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Abstract

In the theory of second-order, nonlinear elliptic and parabolic equations,
obtaining local or global gradient bounds is often a key step for proving the
existence of solutions but it may be even more useful in many applications,
for example to singular perturbations problems. The classical Bernstein’s
method is the well-known tool to obtain these bounds but, in most cases, it
has the defect of providing only a priori estimates. The “weak Bernstein’s
method”, based on viscosity solutions’ theory, is an alternative way to prove
the global Lipschitz regularity of solutions together with some estimates but
it is not so easy to perform in the case of local bounds. The aim of this paper
is to provide an extension of the “weak Bernstein’s method” which allows to
prove local gradient bounds with reasonnable technicalities.

The classical Bernstein’s method is a well-known tool for obtaining gra-
dient estimates for solutions of second-order, elliptic and parabolic equations

*Laboratoire de Mathématiques et Physique Théorique (UMR CNRS 7350), Fédération
Denis Poisson (FR, CNRS 2964), Université Francois Rabelais, Parc de Grandmont, 37200
Tours, France. Email: Guy.Barles@lmpt.univ-tours.fr

This work was partially supported by the project ANR MFG (ANR-16-CE40-0015-01)
funded by the French National Research Agency



(cf. Gilbarg and Trudinger[4] and Lions[5]). The underlying idea is very
simple: if u: Q C RY — R is a smooth solution of

—Au=0 inQ,
where A denotes the Laplacian in RY| then w := |Dul|? satisfies
—-Aw <0 inQ.

The gradient bounded is deduced from this property by using the Maximum
Principle if one knows that Dwu is bounded on 02 and this bound on the
boundary is usually the consequence of the existence of barriers functions.

Of course this strategy can be used for far more general equations but it
has a clear defect: in order to justify the above computations, the solution
has to be C? and, in general, the classical Bernstein’s method just provides
an a priori estimates and one has to find a suitable approximation of the
equation to actually prove the gradient bound.

In 1990, this difficulty was partially overcomed by the Weak Bernstein’s
method whose idea is even simpler: if one looks at the maximum of the
function

(2, y) = u(z) —uly) = Lz —y[ inQxQ,

and if one can prove that it is achieved only for z = y for L large enough,
then |Du| < L. Surprisingly, as it is explained in the introduction of [1],
the computations and structure conditions which are needed to obtain this
bound are the same (or almost the same with tiny differences) as for the
classical Bernstein’s method. Of course, the main advantage of the Weak
Bernstein’s method is that it does not require u to be smooth since there is
no differentiation of v and it can even be used in the framework of viscosity
solutions.

Problem solved? Not completely because the Weak Bernstein’s method is
not of an easy use if one looks for local bounds instead of global bounds. In
fact, in order to get such local gradient bounds, the only possible way seems to
multiply the solution by a cut-off function and to look for a gradient bound
for this new function. Unfortunately, this new function satisfies a rather
complicated equation where the derivatives of the cut-off function appear
at different places and the computations are rather technical. The classical
Bernstein’s method faces also similar difficulties but, at least in some cases,
succeeds in providing these local bounds in a not too complicated way.



The aim of this article is to describe a slight improvement of the Weak
Bernstein’s method which allows to obtain local gradient bounds in a simpler
way, ‘simpler” meaning that the technicalities are as reduced as possible,
although some are unavoidable. This improvement is based on an idea of
P. Cardaliaguet [2] which dramatically simplifies a matrix analysis which is
keystone in [1] but also allows this extension to local bounds.

To present our result, we consider second-order, possibly degenerate, el-
liptic equations which we write in the general form

F(z,u, Du, D*>u) =0 in Q, (1)

where ) is a domain of RY and F : Q x R x RY x S¥x — R is a locally
Lipschitz continuous function, S denotes the space of N x N symmetric
matrices, the solution w is a real-valued function defined on Q, Du, D*u
denote respectively its gradient and Hessian matrix. We assume that F
satisfies the (degenerate) ellipticity condition : for any (z,7,p) € Q x R x RY
and for any X,Y € SV,

F(z,r,p,X) < F(z,r,p,Y) it X >Y.

