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Dirichlet-to-Neumann or Poincaré-Steklov operator
on fractals described by d-sets

KEVIN ARFI* ANNA ROZANOVA-PIERRAT?
May 23, 2017

Abstract

In the framework of the Laplacian transport, describing by a Robin boundary-
valued problem in an exterior domain in R™, we generalize the definition of the
Poincaré-Steklov operator to d-set boundaries, n—1 < d < n, and give its spectral
properties to compared to a the spectrum of the interior domain and also to a
truncated domain, considered as an approximation of the exterior case. The well-
posedness of the Robin boundary-valued problems for the truncated and exterior
domains are obtained in the general framework of n -sets.

1 Introduction

Laplacian transports to and across irregular and fractal interfaces are ubiquitous in nature
and industry: properties of rough electrodes in electrochemistry, heterogeneous cataly-
sis, steady-state transfer across biological membranes (see [19] 20 [14] 18] and references
therein). To model it there is a usual interest to consider truncated domains as an ap-
proximation of the exterior unbounded domain case.

Thus, in this paper, we consider €2 a domain of R™ which can be

1. unbounded, and then we suppose that = R"\ Qy for a bounded domain €2 in
R™ (i.e. Q is the exterior of a bounded domain);

2. bounded, and then we suppose that © = (R"\ Q) N €, for bounded domains
Qo C Q in R” (d.e. § is the exterior domain of €2y bounded by the boundary of
Q).

In what following for the boundaries of 0€)y and 0€; (which are supposed to be disjoint
00y N0OQ; = @) are denoted by I' and S respectively. Let us notice that I' U .S = 9
(for the unbounded case S = @), see Fig.[ll To distinct the exterior € and the truncated
domain, we will also denote it by €lg. The phenomenon of Laplacian transports to I’
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Figure 1: Example of the considered domains: €2y (the Von Koch snowflake) is the
bounded domain, bounded by a compact boundary I', which is a d-set (see Definition [3))
with d = log4/log3 > n —1 = 1. The truncated domain g is between the boundary
[' and the boundary S (presented by the same Von Koch fractal as I"). The boundaries
I' and S have no an intersection and here are separated by the boundary of a ball B, of
a radius 7 > 0. The domain, bounded by S, is called €; = Qy U Qg , and the exterior
domain is Q =R"\ Q.

can be described by the following boundary-valued problem:

—Au=0, ze€q,
M+ 0,u=1 onl, (1)
u=0 onS,

where d,u denotes the normal derivative of u, in some appropriate sense, A € [0,00) is
the resistivity of the boundary and ¢ € Lo(I") . For S = @ we impose Dirichlet boundary
conditions at infinity. The case of a bounded 2 corresponds to the approximation of the
exterior problem by a problem on a truncated domain in the sense of Theorem &l

When 0 is regular (C> or at least Lipschitz), what are the trace of u € H'(f2)
and the normal derivative d,u on T' are well-known [30, 32]. The same thing with
the properties of the Poincaré-Steklov or the Dirichlet-to-Neumann operator defined at
manifolds with C> boundaries [I6 40]. In the aim to generalize the Poincaré-Steklov
operator to d-sets n —1 < d < n (the case n —1 < d < n contains the self-similar
fractals), we firstly study the most general context (see Section B]), when the problem ()
is well-defined and its bounded variant (physically corresponding to a source at finite
distance) can be viewed as an approximation of the unbounded case (corresponding to
a source at infinity). The main extension and trace theorems recently obtained in the
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framework of d-sets theory are presented and discussed in Section[2l After a short survey
in Section Ml of known results on the spectral properties of the Poincaré-Steklov operator
for a bounded domain, we introduce the Poincaré-Steklov operator A on d-sets for a
bounded domain, its exterior domain and a truncated domain and relate their spectral
properties (see Section [l). The two dimensional case differs from R"™ with n > 3 by
the functional reason (see Subsection B.2) and gives different properties of the spectrum
of A (see Theorem [), defined as an elliptic self-adjoint positive operator on Ls(I'),
and in particular, different domains of its definition (see also Proposition [flin Section [@]).
Specially, for the case of a d-set I' (see Theorems [[I] and [[2)), we justify the method,
developed in [19], true for smooth boundaries, to find the total flux ® across the interface
[ using the spectral decomposition of 1r (belonging to the domain of A by Proposition[d])
on the basis of eigenfunctions of the Dirichlet-to-Neumann operator (Vi )ren in Lo(I") and
its eigenvalues (pg)ren :

Mk]lFa‘/;cL([‘
LD D (2)

2 Elements of functional analysis and traces theorems
on d-sets

Before to proceed to the generalization results, let us define the main notions and explain
the functional context of d-sets. For instance, for the well-posedness result of problem ([)
on “the most general” domains 2 in R™, we need to be able to say that for this € the
extension operator E : H(Q)) — H'(R") is continuous and the trace operator (to be
defined, see Definition B) Tr : H'(Q) — Im(Tr(H'(Q2))) C L4(09) is continuous and
surjective.

Therefore, let us introduce the existing results about traces and extension domains in
the framework of Sobolev spaces.

Definition 1 (I/VlﬂC -extension domains) A domain Q C R" is called a Wf -extension
domain (k € N* ) if there exists a bounded linear extension operator E : WF(Q) —
WE(R™). This means that for all u € W}F(Q) there exists a v = Eu € WF(R") with
vlg = u and it holds

[ollwr@n) < Cllullwe@) with a constant C' > 0.

The classical results of Calderon-Stein [10] [39] say that every Lipschitz domain  is
an extension domain for WF(Q) with 1 <p <oco, ke N*.
This result was generalized by Jones [24] in the framework of (g,¢)-domains:

Definition 2 ((g,0) -domain [27], 126, [{2]) An open connected subset 2 of R™ is an
(€,9) -domain, € > 0, 0 < § < oo, if whenever x,y € Q and |x —y| < J, there is a
rectifiable arc v C Q0 with length ((7y) joining x to y and satisfying

2. d(z, 6Q)>5|x—z| forz€7



This kind of domains are also called locally uniform domains [22]. For bounded do-
mains, locally uniform domains, or (g,0)-domains, are equivalent (see [22] point 3.4) to
the uniform domains, firstly defined by Martio and Sarvas in [34], for which there are no
more restriction |z —y| < for two points of .

Thanks to Jones [24], it is known that any (e,6)-domain in R™ is a W} -extension
domain for all 1 < p < oo and k£ € N*. Moreover, for a bounded finitely connected
domain Q C R?, Jones [24] proved that Q is a W; -extension domain (1 < p < oo and
ke N")iff Q is a (¢,00)-domain for some ¢ > 0 iff the boundary 02 consists of finite
number of points and quasi-circles. However, it is no more true for n > 3, i.e. there are
W -extension domains which are not locally uniform [24] (in addition, a (e, d)-domain
in R™ with n > 3 is not necessary a quasi-sphere).

To discuss general properties of locally uniform domains, let us introduce Ahlfors
d-regular sets or d-sets:

Definition 3 (Ahlfors d-regular set or d-set [26, ]2, [27]) Let T be a closed subset
of R" and 0 < d < n. A positive Borel measure mg with support I is called a d-measure
of T' if, for some positive constants ¢, , ¢ > 0,

art <mg(T N B, (2)) <cpr?,  for Ve el, 0<r <1,

where B,(x) C R" denotes the Euclidean ball centered at x and of radius r. The set T’
1s a d-set if there exists a d-measure on 1.

Thanks to Ref. [[33], p.30], any two d-measures on I' are equivalent. Henceforth, I'
is endowed with the d-dimensional Hausdorff measure and L,(I") is defined with respect
to this measure as well.

From [42], it is known that

e All (¢,6) domains in R" are n-sets (d-set with d =n):
Je>0 VzeQ, Vrel0,0]n)0,1] u(B.(x)NQ) > Cu(B.(x)) =cr™,

where p(A) denotes the Lebesgue measure of a set A. This property is also called
the measure density condition [21]. Let us notice that a n-set {2 cannot be “thin”
close to its boundary 0f2.

o If Q isan (g,0)-domain and 9 is a d-set (d < n) then Q= QUAIQ is an n-set.

