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EQUITY ANALYSIS OF PUBLIC INVESTMENTS

PURE AND MIXED GAME-THEORETIC

SOLUTIONS

Heinz SCHLEICHER

1. INTRODUCTION

Contemporary cost~-benefit and cost-effectiveness
analysis of public investments often deal with complex si-
tuations. There may be not one purpose or objective but
many as well as more than one decision-maker. In such cases
there exists an efficiency and an equity problem to be sol-
ved. The efficiency problem deals with the optimal capaci-
ty of the public investment, given all purposes. The equity
problem deals with the question of how to allocate costs
among different purposes or objectives (cost allocation
problem) and/or among the various decision-makers (cost

sharing problem).

In section 2.a brief review will be given of some
important traditional and contemporary procedures which
deal with cost allocation or cost sharing problems in a
game—-theoretic frame-work. These methods do not always
seem satisfactory. Thus, in section 3. a new soluticn con-
cept is proposed : the weighted value of an n-person coope-
rative game. But the weighted value may be in contradiction
to the core of the game. Then mixed solutions are suggested
which reconcile both pure solution concepts (section 4).

In section 4.1, it ié‘supposed that the core exists. Then
either the weighted value belongs to the core or it docs

not. In the second case a tax~subsidy scheme may be devised



such that the weighted value is modified to ke in the core
(section 4.1.2.), or the core is modified such that the
weighted value is an element of this modified core (section
4.1.3.). If the core does not exist the weighted value is
the solution (section 4.2.1.). However, one may calculate
the fictitious strong e€-core and thus calculate conditional

mixed solutions (section 4.2.2.).

2. SOLUTIONS PROPOSED BY VARIQUS AUTHORS

2.1. Separable Costs Remaining Benefits Method
(SCRB)

Let N be the set of decision-makers or objectives
and SCN a coalition of decision-makers or objectives. Sup-
pose C(S), SCN, is the cost function (or characteristic
function of a n-person cost game). Let B(S) be the benefits
to a coalition of decision-makers. The vector
X = [x(1), ..., x(n)] is the final cost allocation to the
n decision-makers. Then there are 8 criteria (1) which de-
termine the final cost allocation, given the SCRB. These

criteria are :

(1) B(N) > C(N)

(2) B(N) - C(N) > B(S) - C(S)  VSCN
(3) B(i) > SC(i) vieN
where SC(1) = C(N) - C(N ~{i}) wiEN

SC(i) is the separable cost of decision-maker ieN.

These three criteria determine economic efficiency

or the optimal capacity of the project.

(1) Heaney (1978). These 8 criteria are in fact based on
Ransmeier's criteria (1942) and on the various techniques
proposed by the Inter-agency Committees (Federal Inter-
Agency Committee,1950; Inter-Agency Committee,1958; Water
Resources Council,1962).



The equity or cost allocation criteria are the
following.

(4) : x(i) < Min [B(i), C(1)] VieN

(5) I x(i) £ Min[B(S), C(S)] VSCN
ies

(6) x(i) » SC(i) . wiew

Let NSC be the non separable costs defined as

NSC = C(N) - I SC({i)
i€eN

and let B(i), ieN, be an apportioning factor defined as

B(i) =\ MIn(B(), CUN - SCM]  cien
L [Min(B(i), C(i) - sC(i)]

iEN
and I (i) = 1.
ieEN

Then
(7) x(i) = 8C(i) + B(1i) (NsC)
and
(8) I x(i) = C(N)

iEN

Conditions (4), (5) and (8) define the core of this
cost game.

2.1.1. Definition : The core of a cost-game s
defined as the set of imputations such that

L x (i) £ c(s) WSCN
i€s
= C(N)

and I x(i)
ieN .



As Heaney has pointed out, condition (3) is reaso-
nable for convex cost games.

2.1.2. Definition : A cost game is convex if

C(SU[1}) - C(5) 3 C(TU{i}) - C(T)

VieN and ¥SCTCN-{i}

In this casemarginal cost, or separable cost, is
lowest. However, if the game is not convex, SC(i) is gene-
rally higher than the lowest marginal cost which may indu-
ce inefficiencies if one still applies criterion (3).

(2)

It is one of the reasons why Heaney suggests his "Mini-

mum Cost Remaining Savings Method".

2.2. Minimum Cost Remaining
Savings Method (MCRS)

There is another reason why SCRB may not be a rea-
sonable method for allocating costs among decision-makers
or objectives. Condition (4) states that

(4) x(1) < Min[B(i), C(i)] VieN

Now C(i) may be unfeasible *ith respect to the
core. However, this is true only for non-convex games (3).
But in general, (4) has to be changed into (4')

(4') x(i) £ Min[B(i), x(i) ¥ieN

max ]

(2) Heaney (1978)
(3) Schleicher (1978 I)



This, in addition to the redefinition of SC(i)
in (3), to (3'")

(3") B(i) > X(i)min YiEN
changes B(i) into

[ Min (B (1), X (1) = x(d) Lo

‘ ¥YieEN
ién[Min(B(i), x(i)max) - x(i)min]

(i) =

RC is now defined as

RC = C(N) - ﬂgN x(1)min

and (7) becomes (7')
(7%) x(i) = X(i)min +B(i) (rC) _

x(i)min and x(i)max are determined by linear pro-

gram{l)and(2), respectively (4).