Among all these general equations, we focus in particular on the following
one

—Au+ |Dul™ = f(z) inQ, (2)
where m > 1 and f € W,5>°(Q), which is a particular case for which the

loc
classical Bernstein’s method provides local bound in a rather easy way, while

it is not the case for the Weak Bernstein’s method.

1 Some preliminary results

In this section, we are going to construct the functions we use in the proof
of our main result. To do so, we introduce K which is the class of increasing
functions x : (0,4+00) — [1,+00) such that x(¢) < K(x)t* for some a < 1
and some constant K (y) > 0 and

1 tx(t) .

The first ingredient we use below is a smooth function ¢ : [0, 1[— R such
that ©(0) =0, ¢'(0) = 1 < /() for any ¢ € [0, 1] with p(t) — +oc ast — 1~
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and ¢”(t) < K19/ (t)x(¢'(t)) for some constant K7 > 0. In fact the existence
of such function is classical using that

and by choosing K; = 1+°° S;l(ss) we already see that ¢/(t) — +ooast — 1.
Moreover oo g
/ 5 — K1<1 — t) 5
@' (t) sx(s)

and therefore

R R O

Ki(l=1) 2 [K()] /

@' (t)

o(t) > <%) ~1/a |

and therefore ¢'(¢) is not integrable at 1 since 1/ > 1.

On the other hand, given o € RY and R > 0, we use below a smooth
function C' : B(xg,3R/4) — R is a smooth function such that C(z) = 1
on B(xg,R/4), C(z) > 1 in B(x¢,3R/4) and C(z) — +oo when z —
0B(z0,3R/4) and with

This means that

|D*C(z)| |DC(x)|”
Clz) " [Cx)]?

< Ka(R)[x(C(2)))*

where x is a function in the class K. If ('} is a function which satisfies the
above properties for R = 1, we see that we can choose C' as

i
2

and therefore Ky(R) behaves like R72K5(1).
To build C', we first solve

W (1) = K (1) [x (0 (1)), ¢(0) =1, ¢'(0) = 0.
Multiplying the equation by 2¢/(t), we obtain that

Y(t) = F(y(t)) ,

Clx) = Cu(
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where

[vazﬂK{[}u@m@.

Again we look for a function 1 such that ¥ (t) — +o0o as ¢ — 1~ and to do
so, the following condition should hold

[7
1 F<T) .

T

vazmg/su@ﬁwZHQﬁnvmw,

T/2

and since T +— x(7/2) is in KC, we have the result for " and for ¢ by choosing
appropriately the constant K.
Moreover

[F(T)]? < 2B5(7 = 1)7x(7)]* < 2K3[rx ()]

and therefore
V(t) < (2K3) PP (Ox (1)) -
With 1 the construction of C' is easy, we may choose
Alr — xo| — R/2)
R )
for |x — z9| > R/2 and we extend it properly in all the ball B(zq,3R/4).

Clx) =

2 The Main Result

Our result is the following

Theorem 2.1 Assume that F is a locally Lipschitz function in QxR xRN x
SNx — R which satisfies : F(x,r,p, M) is Lipschitz continuous in M and

Fy(z,r,p, M) <0 and Fy(z,7,p, M) >0 a.e in QxRxRY xSVx =R,

and let uw € C(Q) be a solution of (1).



(i) (Uniformly elliptic equation : estimates which are indepen-
dant of the oscillation of u) Assume that there exists a function x € K,
n > 0 small enough such that, for any K > 0, there exists L = L(n, K) large
enough such that

—Fag - M? >+ (2 +0) [ Follpx(Ipl) + 0l F, - pl + K| Farlloo (P (I])?) a-e.,

in the set {(z,r,p, M); |F(z,7,p, M))| < nlpx*([p]) , [p| = L}. If B(xo, R) C
Q then u is Lipschitz continuous in B(0, R/2) and |Du| < L in B(0, R/2)
where L is given by L(n, K) where K = K(R).