In particular, a Lipschitz domain © of R" is an (g,d)-domain and also an n-set [42].
But not every n-set is an (g, d)-domain: adding an in-going cusp to an (e, ) -domain we
obtain an n-set which is not an (e, d)-domain anymore. Self-similar fractals (e.g., von
Koch’s snowflake domain) are examples of (g, 00)-domains with the d-set boundary [12]
42], d > n—1. From [26] p.39, it is also known that all closed d-sets with d > n — 1
preserve Markov’s local inequality:

Definition 4 (Markov’s local inequality) A closed subset V' in R™ preserves Markov’s
local inequality if for every fixzed k € N* | there exists a constant ¢ = c¢(V,n, k) >0, such
that

max \VP\SE max |P)|
VNB(x) T VNBr(x)

for all polynomials P € Py and all closed balls B.(x), x €V and 0 <r <1.
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For instance, self-similar sets that are not a subset of any (n — 1)-dimensional sub-
space of R™ the closure of a domain {2 with Lipschitz boundary and also R" itself
preserve Markov’s inequality (see Refs. [42, 28]). The geometrical characterization of sets
preserving Markov’s local inequality was initially given in (see Theorem 1.3) and can
be simply interpreted as sets which are not too flat anywhere. It can be illustrated by the
following theorem of Wingren [43]

Theorem 1 A closed subset 'V in R"™ preserves Markov’s local inequality if and only
if there exists a constant ¢ > 0 such that for every ball B.(z) centered in x € V
and with the radius 0 < r < 1, there are n + 1 affinely independent points y; € V N
B.(z), i=1,...,n+ 1, such that the n-dimensional ball inscribed in the convex hull of
Y1,Y2s - - - Ynt1, has radius not less than cr .

Smooth manifolds in R™ of dimension less than n are examples of “flat” sets not preserv-
ing Markov’s local inequality.

The interest to work with d-sets boundaries preserving Markov’s inequality (thus
0 < d < n), related in [9] with Sobolev-Gagliardo-Nirenberg inequality, is to ensure the
regular extensions W} (Q) — WF(R") with k& > 2 (actually the condition applies the
continuity of the extension C*>(Q2) — C*°(R")). For the extensions of minimal regularity
k =1 (see in addition the Definition of Besov space Def.3.2 in [23] with the help of the
normalized local best approximation in the class of polynomials P,_; of the degree equal
to k — 1) Markov’s inequality is trivially satisfied.

Recently, Hajtasz, Koskela and Tuominen [2I] have proved that every Wlf -extension
domain in R™ for 1 <p < oo and k> 1, k € N is a n-set. In addition, they proved
that any n-set, for which W}(Q) = C}(Q) (with norms’ equivalence), is W} -extension
domain for 1 < p < oo (see [2I] also for the results for p =1 and p = o0). By C}(Q)
is denoted the space of the fractional sharp maximal functions:

Definition 5 For a set Q) C R™ of positive Lebesgue measure,

1
CH) = {f € L@l a(o) = supr™ int —mis | g Py € 1))

with the norm | fllex@) = 1Ly + 1 fallo@-

The question about Wlf -extension domains is equivalent to the question of the conti-
nuity of the trace operator Tr: W} (R") — W} (Q).
Let us generalize of the notion of the trace:

Definition 6 For an arbitrary open set Q0 of R™, the trace operator Tr is defined [20,
8, [29] for uw € L*°(Q) by

1
T =lim ———— d
ru(z) "o m(Q2N B,(x)) /QnBT(x) uy)dy,

where m denotes the Lebesque measure. The trace operator Tr is considered for all x € Q
for which the limit exists.



We summarize useful in the following results (see [26] 42, 27, 21]) for the trace and
the extension operators (see [38] for more general results for the case p > n):

Theorem 2 Let 1 <p < oo, k€ N* be fivred. Let €2 be a domain in R™ such that

e if n=2, Q is alocally uniform domain (the boundary 02 consists of finite number
of points and quasi-circles),

o if n>3, Q is a n-set, such that W} (Q) = CE(Q) as sets with equivalent norms
(for example, a (e,d)-domain), with a closed d-set boundary 02, 0 < d < n,
preserving local Markov’s inequality.

Then, for =k — (n—d)/p >0, the following trace operators (see Definition [0)
1. Tr: WE(R™) = BEP(0Q) C Ly(09),
2. Trg : WE(R") — WE(Q),
3. Traq : WE(Q) — BRP(09)

are linear continuous and surjective with linear bounded right inverse, i.e. extension,
operators E : BEP(0Q) — WF(R"™), Eq : Wy(Q) — WFR") and Epq : By'(0Q) —
P

Note that for d =n—1, one has f =3 and BY*(0Q) = H?2(09) as usual in the case
2

of the classical results [30} [32] for Lipschitz boundaries 9. In addition, for u, v € H'(Q)
with Au € Ly(§2), the Green formula still holds in the framework of dual Besov spaces
on a closed d-set boundary of Q (see also [29, 1] for the von Koch case in R?):

ou
/QvAud:p <61/ Trv) B22(00)) B2 (90)) /VvVudx (3)

where the dual Besov space (82’2(89))’ = Bi;(&Q) is introduced in [27].

Proposition 1 Let ©Q be a domain of R™ either satisfying the conditions of Theorem[2
or be truncated domain of a domain o by a domain 1 such that $); satisfies the
conditions of Theorem[d for 1 = 0,1 (Q C Y, Q=0 N(R"\ Q) ). Then H(Q) is
compactly embedded in Ly(Q2) : HY(Q) CC Ly(Q) .

Proof. By assumptions of the proposition, thanks to Theorem ], if 2 = R"™ \ g, then
there exists linear bounded operator Eq : H'(2) — H'(R™) (let us remark that, by
Jones [24], if Qp is a (g,0)-domain then R™\ Qq is also a (e, d)-domain which applies
Theorem B)). By the same way, there exist linear bounded operators Fg, : H'(Q;) —
HY(R™) and Egmgq, : H'(;) — H'(R™). Let us prove that for the truncated domain
Qs the extension operator Eq, .o : H'(2s) — H(Q) is a linear bounded operator. It
follows from the fact that it is possible to extend 2; to R™ and that the properties of
the extension are local, 7.e. depend on the properties of the boundary S = 0€2; , which
has no intersection with I' = 9€) . For instance, if S € C', then we can use the standard
"reflection method" (as for instance in [I] Proposition 4.4.2). More precisely, we have to
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use a finite open covering (w;); of S such that for all i w; N Qo = 0. The compactness
of S and the fact that SNT = & ensure that such a covering exists. In the case of a
d-set boundary we use the Whitney extension method.

Hence, using Theorem [2, there exists a linear bounded operator A : H'(Q2) — H'(Q;)
as a composition of the extension operator Fg : H'(2) — H'(R") and the trace operator
Trq, : HY(R") — HY () (A= EqoTrg,). Let define a parallelepiped II in the way as
QCI, I=A{z=(v1,...,2,)] 0 <2; < d;}. Let

N™ n dk

IT = U, IT;, where II; = ®)_, [a;, a; + W]

Consequently, the operator B = FEq, .0 Ao Eqg, i : H'(Qs) — H'(I) is a linear

bounded operator as a composition of linear bounded operators. Thus, we can apply the

classical proof of the compact embedding of H'(Qg) to L»(Qs), which we give for the

convenience [35]. Indeed, let (u,,) is a bounded sequence in H!'(Qg). Thanks to the

boundness of B, we can extend u,, from g to a parallelepiped II, containing (g,
such that the extensions ,,

Uy € HY(IT),  tnlo =ty [tmllmi0g) < Nmll
and in addition there exists a constant C(€2,II) independing on u,, , such that

| e ary < C(Q, ) [t || 11 025)-

Thus, the sequence (,,) is also a bounded sequence in H'(IT) . Since the embedding
H(IT) to Lo(IT) is continuous, the sequence (,,) is also bounded in Ly (IT).
Thanks to [35] p. 283, in II there holds the following inequality for all v € H'(II):

fousEm (L) SLE@ (@) o

On the other hand, Ly(IT) is a Hilbert space, thus weak * topology on it is equal to the
weak topology. Moreover, as Ly is separable, all closed bounded sets in Ly (IT) are weakly
sequentially compact (or compact in the weak topology since here the weak topology
is metrizable). To simplify the notations, we will simply write w,, for a,, € Lo(II).
Consequently, the sequence (u,,) is weakly sequentially compact in Lo(Il) and we have

1
1L

tm,) C (W) = Fu € Lo(Il)  wyy, — u.