Program (1) Min x(i)

¥iEN
s.t. x(i) < Min [B(i), C(i)] FIEN
I x(i) < Min [B(S), C(S)] ¥SCN
ies
I x(1) 2 c(m)
ieN -

x (1) >0 VieEN

(4) Heaney (1978). These programs are based on Bondareva (1963),
Charnes and Kortanek (1966), Shapley (1967), Scarf (1967)



If the core exists § x(i)_. < C(N), otherwise
€N min =
r x(i)_. >C(N).
iEN min
Program(2) Max x(i) YieN
s.t. x(i) < Min [B(i), C(i)] wicN
I x(i) < Min [B(S), C(S)] *SeN
i€es
I x(i) = C(N)
ieN
x (i) >0 *ieN

Thus conditions (4'), (5) and (7') furnish a
feasible solution if the core exists which is always true
for convex games (5). If the core does not exist then MCRS
is not applicable. Thus either one calculates a strong

(6)

g-core and applies to it MCRS or one abandons MCRS and
adopts another one-point solution concept, f£.i. the

Shapley-value.
2.3. The Shapley value (S.V.(I))

The Shapley value allocates the average of all
marginal contributions of a player to every possible coa-

lition. Thus x(i) is given by

(s-1) !l (n-s)!
x(i) = [C(S)- C(S- {i})] ¥ieN
SCN n!
S3i

and T x(i) = C(N)
ieN

(5) Shapley (1971)
(6) Heaney (1978)



Shapley has shown that this value exists and is

(7)

unique

Loehman, Pingry and Whinston (8) have used the
Shapley value as a cost allocation device. These authors

applied it to river pollution caused by three cities.

However, there are two major drawbacks associa-
ted with the Shapley value. The first : it may not be in
the core. As the core concept expresses individual and
group rationality in its purest sense which amcunts to
free-market bargaining, rational players would refuse a
cost allocation which does not belong to the core. Thus
one will have to find a method which makes both of them
compatible if one thinkscﬁ?théfﬂmmﬂéy value as a solution
to the equity problem. This method should imply a mini-
mum necessary intervention in the power structure of a
given situation. The instrument will be a tax-subsidy sys-—

tem (section 4.1.).

The second major disadvantage, at least for a
large class of public investments, is the partially equa-
litarian nature of the Shapley value. To see this consi-
der the following interpretation of the Shapley value (9)
(weighted value). One calculates the net value of each coa-
lition and apportions it equally to all members of the
coalition. The net value of a coalition SCN, where

N= {1, ..., 3}, is defined as v(S) - v(S-{i}) - v({i}).

(7) Shapley (1953)
(8) Loehman, Pingry, Whinston (1973)

(9) Oral communication with M.Maschler (1976)



3. THE WEIGHTED VALUE (W.V. (T))

and

ct = [ctiil) - clign] for S

e = = {i}
1 = 1'
i ol . ({4 ({2
Cs = TsT [C(S) - cl{i}) - c({31) ]
for |s| = 2
ies
jEs
i#3

n

i1 i
C. = [c(N) - T I Cs ]
N W] i=1 scN-{i} S

S3i
i
CS 20 for i=1, ..., 3

x(i) is now defined as

x(i) = I c; and I x(i) = C(N)
SCN iEN

S3i

LAY |



It turns out that the classical Shapley value and
this weighted value are identical for three-person (cost)
(10)

games . However, this is no more true for n>3. For n>3

the two values generally differ.

To compute the weighted value for n>3 one simply

adds the following condition.

el =1 c(s) - Min fc(s) - {i} } - M | ;
s ax {c({i)}
TsT ies £s[c(s)-{i}=Min ]
for 3 < |s] < |N] - 1
i€s
and Cé > 0

The last term Max {C({i})} takes care of the fact
that there may be more than one coalition S-{i} with the
same value. In this case one has to choose a proper {i}.
It is reasonable to select Max {C({i})} because otherwise
one would distribute a net gain among the members of the
coalition which is too small. C; should be the result of

the best opportunity coalition S has.

The salient feature of this weighted value is
that it clearly shows : (1) that the Shapley value is ba-
sed on the power of each coalition and (at least for the
three-person case): (2) that it is based on an equalitarian
distribution of the net géins of a coalition. This second
feature may be justified if the players are homogeneous
and of equal size or if the net gains may not be apporti-

ned according to size, productivity or any other measure.

(10) Schleicher (1978 II, annexe 2)
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However, if there exists such a common measure then the equa-
litarian rule should be disposed of in favor of an opporticn-
ning rule which takes into account the individual contribu-
tion of each member to the coalitional net gain. Fortunately,
for many public investments such a measure exists for ins-
tance for waste water treatment facilities : the amount of

m3 of a standardized polluted water. If several cities

join to build a common sewage treatment plant then the eco-
nomi es of scale may be apportioned according to the size

(in terms of the amount of m3 of sewage of a2 certain de-

gree of pollution) of the cities.