(i) (Uniformly elliptic equation : estimates depending the oscil-
lation of u) Assume that there exists a function x € K, n > 0 small enough
such that, for any K > 0, there exists L = L(n, R, K) large enough such that

—Fy - M? >0+ (1+0)|F|lp| +nlF, - p| + K||Full(IpIx(p]))?) a.c.,

in the set {(z,r,p, M); |F(z,7,p, M))| < nlplx(pl) , ol > L}. 1f Bz, B) C
Q then u is Lipschitz continuous in B(0, R/2) and |Du| < L in B(0, R/2)
where L is given by L(n, K) where K = K(R).

(i7i) (Non-uniformly elliptic equation : estimates depending the
oscillation of u) Assume that there exists a function x € K, n > 0 small
enough such that, for any K > 0, there exists L = L(n, R, K) large enough
such that

1
F;,;-erFu\pF—mFM-M2 > 0 (|Fopl+ Fulpl*+ Fyp) + K| Fal | (IpIx(1])?) a-e.,

in the set {(z,r,p, M); |F(a,r,p, M))| < nlplx(pl) , [p| > L. I Bao, R)
Q then u is Lipschitz continuous in B(0, R/2) and |Du| < L in B(0, R/2)
where L is given by L(n, K) where K = K(R).

As an application we can consider Equation (2): the idea is to choose
X(t) = t* with v := 1 4+ 2a < m. The most important point is that the

constraint |F'(z,r,p, M))| < nlp|” if v < m, n < 1/2 and |p| large enough
(depending only on «y) implies

1 m
Tr(M) > §|p| — | fllL=B0,R) ;
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but, by Cauchy-Schwarz inequality
Tr(M) < C(N)[Tr(M?)]/? .

Therefore the term Fy; - M? behaves like [p|*™ and clear dominates the terms
|| Far||so|p[*? since v < m, while the terms |F,|(1 + v)|p|” and F}, - p grows
like [p|” and |p|™ respectively, therefore we have the gradient bound and the
classical case (m = 1) can be also treated under the assumptions of (ii).

In this example, it is also clear that we can replace the term |Du|™ by a
term H (Du) where H satisfies: there exists x € I such that

H(p)

——— — +00 as |p| & +oo.
pIx*(lpl)

In the case of non-uniformly elliptic equation, the gradient bound comes
necessarely from the F,|p|?-term. For the equation

~Tr(A(z)D*u) + |Du|™ = f(x) inQ, (3)

where m > 1 and A, f are locally bounded and Lipschitz continuous, a change
of variable is necessary (we also may assume that A(x) is a symmetric matric
for any x). Assuming (without loss of generality) that u > 1 at least in the
ball B(0, R), we can use the change u = exp(v). The equation satisfied by v
is

—Tr(A(z)D*) + A(z)Dv - Dv+ exp((m — 1)v)| Dv|™ = exp(—v) f(z) inQ,
The computation of the different terms gives
Ey(z,v,p, M) = (m — 1) exp((m — 1)v)|p|™ + exp(—v) f(z) ,
Fo(z,v,p, M) = =Tr(Ay(x)M) + A(z)p - p — exp(—v) f(2)
Fy(z,v,p, M) = 2A(z)p + exp((m — 1)v)[p|"?p ,
— Fyg(z, 0, p, M)M? = Te(A(z) M?) .

If we assume that A(x) = o(x).07(x) for some bounded, Lipschitz con-
tinuous function o, where o7 (x) denotes the transpose matrix of o(x), then
Cauchy-Schwarz inequality implies

Tr(Az(2) - pPM)| < 5 1 nTr(A(x)MQ) +O((lowlp])?) +



This control of the first term in F,(x, v, p, M is the only use of the — Fy;(x, v, p, M) M?-
term.

Therefore the F,(x,v,p, M)|p|*-term which behaves like |p|™*? if m > 1,
has to control the terms

(Az(2)-p)(p-p) = O(Ip]*) , —exp(—v) fulz)- = O(|p]) , 24(z)p-p = O(|p]*) ,

and the term exp((m — 1)v)|p|™ which appear in F), - p but multiplied by 7,
that we can take small enough.