Here u is an element of L, not necessarily in H*!.
As (Lo(IT1))* = Lo(IT), by the Riesz representation theorem,

Upn,

—u € Ly(Il) & Vue Ly(I) /(umk —u)vdr — 0.
I
Since (u,,,) is a Cauchy sequence in weak topology on L, , if we take v = 1y7, then
/(umk — Uy, )dx — 0 for k, j — +o00.
1
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Thus, using (4l), for two members of the sub-sequence u,,, with sufficiently large ranks
p and ¢, we have

[Jup — uq”%g(ﬁs) < Juy, — uqH%Q(H)

<§5 ! / J)dz +—Zd2 Ouy _ Oy I <S4i=¢
i=1 Lo(11)
Here we have chosen N such that
N — ou ou, ||? €
Nt g2 [P _ Ot E
2N? ; 6:ck 83% Lo(IT) 2

Consequently, (u,,) is a Cauchy sequence in Ly(Q2g), and thus converges strongly in
Ly(Qs) .
0

Theorem 3 (Compactness of the trace) Let Qg and 2y be bounded domains of
R"™ , satisfying conditions of Theorem [2, with d-sets boundaries T' and S respectively
(n—1<dpr,ds <n) such that Qo C Qy and 'NS =@ . Let Q0 be the exterior or the
truncated (by € ) domain to Qo . Then there exist linear trace operators

Trp: HY(Q) — Ly(I')  and Trg: H(Q) — Ly(S)

which are compact. Moreover, Tm(Trp(H'(Q))) = Bﬁr< ) for Br=1-"" >0 and
Im(Trs(H'(Q))) = B5Z(S) for Bs=1—-"5%>0.

Proof. To prove the compactness of the trace operator, we can apply the proof of
Arendt [5] Proposition 8.1. We consider Tr = Trr. For Trg the proof is identically
the same.

Let (uy)nen be a bounded sequence in (H'(Q), ||.|[#1(q)) - Passing to a sub-sequence if

HY(Q La(Q
necessary, there exists u € H'(Q) such that wu, &y and Up 2§ 4 since the compact

embedding H'(Q) CC Ly(Q2). Without loss of generality, we can assume that v = 0.

Let us now show that Tru, i) 0.

Let € > 0 and M > 0 such that for all n € N ||Vun||%2(m < M. Thanks to
Theorem 2l since I'mTr C Ly(I"), we know the continuity of the trace, which can be
read: there exists C' > 0 such that for all u € HY(Q) | Trull,r) < Cllullm, or
equivalently [5], for all fixed 8 > 0 there exists ¢() > 0 such that

Vue H'(Q) BlTrulli,cy < IVullLq + cB)lulLq-

Therefore, with 8 = 2 we have for all n € N ||Tru||%2(r) < e+ c||un||%2(ﬂ) for some

¢ >0, and consequently limsup || Tru,, |7, ) < €. Therefore Tru, 2200 ) which completes
the proof. [



3 Well-posedness of Robin boundary problem for the
Laplace equation

3.1 Well-posedness on a truncated domain

Let us start by a well-posedness of problem () for a truncated domain € introduced in
Section [Il Therefore, €2 is a bounded domain with a dr-set boundary I', n—1 < dr <n
(n > 2), with the Robin boundary condition for A > 0 and ¢ € Lo(I'), and a dg-set
boundary S, n —1 < dg < n, with the homogeneous Dirichlet boundary condition.

Let us denote HY(Q) := {u € H'(Q) : Trgu = 0} . Note that, thanks to Theorem B,
the continuity of the map Trg ensures that H 1(Q) is a Hilbert space. Therefore, thanks
to Proposition [ as H(2) CC Ly(Q), following for instance the proof of Evans [I3] (see
section 5.8.1 Theorem 1) we obtain

Proposition 2 (Poincaré inequality) For all v e H'(Q) there exists C > 0, depend-
ing only on Q and n, such that

1] o) < ClIVU|| Ly

Therefore the semi-norm || - || g1q) , defined by |[v]l g1y = [V|lLy) » @5 a norm, which
is equivalent to || - || g1 ) on HY(Q).

Remark 1 Let us denote (v) = V%(Q)fﬁ
and, as ) is bounded, the Reillich-Kondrachov type theorem [13] (see section 5.7) ensures
Wpl(Q) CC Ly(Q2) for all 1 < p < oo, then the Poincaré inequality can be generalized
with the same proof to Wpl(Q) forall 1 <p<oo:

vdx . Since € is the I/Vp1 -extension domain

Vv € WPI(Q) I3C =C(Qp,n)>0:  |v—(V)|r < OV Lr(@).
Consequently, using these properties of H 1(Q), we have the well-posedness of prob-
lem ():

Theorem 4 Let 0 CR" be a truncated domain, introduced in Theorem[3, with n > 2.
For all v € Lo(T') and X\ > 0, there exists a unique weak solution u € HY(Q) of
problem (1) such that

Yo € HY(Q) /Vqudx+ )\/TrpuTrpvdmdF = /@Z)Trpvdmdr. (5)
Q r r

Therefore, for all A € [0,00[ and ¢ € Ly(I") the operator By(S) : ¢ € La(I') = u €
HY(Q) with u, the solution of the variational problem (4), then

1. Bx(S) is a linear compact operator;
2. B)(S) is positive: if 1» >0 from Ls(T'), then for all X € [0,00] Bxty =u >0;
)

3. BA(S) is monotone: if 0 < Ay < Ay, then for all v > 0 from Lo(I") it holds
BAQ(‘S')Q/} = U, < Uy, = B)\l (S)w ;



4. If X € [0,00] then 0 < By(S)1r < $1q;

Proof. It’s a straightforward application of the Lax-Milgram theorem. The continuity
of the two forms is ensured by the continuity of the trace operator Trp (see Theorem [3)).
The coercivity of the symmetric bilinear form is ensured by the Poincaré inequality (see
Proposition 2)). To prove the properties of the operator B,(S) it is sufficient to replace
WP(Q) by H(Q) in the proof of Theorem [ [

3.2 Functional spaces for the exterior problem

To be able to prove the well-posedness of problem ([I) on an exterior domain with Dirichlet
boundary conditions at infinity, we extend the notion of (', -|/z1) to the unbounded
domains. If  is an exterior domain of a bounded domain )y, the usual Poincaré
inequality does not hold anymore and, hence, we don’t have Proposition 2l For this
purpose, we use [31,[6] and define for Q = R™\ Qq, satisfying the conditions of Theorem [

W(Q) = {ue H.,(Q), /Q |Vul?dz < oo}

Remark 2 Let us fix a 79 > 0 in the way that there evists x € R™ such that Qo C
B, (z) ={y € R"| |x —y| < ro} and for all r > 1o define Q. = QN B.(z). Thanks to
Remark, locally we always have the Poincaré inequality :

Vue W(Q)  lu— (W)l < Crocl Vull ey < Croel Vll ) < 00,

which implies that for all v > 1o the trace ulg, € HY(Q,) (see Theorem[3). Therefore,
as in [0, it is still possible to consider (but we don’t need it)

W(Q) = {u: Q — Clu is measurable, ¥r > ro ulo, € H*(,) and / |Vu|* < oo}
Q

Thanks to G. Lu and B. Ou (see [31] Theorem 1.1 with p = 2), we have

Theorem 5 Let u € W(R™) with n > 3. Then there ezists the following limit:

U)o = lim —— udz.

