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Equity analysis of public investments : pure and mixed game-theoretic solutions

(1) B (N) � C(N) . (2) B (N) - C (N) � B(S) - C(S) VSCN (3) B(i) � SC(i) ViEN where SC(i) = C(N) - C (N ~{i}) 7�L i C-N SC(i)
is the separable cost of decision-maker iEN.

These three criteria determine economic efficiency or the optimal capacity of the project.

(1) Heaney (1978). The equity or cost allocation criteria are the following.

(4)

x(i) � Min [B(i), C(i)] V1�EN (5) E xCi) � Min[B(S), C(S)] ] VSCN iE S (6) x(i) � SC(i) VIEE N
Let NSC be the non separable costs defined as

NSC = C(N) - E SC(i) iEN and let 6(i),
iEN, be an apportioning factor defined as

6 (i) _[Min (8 (i) , C (i» -SC (1) 1 �EN E [Min(B(i), C(i)) - SC(i)] iE N and E 6 ( i ) = 1. iE N Then (7) x(i) = SC(i) + 6 ( i) (NSC) and (8) E x(i) - C(N) iEN

Conditions

(4), ( 5) and ( 8) define the core of this cost game. 

(4' ) x(i) � Min[ B (i) , x(i)max) ViEN
(2) Heaney (1978)

(3) Schleicher (1978 I)

This, in addition to the redefinition of SC(i) in (3), to (3' )

(3') B(i) � x(i)min �i�N changes �(i) into S'Ci) = [ Min(B(i), x(i))] - x(i)min ViEN E [Min(B(i) , x(i) ) - x ( i ) m i n ]
RC is now defined as RC = C(N) -E N x(i)min and ( 7) becomes (7')

(7') x(i) = x(i)min +�(1) (RC)
x(i)min and x(i)max are determined by linear program 11 ) and ( 2) , respectively ( 4 ) . The total cost fonction, C(r), is sub-additive.

Program (1) Min x(i) -ViE N s.t. x(i) � Min [ B(i), C(i)] vie E S x(i) �Min[B(S), C(S)] ] SCN E x (i) _� C (N) iEN - x(i) � 0 -ViEN ( 
3. THE WEIGHTED VALUE (W.V.(r)) Lei cs = [C({i}) - c�{9r})] ] for S = {i} i = 1, ..., 3 c = m c (S) ��'-� ' c({j})] ] for ISI __ 2 lES jE S i�J CN - T�T [ C (N)E E CS] ' ' i=1 SCN-�ti} S3i and C� � 0 for i = 1, ..., 3 SCN x(i) is now defined as x(i) = S c and E x(i) - C(N) S_CN S iEN 53i
The game is convex for :

C({12}) - C({2}) � C({123}) - C(.�23}) for i = C({13}) - C({ 3})� C({123}) - C({23}) for i = C({12}) - C({1}) � C({123}) - C({13}) for i = C({23}) - C({3}) � C({123}) - C({13}) for i = C({13}) - C({1}) z C({123}) - C({,12}) for i = C({23}) - C({2}) � C({123}) - C({12}) for i = Thus the core existes . It is (see figure 3.1.) C(r) - (4� x(1)�8, 0 � x ( 2) :; 12 , 0;;' x ( 3) � 8 )
The Shapley value may be calculated as follows In an analogous manner one might compute S.V. (F1) and S.V.(r2).

(table 3.2.)
The results are presented in table 3.5. 

C( {1}) = 14 C( {2}) = 15 C({3}) = 14 C( {12}) - 18 C( {13}) - 16 C({23}) = 16 C({123}) = 20
The core is

C(n = (4 � x(1) � 14,4 � x(2) � 14,2 � x(3j � 12). Suppose W.V. (D = (3, 3, 14). Then C' (r) 1 C' (r) 3W.V.(r)
is computed by using the following tax-subsidy system (fer the construction of thèse equations see appendix) : 

Tax (ij) = (x(i) - x(i)min) + (x(j) - x(j)min) _ _2 Tax (ik) = (x(i) - x(i)min) ) + (x(k) - x(k)max) ) = l Tax (jk) = (x(j) - x(j )min)+ (x(k) - x(k)max) ) = 1
Subsidies are defined as negative taxes.

The modified The subsidies (example 3) may now be computed.

cost function C' (r), » is . C' (�1}) = 14 C' ({2}) = 15 C' ({3}) = 14 CI ({12}) = 16 C'({13}) = 17 C'({23}) = 17 C' ({ 123} ) - 20 and C 1 (r) = (3 � x(1) � 13,3 �_ x(2) � 13,4 � x(3) � 14) Thus C 1 (r) :3 W. V. (
SOO(1) = 2x(2) [C({12}) - C�'({12})] = ��(.i,25) = -0,68 E-x(i) i=l Sus(2) x(1) [C(fl2l) - C�'({12))] = 1�;�;(-1,25)= -0,57 E x(i) i=l
City 1 with a lower cost share obtains a higher subsidy than city 2 and vice versa. This rule may be generalized for the case n�3.