The most important constraint is to control the term K||Fas || (|p]x(Ip]))?)
but by choosing x(t) = t for a > 0 small enough, this term behaves as |p|**2*
and is controlled by |p|™2 since m > 1. Therefore Theorem 2.1 (iii) applies.

3 Proof of Theorem 2.1

We start by proving (i) : the aim is to prove that, for any x € B(x, R/2),
D7 u(x) is bounded with an explicit bound. This will provide the desired
gradient bound.

To do so, we consider on

Iy == {(z,y) € B(xo,3R/4) x B(xo, R) : LC(z)(lx — y[ + o) < 1}
the following function

x(@,y) = u(z) —u(y) — p(LC(z)(|lz — y| + a)) ,
where

e [ > 1is a constant which is our future gradient bound (and therefore
which has to be choosen large enough),

e the functions ¢ and C are built in Section 1,
e o > (is a small constant devoted to tend to 0.

We remark that the above function achieves it maximum in the open set
I';: indeed, if (z,y) € ', we have LC(z)a < 1 and therefore = € B(0, R')
for some R’ < 3R/4 and LC(z)|x — y| < 1 which implies |x — y| < L™! and
for L > 4/R this implies y € B(0, R' + R/4) and R' + R/4 < R. Therefore,
clearly x(z,y) — +o0 if (z,y) — O'L.

8



Next we argue by contradiction: if, for some large L, this maximum is
achieved for any « at (z,y) with £ = g, then x(z,z) = —p(LC(Z)a) and
therefore necessarely & € B(zg, R/4) by the maximality property and the
form of C. Moreover, for any x,y

u(x) —uly) = p(LO(@)(|z = y[ + a)) < —p(La)

and if this is true, for a fixed L, this implies that, for any x,y

u(r) —uly) — p(LC(x)|z —y[) <0
Choosing = € B(xy, R/4), we have

u(y) — u(z) > —p(Llz —yl),

and this inequality implies that any element in DT u(z) has a norm which is
less than L, which we wanted to prove.

Otherwise, this means that, for any fixed L, the maximum point (z,y) of
X, satisfies ¥ # y for a small enough and we are going to prove that this is
a contradiction for an L large enough but independant of a.

For the sake of simplicity of notations, we denote by (x,y) a maximum
point of x and we set t = LC(z)(|x — y| + ) and

p= P OLCE@ I g HOLDLC) o 1] + ).

We have (p+q, X) € D*>Tu(x), (p,Y) € D* u(y) and the viscosity inequal-
ities
F(z,u(z),p+¢,X) <0, Fly,u(y),p,Y) >0,
with, for any r, s € RV
Xr-r—Ys-s<ml|r— s> +ylr —s||r| +lr*,

where

_ YH)LC(x) " )2
2 = ¢ ()L DC ()] + " (t) L2.| D C () ].C2).(|lz — y| + a) ,
| D*C()| [DaC @) 2

9
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By easy manipulations, it is easy to see that

Yo < ’717‘1)8((;(;”

3 < 271 E[x (C(2)*(Jo =yl + a)* .
And, by Cauchy-Schwarz inequality, we deduce that, for any v > 0,

1/2

(I =yl + @) < X (C@)(|z =yl +a) ,

Xror=Yses < (1+ 2l — s+ BIRv)m(C@) Pz =yl + )il

where B(R,v) = (2 + (2v)"!) K, depends on R through K, and therefore is
a O(R™%) if v is fixed.
Coming back to p and ¢, we also have

|ID;L«C(w)I D,C(x

= P2 o — g1+ ) < W] < oz

since LC(z)(|z—y|+a) < 1, C > 1 everywhere and since |Dg( - isa O(R™ .

In order to have simpler formulas, we denote below by w; any quantity which
isa O((RL)™).

