N

N
N

HAL

open science

Mbotion of a string vibrating against a rigid fixed obstacle

Henri Cabannes

» To cite this version:

Henri Cabannes. Motion of a string vibrating against a rigid fixed obstacle. Mathematical Modelling,

1987, 8, pp.364-365. 10.1016/0270-0255(87)90606-3 . hal-01527086

HAL Id: hal-01527086
https://hal.science/hal-01527086
Submitted on 23 May 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.science/hal-01527086
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

MOTION OF A STRING VIBRATING AGAINST A RIGID FIXED OBSTACLE

Henri Cabannes

Laboratoire De Mecanique Theorique, Universite Pierre et Marie Curie, 4 place Jussieu -

75005 PARIS - FRANCE

Abstract. We consider a string, fixed at both ends and moving in a plane in presence

of a straight fixed obstacle placed on the equilibrium position of the string; the re-
bound of the string on the obstacle obeys the law of perfect reflection. The string
being initially at rest in an arbitrary shape, we prove that the motion is periodic with

the same period that the free oscillations.

INTRODUCTION AND STATEMENT OF THE PROBLEM

During the past few years several works have been
devoted to the motion of strings vibrating in the
presence of obstacles. Amerio and Prouse are the
first to have considered the problem (1), followed
by Schatzman (2), Citrini (3), Cabannes (4), (5),
Haraux and Cabannes (6). In the present work, we
consider the small oscillations of a vibrating
string with fixed ends (0,0) and (1,0) in a plane
with a normalized coordinate system Oxu. The free
oscillations of the string are perturbed by the
presence of a fixed straight obstacle on the
equilibrium position {(u = 0); the string rebounds
against the obstacle following the law of perfect
reflection.

The function u(x,t) which represents, at time t,
the position of the point of abscissa x satisfies
the conditions:

2
(1) 3——%—- 2——% =0 ifu (x,t) >0,

at° 3 x
2u =- 24U -
(@) 37 (st +0) 3 (Xt - 0)
if u{x,t) = 0
(3) u(0,t) = u(1,t) =0 fort >0,

{(4) u(x,0) = u {x) 20for 0 cx g1
for 0<x<l.

The function u_{x), nil for x = 0 and x = 1 and
strictly positive for 0 < x < 1, possesses n rela-
tive maxima M, and n - 1 relative minima m; in
0<x<1. The relative maxima M, are reathed at
x=a, (0« a] <@, < ...a < 1) 'and the relative
minimd m, arelreached at x D b, (a; < by < a;4)
(see Fig' 1). We denote by a(X) Tthe ! odd’
function, periodic with period 2, equal to uo(x)
for 0 < x<1

If there was no obstacle, the motion of the string
would be the free oscillation: u = w, periodic
function in time, with period 2:

(5) wix,t) = 2t x) > aft - x)

MOTION IN THE PRESENCE OF THE OBSTACLE u =0

To determine the motion of the string in the pre-
sence of the straight obstacle placed on the
equilibrium position u = 0, it is convenient to
introduce the new function

(6) vix,t) = elbrxpalt -0 o e )

we will show that, depending on the values of x
and t, we have u = |w| or u = - m. +v. For that
purpose we will determine the values of the func-
tion u{x,t) in the square 0 < x <1, 0 <t < 1:

figure 2. We divide this square in 4 regions:

Region (1) 0D <cx+t <l t20
Region (2) O <t+x <1 x>0
Region (3) O <x-t<lzgx+t<2 xg1
Region (4) O0<t-x<lzt+x<2 tgl

Initially the motion of the string is the free
oscillation; in the region (1) we have a(t + x) > 0
because 0 < t + x < 1, and a(t - x) < 0; also in
this region w(x,t)>0 and u(x,t)=w(x,t).

To determine the motion of the string in the region
(2), we associate to each point M(x,t) in this re-
gion, a straight line (segment PQ in the figure 1)
parallel to the axis of the abscissae, such that
x, = t+x, xQ =t - x and all the points of PQ
abe inside or-on the frontier of the domain (Q)
limited by the axis of abscissae and the curve (r)
u= uo(x) but with at least one point on the curve
(r). At each segment PQ so defined corresponds
one point M of the region” (2) and conversely.
Three cases are possible:

{a) the point Q is on the curve (r)
(bg the point P is one the curve (r)
{c) the segment PQ meets the curve (r) at one of

minima m,

The region (2) is also divided into sub-regions of
types ?Z.a), (2.b) or (2.¢); the last are rec-
tangles limited by characteristics and with one of
the vertices on the axis x = 0 (for x_ = x5 = bl)'
On the frontier between two regions, RBwo 09 the
conditions (a), (b), or (c) are satisfied. We have

(7) |2 W(x,t) = alx) - alxq)
2 vix,t) = u(xp) + u(XQ)

and we will prove that the values of the function
u(x,t) are

(8) |u(x,t) = wix,t) in the sub-regions (2.a)
u(x,t) =-w(x,t)} in the sub-regions (2.b)
u(x,t) = v(x,t) - m, in the sub-regions (2.c)

As the uniqueness of the solution of the problem
(1)-(4) has been proved by Amerio and Prouse (1),
it is sufficient to verify that the function

u(x,t) defined by the formulae (8) satisfies the
conditions (1), (2), (3) and is equal to w along



the frontier between the regions (1) and (2).

Condition (1) - The function u(x,t) is always
positive or zero and is a solution of equation (1)
inside the sub-regions.

Condition 13) - When the point M is the end x = 0
of the string, x_ = x_. and w = 0; the segment PQ

belongs to a fro tierlof a sub-region (2.a) or of
a sub-region (2.b); as a consequence u = + w = 0.

Condition_(2) - When u = O, there are two possi-
bilities: v=m, or w= 0. The first case is
possible only if ofx ) = c(xQ) = m,, and the second
if o(x ) = a(xa). If x_ = x3, M il theend x = 0
of thepstring gnd we hale segn that the condition
(3) is satisifed; if x_ # x, the point M is on the
frontier between a subpregign (2.a) and a sub-
region (2.b), and across this frontier the sign of
(su/3t) changes because w becomes -w; therefore

the condition (2) is satisfied.

The frontier between the regions {1) and (2) corre-
sponds to the case where the point Q is in 0; on
this frontier, which therefore belongs to a sub-
region (2.a), we have u = w; and for similar reason
u = -w on the frontier between the region (2) and
the region (4).

By the same method we can define in the region (3)
a function u(x,t) which satisfies the conditions
(1), (2) and (3) and which is equal to w on the
frontier between the regions (1) and {(3) and to -w
on the frontier between the regions (3) and (4); in
fact we obtain u(x,t) = u{l - x, 1 - t) and if the
point (x,t) is in the region (3) the point (1 - x,
1 - t) is in the region (2).

As u = w is solution of the problem (1)-(4) in the
region (1), the function u{x,t) defined by the
formulae (8) and by the relation u(x,t) = u(l - x,
1 - t) is the solution of the same problem in the
regions (2) and (3); and in region (4) we have
u=-w>0.

The formulae (8) can be expressed in a global
form:

(9) u(x,t) = Eiﬁiil—g—ﬁiilil - inf a(a)

AeR

where R is the interval t - x < A <t + x. The
formula (9) can then be extended to all values of
x and t. To do that extension we add to t + x and
t - x 2 multiple (positive or negative, or zero)
of 2, so that the result is in the interval 0,2;
that means that we write

- 2[3_%_2q
R_=2+t-x- 2[!.:_%_1_2ﬁ

(10) [R, = t + x

where [x] is the integer part of x (the greatest
integer smaller than x or equal to x). If R is

the interval between the values R.and R_, we can
write

(11) u(x,t) = Lot + x| > la(t = | _ jngja(a)].

CONCLUSION
From the former results, we conclude:

(10) u(x,1)

u(l -x, 0), (au/at)(x,1).= 0.
(11) u(x,2)

U(X,O), (au/at)(x,Z) = 0.

Theorem - A vibrating string fixed at both ends
moves 1n the presence of a straight fixed ob-
stacle on the equilibrium position of the string,
and rebounds on the obstacle following the law of
the perfect reflection. The string being in-
itially at rest with an arbitrary shape, the mo-
tion is a periodic function of the time, with the

same period as in the free oscillation.

Remarks.

the initial shape is symmetric (uo(x) =u
(1-x)), the half of the period of the free osci?-
lation is also a period.
2/ If the initial shape is unimodal, that is if
the function u_ (x) has only one maximum in the in-
terval 0 < x <1, then there are no sub-regions
(2.c) and the motion of the string is:

(12) u(x,t) = |w(x,t)
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Fig. 1 - Initial shape of the string:u = u (x)
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Fig. 2 - Solution in the x,t plane