For this class of public investments the weigh-
ted value is a perfect solution, in the sense that the
unique power, which amounts to the productivity or to the
economi =2s of cost of a group of cities, determines the
final imputation of costs. The value as well as the net
gain of a coalition are based on productivity alone. The
apportionment of the net gain within a coalition to its
members will be according to their productivity. To calcu-
late the productivity one makes a simple linearity assump-
tion. The weighted value thus is a method of cost sharing

which should be easily applicabie in liberal econoni es.

Consider the following simple example of a three
city cost game. Three cities may join together to build a
common sewage treatment plant. The total ccst (value) of
each coalition may be divided into the costs of pipes bet-
ween cities and the cost of constructing the plant. This

dichotomy may prove useful in allocating the costs to the

cities. The game I' is such divided in two subgames, rl,

the game of pipes and, Fz, the game of the treatment plant.

The costfigures are given by table 3.1.



Table 3.1. : The three city cost game (example 1)

Coalition Number of Total Cost of Cost of Coalitional Coaliticnal
inhabitants cost plant net gains net gains
(4)+(5) (total costs) (cost of plant)
(1) (2) = (3) | (5) (6) (7)
{1} 100 8 8 - -
{2} 200 12 12 - -
{3} 100 8 8 - -
{12} 300 16 10 4 10
{13} 200 16 12 0 4
{23} 300 12 10 8 10
{123} 400 16 8 12 20
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Figure 3.1. : Solutions (Example 1)
4
/
// / /Mv)
e(r) °
sv(r)
SCR
Yalsy
3

C(T) = (4 < x(1) x(3) < 8)

A
o
-~
o
A

x(2) < 12, 0

A

SCRB

Il

—

)]
~

[e)}
~

NN
~

MCRS = (6, 6, 4)
S.v.(r) = (6, 6, 4)

W.V.(T)

(6,66 ; 4 ; 5,33)



The total cost

c({12})
c({13})
c({12})
c({23})
c({13})

c({23})

c({2})
c({ 3h
c({1})
C({3})
C({1})
c({2})

The game is convex for :

v v v

v

v
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fonction,

C({123})
Cc({123})
c({123})
C({123})
C({123})

Cc({123})

c(r), is

C({23})
C({23})
C({13})
C({13})
C({12})
C{{12})

Thus the core exists(ll)

or) = (4¢ x(1)g8, 0gx(2)<12,0<x(3)<8)

The Shapley value may be calculated as follows

(table 3.2.)

sub-additive.

for i

for i

for

for i

for i

. It is (see figure 3.1.)

Table 3.2. : Shapley value of the
three city cost game (example 1)
Coalition City
1 2 3
{1} {2} {3} 8 12 8
{12} -2 - 2 -
{13} 0 - 0
{23} S - 4 4
{123} 1] 0
X Cg= x (1) 6 6 4
CN
S

(11) Shapley (1971)
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]

/The Weighted value may be calculated in an ana-
logous manner. However, one may decompose I‘intoI‘1 and FZ, and
calculate two weighted values, W.V.(Fl) and W.V.(rz).

This is done in tables 3.3. and 3.4.

Table 3.3.

: Weighted value of T
(Example 1)

~Coalitions City
1 2 3
{1} {2} {3} 0 0 0
{121} ‘ 2 4 -
{13} 2 -
{231} - 1,33 0,66
{123} -1 -2
I Cg = x(i) 3 3,33 1,66
SN
e
Table 3.4. : Weighted value of T
(Example 1)
Coalitions City
-
. 1 2 . 3
{1} {2} {3} 12 8
{12} - 3,33 - 6,66 -
{13} - - 2
{23} - 6,66 3,33
, {123} + 1 + 2
y cé x (1) 3,66 0,66 3,66
SCN .
S3i
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In an analogous manner one " might computé S.V.(Fl)

and S.V.(Fz). The results are presented in table 3.5.

v
L

Table 3.5. : Comparison of S.V.(T)
' and W.V.(T) (Example 1)

Solution City

1 2 3
S.V.(T) 6 6 4
s.v. ol 3,66 2,66 1,66
5.v.(r?) 2,33 3,33 2,33
W.V. () 6,66 4 - 5,33
w.v. (rh) 3 3,33 1,66
W.v. (%) 3,66 0,66 3,66

These results show that both, S.V.(Fz) and
W.V.(TZ) are symetric with respect to the cities (players).
However, while S.V.(Fz) does take into account the econo-
mies of cost caused by (big) city 2 on a smaller scale,
W.V.(Tz) does it in proportion to the size of city 2.
Analogously city 2 supports a higher share of the cost of
the pipes in W.V.(Fl) than in S.V.(Tl). This because of the
hypothesis that if a relatively larger share of the econo-
mies of cost of the plant is allocated to city 2, it should
bear an equally proportionally larger share of the cost of
the pipes. On the whole W.V.(I') favors the bigger city 2
and disadvantages cities l'and 3, while S.V.(r) does not.
This shows clearly that W.V. (') is based on the productivity
of a player, or what is equivalent in this example, on the

economies of cost due to that player.
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As S.V.(I') and W.V.(T) belong to the core in this
example 1 the equity problem may be regarded as resolved.
However, this is not generally true. To take care of such
situations the concept of a mixed solution will be propo-
sed.