Moreover, there exists a constant ¢ > 0, depending only on the dimension n , but not on
u, such that:

|u — (U)ooHL%(Rn) < || Vul|,@n)-

In [31] Section 5, G. Lu and B. Ou extend this result to exterior domains with a
Lipschitz boundary. Their proof is based on the existence of a continuous extension
operator. Therefore, thanks to Theorem 2 we generalize Theorem 5.2 and Theorem 5.3
of G. Lu and B. Ou and take p = 2, according to our case.
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Theorem 6 Let n > 3 and Q satisfy the conditions of Theorem [3. There exists ¢ =
c(n,2) >0 so that for all uwe W(S) there exists (1) € R such that

(/Q [u— (Woe 7)< o(n, Q) |Vl a0y (6)

Moreover, it holds

1. The space W(Q) is a Hilbert space, corresponding the inner product
(u,v) = / Vu.Vodz 4+ (1) s (V) o-
Q

The associated norm is denoted by ||ullw ) -

2. The following norms are equivalent to || - |lwq) -

lullre = (IVull7, 0 + I1Trull7,e) 2, lullae = (Vull,q + lull7,wm)

where A C Q be a bounded measurable set with Vol(A) > 0.
3. There exists a continuous extension operator E : W () — W (R?) .
4. The map Tr: W(Q) — Ly(T") is compact.

Proof. The real number (u), in the inequality (@) is merely the "average’ of an extension
of u to R™, as defined in Theorem [l

Thanks to Theorem 2, we update Theorem 5.2 and 5.3 [31] to obtain the inequality ().
Completeness of W () follows from Ref. [3I] by updating the proof of Theorem 2.1. Let
us notice the importance of the Sobolev embedding H*(R") C L on (R™) which holds for

n > 3, but false for n = 2. The equivalence of norms follows from Proposition 2.5 [6]
and Theorems 2] and

To prove point 3, we notice that the extension operator E is continuous if and only
if Q is such that the extension Eq : H*(Q) — H'(R") is a linear continuous operator.
what is true in our case .

In addition, the continuity of Fq ensures that, independently on the geometric prop-
erties of the truncated boundary S (SNI = @), for all (bounded) truncated domains
Qg the extension operator E, : H'(Qg) — H'Y(Qs U Q) is continuous. Indeed, if
Eq : HY(Q) — H'(R") is continuous, then H} (Q) — H'(R") is also continuous
and hence, we can consider only functions with a support on ()g and extend them to
Qs UQy =R"NQ; to obtain the continuity of Ej .

In our case, since €) satisfies the conditions of Theorem [3, Fq is continuous. To prove
the continuity of the extension operator F : W(Q2) — W(R?), as in [6] Proposition 2.5,
we use point 2 for A equal to a truncated domain g and also the obvious inclusions (see
Fig. M) R*\ (QsU Q) C Q and Qg C Q. We find for all u € W(Q) that, independently

11



on the form of 5,

||u||éS7Rn=/ |VEu|2d:10+/Q | Bul*dx
" s

:/ |VEu|2dx+/ |VEu|2dx+/ | Bul*dx
R”\(QSUQQ) Qs5UQo Qs

S/ _|Vulde + | Bl g.0m,),
R7\(25UQ0)

< / Vulda + | Eoll? [l o
< (1+ | BolP)llul3, o

which ensures, with the equivalence of the norms, that E is continuous.
To prove point 4, we notice that Tr : W(Q) — Ly(I") is a composition of two traces
operators:

Tr = Trr o Tryw_m, Trw_m : W(Q) — HY(Qg), Trr : H'(Qg) — Ly(D).

Thus it is important to have I', S, Q and Qg satisfying the conditions of Theorem [3]
which ensures that T'ry,_, g1 is continuous, i.e.

HuH%ﬁ(Qs) < C(”VUH%Q(Q) + HUH%Q(QS))7

and T'rp is compact. [

To have an analogy in the unbounded case with H! for a truncated domain, let
us introduce, as in [6], the space WP(Q) as the closure of the space {ulg : u €
D(R™) n > 3} with respect to the norm u > ([, |Vu|?)"/2. Therefore, for the inner
product (u,v)yp) = [, Vu.Vu, the space (WP(Q), (., )wn)) is a Hilbert space (see
a discussion about it on p.8 of Ref. [31]).

It turns out that WP(Q) is the space of all u € W () with average zero:

Proposition 3 Let Q be a unbounded (actually, exterior) domain in R™ with n > 3.
The space WP(Q) has co-dimension 1 in W (). Moreover

WP(Q) = W(Q) N Lz (Q) = {ue W(Q): (u) = 0}.

Proof. See [6] Proposition 2.6 and references therein. [

Remark 3 Note that, as n > 3, H'(Q) € W(Q)N L%(Q) = WP(Q), which is false
for n=2.

3.3 Well-posedness of the exterior problem and its approximation

Given ¢ € Ly(I') and A > 0, we consider the Dirichlet problem on the exterior domain
) with Robin boundary conditions on the boundary I' in R", n > 3:

—Au = 0 ze€q,
ATru+0,u = ¢ zel. (7)
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At the infinity we consider Dirichlet boundary conditions. In [6] W. Arendt and A.F.M
ter Elst also consider Neumann boundary conditions at infinity. Those results apply as
well in our setting but we chose to focus on the Dirichlet boundary conditions at infinity
in order not to clutter the presentation. It is worth emphasizing that in the following we
only consider weak formulations that we describe below.

Since (see Subsection B2) H(Q) € WP(Q) € W () by their definitions, therefore
we need to update the definition of the normal derivative given by Eq. B in Section [2] to
be able to work with elements of W ().

Definition 7 Let u € W(Q) and Au € Ly(2). We say that w has a normal derivative
W on T', denoted by O,u =1, if ¥ € Lyo(T") and for all v € D(R")

/Q(Au)vdx + /QVU -Voudr = /F@/)Tr vdmy. (8)

Remark 4 Definition[d defines a weak notion of normal derivative of a function in W (£2)
in the distributional sense, if it exists. If it exists, it is unique. In addition, thanks to
the definition of the space WP(Q), functions v € D(R") considered on Q) are dense in
WP(Q), thus, by the density argument, Eq. {§) holds for all v € WP(Q) (see [6] p. 521).

Next we define the associated variational formulation for the exterior problem [k

Definition 8 Let 1 € Ly(T') and X\ > 0, we say that uw € WP(Q) is a weak solution to
the Robin problem with Dirichlet boundary conditions at infinity if

Vo € WP(Q) / VuVodz + )\/TruTrv dmg = /’(/)TI"U dmy. 9)
Q r r

The variational formulation (@) is well-posed:

Theorem 7 Let Q) be the exterior of a bounded domain €y satisfying the conditions of
Theorem [2 with a d-set boundary T' (n—1<d <mn, n>3). Forall X\ € [0,00[ and
for all 1 € Ly(T) there exists a unique weak solution uw € WP (Q) to the Robin problem
with Dirichlet boundary conditions at infinity in the sense of Definition [8. Moreover, if
the operator By is defined by

By: € Ly(T') = u € WP(Q)

with w, the solution of Eq. (9), then it satisfies the same properties as the operator By(S)
introduced in Theorem [J] for the truncated domains (see points 1-4): B, is a linear
compact, positive and monotone operator with 0 < AB\1p < 1q for all X € [0, 00].

Proof. As the trace operator Tr is continuous from WP (Q) to Ly(T") thanks to The-
orem[6] the well-posedness of Eq. (@) and the continuity of B, follow from the application
of the Lax-Milgram theorem in the Hilbert space WP (). To prove the compactness of
By we follow Ref. [6] Proposition 3.9. Indeed, let A € [0, 00] and (¢%)ren be a bounded

sequence in Lo(I'). Then there exists 1) € Lo(I') such that, up to a sub-sequence,

i L2(I) . Forall k € N we set up, = B¢y and u = Byv. From the continuity of

13



. wP(Q) La(I) . .
B, it follows that u, — " u. Therefore, Tru;, — Tru, since the trace operator Tr is

compact from WP (Q) to Ly(T') (see Theorem [ point 4).
Let k € N, choosing v = u;, in Eq. (@), we obtain

||uk||12/VD(Q) :/Q|Vuk|2dx:/F¢Trukdmd—)\/F|Truk|2dmd.

