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Abstract--We present software for computing motions of strings vibrating against fixed obsta- 
cles. The motions are two-dimensional; the equations of motions are linear during the free os- 
cillation phases and nonlinear during the contacts. The motions can be observed on Internet in 
h t tp  ://vww. lmm. juss ieu ,  f r/cabannea, html 
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1. I N T R O D U C T I O N  

We present four software programs, which compute motions of a string vibrat ing against di- 
verse two-dimensional obstacles. The strings are always initially at rest. We consider, in an 
or thonormed reference system Oxu, a vibrating string with fixed extremities at points (x = 
+1/2 ,  u -- 0); the shape of the string at t ime t is u(x, t) and the programs compute tha t  function 
star t ing from a given initial position. For the four different cases considered above, the program 
draws the line corresponding to the position at t ime t, then erases the line and draws the new 
line corresponding to the position at t ime t + At, and continues. When the program is compiled 
and working on a fast microcomputer  (IBM 486, 66 MHz), the results appearing on the screen 
are movies. I will present the movies. 

In each case, we recall the formulas, which determine the motion, and we give references of 
papers where those formulas are established. 

2. S T R I N G  V I B R A T I N G  A G A I N S T  
A F I X E D  P O I N T - M A S S  O B S T A C L E  

The fixed obstacle is located at point x = 0, u = - h ,  0 < h < 1. The  string is initially 
at rest in the position u(x,O) = Uo(X) >_ - h .  The function uo(x) is an even function, and 
u0(0) = 1. One introduces the function K(y)  = {lYl - [lYl] - 1/2} 2, and ~b(y) defined by the 
relation uo(y) = 1 - 21y + ¢(Y)I, or for - ( 1 / 2 )  < y < (1/2), by the relation y -t- (I)(y) = 
(1/2){1 - u 0 ( y ) }  sgn(y).  [[Yl] denotes the highest integer smaller than  the absolute value of 
variable y; sgn (y) denotes the sign of variable y. The function @ is an odd function, periodic 
with period 1, and possesses a derivative greater or equal to - 1 .  Then one introduces the 
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Figure  1. h = 1/3. 

B 

Figure  2. h = 1/3. 

notations X(x , t )  = x + {¢(x + t) + ~(x - t)}/2, T(x,t)  = t + (¢ (x  + t) - ~(x  - t)}/2. Also, 
the function u(x, t) which represents the motion of the string in the presence of the point-mass 
obstacle is given [1] by formula (1), where K1 is expressed from functions u0, K,  ¢, X, and T. 

l + h _  3~2h u(x,t) = 3-- :~(1 - 21X[} + - -  K1, (1) 

/ X + T N  ( X - T )  { 2 ( X + T ) + I - A } _ K { 2 ( X - T _ ) + I - A }  
2 3 -  - K  3 - h  h 

The parameter A is equal to h if 0 < 4x < 1 + h, and equal to 3 if 1 + h _< 4x < 2. The motion 
is always an almost-periodic function of time, periodic when h is rational. 

3 .  S T R I N G  V I B R A T I N G  A G A I N S T  

A S T R A I G H T  F I X E D  O B S T A C L E  

The fixed obstacle is located on the straight line u = - h ,  0 _< h ~ 1. The string is initially 
at rest in the position u(x,O) = Uo(X) >_ -h .  In the interval - (1 /2)  < x ~ (1/2), the function 
uo(x) is "unimodal", which means that  the derivative (~ax) is positive or zero for - (1 /2 )  < x < 
a < (1/2), and negative or zero for - (1 /2)  < a < x < (1/2); one has uo(a) = 1. We introduce 
functions g(y)  and F(y), also defined as g(y)  = { y - ( I / 2 ) }  2 for 0 < y _< 1 and g ( y + l )  = g(y) ,  
F(y) = (1/2)(1 - u0(y)} sgn (y - a). The function K(y) and the function K1, which appear in 
formulas (2a) and (2b) are different from functions denoted by same letters in former section. 

The function u(x, t) which represents the motion of the string in the presence of the straight line 
obstacle is given by formula (2a) or formula (2b) [2]. Formula (2a) concerns points of the string 
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Figure 3. h = 2/5. 
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Figure 4. h = 1/3. 

which encoun te r  obstacles,  t h a t  means  points  which satisfy the  condit ion [F(x  + t) + F ( x  - t)[ < 

1 - h. Formula  (2b) concerns points  of  the  str ing which do not  encounter  obstacles,  t h a t  means  
which sat isfy the  condit ion 1 - h <_ ]F(x  + t) + F ( x  - t)] _< 1. 

u ( x , t )  = 1 - h { F ( x  + t )  + F ( x -  t)} 2 
2 2(1 + h) + (1 + h)K1,  

(2a) 
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Figure 5. Rebound of the string. 