4., MIXED SOLUTICNS

4.1. The core exists

Suppose the core exists and does not contain the
weighted value. As the core implies individual and group
rationality in a n-person cooperative situation and the
weighted value involves equity considerations, if equity
or fairness is based on allocational aspects of individual
or group productivity, one wants both solution concepts to
be at least partially realized. However, this may only be
possible by outside intervention (by the central or regio-
nal government) .From a liberal point of view this interven-
tion should be as imperceptible as possible. We shall sug-
gest tax-subsidy systems which will be more and more compel-
ling for the local governments. This will lead to a hierar-
chy of three mixed solutions either more in favor of the

core or of the weighted value.
4,1.1. A-fair and acceptable solution (type A)
Suppose W.V. (') € C(I'). Then it may be that

x(1) >x (1),

i would never accept W.V.([). To make him still comply with

for some i€N.In this case a rational player

W.V.(I'), one would have to subsidize him by an amount

x(i)maX - x(i) = Sub(i). The toal amount of subsidies is then
; Sub(i);=§ (x(i)maX - x (1))
i i
Vi ,x(i):>x(i)max and i€N
and ¥y Sub(i) < O

i



The system of subsidies is open. It is the central
or the regional government which will have to grant these

payments.

The hierarchy of pure sclutions within this type
A of a mixed solution is such that the weighted value is

preferred to the’ core.
type A : W.V.(T)=C(T)

While W.V.(T') is fully respected, one takes ornly care of the

upper bounds of C(I'). Each city for which X(i)-<x(i)min

obtains a windfall gain which is certainly not justified by

the core.

The mixed solution of type A is called a-fair in
the first place because it guarantees the weighted value
which is based on allocational equity. It is called accep-
table in the second place because the core is realized at
least for those local governments which would be hurt
otherwise.

This solution of type A implies a least degree of
outside intervention to make the weighted value (to tally)
and the core (at least partially) compatible .

4.1.2. Acceptable and almost a-fair
solution (type B)

In a further step toward more stringent interven-
tionism one may, in addition to the subsidies, tax all local
governments JEN|x(3j)<x(j) , . This would assure the validity
of the core as far as its lower and upper bounds are concer-

ned. The individual tax is

- x(3)

Tax (3) = (x(3) i,
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and the total amount of taxes is
- x(j)

z Tax(j) = z_(x(j)mi

j j n

>x(j) and jJEN

lex(j)min

and

z Tax(j) > 0
3

Such a combined tax-subsidy system may be balan-
ced, in deficit or in surplus. In the first and third case
the system is closed. It is clear that solutions of type A
and B require that taxes and subsidies are effectively

paid. Gtherwise the system would not work.

The hierarchy of pure solutions within the solu-
tion of type B is such that the core is preferred to the
weighted value.

Type B : C(T)&=W.V.(I)

Now the upper and lower bounds of the core are
assured. Indeed, the weighted value is partially contained
in the core by the tax--subsidy system. For all
3 %G pin

This is the reason why the type B solution is acceptable

> x(j) and j&N the weighted value is violated.

in the first place and almost a-fair in the second place.

Consider the following example 2 of a three
city cost game :

c({1}
c({12})

14 cH2}) 15 C({3}) = 14
18 C({13})= 16 C({23})= 16
c({123})= 20
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This game has a core C(T'). It is
C(T) = (45 x(1) < 14,4 ¢ x(2) ¢ 14,2 ¢ x(3) < 12)

Suppose W.V.(T) = (3, 3, 14). Then W.V.(') & c(I')and the
solution of type B requires a tax on city 1 and 2 of 1 unit

each and a subsidy of - 2 units to city 3.

4.1.3. A-fair and forced acceptable
solution (type C)

Instead of modifying W.V.(T) by a tax—subsidy
scheme such that W.V.(') € C(') one may modify the core by
a tax-subsidy system such that the modified core

C'T) Dw.v.(T). Indeed, one may either change W.V.(I')
such that it is in the core or one may modify the core, in
a much stronger way, such that it contains the weighted -
value. There exists a duality between a solution of type B
and a solution of type C. This duality may be seen (see
figure 4.1.3.1.) by example 2 (section 4.1.2.).The cost

function is

c(1hy = 14 c({2}) = 15 c({3}) = 14
c({12}) = 18 C({13}) = 16 C({23}) = 16
c({123}) = 20

The core is

C(T) = (4 < x(1) < 14,4 < x(2) < 14,2 ¢ x(3) ¢ 12).