Consequently, using Eq. (@) with v = u, we have

lim / |Vuk\2dx:/1pTrudmd—)\/|Tru|2dmd:/\Vu|2da:: HuH%,VD(Q).
Q r r 0

k—o0

Hence |[Jug||wp) — |[ullwp@) and consequently B) is compact.

The positivity and the monotone property of B, follow respectively from Ref. [0]
Proposition 3.5 and Proposition 3.7 a). The equality 0 < AB,\1r < 1g follows from
Ref. [6] Proposition 3.6 and Corollary 3.8 b). O

Now, let us show that the truncated problem, studied in Subsection Bl independently
of the form of the boundary S, is an approximation of the exterior problem in R" with
n > 3. We denote by (g the exterior domain €2, truncated by the boundary S'. In this
framework, we also truncate [6] the space WP (), introducing a subspace

WE(Q) = {u e WP(Q) : ulgmay = 0}
which is closed and thus is a Hilbert space for the inner product (-, -)wp(q). Since
Hy(Q1) = {ulo, : u € H'(R") and ulgmq, = 0},

we notice that the map U : u € W2(Q) — ulg, € H'(Qg) is a bi-continuous bijec-
tion. Consequently, problem (B is also well-posed in W (Q) with the same properties
described in Theorem [

In what follows, we will also suppose that the boundary S is far enough from the
boundary I'. Precisely, we suppose that €y C B, is a domain (all time satisfying the
conditions of Theorem [) included in a ball of a radius 79 > 0 (which exists as Qq is
bounded) and Qg with r > rg is such that (R™\ Qo) N B, C Qg, with 0B, NS, = J.
If » — 400 the boundaries S, (for each r > ry the domains Qg satisfy the conditions
of Theorem ) will be more and more far from I' and in the limit Qg gives Q. Let us
precise the properties of solutions u € W& () for the truncated problem to compare to
the solutions of the exterior domain:

Lemma 1 Let Qq, Q and Qg (or Qs, for all v > ro > 0) satisfy conditions of The-
orem [ in R™ with n > 3. Let B\(S) : ¢ € Ly(T) — u € WEP(Q) be the operator for
the truncated problem and By : ¢ € Lo(T) — u € WP(Q) be the operator for the exterior
problem.

Then for all X € [0,00] and 1 € Lo(T'), if ¥ >0 in Lo(T") and ro > ry > 19, then

0 < USTI = B)\(Sh)w < uSr2 = B)\<Sr2)1/} < B)\w = U.

14



Proof.

The proof follows the analogous proof as in Ref. [6] Propositions 3.5 and 3.6 (see
also [6] Proposition 4.4). [0 We can now state the approximation result, ensuring that a
solution in any admissible truncated domain, even with a fractal boundary, but which is
sufficiently far from I' is an approximation of the solution of the exterior problem:

Theorem 8 Let A € [0,00), ¢ € Lo(I") and (Sp)men be a fized sequence of the bound-
aries of the truncated domains g, , satisfying for all m € N the conditions of Theorem[3
and such that (Qs,, U Q) D By D Qy. Let ug,, = Bx(Sp)Y and uw = Byxtp. Then for
all € > 0 there exits my(e) > 0, independent on the chosen sequence of the boundaries
(Sm) , such that

Ym >mo  lus,, —ullwog) <e.

Equivalently, for all described sequences (Sp)men , it holds
| Bx(Sm) = Ballz(romywr@y — 0 as m — +oo.

Proof.It is a simple generation using our previous results of Theorem 4.3 [6]. O

4 Spectral properties of the Poincaré-Steklov operator
defined by the interior and by the exterior problems

The Poincaré-Steklov operator, also named the Dirichlet-to-Neumann operator, was orig-
inally introduced by V.A. Steklov and usually defined by a map A : ulp — %\p for a
solution u of the elliptic Dirichlet problem: —Awu = 0 in a domain Q and ulp = f
(092 =T).

It is well-known that if €2 is a bounded domain with C'* -regular boundary (a regular
manifolds with boundary), then the operator A : C>(I') — C>°(I') is an elliptic self-
adjoint pseudo-differentiable operator of the first order (see [40] §11 and 12 of Chapter
7) with a discrete spectrum

O:)\0<)\1§>\2§..., Wlth)\k—>+00k’—>+00

If A is considered as an operator H'(T') — Lo(T'), then its eigenfunctions form a basis
in Ls(I"). For any Lipschitz boundary I' of a bounded domain 2, the Dirichlet-to-
Neumann operator A : H2(I') — H2(I') is well-defined and it is a linear continuous
self-adjoint operator. Thanks to [4], we also know that the Dirichlet-to-Neumann opera-
tor A has compact resolvent, and hence discrete spectrum, as long as the trace operator
Tr: HY(Q) — Lo(T) is compact (see also [5] and [41] for abstract definition of the elliptic
operators on a d-set). Thus, thanks to Theorem [3], the property of the compact resolvent
also holds for bounded n-set © with a d-set boundary I' (see the conditions on € in
Theorem [3)). We will discuss this method in details in the next section. From [7], we also
have that Ker A # {0} since 0 is the eigenvalue of the Neumann eigenvalue problem for
the Laplacian. For the Weil asymptotic formulas for the distribution of the eigenvalues
of the Dirichlet-to-Neumann operator there are results for bounded smooth compact Rie-
mannian manifolds with C'* boundaries [16], for polygons [I7] and more general class of
plane domains and also for a bounded domain with a fractal boundary [37].
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In the aim to relate these spectral results obtained for the Dirichlet-to-Neumann op-
erator for a bounded domain with the case of the exterior domain, we prove the following
Theorem:

Theorem 9 Let (g C R" be a bounded domain with a boundary I' and let ) = R"\ﬁo be
its complement in R™ satisfying conditions of Theorem[3. Then the Dirichlet-to-Neumann
operator A : Ly(I') — Lo(T"), associated with the Laplacian on Qo or Q, has a compact
resolvent and a discrete positive spectrum, denoted by iy and ey C [0, +00[ for the
interior and the exterior problem respectively. Moreover, all non-zero eigenvalue of the
Dirichlet-to- Neumann operator of the interior problem is also a eigenvalue of the Dirichlet-
to-Neumann operator of the exterior problem and converse. Hence the eigenfunctions form
the same basis in Lo(I") . More precisely,

o For n =2 the spectrum oy = Oy C RT and 0 € ooy . In addition, let \i(r) €
os(r), where og(r) C Rf is the spectrum of the Dirichlet-to-Neumann operator
associated with the truncated domain Qg , satisfying for all r > 0 the conditions
of Theorem[3 and such that (Qs, U Q) D B, D Q. If \o(r) = mingey M\i(r) , then
Ai(r) = 0 for r — 400 independently on the form of S, .

e For n > 2 the spectrum o = {0} U 0eyy with 0oy CJ0, 00|, i.e. the Dirichlet-
to-Neumann operator of the exterior problem, also as of the truncated problem, is a
injective operator with the compact inverse.

To prove Theorem [0 we need to define the Dirichlet-to-Neumann operator on a d-set I'
in Ly(I"). Hence, we firstly do it in Section [l and then give the proof in Section

5 Poincaré-Steklov operator on d-set

5.1 On a bounded domain

Let ©Q be a closed (g,d)-domain with a d-set boundary I' (n —1<d<n, n>2).
Knowing the well-posedness results for the Dirichlet problem (Theorem 7 [28]) and the
definition of the normal derivative by the Green formula (B]), thanks to [27], we notice
that the general setting of [7] p. 5904 for Lipschitz domains (see also [36] Theorem
4.10) still holds in the case for a d-set boundary by replacing Hz(I') by B;’2(F) with

B=1-"49>0 and H=3(T) by BE;(F) Precisely, we have that for all A\ € C the

Dirichlet problem
—Au=Au, ulp=2¢ (10)

is solvable if ¢ € B;’2(F) satisfies
(O, ¢>BE’§(I‘)><BQ’2(F) =0

B

for all solutions ¢ € H'(Q) of the corresponding homogeneous problem

—AY =X, Yp=0. (11)
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We are especially interesting in the case A = 0. Thus, we directly conclude that prob-
lem (I1]) has only the trivial solution ¢y =0 (A =0 is not an eigenvalue of the Dirichlet
Laplacian), and consequently the Poincaré-Steklov operator A : BE’Q(T) — B%;(F) map-
ping u|p to dyulr is well-defined on BE’Q(F).