Now we arrive at the key point of the proof: by the above matrices
inequality, choosing r = 0, we have —Y < (14 %)Iy where Iy is the identity
matrix in RY. Therefore the matrix Iy + [(1 + v)y] 'Y is invertible and
rewriting the matrices inequality as

Xror <Ys-s+(L+v)nlr — s+ BR,v)nX(C @) (lr — yl + a)*|r[*,

we can take the infimum in s in the right-hand side and we end up with

X <Y(In+ Y)™ 4 BR, ) (C@)(z -yl + a)%In

(I+v)m

Setting Y := Y (Iy + (1+u)«/ —L_Y)~!, this implies that we have (p +¢,Y +
3 X (C(x)*(|lx —y| +a)?.Iy) € D*>Tu(x), (p,Y) € D> u(y) and, using the
Lipschitz continuity of F'in M, the viscosity inequalities

F(z,u(z), p+¢,Y) < ||Fyrl|o B(R, V)71 [ (C (@) le—y|* , F(y,uly),p,Y) >

Next we introduce the function

0.

g(7) = F(X(7),U(7), P(7), Z(7))=7||Fxl | B(R, V)1 [x(C(2))]* (|lz—y|+a)*
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where

X(r)=re4+ QA —=7)y, Ulr) =7u(x)+ (1 -7uly), P(T)=p+7q,

T -1
(L+v)n

From now on, in order to simplify the exposure, we are going to argue
as if F' were C'!: the case when F is just locally Lipschitz continuous follows
from tedious but standard approximation arguments.

We have ¢(0) > 0 and g(1) < 0 : if we can show that the C'' function g
satisfies ¢'(7) > 0 if g(7) = 0, we would have a contradiction. Therefore we
compute

g(r) = Fo-(z—y)+ Fu(u(z) —u(y) + Fp - g+ Fu - Z'(7)
—||Frlloo B(R, V) X (C (@) (|2 =yl + ) |
and using that F,, > 0, Z'(1) = —((1 + v)y1) '[Z(7)]* and the estimates on
p, q, we are lead to
J() = (A+v)n)  {F A+ v)nle —y) + @F, - P(7) — Fu - [Z(7))
—(1+ V) BB, V)| Farloo(71) X (C@) (|2 — yl + @)}

Now we estimate 7|z — y| using that LC(x)(Jx — y| + @) < 1 and the
properties of ¢

Z(r) =Y (I +

n(lz —yl+a)

' (H)LC(z) + 9" (1) (LC(2))*(lr — y| + o)

[P(7)|(1+ @1 + 0a(1)) + &' ()X (#'()) LC(2)

[P(T)[(1+ @1+ 0a(1)) + x(&' ()| P(7)[(1 + @1 + 0a(1))
[P()IX(P(T))(2 + @1+ 0a(1)) -

Indeed |P(7)] = ¢'(t)LC(x)(1 4+ w7) and recalling that @, = O((RL)™1),
we can choose L large enough in order that LC(x)(1 4+ wy7) > 1, allowing

to use the inequality x(¢'(t)) < x(|P(7)|). In the same way, one can choose
L large enough to have x(C(z)) < x(|P(7)|) and therefore

YX(C(@) (|2 =yl + @) < [POIX(IP(T)N](2 + @1+ 0a(1))

71|90—?/|

VAN VAN VAN VAN VAN

and
nx(C (@) P(Je—yl+a)* < [P(r)[x*(|P(7)])(1+wi40a(1)) X (C(2)) (|z—y|+a) ;
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but (|Jz —y| + ) < (LC(z))~! and x(C(x))(C(z))~" is bounded, therefore

NIX(C@)P (|l =yl + a)* < @ P(0)lIx (| P(r)D]* -

We end up with

J() = (L+v)m)  H{=0+)IE[PE)X(P(T))(2 + @1+ 0a(1))
+@i F, - P(7) = Far - [2(7))°
—(1+v)BR, V)| Fulloo[[P(T) X (1 P(T))]*(2 + @1 + 0a(1)) } -

On the other hand, the constraint ¢g(7) = 0 implies
|F(X(7),U(r), P(7), Z(7))| < B(R,v)w:|P(r)[x*(IP(7)]) -

The conclusion follows by choosing 2(1+v) < 2+n (for example v = 1/3)
and applying the assumption on F' for L large enough in order that w; < n,
and taking L > L depending on K = B(R, v)w; (which behaves like O(R~2))
and « small enough for which we have a contradiction.

