Amin(A); this follows from the observation that the feasible
set is invariant by sign change.

Remark 3.14. If T =1, then o(I) = ¢(1,...,1) = 1/4/d(d — 1). Note also that, for arbitrary B,
B/bg > d, so o(B) > ¢(I), for all B > 0.

Equation (13) from Proposition 3.8 gives a sufficient condition for the variable z in order for a
decomposition of T' to be positive. Note that value in (13) might not be tight: larger values of z
might yield positive decompositions. We present next a necessary condition the parameter a (and
thus x) must satisfy in order for a positive symmetric decomposition of 7' with those parameters
to exist.

Proposition 3.15. Let T be a positive operator acting on H ~ C.  Any positive symmetric
decomposition of T has parameter a such that

ta o+ |TI% /0% to | [ITls]® (ti—7)%+ (d—1)7?
TRk R A A - N
where t19 = Tr[TY?], 7 = Anin(T), [|T]loo = Amax(T), and ¢ := (T was defined in Lemma 5.12.

Proof. The lower bound was shown in Proposition 3.3. For the upper bound, using (11), we need
to upper bound z. Since any positive value of x gives a symmetric decomposing family &, the only
constraints on = come from the positivity of the operators E;. Using (10), we have

17

0< )\min(Ei) < )\max(T/N) + )\min(mRi) T + x)\min(Ri)-

Writing ¢ for the value of the optimization problem in Lemma 3.12 with B = T' (see also Remark
3.13), we have —A\pin(R;) > ¢, so

(18)

T

1T]o
< 19
= Ny’ (19)
which, together with (11) and (15) gives the announced bound. O

Remark 3.16. In the case T = I and N = d?, the bound (18) reads d= < a < d~2, which was
also found in [11, Eq. (2)].

Let us discuss now the simplest case, d = 2. We have the following result, characterizing the
equality cases in the upper bound (18), when N = d? = 4.

Proposition 3.17. In the case d = 2, N = 4, consider the general construction of a symmetric
decomposition of a positive definite operator T € Msy(C) from Proposition 3.8. The following
statements are equivalent:
(1) There exists an orthonormal basis {Fy, Fs, F3} of (CT)* such that the decomposition T =
Z?:1 E; saturates the upper bound (18).
(2) The operator T is a multiple of the identity.
(8) For any orthonormal basis {Fy, Fy, F3} of (CT)*, the decomposition T = Z?Zl E; saturates
the upper bound (18).

Proof. Let us first show (2) = (3), assuming 7" = I. Start from any orthonormal basis
{Fy, Fy, F3} of (CT)*. Since the matrices R; have unit Schatten 2-norm and are also traceless, they
have eigenvalues +1/+/2, so the optimal constants 2 and a from Proposition 3.8 read, respectively,
r =+/2/4 and a = 1/4, which is indeed the upper bound (18).

We show now (1) = (2). Les us consider the inequality (19) which leads to the upper bound
(18). Assuming the equality in (19) was achieved, i.e.

Tl
N max; p1;’
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we get pu1 = po = pu3 = pg = ||T||co/(N2xy), where z, is the optimal value of = needed to achieve
(18). In particular, since the matrices R; have the same Hilbert-Schmidt norm, they must be
isospectral, so the respective positive eigenvalues p1 234 of the R; matrices are also equal. Putting
d =TrRj = pj — pj, we get from (8) and (9) 6 = 0, so the R; are traceless, which implies T' = ¢/,
for some constant ¢ > 0. O

The result above excludes the existence of “SIC-POVM-like” decompositions for positive oper-
ators T' # cls which would saturate the upper bound for the norm of the operators. On the other
hand, for d = 2 and T' = I, any starting orthonormal basis for the traceless operators produces a
SIC-POVM, so starting from Pauli matrices as in [11, Section 6] is not necessary in this case.

Example 3.18. We consider now an example for d =2 and N = 4. Let T = ((1) 2) with u > 1

0 1 0 u 0 . .
and Fp = % (1 0) , By = % <—i 0) ,F3 = \/ﬁ (O _1>. It is straightforward to check that
(F, Fj) = 655 and Tr[F;T] =0, i = 1,2,3. We have then
U 1 .
—=(1+1
F=FR+h+F=|, 11+u2- \/5(1 )
BT

We compare next the values of the lower and upper bounds for the largest value of the parameter
x giving a positive decomposition of T'. These bounds have been obtained respectively in (13) and
(19).

The operators R1 and Ry have the same eigenvalues:
u—1%++/(u—1)2+4(13u2 + u + 13)

6v/3vVu2 + 1 .