Suppose W.V.(T') = (3, 3, 14). Then C'(r) | C'(r) 2W.V. (1)
is computed by using the following tax-subsidy system (for

the construction of these equations see appendix)
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Tax (13) = (x(i) - x(1) ;0 + (x() = x(5)_, ) = -2

Tax (ik) = (x(1) - x(1)_, ) + (x(k) - x(k) ) = 1

Tax (jk) = (x(3j) - x(j )min)+ (x(k) - X(k)max) = 1
Subsidies are defined as negative taxes.

The modified cost function C' (r), is

c'({1}) = 14 c'({2})y = 15 c'({3}) = 14

c'({12}) = 16 c'({13}) = 17 c'({23}) = 17

c'({123})

20

A

and C'(T) = (3 ¢ x(1) £ 13,3 g x(2) 13,4 £ x(3) < 14)

Thus C'(T) @2 w.v. ().

This particular example shows several features
which are not generally true for three-person cost games.
First, the tax-subsidy system is closed. In the general
case it may be open (deficit) or closed (o-balance or sur-
plus). Second, the duality is such that the tax (subsidy)
in type B solution (type C solution) is exactly
equal to the subsidy (tax) in type C solution (type B so-
lution). This strict duvality is only fulfilled in very

special cases (see appendix).

Type C solution implies the following hierarchy

of pure solutions :

Type C : W.V.(M)&= c ().

This preference relation is based on a different

environment than in the case of the solution of type A.
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Here, the situation of the power of groups is changed by a
tax—subsidy system, if necessary. In fact this tax-subsidy
system is a threat which will be realized only if there is

no compliance by the local go&ernments. Thus, if they act
rationally, the threat needs never to be realized. In solu-
tion of type A no tax is levied, some of the local governments
are just persuaded (by subsidies) to accept W.V.(T').

Again solution of type C is called a-fair because
it is based on allocational fairness. It is forced accepta-
ble because the core C(I') is changed, by direct intervention

into C' (') and thus becomes necessarily acceptable.
4.2. The core does not exist

If the core does not exist two approaches may be
chosen to find a solution to the equity problem : one ac-
cepts the fact of non-existence of the core and one computes
the SCRB solution, the weighted value, W.C.(I'), or the solu-
tion of type A (one-stage solutions). All three of them do
not depend on the existence of a core. The other approach
(two-stage solutions) would be to compute a (strong) ¢ -core,
which is entirely fictitioﬁs, and superimposes on it either
the MCRS-solution, or solutions of type A, B or C. In the
subsequent sections all these possibilities will be discus-

sed separately.
4.2.1. One-stage solutions

4,2.1.1. Separable Costs Remaining

Benefits Solution

This solution is in no way different from the one
discussed in section 2.1. By definition it does not depend on

the existence of a core.
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Consider the following example 3 of a three city
cost game (table 4.2.1.1.1.)

Table 4.2.1.1.1: The three city cost game

(example 3)

Coalition Number of Total Cost of Cost of Coalitional Coalitional
inhabitants cost pipes plant net gains net gains
(4)+(5) (total costs) (cost of plant)

(1) (2) = (3) (4) (5) (6) (7)
{1} 100 8 - 8 - -

{2} 200 12 - 12 - -

{8} 100 8 - 8 - -
{12} 300 12 2 10 8 10
{13} 200 13 1 12 3 4
{23} 300 14 4 10 6 10
{123} 400 20 12 8 8 20

This game is not convex. The core does not exist,
for C({12}) + C({13}) + C({23}) < 2Cc({123}).
The SCRB solution (see figure 4.2.1.2.1.) of this game is
the vector (5,71 ; 6,29 ;' 8).
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Figure 4.2.1.2.1. : Solutions

1
wv.(r)
3
swemy © G SCR

(Example 3)

© ecre)= HCrs(re)

C(r®*)y = (5,65 ; 6,68 ; 7,67)
S.v.(Ir') = (5,5 ; 8 ; 6,5)
W.V.(T) = (6,08 ; 7,16 ; 6,74)
SCRB = (5,71 ; 6,29 ; 8)
MCRS(I®') = (5,65 ; 6,68 ; 7,67)
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4.2.1.2. The Weighted Value

The weighted value is independent of the core.
Given the three city cost game (example 3 section 4.2.1.1.)
it may be easily computed. If one decomposes/tinto Fl, the

game of pipes, and T2, the game of the plant, one obtains
W.V. ( Fl) = (2,42; 6,5; 3,08) and W.V.( Fz) = (3,67; 0,66;3,67)

Thus W.V.(T) = W.V.(T}) + W.V.(r%) = (6,09; 7,16; 6,75).

