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Abstract

We consider nonlinear scalar-input differential control systems in the vicinity of
an equilibrium. When the linearized system at the equilibrium is controllable, the
nonlinear system is smoothly small-time locally controllable, i.e., whatever m > 0 and
T > 0, the state can reach a whole neighborhood of the equilibrium at time 7" with
controls arbitrary small in C™-norm. When the linearized system is not controllable,
we prove that small-time local controllability cannot be recovered from the quadratic
expansion and that the following quadratic alternative holds.

Either the state is constrained to live within a smooth strict invariant manifold, up
to a cubic residual, or the quadratic order adds a signed drift in the evolution with
respect to this manifold. In the second case, the quadratic drift holds along an explicit
Lie bracket of length (2k+1), it is quantified in terms of an H ~*_norm of the control, it
holds for controls small in W2***°-norm. These spaces are optimal for general nonlinear
systems and are slightly improved in the particular case of control-affine systems.

Unlike other works based on Lie-series formalism, our proof is based on an explicit
computation of the quadratic terms by means of appropriate transformations. In par-
ticular, it does not require that the vector fields defining the dynamic are smooth. We
prove that C*® regularity is sufficient for our alternative to hold.

This work underlines the importance of the norm used in the smallness assumption
on the control: depending on this choice of functional setting, the same system may or
may not be small-time locally controllable, even though the state lives within a finite
dimensional space.
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1 Introduction

1.1 Scalar-input differential systems

Let n € N*. Throughout this work, we consider differential control systems where the
state x(t) lives in R”™ and the control is a scalar input u(t) € R. For f € C}(R" x R, R"),
we consider the nonlinear control system:

&= f(x,u). (1.1)

Definition 1. Let T > 0 and z* € R" be a given initial data. We say that a couple
(z,u) € C°([0,T],R™) x L>=((0,T),R) is a trajectory of (1.1) associated with x* when:

Vi e [0,T], x(t)=z" +/0 f(z(s),u(s))ds. (1.2)

Proposition 1. Let T > 0, z* € R™ and u € L>*((0,T),R). System (1.1) admits a unique
mazximal trajectory defined on [0,T,) for some T, € (0,T].

Proof. Once a control u € L*((0,T),R) is fixed, system (1.1) can be seen as @(t) = g(t, z(t)),
where we introduce ¢(t,z) := f(x,u(t)). The function g is not continuous with respect
to time. Hence, we cannot apply usual Cauchy-Lipschitz-Picard-Lindelof existence and
uniqueness theorem. However, the existence and uniqueness of a solution in the sense of
Definition 1 holds for such functions g (see e.g. [34, Theorem 54, page 476]). The proof relies
on a fixed-point theorem applied to the integral formulation (1.2). O

In the particular case of control-affine systems, we will work with a slightly different
functional framework. Let fo, fi € C1(R™,R™). A control-affine system takes the form:

& = fo(z) +ufi(). (1.3)

Such systems are both important from the point of view of applications and mathematically
as a first-order Taylor expansion with respect to a small control of a nonlinear dynamic.

Definition 2. Let T > 0 and z* € R" be a given initial data. We say that a couple
(z,u) € C°([0,T],R™) x L*((0,T),R) is a trajectory of (1.3) associated with x* when:

VYt e [0,T], x(t)=2a" +/O (fo(z(s)) + u(s) f1(x(s))) ds. (1.4)

Proposition 2. Let T > 0, 2* € R" and u € L'((0,T),R). System (1.3) admits a unique
mazximal trajectory defined on [0,T,) for some T, € (0,T].

Proof. Here again, one applies a fixed-point theorem to the integral formulation (1.4). O

In the sequel and where not explicitly stated, it is implicit that we handle well-defined
trajectories of our differential systems, either by restricting to small enough times, small
enough controls or sufficiently nice dynamics preventing blow-up.