1 - h {1 - IF(x + t) + F(x - t)l} + (1 + h) / (2 ,  ~(x, t) = - - ~ 1  

l + h  + g  i 4 : h  - g  l + h  + g  
1 - e F ( x  - t )  ~, 

l + h  ~" " 

(2b) 

The motion of the string is still an almost-periodic function of time [3], periodic when h is 
rational. 

4 .  V I B R A T I N G  S T R I N G ,  C U R V I L I N E A R  O B S T A C L E :  R E B O U N D  

In the case of a curvilear fixed obstacle, one cannot represent the motion of the string by 
explicit formulas, similar to formulas (1), (2a), or (2b) given in two former sections. We prove 
nevertheless that  on the concave part of obstacles, the string always rebounds, while on the 
convex part, the string generally rebounds, but can wrap for exceptional initial conditions [4]. 

When the fixed obstacle u = ~(x) is a sine curve ~(x) = A sin(27rnx), n being an integer, 
it is possible in some cases to obtain explicit formulas for the function u (x ,  t)  representing the 
motion of the string. We have computed [5] detailed results for n = 1, the string being initially 
at rest in the position u (x ,  O) = uo(x)  = cos(~rx). Before the first contact, the motion of the 
string is the free oscillation u (x ,  t) = w ( x ,  t) = cos(rx), cos(~rt). The time of first contact is 
t = ~-(x) = (1/~r) Arccos {2~ cos(rx)}. 

For 12)q < 1, this first contact corresponds to a rebound and, after this first rebound, the 
motion of the string is defined by function 

1 - 4.,k 2 
u(x,t)  = w(x,~) 2~ C(x,t),  

G ( x ,  t) = Irx - Arctan (1 + 4A 2) sin(~rx) - 4A cos(rt) 
(1 - 4A 2) cos(Irx) 

(3) 

For 12AI < (1/3), the time of second contact is t = 2 - r ( x ) ;  this second contact still corresponds 
to a rebound and, after that  second rebound, the motion of the string is again the free oscillation 
u ( x ,  t)  = w ( x ,  t)  = cos(lrx), cos(~rt), so that  the motion is periodic; the period is 2. 
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Figure 6. Wrapping of the string. 

5 .  V I B R A T I N G  S T R I N G ,  C U R V I L I N E A R  

O B S T A C L E :  W R A P P I N G  

Considering the same obstacle u = ~(x) = A sin(2~rx) and the string always at rest in the 
position u(x ,O)  = uo(x)  = cos(rx) ,  one obtains for A = - ( 1 / 2 ) ,  the wrapping of the string on 
the convex part  of the obstacle and rebounds on the concave part,  then the unwrapping on the 
convex part; unfortunately, it is not possible, after the end of unwrapping, to obtain explicit 
formulas for the function u(x ,  t) .  

If one keeps the same intial conditions, but considers the new obstacle u = ~(x) = (1/3) 
cos(37rx), the motion of the string is a periodic motion, with period T = (4/3), with successive 
wrapping and unwrapping of the string on the convex part of the obstacle. 

6 .  C O N C L U S I O N  

The s tudy of motions of vibrating strings is an old problem. The s tudy of free oscillations 
is a linear problem, and the formulas corresponding to that  problem were writ ten by Fourier 
in 1807. The case of oscillations in the presence of obstacles was considered for the first t ime by 
Amerio in 1975 [6]; one has a nonlinear problem, the nonlinearity of which appears during the 
contacts of the string with the obstacle. In cases of a string initially at rest, it has been possible 
to obtain explicit formulas (1), (2a), and (2b), which are generalisation of Fourier's formulas, but  
are, of course, much more complex. For the cases studied in Sections 1 and 2, the consequence 
of the presence of obstacles is that  the periodicity of motions encountered in the free oscillations 
disappears; but  the corresponding motions are almost-periodic. Furthermore, solutions obtained 
in those two sections are global solutions in time. The study of cases correponding to strings 
which are not initially at rest remains an open problem. 

The very fast increase of the speed of the microcomputers allows us now to represent, from the 
explicit formulas, the motions of vibrating strings in the presence of obstacles like movies. 
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