In the other hand, as it was done in [5] for bounded domains with (n— 1)-dimensional
boundaries, it is also possible to consider A as operator from Lo(I') — Lo(I'), if we
consider the trace map Tr : H'(Q) — Ly(T") (note that BE’Q(T) C Lo(T") ) and update
the definition of the normal derivative by analogy with Definition [7}

Definition 9 Let uw € H'(Q)) and Au € Ly(Q). If there exists 1) € Lo(T) such that for
all v € HY(QY) it holds Eq. ([8), then + is called a Ly -normal derivative of w, O,u =1 .

Definition [ restricts the normal derivative of w, which is naturally in BE’E(F), to a
consideration of only the normal derivative from its dense subspace. Thus, the Ls-normal
derivative can does not exist, but if it exits, it is unique.

Therefore, to define the Dirichlet-to-Neumann operator on Ly (I") , we use the following
Theorem from [5] (see Theorem 3.4)

Theorem 10 Let D(a) be a real vector space and let a : D(a) x D(a) — R be bilinear
symmetric such that a(u,u) > 0 for all w € D(a). Let H be a real Hilbert space and
let j: D(a) — H be linear operator with dense image. Then there exists an operator A
on H such that for all ¢, € H, one has ¢ € D(A) and Ap = 1 if and only if there
exists a sequence (uy)gen in D(a) such that:

1. My, oo @(Uy, — Uy, Uy — Uy) =0,
2. limy, oo j(ug) = ¢ in H,
3. for all v € D(a) limy_o a(ug,v) = (¥, j(v)) g -

Moreover, A is positive and self-adjoint. The operator A is called the operator associated
with (a,j).

Consequently we state

Theorem 11 Let Q be a closed (e, ) -domain with a d -set boundary I' (n—1<d <n,
n > 2 ). Then the Poncaré-Steklov operator A : B;’Q(F) — Bi;(T) mapping ulr to O,ulr
is linear bounded self-adjoint operator with Ker A # {0} . In addition, the Poncaré-Steklov
operator A, considered from Lo(I') to Lo(T'), is self-adjoint positive operator with a
compact resolvent. Therefore, there exists a discrete spectrum of A with eigenvalues

O:)\0<)\1§)\2§..., with A\ — +00 k — 400

and the corresponding eigenfunctions forms an orthonormal basis in Lo(T") .

Proof. We have already noticed that the domain of A is exactly BE’Q(F). As 0 is an
eigenvalue of the Neumann Laplacian, Ker A # {0} . From the following Green formula
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for u, ve H'(Q) with Au, Av € Ly(Q)

/Auvd:p—/uAvdx
Q Q

we directly find that for all u, v € BE’Z(T)

ou ov

B <%’ Tro) g2y g2y — (T, @>B§’2(r),33’§(r),

(Au, U>BE’§(F),B§’2(F) = (u, AU)B;?(F),BZQ;(F)v

i.e. the operator A is self-adjoint and closed. Since Bi;(F) is a Banach space, by the
closed graph Theorem, A is continuous.

To define A as an operator on Lo(T') we use [5, 4 2]. As Q is such that the
trace operator Tr is compact from H'(Q) to Ly(T'), then the embedding of its im-
age Tr(H'(Q)) = BE’Q(F) into Lo(I") is compact. Now, as it was noticed in [4], the space
{vr v € D(R™)} is dense in C'(I') by the Stone-Weierstrass theorem for the uniform
norm and, therefore, it is also dense in L(I") , since we endowed I' with the d-dimensional
Hausdorff measure which is Borel regular. Hence, BE’Q(I‘) is dense in Ly(I"). It allows
us to apply Theorem 2.2 and follow Section 4.4 of Ref. [2]. We notice that, thanks to [42]
Theorem 3, Ker Tr = H;(Q2) and, thanks to Lemma 2.2 [4], H'(Q) = H}(Q) & H with
H ={u e H(Q)| Au= 0 weakly}. Hence, Tr(H) = B3*(I') and Tr: H — B7*(I') is a
linear bijection. Therefore, the bilinear map ay : BE’Q(I‘) X BE’Q(I‘) — R, given by

ao(p, ) = /QVuVU foru,v e H Tru= ¢, Trv=1), (12)

is symmetric, continuous and elliptic [3] (see Proposition 3.3, based on the compactness of
the embedding H — L*(Q2) and on the injective property of the trace from H — Ly(T)):

1
Jw > 0 such that Yu € H ag(Tru, Tru) + w/ lu|*dmg > §Hu|ﬁ{1(ﬂ)
r

If the operator N : Lo(I') — Lo(I") is the operator associated with ag, then it is the
Dirichlet-to-Neumann operator A on Lo(I'), i.e. Ap = O,u in Ly(I') with D(A) =
{¢ € Ly(T)| Ju € H(Q) such that Tru = ¢, Awu = 0 and F0,u € Ly(T")}. Moreover,
we have that for all ¢ € Ly(I'), ¢ € D(A) and there exists an element 1 = A¢p of Ly(I)
if and only if there exists w € H'(Q) such that Tru = ¢ and

Yo € HY(Q) / VuVv = /lpTrvdmd.
0 r

In other hand, we also can directly use Theorem 3.3 in Ref. [5], by applying The-
orem Let now D(a) = HY(2) N C(Q), which is dense in H'(Q) (see the discus-
sion of Ref. [5]). Then Tr(D(a)) is dense in Ly(I"). Therefore, taking in Theorem
a(u,v) = [, VuVodz : D(a) x D(a) - R, H = Ly(T') and j = Tr : D(a) — Ly(T),
which is compact, we conclude that the operator associated to (a, Tr) is the Dirichlet-to-
Neumann operator A, positive and self-adjoint in Lo(I") (see the proof of Theorem 3.3
in Ref. [5]). As the compactness of the trace implies that A has a compact resolvent, it
is sufficient to apply the Hilbert-Schmidt Theorem to finish the proof. [J
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5.2 On the exterior and truncated domains

In this subsection we generalize [6] and introduce the Dirichlet-to-Neumann operator A
on Lo(I") with respect to the exterior domain € C R” and Ag with respect to a truncated
domain for n > 2 in the framework of d-sets using the Theorem [T

Definition 10 (Dirichlet-to-Neumann operator for the exterior domain n > 3 )
Let Q C R", n >3, be an exterior domain satisfying the conditions of Theorem[3. The
operator A : Ly(T') — Lo(T) , associated with the bilinear form a® : WP (Q)xWP(Q) - R
gien by

aP(u,v) = / VuVudz = (u, v)woq),
Q

and the trace operator Tr : WP(Q) — Lo(T), is called the Dirichlet-to-Neumann operator
with the Dirichlet boundary condition at infinity.

Remark 5 Theorem [0 does not require to D(a) the completeness, i.e. a(-,-) can be
equivalent to a semi-norm on D(a) , what is the case of WP(Q) with a(u,u) = [, |Vu|*dz
for m = 2. Therefore, it allows us to define the Dirichlet-to-Neumann operator A of the
exterior problem in R?, which can be understood as the limit case for r — +oo of the
problem for a truncated domain well-posed in H'(Qg,). In the case of WP(Q) in R"
with n > 3, we have that D(a) = WP (Q) is the Hilbert space corresponding to the inner
product a(-,-) .