Moreover, we will often need to switch point of view between nonlinear and control-affine
systems. Given a control-affine system characterized by fy and fi1, one can always see it as
a particular case of a nonlinear system by defining:

fzyu) := fo(z) + ufr(x). (1.5)

Conversely, given a nonlinear system characterized by f, its dynamic can be approximated
using f(z,u) = fo(z) + ufi(z) + O(u?) where we define:

fo(x) := f(z,0) and fi(z) := Oy f(x,0). (1.6)



1.2 Small-time local controllability

Multiple definitions of small-time local controllability can be found in the mathematical
literature. Here, we put the focus on the smallness assumption made on the control. This
notion is mostly relevant in the vicinity of an equilibrium. We use the following definitions:

Definition 3. We say that (z.,u.) € R® x R is an equilibrium of system (1.1) when
f(ze,ue) = 0 and an equilibrium of system (1.3) when fo(xe) + uefi(ze) = 0. Up to a
translation, one can always assume that . = 0 and ue = 0. Thus, in the sequel, it is
implicit that we consider systems for which the couple (0,0) is an equilibrium.

Definition 4. Let (ET, ||HET) be a family of mormed vector spaces of scalar functions
defined on [0,T], for T > 0. We say that a scalar-input differential system is E small-time
locally controllable when the following property holds: for any T > 0, for any n > 0, there
exists 6 > 0 such that, for any x*, 2" € R™ with |v*| + |2T| < §, there exists a trajectory
(xz,u) of the differential system defined on [0,T] with u € Er satisfying:

lullp, <n and z(0) =z and z(T)= xl, (1.7)

Here and in the sequel, it is implicit that this notion of local controllability refers to local
controllability in the vicinity of the null equilibrium xz. = 0 and ue = 0 of our system. The
translation of our results to other equilibriums is left to the reader.

It could be thought that, in a finite dimensional setting with smooth dynamics, the
notion of small-time local controllability should not depend on the smallness assumption
made on the control. However, it is not the case. This fact plays a key role in this work.
We will see that the relevance of the quadratic approximation depends on the chosen norm.
We will also use the following notion:

Definition 5. We say that a scalar-input differential system is smoothly small-time locally
controllable when it is C™ small-time locally controllable for any m € N.

1.3 Linear theory and the Kalman rank condition

The natural approach to investigate the local controllability of system (1.1) near an equilib-
rium is to study the controllability of the linearized system, which is given by:

1y = Hoy + ub, (1.8)

where Hy := 0, f(0,0) and b := 9, f(0,0). It is well known (see works [31] of Pontryagin, [25,
Theorem 6] of LaSalle or [22, Theorem 10| of Kalman, Ho and Narendra) that such linear
control systems are controllable, independently on the allowed time 7', if and only if they
satisfy the Kalman rank condition:

Span {H{b, k€ {0,...n—1}} =R" (1.9)

It is also classical to prove that the controllability of the linearized system implies small-
time local controllability for the nonlinear system (see [28, Theorem 3] by Markus or [26,
Theorem 1] by Lee and Markus). For example, we have:

Theorem 1. Assume that the Kalman rank condition (1.9) holds. Then the nonlinear
system (1.1) is smoothly small-time locally controllable. Moreover, one can choose controls
compactly supported within the interior of the allotted time interval.

Proof. Smooth controllability of the linearized system with compactly supported
controls. Let T" > 0. We start by proving that we can use regular compactly supported



controls to achieve controllability for the linear system (1.8). We introduce the controllability
Gramian:

T
<r 5:/ e(T=t)Hoppir o (T—0)Hy' gt (1.10)
0

It is well-known that €r is invertible if and only if the Kalman rank condition holds (see [13,

Section 1.2]). Let (pe)e>o be a family of functions in C2°((0,7'),R) with supp(p.) C [e, T —¢],

such that p.(t) = 1 for every t € (0,7) and [pc(t)| < 1 for every (e,t) € R% x (0,T). Let:
e—

T
Cre = / pe(t)e T Ho pptro(T—DHE g (1.11)
0

By the dominated convergence theorem, €r . converges to € in M, (R). Thus, for ¢ > 0
small enough, €r . belongs to GL, (R), because this is an open subset of M,,(R). From now
on, such an e is fixed. Let y*,y" € R™. Using an optimal control or "Hilbert Uniqueness
Method" approach (see [13, Section 1.4]), we define for ¢ € [0, T:

u(t) == pe(t)bTeTDH (1.12)
where p € R" is defined by
pi= Q}}e (yT — eTH"y*) . (1.13)