Let SCN and S �3, and C (S) ��.W'V' (S) , then -E x(i)x(i)

Sub(i) = iES � C (S) - CW.V. (S) ] ( E x(i) - x(i)) iE S iE S viE S
If there exists more than one S�C(S)� CW'V'(S), then The proposition is also true for t:he following subclass of r:

Sub (i) - �CN � Max � C W.v. (S) {Sub (i) (S)} } 4.2.
� C(i) ViEN E x(i) � Cl) + c W.V. (S) VSCN iE S - y x(i) - C(N) 1É N x ( i ) � 0 -ViE! N Suppose e'* (3) Min c' s.t, x(i) 
x(i) � x(i)min = x(i)max X(j) � x(j)min = x(7)max

x(k) � x(k)min -x(k)max
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Table 3

 3 

	.1. :	The three	city	cost ga� (example	1)

Table 3

 3 

	.2. :	Shapley	value		of the	
		three	city	cost	game	(example	1)

Table 3

 3 

	.4. :	Weighted	value	of r2
		(Example	1)

Table 3

 3 

	.5. : Comparison	of S.V.(r)	
	and W.V.(r)	(Example	1)

  r ) .

		Figure	4.2.1.2.1. :		Solutions	(Example	3)
	Here, tax-subsidy the situation system, system is a threat Consider cost game (table A new problem of the power of groups if necessary. In fact which will be realized the following example 4.2.1.2. The Weighted occurs. How to divide is changed this tax-subsidy only if there 3 of a three Value the subsidy by a city 4.2.1.1.1.) among the cities 1 and 2 ? Three procedures are possible. is no compliance by the local governments. Thus, if they act rationally, the threat needs never to be realized. In solu-tion of type A no tax is levied, Table 4.2.1.1.1.: The three city cost The weighted value is independent of the core. The last one corresponds to the rationale of the only game (example Given the three city cost game (example 3 section 4.2.1.1.) cost sharing method proposed in this paper : the alloca-3) it may be easily computed. If one decomposesTinto rI, the tion of cost according to productivity. some of the local governments are just persuaded (by subsidies) game of pipes, one obtains and r2, the game of the plant, to accept W.V.(r). Again solution of type C is called a-fair W.V.( ( T1) = (2,42; 6,5; 3,08) The first procedures exists the sub-of dividing and W.V.( r2) -(3,67; 0,6G;3,67) sidy equally between city the second of a di-one and two, because it is based on allocational fairness. Tt is forced Thus W.V. (l') -W.V. (l'1) + W.V. (l'2) -(6,09; 7,16; vision according to the costs C W.V. ({i}), for i=1,2. This 6,75). accepta-ble because the core C(r) is changed, by direct implies that a city with relatively higher costs a gets intervention into Cr (f) and thus becomes necessarily 4.2.1.3. A-fair and acceptable solution relati.vely of the subsidy. However, this is highershare acceptable. (type A) contrary to the productivity-approach to cost sharing.
	Consequently, relatively	4.2. Even if the core does not exist The core we propose the contrary : does not exist lower share of the total cost	the city one or several with ge ts a relative-a
	(in this ly higher	If the core example a coalition does not exist of 2) local two approaches governments share of the subsidy.	may be may
	This to find the weighted particular a solution value are not generally the fact of non-existence to the equity example shows as a cost-sharing true for three-person problem : several method. features To see one ac-cost of the core clearly one has to compare the cost function, Cw.V. (f), and one computes games. the tax-subsidy system is closed. In the général it may be open (deficit) or closed (o-balance the SCRB solution, chosen refuse which cepts this First, case the weighted value, the solu-(characteristic function) of thé inessential game rW•V.I W.C.(r), cr tion of type A (one-stage solutions). Ail three with the cost function, C(F), of the game r(example 3, sec-of them do or sur-plus). Second, the duality is such that the tax not dépend on the existence of a core. Thé other tion 4.2.1.1.) approach (subsidy) in type B solution (type C solution) is exactly equal to the subsidy (tax) in type C solution (type B so-lution). This strict duality is only fulfilled in very special cases (see (two-stage solutions) would be to compute a (strong) e-core, which is entirely fictitious, and �uperimposes C.W.V. � {1} ) = 6,09 CW'V-({2}) = 7,16 C�'�'({3}) = 6,75 on it either the MCRS-solution, or solutions of type C.�'�'({12}) = 13,25 C�'�'({13}) = 12,84 14 CW#V'({23})= A, B or C. In the subséquent sections ail these will 20 C ' '({123)) = be discus-possibilities appendix). sed separately. and C({1}) = 8 C({2}) = 12 C({3}) = 8
	Type solutions : This C({12})= C solution 4.2.1. game is not convex. implies One-stage 12 C({13}) = for C({12}) of pure + C({13}) + C({23}) C({123}) =	the Thé core following 13 C({23}) = does solutions � 2C({123}) . 20	hierarchy not exist, 14
	Type The SCRB solution the vector (5,71 ; C : One sees clearly. that w.V.(r)�� 4.2.1.1. (see figure 6,29 ;�8). accept W.V.(r) as a cost-sharing	C Separable 4.2.1.2.1.) Benefits coalition Solution Costs of this Remaining game is {12} will never method as 13,25 �l2. Thus
	environment one will discussed the existence	This than This solution preference in the have to subsidize*{121 relation case of the is in no way different is based solution by an amount of on a different of type from the one A. in section 2.1. By définition it does not dépend of a core. Sub (12) -C ({ 12 }) -CW'V' ( {12 }) --1, 25	on
	in order	to make W.V.(r)	generally	acceptable.