Now we turn to the proof of (ii) where we choose ¢(t) =t and

I, == {(x,y) € B(xg,3R/4) X B(xg, R) : LC(z)(]x — y| + o) < oscr(u)} .

The proof follows the same arguments, except that the fact that ¢”(t) = 0
allows different estimates on the 7;, i = 1,2, 3 since ¢”(t) = 0 implies that
several terms do not exist anymore. Denoting by w, any quantity of the

form O(oscg(u)(RL)™'), we have
= x _le-y) = z)|(lx — a)=w
p= L0 Tl = LIDC@ (e = vl + ) = =l
LC(x)
(lz —y[+a)

And we still have the same estimates on 71, 72,73

;%2 = L|D,C(2)], 73 = LID*C(x)|(|lz — y| + @) .

Y1 =
- %%Qx “ylta) < mx(C@) (e -yl +a) .

15 < N (C@)(lz =yl +a)*.
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The proof is then done in the same way as in the first case with the
computation of ¢’(7) and the estimates

g(r) = (L+v)yp) H{E - (L+v)m(e —y) +@oF, - P(1) = Far - [Z(7))
~(L+v)B(R,v)|| Exlloo(n)* [ (C(2)* (|2 =y + )?}
But here
n(r—y)=p=P()(1+ =),

and in the same way,

Mx(C(2)(|z =yl + o) < |P(T)IX(IP(T))(1 + @2 + 0a(1)) -
We end up with

J(r) = (T+v)n) H{F - P(T)(1 + @)
+w@yFy - P(T) — Fyy - [Z(7)]?
—(1+v)B(R, V)| Fu o[ P(T) X ([ P(T))]* (1 + 2 + 0a(1)) } -

On the other hand, the constraint ¢g(7) = 0 implies
|F(X(7),U(7), P(7), Z(7))| < B(R, v)w,|P(T)[x(|P(7)]) - (4)

The conclusion follows as in the first case by applying the assumption on
F for L large enough in order that @, < 7, and taking L > L (depending
on K = B(R,v)wy = O(R™?) and « small enough for which we have a
contradiction.

For the proof of (iii), we keep the same test-function and the same set I,
but since we are not expecting the gradient bound to come from the same
term in ¢'(7), we are going to change the strategy in our computation of ¢'(7)
by keeping the F,-term. Using that F,, > 0 and

u(e) — uly) = LO()(ja — y| + o) = B

N

we obtain

g(1) = Fo-(w—y)+ Fu(u(@) —uly) + F, - q+ Fu - Z'(7)
~[1Fulloe B(R, V) [X(C(2)* (|2 — yl + ) |

1
= (’71)_1 {Fm ‘p+ Fu\p|2 + wyF, - P(1) — mFM : [Z<T)]2

—B(R,v)|[Furlloec(1)* X(C @) (lx — y + )’} -
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This computation is close to the one given in [1] if there is no localization
term (C' =1).

Since p = P(7)(1 4+ w2) and using anagolous estimates as above, we are
lead to

/1) 2 7 B PO+ BIPOR - P 20
42, (Fy - P(7) + FP(P + - P(7)

=B(R, )| Farlloc[| P(T)IX(IP(F))*(1 + @2+ 0a(1) } -

On the other hand, the constraint g(7) = 0 still implies (4) and we also
conclude by choosing L large enough.

4 The parabolic case

In this section, we consider evolution equation under the general form
uy + F(x,t,u, Du, D*u) =0 in Qx (0,T), (5)

and the aim is to provide a local gradient bound where “local” means both
local in space and time. As a consequence, we will have to provide a local-
ization also in time and a second main difference is that we will not be able
to use that the equation holds since the u;-term has no property in general
and therefore the assumptions on F' have to concern any x,t,r, p, M and not
only those for which F(z,t,r,p, M) is close to 0.