4.2.1,3, A-fair and acceptable solution
(type A)

Even if the core does not exist one or several
(in this example a coalition of 2) local governments may
refuse the weighted valuve as a cost-sharing method. To see
CWIV. (I‘\)
14

(characteristic function) of the inessential game TW‘Vy

this clearly one has to compare the cost function,

with the cost function, C(l), of the game T (example 3, sec-—
tion 4.2.1.1.)

c."Vertih)y = 6,00 " Vegqayy = 7,16 Vo3 = 6,75
c.¥-Veiqiy) = 13,25 V(i3 = 12,84 c"Ve(r23))= 14
V- (1123}) = 20
and
c{i) = 8 c({2}) =12 cC({3}) =
c({12})= 12 c({13}) = 13 C({23}) = 14
c({123}) = 20

One sees clearly. that coalition {12} will never
accept W.V.(r) as a cost-sharing method as 13,25 >12. Thus

one will have to subsidize {12} by an amount of

W.V.

Sub (12) = C({12})) - C ({12} = - 1,25

in order to make W.V.(I') generally acceptable.
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A new problem occurs. How to divide the subsidy
among the cities 1 and 2 ? Three procedures are possible.
The last one corresponds only to the rationale of the
cost sharing method proposed in this paper : the alloca-
tion of cost according to productivity.

The first proceduré éxists of dividing the sub-~
sidy equally between city one and two, the sécond of a di-
W-V.({i}), for i=1,2. This
implies that a city with relatively higher costs gets a

vision according to the costs C

relatively highershare of the subsidy. However, this is
contrary to the productivity-approach to cost sharing.
Consequently, we propose the contrary : the city with a
relatively lower share of the total cost ge ts a relative-
ly higher share of the subsidy.

The subsidies (example 3) may now be computed.

sub (1) = %22 [ectizy - Ve cuan) = egfa,2s) = 0,68
T x (i)
i=1
Sub (2) = —Efill— [c({12}) - c*Ve({12})] = g gg( ~1,25)= -0,57
' % x(i)
1=1

City 1 with a lower cost share obtains a higher
subsidy than city 2 and vice versa.



This rule may be generalized for the case n33.

Let SCN and S >3, and c(5)<c""V*(s), then
Z x(i) - x(i)
sub (i) = —28 [cs) - c"Veqsy g
Lz x(i) - x(i)
i€s i€s

WiES

W.

If there exists more than cne S| C(S)<C V'(S), then

Sub (i) = Max oy {Sub (i) ()}
SCN|C(S) <C """ (8)

4.2.2., Two-stage Solutions

If the core, a set of solutions which satisfies
all individual members and coalitions, does not exist one
may create a fictitious one by a (fictitious) tax system.
The non-existence of the core reveals the fact that inter-
mediate coalitions are too powerful with respect to their
bargaining power. In our example, their joint costs are too
low to be undercut by a cost allocation of the grand coa-
lition. To make them less powerful one just may (threaten to)
tax them if they cooperate independently. However, by this
method one abandons the liberal idea of the core.

The problem is now : How to tax the intermediate
coalitions ? Among many possibilities we propose two, the
second of which will only be applied in the subsequent sec—
tions. -
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The notion of a strong € ~core requires that each

proper coalition SCN, without S ={i}, i=1, ..., n, is taxed12

by an amount € C(S), where C(S) 1is the cost function of the

original game T and ¢ >0. However, we propose to tax each

intermediate coalition by an amount of ¢' CW’V'(S), where
Cw'v'(S) is the cost function of the inessential game FW'V'
(see section 4.2.1.3.). FW'V' is a measure of the "true"

costs, that is,it implies the economies of costs due to each

participant.

The computation of the strong €'-core is simple.
First one has to compute a minimum e' such that a ¢'-core
exists (program 3) and then one applies this &' to program

(1) and (2) which become program (1') and (2').

Program (3) Min ¢!
s.t. x(i) g C(1i) VieN
I x(i) < c(s) + ' c¥Ve(s) wsen
jes
T x(i) = C(N)
iEN
x(i) > 0 Vi€EN

Suppose e'® is the solution to program (3) then one obtains

Xmin by program (1') and Xmax by program (2').
Program (1') Min x (i)
s.t.x(i) < C(i) ViEN
5 x(i) < C(S) + ¢ '™ cW-V.(5) ¥sEN
i€s
z x(i) = C(N)
iEN '
x(i) 2 © YiEN

(12) This approach is chosen by Heaney (1978)
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Program (2'). Max x(i)
s.t. x(i) £ C(i) VieN
I x(i) £ C(s) +e'™ V- (s) wscn
ies
r x(i) = C(N)
iIEN
x(i) 2 0 ViEN

In example 3 (section 4.2.1.1.), ¢'¥ = 0,025, and
. L]
the strong e'-core is a point ¢ (r® ) = (5,65; 6,68; 7,67).

The second stage of the following two-stage solu-
tions consists now of superimposing the minimum cost remai-
ning savings method or the solutions of type A, B or C on

this ¢'-core.

4,2.,2.1. Minimum Cost Reamaining

Savings Method

In example 3 (section 4.2.1.1.) the strong e'-core

is a point. Thus x(i) ¥iEN. Consegquently,

min X(l)max '

B(i) = 0, WHEN and x(i) = x(i)min = X(i)max ¥icN. The
Sy

MCRS-solution is then (5,65; 6,68; 7,07).

