In the literature of aggregation systems, one of the most explored ways consists in appealing to a planner synthetizing the different informations about the individual preferences and homogenizing these ones in order to aggregate them more easily.

This tradition (HAMMOND ( 76)) allows to exhibit a set of particular rules.which are relative to different axiomatics (DESCHAMPS and GEVERS (78)) and, also enables the flexibility of certain of the arrovian conditions (d' APREMONT and GEVERS ( 77))

with a view to the exhibition of some existence theorems.

The framework which is developed here is slightly differ ent in its intention. Essentially, the agents do not express a booleian or accurate judgment, but classify the object of their choice (allocation, candidate, social state) according to a fuzzy preorder (ZADEH (65), BILLOT (85b) ), and the intervention of the planner is limited to the choice of the appartenance set of the fuzzy relations. Our approach combines the requirement of equity, already present in the classical works of SEN(74) and RAWLS (7l) together with an imprecision of estimating and, further more, develops a generalisation of the henceforth classical MAY's theorem (52), trying a formalisation of a mathematical tie between it and the ARROW's theorem (63).

At last, under an hypothesis of myopia, we use some previous results (BILLOT (85a)) to show the validity of continuity of a social choice rule under the two conditions of unanimity and anonimity without restriction of the preference domain.

(CHICHILINSKY (82)).

THEORICAL FRAMEWORK

Let a set of individuals N = (1,2, ..... . n} which is e i t h e r f i n i t e or not, a n d a set of s o c i a l s t a t e s X = { x , y , ..... ,z} b u i l t w i t h s e l e m e n t s , s b e i n g e i t h e r f i n i t e or not, b u t c a r d X=s and s 2 3.

Let H the set of fuzzy collective preorders which are defined on *

V h £ H, V x , y £ X , h(x ,y ) £ h(y ,x ) means that x is relatively prefered to y by the society on the whole, with xhy which is 2 equal to {(x.y ) E X | h(x.y) E M }, M , the appartenance set being equal to (0,1) in the traditional literature, and to (n,m),(n<m, (n,m) £ R ) in the fuzzy literature.
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Let Hi, the set of fuzzy individual preorders defined on X .

Hi . = {h|} where h| ( x . y ) £ M ., V x , y £ X . h;j> (x.y) £ h^ (y.x) means that x is relatively prefered to y, by the agent i defining his preference on M. J • -We can easily see here that synthetizing the information means for the planner to choose in such a way that each agent i expresses himself with the preorder h^*.

-A rule of social choices is a function f : from Hi to H :

V h-?, h*^ £ Hi : h^ = f (h^) or h^ = f (h^). i l l l -
We are now going to present some axioms, but we have trans formed them according to the fuzzy individual preferences.

A l : INDEPENDANCE OF IRRELEVANT ALTERNATIVES

V h*, hj e Hi, V Y < X (|x| = 2), h 1 = h 2 iff j ô ^f 2 1

hj L (xfy) = 6 ^ (hi (x.y) ) . It is equivalent to note :

if hf (x,y)> h* (y,x), then ^ = 6^ (üj) so that h 2 (x,y)2 h2 (y.x) .

A2 : PARETO-OPTIMALITY V x,y e X, Vh^eMHi a) if h-1 ( x . y ) > h J (y.x), then V i e N : h^ ( x . y ) 5 h ^ (y.x)

3) if h ( x . y ) > h (y.x), then 3 ieN : h ■ ? (x.y)>h^ (y.x) 1 1 A3. : ANONIMITY 1 2 1 2 V x,y e X, V h^ , h^ e Hi ; h = h iff for a permutation O of N, it exists ¿L an increasing, monotonie transformation so that

V i e N , h? (x.y) = <5^ h* (x.y))

A4 : MINIMAL EQUITY

V h| e Hi , -| x , y e X , -| j e N so that V i e N-{ j } .

if h^ (x.y) > h^ (y.x) and a) h^ (x.y) > h^ (y.x)

3) hj (x.y )< h* (y.x) Y) h^ ( x .y )< hj (x.y) , then h* (y.x)< h* (x.y)< h* (x.y)< h* (y.x).