Let us notice that the trace on the I' satisfies Tr(D(R")) C Tr(WP(Q)) C Lo(T) and,
since Tr(D(R™)) is dense in Ly(T'), Tr(WP(Q)) is dense in Lyo(T). In addition, a® is
Tr -elliptic thanks to point 2 of Theorem [@ 7.e. there exists o € R and § > 0 such that

vu € WP(Q) /|Vu|2dx+a/|Tru|2dmd 25/ |Vul*dz.
Q r Q

Thus, for n > 3 we can also apply Theorem 2.2 and follow Section 4.4 of Ref. [2].
For the two-dimensional case, we define A associated to the bilinear form aq from
Eq. (I2), initially given for the interior case:

Proposition 4 (Dirichlet-to-Neumann operator for the exterior domain n =2 )
Let Q C R? be an exterior domain satisfying the conditions of Theorem[3. The operator
A Ly(T') — Lo(T'), associated with the bilinear form aq, defined in Eq. {13), is the
Dirichlet-to-Neumann operator with the Dirichlet boundary condition at infinity in the
sense that for all ¢ € Ly(T'), ¢ € D(A) and there exists an element 1 = A¢p of La(I)
if and only if there exists uw € H' () such that Tru = ¢ and

Yo € H(Q) /VUVU = /wTrvdmd.
Q r
Proof. We use that H'(R?) = H}(R?) and that the compactness of the embedding

H = {ue H(Q)| Au= 0 weakly} C Ly(©2) and the injective property of the trace from
H to Lo(I') still hold for the exterior case. In addition 0 is not an eigenvalue of the
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Dirichlet Laplacian on 2. Thus we can follow the proof of Lemma 3.2 and Proposition
3.3 in [3], given for a Lipschitz bounded domain. [

The following proposition legitimates Definition [I0] in the framework of Theorem
for n > 3:

Proposition 5 Let ¢, 1 € Ly(T'). The following are equivalent:
¢ € D(A) and A¢p = if and only if there exists a function u € WP (Q) such that
Tru=¢, Au=0 and d,u=1).

Proof. Let ¢, ¥ € Lo(I') such that ¢ € D(A) and A¢p = 1. Then, according to
Theorem [I0, there exists a sequence (uy)ren in WP(Q) such that

Lo limg oo Jo |V (uk — ug)|* =0,

2. limg_oo Trug = ¢,
3. limy oo fQ Vu,Vu = fr YTro for all v € WP(Q).

Form item 1 it follows that (uy)ren is a Cauchy sequence in WP (Q). Therefore, by the
completeness of WP (Q) (thanks to n > 3), there exists u € WP(Q) such that u, — u
in WP(Q). Moreover, since Tr : WP (Q) — Ly(T) is continuous by point 4 of Theorem []
Tru = ¢ according to item 2. From item 3 we deduce that for all v € WP(Q)

/Q VuVu = /F GTro, (13)

and hence, in particular for all v € D(€2). Therefore Au = 0. This with Eq. (I3)) yields
that u has a normal derivative in Ly(I') and O,u = 1.

Conversely, let ¢, ¢ € Lo(I') be such that there exists a function v € WP(Q), so
that Tru = ¢, Au =0, J,u =1 . According to the definition of normal derivatives (see
Definition [7] and Remark @), since Au = 0, we have for all v € WP(Q):

/Vqu:/@Z)Trv.
Q r

Therefore, for n > 3 we can apply the Theorem [0 to the sequence, defined by wu; = u
for all £ € N, and the result follows. [ Let us notice that the Dirichlet-to-Neumann
operator Ag for the truncated domain by a dg set S (n—1<dg < n) can be defined
absolutely in the same way as A for the exterior domain if we replace W2(Q) by H'(Qg)
or, equivalently, by W& (Q).

Consequently, for the exterior and truncated domain we have

Theorem 12 Let Q) be the exterior domain in R™ with n > 3 and Qg be a truncated
domain in R™ with n > 2 satisfying conditions of Theorem [3 and A\ € [0,00[. Then
the Dirichlet-to-Neumann operator with the Dirichlet boundary condition at infinity A :
Ly(T') — Lo(T") (see Definition [Il) and the Dirichlet-to-Neumann operator As of the
truncated domain are positive self-adjoint operators with a compact resolvent

YA€ [0, +00] (M + A =Trro By, (M + Ag)~" = Tiy o By(S)

20



where By : 1 € Ly(T) = u € WP(Q) with u, the solution of Eq. ([@), and By(S) :
P € Ly(T) = u € W2(Q) with u, the solution of Eq. (3) are defined in Theorem [ and
Theorem [{] respectively. Moreover, Ker A = Ker Ag = {0} and for n > 3, independently
on a d-set S, ((R"\ Qo) N B, CQg, with 0B, NS, =),

Ve [0, +OO[ ||()\I + Asr)_l — ()\I -+ A)_1||£(L2(F)) — 0 asr — +o0.

Therefore, the spectrum of A and Ag are discrete with all eigenvalues (Ag)ken Strictly
positive
O< A<M <X <...., with)\ — +00k — 400,

and the corresponding eigenfunctions forms an orthonormal basis of Lo(T) .

Proof. The compactness of the resolvents (A + A)~! and (M + Ag)™! directly follows
from the compacteness properties of the operators Trr, By, B\(S). Using the previous
results and the Hilbert-Schmidt Theorem for self-adjoint compact operators on a Hilbert
space, we finish the proof. [

6 Proof of Theorem O and final remarks

Now, we can prove Theorem [} Proof. For n > 2 the statement of the theorem directly
follows from Theorems [l and (see also [I8] pp. 129-132 and 134 for the explicit
calculus of the interior and exterior spectra of A for a ball).

For n = 2 we also have Theorem [[1] and Proposition [l Let us prove that if n = 2
the resolvent (A + A(S,))™' — (A + A™)~! for r — 400 in L(Ly(T)), where by A"
is denoted the Dirichlet-to-Neumann operator corresponding to the bounded domain €2
(the interior case).

It holds in the case of a ball for n =2 by an explicit calculus (see [I8] pp. 129-132).
For a Lipschitz plane boundary, it is sufficient to apply a conform map to project I' to a
sphere and hence to obtain the same result. If Qy is a (¢,d)-domain in R? | by [24], its
boundary is a quasi-circle. Let us take a sequence of conformal to the circle boundaries,
for example, if €y is a snowflake of the Von Koch, corresponding to the sequence of the
fractal generations (of its complement), I';, which for j — +oo becomes I' such that
Qj,g C Qj+1,S and Qg = U;‘)i1Qj,S .

Thus, for cach T'; there exist A;(S,) and A with compact resolvent on L*(I';) and
(M + A;(Sp) ™ = (M + AP)~1 for v — 400 in L(Ly(I';)). Thanks to Theorem [T}
there also exist A™ on the d-set I', positive self-adjoint on Lo(T") with a compact
resolvent and 0 € o,

Thanks to the relation (A 4+ A;(S,))™" = Tro B;(S,), with B;(S,) defined in Theo-
rem [4] to be able to pass to the limit for j — 400 we consider the sequence of compact
operators Extq, ;a4 0 B;(S,) form Ly(I';) — H'(Qg), which defines, for instance for
Ir, € Ly(T';), a monotone increasing sequence wu; in H'(Qg) bounded for j — o0
by its limit u = B(S,)1r. Therefore, thanks to the continuity and compactness of the
operators, we have that the spectrum o.,; of A for the exterior of a quasi-disk is equal
to the spectrum o;,; of A for the quasi-disk, which, as it is shown in Theorem [l is
discrete and containing in Rt with )\, — +o00 for kK — +00 and with \g =0. O
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Let us also notice that for the convergence of the series (2)) on the truncated or the
exterior domain, we need to have 1 € D(A). For a Lipschitz boundary I' it was proven
in Proposition 5.7 of Ref. [6]. In this framework we state more generally

Proposition 6 Let Q and s be domains in R™ with n > 3 and with n > 2 respec-
tively with a d-set boundary T' (n —1 < d < n ), satisfying Theorem [3. Then for all
Y € Lo(T) there exists ¢ = A € Lo(T) . If Q is a exterior domain in R? | then for all
(VNS 82}22(1“) there exist ¢ = Ay € Lo(T).

Proof. It is a corollary of the fact that the operator A : Ly(I') — Lo(T"), considered on
Q (for n > 3) and Qg (for n > 2) respectively, is invertible with a compact inverse
operator A™! (since A =0 is a regular point by Theorem [).

For instance, for the exterior case with n > 3, 1p € Lo(I'), thus, for A = 0,
Bolr € WP(Q), by the well-posedness of the Robin Laplacian exterior problem, and
hence Tr(Byly) = A~ € Ly(T).