Theorem 4.1 (Estimates for non-uniformly parabolic equations :
estimates depending the oscillation of u)

Assume that F is a locally Lipschitz function in Q@ x R x RY x S¥x — R
which satisfies : F(x,r,p, M) is Lipschitz continuous in M and

Fu(z,t,r,p, M) <0 ae nQxRxRY xSVx =R,

and let u € C(Q x (0,7)) be a solution of (5). Assume that there ezists a
function x € IC, n > 0 small enough such that, for any K > 0, there exists
L = L(n, R, K) large enough such that, in the set {(z,t,r,p, M); , |p| > L},
F, >0 and

1
Fgc-p+Fu|p|2—mFM-M2 > n+n(|F,-pl+ Fulp|> + F, - p+ [p|*x(|p]))
+K||Fu oo ([plx(IP])?) a-e..
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If B(xo, R) C  then u is Lipschitz continuous in B(0, R/2) and |Du| < L
in B(0, R/2) where L is given by L(n, K) where K = K(R).

It is worth pointing out that the assumptions of Theorem 4.1 are rather
close to the one of Theorem 2.1 (iii) and the same computations provide a
gradient bound for the evolution equation

uy — Tr(A(z)D*u) + |Du|™ = f(z) inQ, (6)
it m > 1.

Proof of Theorem 4.1 : We argue as in the proof of Theorem 2.1 (iii),
except that here L = L(t) with L(t) — 400 as t — 07. We still choose
p(t) =t and

I, .= {(z,y,t) € B(xo,3R/4)xB(xo, R)x(0,T) : L(t)C(z)(|r—y|+a) < oscr(u)} .

We consider maximum point (z,y,t) € I, of

u(z,t) —u(y,t) — LE)C(2)(je —yl + ) ,
and if x # y we are lead to the viscosity inequalities
a+ F(z,tu(z,t),p+q,X) <0, b+ Fly, t,u(y,t),p,Y) 20,

where (a, p+q, X) € D*%u(z,t), (p,Y) € D> u(y,t) and a—b > L'(t)C(z)(|Jz—
yl + ).

Subtracting these inequalities, we have

L'()C(@)(|z =yl + a) + Flz,u(@),p+ ¢, X) = F(y,u(y),p,Y) <0,
and if we set

g(r) = F(X(7),U(r), P(r), Z(7))
+7 (L'(O)C(@)(|lr =yl + ) = [Ful | B(R, V)1 [x (C(2))] (|2 — y| + @)7])

but here we have to show that ¢'(7) > 0 for any 7 € (0, 1), which will be a
contradiction with ¢g(1) — ¢(0) < 0.
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The computation of ¢/(7) and the estimates are done as above : denoting
by w3 any quantity which is a O(oscg(u)(RL(t))™!) we obtain

J() = (A+v)n)  {F A+ vl —y) + @sky, - P(7) — Fa - [Z(7))
~(1+v)B(R, V)| Farl]oo(1) [ (C(2)) (|2 — y| + )
+(1+v)nl'(OC@)(|z —yl+a)}

But
1+ )L (H)C(@) |z =yl +a) = (L+v) L) L' (1) [C ()],

and we end up with

g(r) = (A +v)m) " {F- P(r)(1 +ws) + wsF, - P(1) — F - [Z(7)]?
—(1 4 v)B(R, v)||Farll o | P(T) X (IP(T) ) (1 + @03 + 04(1))
(L+v)L(t)L')[C(2)]*} .

In order to conclude, we have to choose L as the solution of the ode
L'(t) = krL(t)x(L(t)) , L(T) = Lt (large enough) .
By choosing properly &, we have L(0%) = +00 and
1+ )L LBOIC@)P = —(1+ )k | PP

Notice that kr — 0 as Ly — +o0.

The conclusion follows as above by applying the assumption on F for Ly
large enough in order that ws < n and (1 + v)kr < 7, and taking Ly > L
and « small enough for which we have a contradiction.
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