A5 : EXTENDED NEUTRALITY V w , z e X, V h* e Hi, h1 (w.z)£ h 1 (z.w) iff 3 x,y e X, and if it exists tu e Hi (i.e. M^2) I V i e N a) h? (x.y) = 6 (h^ (w.z)) and h? (y.x) = 6 (h^ (z.w))

3) h? (x.y) S h2 (y.x)

TOTAL RESULTS WITH INTERPERSONAL BUT ORDINAL COMPARISONS LEMMA 1 Proof V e Hi and h = f (h^), h fuzzy social preorder from X 2-»-M ; if f satisfies A_l, &2_, then f satisfies A 5 . 1 °Let us suppose that V i e N : fu^ (x) = a^ = fu^ (y) f u^ (y) = b. = fu. (x) x J x x
where fu^ is a fuzzy continuous utility defined on M^ (BILLOT (85a)).

we can choose By definition, we know that the a cardinal so that card X > 2 . Hi zeX-{ x ,y } and Ch1 j h 2 , h 3 ,h4 ) (i.

a way that we can establish the

O fu f u 1 * 2 f u C 3 f u fu x b a a b b y a b b b a z - - a a a
_ 5 -

LEMMA Proof

With A1 we know that: (because h;?(x . y )2h;j|(y /x ) < = > f u ^(x ) 2fu;? ( y )

fu1 (x) 2 fu1 (y) <=> fu2 (x) > fu2 (y) fu2 (z) > fu2 (y) <=> fu3 (z) > fu3 (y) fu3 (z) > fu3 (x) <=> fu4 (z) £ fu4 (x) fu4 (y) £ fu4 (x) <=> O f U (y) > O f U (x)
With A2 we know that :

fu2 (x) 2 fu2 (y) <=> fu fu3 (z) 2 fu3 (y) <=> fu fu4 (z) 2 fu4 (x) <=> fu 2 / \ (z) 2 fu2 (y) 3 (z) 2 fu3 (x) 4 (y) 2 fu4 (x) (x) s fu2(y) = > (Z) 2 fu3 (x) Q = > (y) è fu (x) 1 i ° °=> fu (x) 2 fu (y) <=> fu (y) 2 fu (x) which means h^ ( x . y ) 2 h ^ (y.x) <=> h ( y . x ) 2 h (x.y)
and so, A_5 is satisfied.

□ 1 :

V h^ e Hi, V x,y £ X, if f satisfies A_l, _A2 and A 3 , then for h(x.y) -h(y.x), there exists a permutation 6 de N, so that hi (x.y) = h ^^C x . y ) = h ^^C y . x )

We consider the simple case where the agents exchange their utility levels.

if V ( i , j ) e N 2 , fu^(x) = fUj(y) = 0 1 and

fu^(x) = fu^(y) = B with J i V g £ N-{i , j ) fu^(x) = fu^(y) = Yg o o
We take now M q , so that V g e N-{i,jl the utility level v is g, and for (i,j), we postulate :

V.z£X-{x,y}, fu?(z) = fu^(z) = fu^(z) = fu^.(z)
with the following board of preferences :

fuk o fu fu1 i j i j i j
x a 3 a 3 3 a y 3 a 3 a a 3 k k

We are going to show that h (x.y) 4h (y.x) is not possible. Having demonstrated that in the first Lemma, it means O O that h ( x . y ) < h (y.x) which is inconsistent with the beginning of our demonstration.

□

LEMMA 3 :

V h^ e Hi, V (x.y) e X, V J < N with J a coalition so that 3) J 4 0 => 1) Je{j e N I h^(y.x) > h^(x.y) }

2) ^ i e N | h J (x.y) > h 1 (y.x )

3) h 1 (x.y) > h 1 (y .x )

We now envisage a k, k e J, and we define K = J-{k }.

In the statement of the third Lemma, the induction means that this property must be valid for each k.

Let A = {x .y}. Let us take z e X -A and build the fuzzy preorder h° in such a way that : This kind of fuzzy preorder can exist ; it is an evidence.

first step : h°(x.z)>h°(z.x)

We are going to show this expression from :

V k e K h°(x.z) > h°(z.x)

We can now see, from c) d) and e)

With that we can write : and r eN(r), then, it exists a s< k so that a (s)> k .

Proof :

We suppose r> kg o ( r

) et o(s)< k. So,a(N(k)u{r}) <N(k) But, | N ( k ) u { r } | ;= k + 1 with | N(k) | = k.
in that way,a is not a permutation.

□

We have now to envisage f lexicographical principle :

V xgX, V ieN, we define r(i,x.y) as a number which is included between 1 and n so that : h^(x.y) >hj(x.y) => r(i, x.y) >r(j, x.y).