If Q is a exterior domain in R?, then for all w € H'(2), such that Vu = 0 weakly,
there exists unique Tru € B;’Q(l") C Lo(I') with B = d/2 (see Theorem [2)), thus for
all ¢ € BE’Z(F) there exist ¢ = Ay € Lyo(I"). Consequently, as 1p € BE’Q(F), thus
1r € D(A) . g

Acknowledgments

We would like to thank Claude Bardos for useful discussions about the subject and Denis
Grebenkov for pointing the physical meaning of the problem.

References

[1] G. ALLAIRE, Analyse numérique et optimisation, Ecole Polytechnique, 2012.

[2] W. ARENDT AND A. F. M. T. ELST, Sectorial forms and degenerate differential
operators, J. Operator Theory, 67 (2012), pp. 33-72.

[3] W. ARENDT AND R. MAZZEO, Spectral properties of the Dirichlet-to-Neumann op-
erator on Lipschitz domains, Ulmer Seminare, 12 (2007), pp. 28-38.

[4] ——, Friedlander’s eigenvalue inequalities and the Dirichlet-to-Neumann semigroup,
Communications on Pure and Applied Analysis, 11 (2012), pp. 2201-2212.

[5] W. ARENDT AND A. TER ELST, The Dirichlet-to-Neumann operator on rough do-
mains, Journal of Differential Equations, 251 (2011), pp. 2100-2124.

6] W. ARENDT AND A. F. M. TER ELST, The Dirichlet-to-Neumann operator on
exterior domains, Potential Analysis, 43 (2015), pp. 313-340.

[7] J. BEHRNDT AND A. TER ELST, Dirichlet-to-Neumann maps on bounded Lipschitz
domains, Journal of Differential Equations, 259 (2015), pp. 5903-5926.

22



18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

22]

23]

M. BODIN, Characterisations of function spaces on fractals, PhD thesis, 2005.

L. P. Bos AND P. D. MILMAN, Sobolev-Gagliardo-Nirenberg and Markov type in-

equalities on subanalytic domains, Geometric and Functional Analysis, 5 (1995),
pp. 853-923.

A.-P. CALDERON, Lebesque spaces of differentiable functions and distributions, Proc.
Symp. Pure Math., 4 (1961), pp. 33-49.

R. CAPITANELLI, Mized Dirichlet-Robin problems in irregular domains, Comm. to
SIMAI Congress, 2 (2007).

—, Asymptotics for mized Dirichlet-Robin problems in irreqular domains, Journal
of Mathematical Analysis and Applications, 362 (2010), pp. 450-459.

L. C. EVANS, Partial differential equations, Graduate Studies in Mathematics, 1994.

M. FILOCHE AND D. S. GREBENKOV, The toposcopy, a new tool to probe the geom-

etry of an irreqular interface by measuring its transfer impedance, Europhys. Lett.,
81 (2008), p. 40008.

A. GIROUARD, R. S. LAUGESEN, AND B. A. SIUDEJA, Steklov eigenvalues and

quasiconformal maps of simply connected planar domains, Archive for Rational Me-
chanics and Analysis, 219 (2015), pp. 903-936.

A. GIROUARD, L. PARNOVSKI, I. POLTEROVICH, AND D. A. SHER, The Steklov

spectrum of surfaces: asymptotics and invariants, Mathematical Proceedings of the
Cambridge Philosophical Society, 157 (2014), pp. 379-389.

A. GIROUARD AND I. POLTEROVICH, Spectral geometry of the Steklov problem,
preprint, larXiv:1411.6567.

D. S. GREBENKOV, Transport Laplacien aux interfaces irregulires : étude théorique,
numérique et expérimentale, PhD thesis, 2004.

D. S. GREBENKOV, M. FILOCHE, AND B. SAPOVAL, Mathematical basis for a

general theory of Laplacian transport towards irregular interfaces, Phys. Rev. E, 73
(2006), p. 021103.

— A simplified analytical model for Laplacian transfer across deterministic pre-
fractal interfaces, Fractals, 15 (2007), pp. 27-39.

P. HAajrASz, P. KOSKELA, AND H. TUOMINEN, Sobolev embeddings, extensions and
measure density condition, Journal of Functional Analysis, 254 (2008), pp. 1217-1234.

D. A. HERRON AND P. KOSKELA, Uniform, Sobolev extension and quasiconformal
circle domains, J. Anal. Math., 57 (1991), pp. 172-202.

L. THNATSYEVA AND A. V. VAHAKANGAS, Characterization of traces of smooth
functions on Ahlfors reqular sets, (2011).

23


arXiv:1411.6567

[24] P. W. JONES, Quasiconformal mappings and extendability of functions in Sobolev
spaces, Acta Mathematica, 147 (1981), pp. 71-88.

[25] A. JONSSON, P. SJIOGREN, AND H. WALLIN, Hardy and Lipschitz spaces on subsets
of R™, Studia Math., 80 (1984), pp. 141-166.

[26] A. JONSSON AND H. WALLIN, Function spaces on subsets of R™, Math. Reports 2,
Part 1, Harwood Acad. Publ. London, 1984.

[27] ——, The dual of Besov spaces on fractals, Studia Mathematica, 112 (1995), pp. 285—
300.

[28] ——, Boundary value problems and brownian motion on fractals, Chaos, Solitons &
Fractals, 8 (1997), pp. 191-205.

[29] M. R. LANCIA, A transmission problem with a fractal interface, Zeitschrift fiir Anal-
ysis und ihre Anwendungen, 21 (2002), pp. 113-133.

[30] J. LioNS AND E. MAGENES, Non-Homogeneous Boundary Value Problems and Ap-
plications, vol. 1, Berlin: Springer-Verlag, 1972.

[31] G. Lu AND B. Ou, A Poincaré inequality on R™ and its application to potential
fluid flows in space, Comm. Appl. Nonlinear Anal, 12 (2005), pp. 1-24.

[32] J. MARSCHALL, The trace of Sobolev-Slobodeckij spaces on Lipschitz domains,
Manuscripta Math, 58 (1987), pp. 47-65.

[33] M. MARTIN AND M. PUTINAR, Lectures on hyponormal operators, vol. 39,
Birkhauser, Basel, 1989.

[34] O. MARTIO AND J. SARVAS, Injectivity theorems in plane and space, Annales
Academiae Scientiarum Fennicae Series A I Mathematica, 4 (1979), pp. 383-401.

[35] V. N. MASLENNIKOVA, Partial differential equations, (in Russian) Moscow, Peoples
Freindship University of Russia, 1997.

[36] W. MCLEAN, Strongly elliptic systems and boundary integral equations, Cambridge
University Press, 2000.

[37] J. P. PINAScO AND J. D. Ross1, Asymptotics of the spectral function for the Steklov
problem in a family of sets with fractal boundaries, Appl. Maths. E-Notes, 5 (2005),
pp- 138-146.

[38] P. SHVARTSMAN, On the boundary values of Sobolev VVp1 -functions, Adv. in Maths.,
225 (2010), pp. 2162-2221.

[39] E. M. STEIN, Singular integrals and differentiability properties of functions, Prince-
ton University Press, 1970.

[40] M. TAYLOR, Partial Differential Equations II, Appl. Math. Sci., Vol. 116, Springer-
Verlag, New-York, 1996.

24



[41] H. TRIEBEL, Fractals and Spectra. Related to Fourier Analysis and Function Spaces,
Birkhauser, 1997.

[42] H. WALLIN, The trace to the boundary of Sobolev spaces on a snowflake, Manuscripta
Math, 73 (1991), pp. 117-125.

[43] P. WINGREN, Function Spaces and Applications, Springer Science + Business Media,
1988, ch. Lipschitz spaces and interpolating polynomials on subsets of euclidean
space, pp. 424-435.

25



	Introduction
	Elements of functional analysis and traces theorems on d-sets
	Well-posedness of Robin boundary problem for the Laplace equation
	Well-posedness on a truncated domain
	Functional spaces for the exterior problem
	Well-posedness of the exterior problem and its approximation

	Spectral properties of the Poincaré-Steklov operator defined by the interior and by the exterior problems
	Poincaré-Steklov operator on d-set
	On a bounded domain
	On the exterior and truncated domains

	Proof of Theorem 9 and final remarks