We denote by p1 the largest one and by —uy the smallest one. Similarly, for the matriz Rs, the
etgenvalues are

Ao = (20)

5(1 —u) £+ /25(u — 1) + 4(u? + 25u + 1)
6v3vVu2 + 1

and we define pa to be the largest one and —uq to be the smallest one. Again, for R4, the eigenvalues
are

(21)

N34 =

3u—1)£3/(u—1)2+4(u2+u+1)
6v3vVu2 + 1

with ps3 the largest one and —us3 the smallest one.
We see that pa < p1 < p3 and po > p1 > pg. So, the bound from (13) reads

1
4o

(22)

As6 =

TLB
27 (u* +1)
2
4 (5u+ v/u(29u +50) + 29 - 5)

aLB:%(’lﬁ-l-l)"F

where we have used t; = Tr[T] = 1 +u, to = Tr[T?] = 1 + 2, and 7 = A\pin(T) = 1.
When u > 1, the upper bound from (19) reads

uv'1 + u?

TUuB = 4
(1 4u?)?
ayp = 716 .

We can easily checked that the two bounds are equal ar,p = ayp only whenu =1, i.e. when T = I,
see Figure 1.
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ol , , , | , , , , | , , , , | , , , , U
10 15 2.0 25 3.0

FiGure 1. Comparing the two bounds for the parameter a of a symmetric decom-
position of T' as a sum of 4 positive semidefinite operators.

With the help of a computer!, we have found that the actual largest value of the parameter a
for which there exist symmetric positive decompositions of T is

2
) , 27 (—5VP T 4+ 5V T+ (a2 + 1) /u(25u+4) + 25)
== |1
Gopt =1 | 1T A(u(u+ 25) + 1)2

Interestingly, it turns out that this value is very close to the lower bound in (13):

27
< — < — — ~ 0. .
0 < age —arp < oo (125v/29 - 673) ~ 0.00491403

4. DUAL SYMMETRIC DECOMPOSITIONS

In the following we consider the dual family associated to a given non-degenerate symmetric
family & = {E,}Z]\L1 and we show that, after rescaling, it also gives a symmetric decomposition of
T = ), E;. Recall that the dual family £ = {E;}Y, is another set of N self-adjoint operators,
having the same span as &£, and the additional property Tr[EiEj] = 0ij, Vi,7 = 1,...,N. It is
easy to check that the operators of the dual family E; are given by E; = Z;yzl(G_l)ijEj, where
G € M (R) is the Gram matrix of &, i.e. Gi; = Tr[E;E;]. Since we assume that the family F is
symmetric with parameters a, b, we have G = (a — b)Ix + bJy, where Jy is the matrix with all
entries equal to 1. Moreover, we have assumed that £ is non-degenerate, so a > |bl; it follows that

1 b
-1 Iy— ————Jn|.
a—b[N a—i—b(N—l)JN]

Consequently, the dual family £ = {El}f\;l is given by

N
- b
E; = E——— SN B, 1<i<N, 2
a—b a+b(N1)jz; J visi (23)

lsee the supplementary material for the arXiv preprint.
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and it is also a symmetric family of parameters

B a+b(N —2)

@b+ bN-1) (24)
- b

= Dy 1) (#)

D

It is of interest to study the properties of the dual family £ in the case when the family & =
E;}N | is a non-degenerate symmetric decomposition of an self-adjoint operator 7.
=1

Proposition 4.1. Let T be a self-adjoint operator and & = {E;},i = 1,...N a non-degenerate
symmetric decomposition of T. Then, the dual family {E;} is given by

- N(N —1) ty —alN

Ei=—o 2 \p - 2" T, 26
! aNz—tg ! (N—l)tg ( )

and has parameters

N (N=2)ty+aN
a=—"-

tz CLNz—tQ
6— N tg—aN
N tQ CLN2—t2

Proof. The results follow from direct computation using Proposition 3.2 and equations (24)—(25).
O

Note that, when T'= I; and N = d?, the dual family given by (26) corresponds to the dual basis
associated to (general) SIC-POVMs [11, Section 2].

Remark 4.2. The normalized dual family £ = {Ez}fil, given by E; = %Ei, forms a new sym-
metric decomposition of T of parameters

tfg (N— 2)t2 +aN

TN aN2 — tq9
- ts  to—alN
b= 2.2 "

N aNQ—tQ

Remark 4.3. Note that map which associates to a symmetric family € its (normalized) dual family
£ is an involution; in particular a = a.

Since both families £ and & are symmetric decompositions of T', it is of interest to relate the
decomposition of the operator 1" by the family £ using a similar procedure as described for the
family &€ = {E;} in Proposition 3.8. By straightforward computations, it is possible to show that

in this case, starting from an orthonormal basis {F;}, i = 1,..., N — 1, with the same operators
R;,i=1,...,N as given by (8) and (9), we get that F; = %T+ TR;, where
o (N — 1)t2x,
N2a — tQ

for any positive real z (x = 0 is not allowed here, since we have assumed the primal family £ to
be non-degenerate). Using the expression of the symmetry parameter a as given by (11), it follows
that
(N —1)ta 1

N2
As before, one may use Proposition 3.8 to obtain a sufficient condition for positivity of the decom-
position, see (13).