For each couple (x.y), there exists a single individual who corresponds to a single number.

We write : (x *y)r (i) f°r ((x.y), r(i, x.y)) : it means that by definition : (x.y) N = h.(x.y) ■ 7/r ( i , x . y ) i v 3 ' From that definition, we can deduce that V x g X : Eliiis hheoEefe is similar to the MAY's one. We do not need to prove it, but we need this new presentation of it, in a fuzzy way,in order to allow the exhibition of the mathematical tie between Arrow's dictator-theorem and M A Y ' s majority theorem.

For that purpose, we have to make two kinds of hypothesis : the first one according to the individual fuzzy preorders, the second according to the necessity of a "leader" in each coalition.

1)

We now envisage the two fuzzy subsets : Furthermore; this approach allows the dictator dot to be considered as a last resource at the most, as the consecutive makeshift of an axiomatic, but either just l i k e the consequence of an eventual collective disinterestedness about the choice, or like a reply to a very strong planner's requirement.

  that h (x.y) > h (y.x) : O O with AJ^, it means that h (x.y) > h (y.x), but with AJ3» it corresponds to h ^(x .y ) > h ^(y .x ) .
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  = {j e N | hj(y.x) > h.(x.y)}. If f satisfies AJ^, A 2 , A4 and -| i e N so that a) h ^x . y ) > h j .(y .x)3) hj(x.y) > h^(y.x) Then : h ( x . y ) > h ( y . x ) is supposed to be finite. J = 0 = > ^j e N | h J ( y . x ) > h ^( x . y ) => h ( x . y ) > h ( y . x )

  a) if h°(x.y) £< h°(y.x) => h ( x .y ) >< h ( y .x ) (x.z) > h ? (z .x ) and h?(z .y ) > h°(y .z ) d) h°(x.z) = h°(z.x) e) V j E N-{i,k) h°(y.z) = h°(z.y)