One sees clearly that this solution becomes ac-
ceptable only by force, that is by the threat of an appro-
priate tax system. Each intermediate coalition is worse
off than in the original game I'. One obtains
(5,65 + 6,68 = 12,33 >12 = c({12}); 5,65 + 7,67 = 13,32>13
= C ({13}); 6,68 + 7,67 = 14,35>14 = C({23}). However, this
is the (coalitional) pricé'for a societal gain which is im-
plied by the sub-additivity of the cost-function of the

original game T,
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4.2.2.2. Conditional a-fair and acceptable

Solution

One superimposes the solution of the type A on the
strong e'-core, C(FE') . The state or regional government
threatens to tax the local governments if they do not comply
with the strong €'-core. Thé local governments have the choice
to either accept or reject it. In the first caseeach local
government for which x (i) < x(i), receives a subsidy
Sub (i) = x(i)maX o
are assured. In the second case the threat is put in effect
with the result that C(Tel) is guaranteed. Then the subsidies

max €' A .
- x(i). Thus the upper bounds of C(r% )

are paid. Thus the }ocal governments have no other choice

c ,
than to accept C(I'" ) as a basis for the solution of type A.
It is also clear that some local government(s) will be worse

off due to the non-existence of a (non-imposed) core.

In example 3 (section 4.2.1.1.)_thé véctor of sub-
sidies is (-0,44; -0,48; 0), the strong €'-core, C(T%)
= (5,65; 6,68; 7,67) and the weighted value W.V. ()
=6,09; 7,16; 6,75). As 5,65 + 6,68 = 12,33 >12 = C({12}),
5,65 + 6,75 = 12,40 <13 = c({13}), 6,68 + 6,75 = 13,43 <14
= C({23}) it is city 1 or 2, or both which are disadvantaged.
This solution is called conditionally a-fair and acceptable
as it is a solution of type A, given the fictitious strong

g'-core.

4,2.2.3. Conditional acceptable and

almost a-fair solution

Every thing whiéﬁ has been said about the solution
of type B (section 4.1.2.) may be applied to this section.
The point or the set of reference is now the strong g'-core,
C(TE') . This is the reason why we call this solution con-
ditionally acceptable and almost a-fair. While the tax-

system which leads to the €'-core is to be conceived as
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a threat, the mixed tax-subsidy system to guarantee
]
c(r¢ ) s W.V. (') is real. Thus the local governments have

in fact no other choice than to accept the £'=-core.

In example 3 (section 4.2.1.1.) the'véctor of sub-
sidies is (-0,44; -0,48; 0)and the vector of taxes is (0; 0;

0,92). The effective costs to the coalitions are :

5,65 + 6,68 = 12,33 > 12 = c({12})
5,65 + 7,67 = 13,32 > 13 = c({13})
6,68 + 7,67 = 14,35 > 14 = c({23})

Hence in this particular example the local go&ern-
ments would (weakly) prefer the conditional solution of

type A.

4,2.2.4., Conditional a-fair and forced

acceptable solution

What has been said about solution of type C
(section 4.1.3.) may be applied here. The strong e'-core,
C(TE'), is to be modified by a mixed tax—subsidy system
to C'(Te') , such that C'(FE') 3 W.V.(l'). The dual mixed
tax-subsidy system in example 3 is the vector (0,44; 0,48;
-0,92). The effective costs to the coalitions are

6,09 + 7,16 = 13,25 > 12 = c({12})
6,09 + 6,75 = 12,84 < 13 = Cc({13})
7,16 + 6,75 = 14,1 > 14 = c({23})

One sees immediétely that local governments 1
and 2 prefer conditional solution of type A or B over
type C, and local government 3 prefers the solutions of

type A or C over B.
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5. CONCLUSION

It has been shown in this articlé'that there exist
different types of solutions (see table 5.1.) to cost sharing
of public investments with more than one decision-maker in-
volved. If one uses a game-theoretic frame-work it would be
too narrow to propose just the Shapley-value or the core as
a pure solution concept. Generally one will have to suggest
mixed solutions, which are based on the stratégic situation
as well aé on some equity principle, if oné wants to respond
to a large set of possibilities suitable to local governments.
This mixed approach shows the fruitfulness and the richness
of game theory to deal with different institutional environ-
ments and thus the power of mathematical institutional eco-

nomics.

The pure solution concepts used in this paper are
the core which expfesses individual and group rationality
in "free-market" bargaining, and the weighted wvalue as an
equity principle which is based on productivity, or econo-
mies of cost. Thus, as regards cost games, both pure solu-
tions are perfect, as the sole measure of cost allocation is

individual or group productivity.