T =
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5. DECOMPOSITIONS AND WELCH-TYPE INEQUALITIES

The following result is known in the literature as the simplex bound. The idea, originating in
[9, Corollary 5.2], is that among N subspaces of fixed dimension in C? there must be at least
a pair with “small” principal angles. This result has been generalized to subspaces with weights
n [2, Theorem 3.4], and then to arbitrary positive semidefinite operators with fixed trace in [4,
Proposition 4.1]. In the result below, we slightly generalize this last result, by removing the fixed
trace condition. The equality case has been recognized to play an important role, characterizing
tight fusion frames, see [20], [15, Theorem 4.3].

Proposition 5.1. Consider £ = {E} Y, a family of self-adjoint operators on H ~ C%. Then, we
have

NS TYE))? - L (B, By)
NN =1) !

max(E;, Ej) > (27)
]

with equality iff € is equiangular and SN | E; = (d_l SV Tr[Ei]) 1.

Proof. We have

N N N
> (B, Ej) < EZE> (E:, B (28)
=1 i=1

Z?.]Zl K 1
i#£]
2 N N

Sz ) (Sne) Y e

i=1 i=1

N

S

=1

=Tr

Using the fact that the maximum of all the terms in the LHS of the equation above is larger than
the average term, (27) follows. We have equality iff all the terms are equal, and thus the family
£ is equiangular. In this case, from the equality case in the Cauchy Schwarz inequality, we have
Zj 1 Ej = Ay But Zl L Tr[Ei] = ATr[1y), and thus A = d~! EZ L Tr[Ej]. O

Remark 5.2. If Zfil Tr[E;] = d and A = 1, we recover the statement of [4, Proposition 4.1].

In the following we give some extensions and generalizations of a result from [21]. We use an
idea from [2], which requires to introduce scalar weights v;.

Proposition 5.3. Consider & = {E;}¥, a family ofposztwe operators on H ~ C%, so that Tr[E?] =

1, for all 1 <i < N. Then, for any positive weights vy, ...,vn > 0, we have
2 N
> s> (o) -3k 0
1,j=1 i=1
i

with equality iff the E; are rank-one projections and Zfil v By = (d_1 Zi\; Ui) 1.
Proof. We apply Proposition 5.1 to the operators F; = v; E;; using (28)-(29), we get

2 N
ZW] E; Ej) > d~ (ZUZTYE> =) 7,
=1

t,j=1
i#j

To conclude, we use 1 = Tr[E?] < Tr E;, with equality iff each E; is a rank-one projector. O
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Remark 5.4. In order for the inequality in the statement to be non trivial, the weight coefficient

2
] (Zi\il Ui)
V)=
Zij\il v;
must satisfy [v] > d. Note that in general, [v] lies in the interval [1, N].

Proposition 5.5. Let £ = {Ez}fil a family of positive semidefinite operators on H ~ C%, so that
Tr[E?] =1, for all 1 <i < N. Then, for any 1 < p < oo and any positive weights vy, ...,vx > 0
such that [v] > d, we have

3 P
Z owvs (B P > [d L) — Z_:Zlvﬂ
1<i#j<N [Ei# vivj]p

; (31)

with equality iff the E; are equiangular rank-one projections and Zf\il v B = (d_l Zfil vi) 1y

Proof. From Holder’s inequality it follows that

11
> v (B, Ej) Zv EZ,E vivf
G i#]
7 :
Z UZ'U]‘ <EZ‘, Ej>p . Z U,‘Uj y
1#] 1#]

where p and ¢ are conjugate exponents p~! + ¢~! = 1. Therefore, using Proposition 5.3, we have
(S vivs (B E5) |
izj ViVi\ s By }
> vivg(Ei, Bj)P = p—1
i#] [Zi;ﬁj Ui%}
P
[d_l v =3 ”ﬂ
p—1 ’
[Zi;ﬁj v,-v]}

Holder’s inequality is saturated iff vv;(E;, E;)P = Avu; for all i # j, ie. iff the family & is
equiangular.

O

Remark 5.6. With the choice vi = ---vy = 1 and p = 2, Proposition 5.5 gives the result from
[21, Proposition 2.7 (SIC-POVMs)]:

N(N — d)?
2B B 2

FEither from Proposition 5.3 or from Proposition 5.5, one obtains the following weight general-
ization of the simplex bound.

Corollary 5.7. Let £ = {El}fil a family of positive semidefinite operators on H ~ C%, so that
Tr[EZ-Q] =1, forall1 <i < N. Then, for any 1 < p < co and any positive weights vi,...,vn > 0
such that [v] > d, we have

N —d d=! i) — 307
max <E1,E > > (sz ) i Vi
1<iA <N d(N - 1) Ditj ViV

7 (32)

with equality iff the E; are equiangular rank-one projections and Zf\il v B = (d_l Zfil vi) 1y
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Proof. Note that the left hand side of (32) does not depend on the weights v, so we just need to
show that the right hand side is maximal when all the weights are equal. Using the homogeneity of
the expression, we can assume ) . v; = 1, i.e. v is a probability vector. Replacing two components
v; > vj of v with v; — ¢ and respectively vj + ¢, for ¢ > 0 small enough, we see that the bound
increases, so the maximum must be achieved by “flat” weights v (see [3, Theorem II.1.10] for the
related concept of majorization). 0
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