  h°.(z.x) > h'.(x.z) < = > h°(y.x)>h°. (x.y) and j e N-{i,k) h°. (z . x) > h°. (x . z) => if jeN-{i,k}; h°(y z \ _ y.x) > hj(x.y) and j e N -{ i , k } h " .(z.x) > hj(x.z) '<=> / hj(y.x) > h .(x.y) and j e N -{ i , k } jeK, with definition So, we can conclude : h u (x.z) >h°(z.x) because K = J-{k}. Second step : h°(z.y) > h°(y.z) With our axiomatic, we know : " hi(z-y) > h?(y,z) -h°(y.z) > h°(z.y) -V j e N-{i, k} : hj(y.z) = h°(z.y) -h^(z*y) > h°(z.y) -h^( y * z ) > h ? ( y . z ) Because keJ, a) => h^( y . x ) > h ^( x . y ) ; so hk (y*x ) > • y ) with d) => h°( y .z ) > h £ ( z .y ) Finally, because k e J , and A_2 induce h ^( y . z ) > h ^( z . y ) So, we can now envisage Aj4 and conclude h°(z.y) g h°(y.z) Third step : We show in the first step : h°(x.z) > h°(z.x) second step : h°(z.y)i h°(y.z) And so, with transivity ; h°(x .y ) > h°(y .x ) with a), it means : h(x.y) >h(y.x) n For the establishment of the LEMMA 4, four propositions are needed. Proposition 1 : Let a a permutation on N(n). If r> kg<j(E)
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  (x •y)r + i = (x-y)r (r ; 1 ....... n) Now, we define the lexicographical principle : hL = fL (h.) ; hL (x.y) > h L (y.x) <=> z| M > 1 | (x.y)r = (y.xLeto a permutation on N(n). If for each M(M : 1 ...... . n) (x . y )r > ( x . y ) ^ r then (x .y )r > (y.x)r r) < r => considering k = r-1 and s<r|a(s)Sr £hen (x,y)r è (*.y)s -(y-x )a (s) " (y*x )r In the two c a s e s : (x.y) £ (y.x)□ : Let a a permutation on N(n). If V M ; M e(l,n) (y-x)r = (x.y)^ £ (y*x)<j(r ) (r : 1 > ----M )» then, (x.y)r' = (y-x )a (r ) We suppose (y.x)^ > (y.x)o ^r ^. Then it exists a number k, r > kS O ( r) and ( y .x + 1 ;> ( y . x ) k . With the first proposition, we know -|s, sSk| a ( s ) > k . So, 0 (s) 2 k+1 and thus : (y-x)k + i > (y-x > k 2 ^-* > 8 s <y*x)k+i -> > (y-*>k+1-So, it is obvious that (y.x) 2 (y.x) (x.y) > h^(y.x) and V k e N : hk (y .x ) > hk (x .y ) => ^( x ^y ) > hj(x.y) : then h^(x.y) > h L (y.x) x • y )s > (y • x )a ( s ) . for s>o(s). So, taking r = (x.y)r ^k ^ and O(r) = (y-x )r (ic)» the hypothesis induces : v r e N(n) : Ç(y•x)G(r) > (x •y)r =>(x -y)r >(x.y)s , [thus : (y*x )a (r ) > (x.y)r => r>s So, we can now write : (x.y)r & ^y*x ^a(r)* With the second proposition, it means that : (x -y)r à ( y -x)r (r : 1-------s) Let us suppose now that : (x.y)r = (y.x)r . Thus : if (x.y)r 2 (y*x )0(r )> with the 3rd propo s i t i o n (x.y)r = (yix )0(r) . t h i s makes a contra diction with (x •y )s > (y •x )0 (s ) => f°r M(M: l,...,s) (x.y)H > (y.x)M and (x.y^. 6 (y.x)r => h^(x.y) > h^(y.x) by our definition. i e N ; h.(x,y) ^ h.(y,x) E| j e N | hj(y.x) < hj(x.y) Then, the hypothesis of Proposition A are satisfied = > h^(x.y) >h^(y.x) => f^ satisfies N-{i , j} : h^(x.y) = h^Cy.x) The hypothesis of proposition A are satisfied => h^(x•y ) > h^(y .x ) => f^ satisfies AA THEOREM-I : V h. e Hi ; h = fL (h.) fk, lexicographical principle, is the only rule of social choices satisfying AJ^, A2^ A^3 and A A . .y) = {ieN | li ( x . y ) > l i (y.x)} A (x.y) = {ieN | l ^x . y ) il.(y.x)} -if f satisfies _A!, AJ2, A^, Aji and A_5, then : l(x.y) 2 l(y.x) <=> 1P (x.y) | >|A (x.y)|
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  (x.y) = {ieN | l.(x.y) > l.(y.x) ; yp (i) = l.(x.y)} A(x.y) = {i£ N | l.(x.y) <l.(y.x) ; yA (i) = l ^y . x ) } It is obvious that P(x.y) AA(x.y) = I(x.y) where I(x.y) is the set of the indifferent individuals. Their membership is equal to li (x.y) = li (y.x) = U p (x.y) = v»A (x.y).Under the hypothesis of leadership, it means that : s theorem enables us to explain the passage from the majority rule to the dictator one (or leader-one) by a simple raising of the level of implication a . In other words, the more requiring the planner is on the expressed interest of the individuals to the choice, the more threatened the majority rule is.

Proof :

Ot) fi£st_step :

We suppose : h^(x.y) = h^(y.x). So, (x.y)r= (y.x)V re(l,n) ; i.e. V ieN.

Let a the following permutation :

V i c N : ( x . y ) r ( i ) -Cjr.*)r ( 0 ( i ) )

and V i e N : h ^x . y ) = h ^^C y . x )

We know with the Lemma 2 that it means h(x.y) = h(y.x).

3) Second_step :

We suppose : h^(x.y) > h ^ (y. . and because it exists a r x.y; permutation 0 of N| (x -y)r(i) = <y-x >o(r(i))

we can conclude from d) and k2_ that :

In order to show that h°(x.z) > h°(z.x) we use the third Lemma.

Let ieN, so that : But, i = i(M, x.y) and so, with 1) :

fk satisfies the axiom of unanimity.

~ we suppose : Proof :

V ( x . y ) £ X , V h i e Hi ; h± (x.y ) > h i ( y .x) V ieN.

We know : h^(x.y) > hj(x.y) => r(i, x.y) > r(j, x. which is equal to one.

2)

We call a "leader" (which is finally equivalent to a dictator in the next theorem) the individual i e N so that :

if dp e P(x.y) and yp (d) 2 up ( j)

V j e P ( x . y ) , : 3) if a= MJJX-(vpvA] it means that::Up u A (i) = M ^x | u p ( i ), UA ( i ) ] so, if i e P ( x . y ) =>Up u A (i)=Up (i) if ieA(x.y) =>lJpcrA( i )=liA (i)