If W.v.(T} € ¢c(I), then the problem of cost
sharing is solved. If W.V. (') € C(r) and c(r) # # then
the solution of type A seems a priori reasonable. If C(T)
= @ then solution of type A is still reasonable. These solu-
tions have the advantage of being re latively easy to com-
pute. However, all the other mixed and pure solution con-
cepts proposed in this papér (except for the Shapley-value,
SCRB and MCRS) are perfect in the above sense and equally
reasonable in a given ‘institutional frame-work. The politi-
cal situation may be such that only somewhat more complex
compromises, represented by the various mixed solution con-

cepts, may be admissible.



lTanie S5.1. : 1ypes O solutlons O COST sharing games

Core

Relation between
the core and the
weighted value

Pure and mixed solutions

C(T) exists

Separable costs remaining benefits method (SCRB)
Minimum cost remaining savings method (MCRS)

S.V.(T) € ¢(Dn)
W.V.(T) € ¢(T)

Shapley wvalue
Weighted wvalue

W.V.(T) € C(D)

A-fair and acceptable solution (type A)
Acceptable and almost a-fair solution (type B)
A-fair and forced acceptable solution (type C)

C(r') does
not exist

Separable costs remaining benefits method (SCRB)
Weighted value
A-fair and acceptable solution (type A)

W.V.(T) € C(T€")

Minimum cost remaining savings method (MCRS)
Conditional a-fair and acceptable solution

Conditional acceptable and almost a-fair solution

W.V. () € ¢c(rf")

Conditional a-fair and forced acceptable solution

€€
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6. APPENDIX

Construction of a tax—subsidy system

(solution of type C)

Suppose the three-person cost game I' is given by

its cost-function C(I'). Suppose the core exists and is

_ C(r)y = (x(1) < x(1) = X(l)ma X(z)min

X

A

x(2) ¢ x(A . x(3) < x(3) g x(3)__ )

min =

and the weighted value is

W.V.(T) = (x(1), x(2), x(3))

Define a sub-class of T such that

Hy

X(i)max

x(1) é,x(l)min or x(i)
for i =1, 2, 3, and thus W.V.(I') & C(I'). To calculate the
solution of type C one must define a tax-subsidy system such

that 1 is modified to r'. Suppose the core of T' is

C(r') = (x"()yn £ x'(1) ¢ *'(1) pax, ¥ (2, £ x7(2)

HA

x.'(Z)max, X' pin £ x103) X" 03) pax)

Let C({i}) 2 C({ijk}) = (x(H)' ; + x()' ;)

min n’
for i,j,k = 1,2,3

and iAj#k



35

Consider the subclass of T', such that
x(i) < x(i)min, x(j) < X(Jl&>x(k) 2 X(k')‘max

for i,j,k =1, 2, 3
and i#j#k

Then

Proposition : The following tax-subsidy system
guarantees that W.V.(T) € C(T').

Tax(ij) = (x(i) - X(i)min) + (x(3) - X(j)min)
Tax(ik) = (x(i) - X(i)min) + (x(k) - X(k)max)
Tax (jk) = (x(j) - X(j)min) + (x(k) - X(k)max)

Remark : Tax (..) < 0 is a subsidy, Tax (..) > 0

is a tax.
Proof : The cost function of T is C(T)
C{{i}) = a C({j}) =b ) C{{k}) = ¢
C({ij}) = x(i) ., + X() pax = @)+ x(3) 40
’C({ik}) = x(1) 5t x) o = (1) o + x(K)
c({jk}) = X(pin * xK) oy = x(G) o+ x(k) .o

Cl{ijk}) =4
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The cost-function of T', C'(I'') is

C'({i}) = a C'({j}h =b C'{{k}) = c

c'({ij )

(X(i)min + x(3) ) + (x(1i) ~ X(i)min)

max

+ (x(3) - x(3) )

min

x(1) + x(3) + (x(3) a0 - x(3) )

C'(lk}) = (x(1)_, + x(k) o) + (x(1) - x(1) ..)
+ x(k) - x(k)max) = x(i) + x(k)

c'({jk}) = (x(3) 5, x(k) ) + (x(3) - x(3) 5p)
t (x(k) - x(k)__ ) = x(j) + x(k)

c' ({ijk) = 4

(13)

Then because of the existence of the core

d - (x(3) + x(k))

x(1) 2 x' (1),

n
x(3) 2 x"(3) ;0 = d - (x(1) + x(k))
x(k) 2 x'(k)y 0= d - (x(1) + x(3) + (x(3) - x(D)_ )

and because of the previous assumption
x(1i) < x'(i)max =d - {[d - (x(i) + x(k))]

Fld = (x(3) + x(+ x(3)__ - x(3)_. 1)

min

d = x(3) = x(k) + x(3)pax - x(3)

min

= x(i) + x(j)max - x(j)min

(13) See Schleicher (1978 II, annexe 1)
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x(3) S x" (), =4 - {[d = (x(3) + x(k))]

+ [ad - (x(i) + x(3) + x(3I) - x(3)

max min] }

=d - x(i) - x(k) + x(3) - x(3)

max min

= x(3) + x(3) - x(3)

max min
x(k) = x'(k)max =d - {[d - (x(3) + x(k)]
+[a - (x(1) + x(k))1]}

= ad - x(i) - x(3) = x(k) Q.E.D.

The proposition is also true for the following
subclass of T:

x(1) > x(1) ;0= x(L) .o

x(3) > x(Ppsp = x(j)max

x(k) g x(K)psp = ¥(K) oy
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