Using a Duhamel formula for (1.8), combined with (1.11), (1.12) and (1.13), one checks that
the solution of (1.8) with initial condition y(0) = y* satisfies:

T
y(T) = eTHoy* +/ u(t)e D Hopdt = eTHoy*  &pp =yt (1.14)
0

From (1.12) and (1.13), one checks that:

Vm 2 0, 3nr,m >0, ||“Hcm(o,T) S NTym (|y*| + |yT|) . (1.15)

Smooth controllability for the nonlinear system, with compactly supported con-
trols. We move on to the nonlinear system using the approach followed in [13, Theorem
3.6]. Let m € N and define:

CZ”((O,T),R) = {f € Cm((O’T)’R)a supp(f) C [eaT - 6]}, (1'16)

endowed with the norm ||.||cm(o,7), which is a Banach space. We introduce the nonlinear
mapping:

(1.17)

S [RxCPO.T),R) S R xR,
| (2", w) > (o, (T)),

where z is the solution to (1.1) with initial data =* and control u. It is well known (see [34,
Theorem 1, page 57]), that F defines a C* map. Moreover, its differential F'(0,0) is the
following linear map:

R™ x C*((0,T),R) — R™ x R",

W) = (7" 5(T)), (1.18)

F'(0,0) : {

where y is the solution to (1.8) with initial data y*. From (1.15), we know that this differ-
ential has a bounded right-inverse. The inverse function theorem yields the existence of a



C! right-inverse G to F, defined in a small neighborhood of (0,0). Hence, for any n > 0,
there exists § > 0 such that:

|+ 121 <6 = Nullomer) < 6", 2N)] <. (1.19)

From (1.19), the nonlinear system (1.1) is C™ small-time locally controllable, with controls
supported in [¢,T — ¢]. This holds for any m € N, thus system (1.1) is smoothly small-time
locally controllable, with compactly supported controls. O

When the linear test fails, it is necessary to continue the expansion further on to de-
termine whether small-time local controllability holds or not. Indeed, some systems are
(smoothly) small-time locally controllable despite failing the linear test (1.9).

Example 1. Let n = 2. Consider the following scalar-input control-affine system:

{ = - (1.20)

Ty = Tq.

The linearized system of (1.20) around the null equilibrium is not controllable because the sec-
ond direction is left invariant. However, let us explain why system (1.20) is smoothly small-
time locally controllable. We start by introducing a smooth even function ¢ € C*(R,R),
such that:

o) =0 for|x| = 1/4, (1.21)
p(x) =1 for|z| <1/8, (1.22)
/ ¢’ :/R o® =1. (1.23)

In particular, from (1.22), ©(0) = 1. Let x*,2" € R? be given initial and final data. Let
T > 0. Forte[0,T], we define:

1, ,(t 1 260-T\ 1 t—T

where A € R is a constant to be chosen later on. From (1.20), (1.21), (1.22) and the initial
condition x1(0) =z}, we deduce that, for t € [0,T]:

z1(t) =zt (%) +Ap (QtQ;T) +alp (#) . (1.25)

From (1.21), (1.22) and (1.25), we deduce that x1(T) = z!. From (1.20), (1.21), (1.23)
and (1.25), since the three contributions in u have disjoint supports, we have:

2o(T) = xh + T(23)® + T(x!)® 4 2T A% (1.26)
Hence, from (1.26), the constructed trajectory satisfies xo(T) = xi if and only if:

T *
Lo — Ty

2X3 =
T

— (@})? = (2])*. (1.27)

Let m € N. Thanks to (1.21) and (1.24), we have:

5 o 9 1, 1
lellgmory =T 2 1H<P||cm(R) <5|x1|2+5|xi|2+lx|2 ) (1.28)



Let n > 0. From (1.27) and (1.28), there exists 6 = 6m 1,y > 0 such that:
|+t <6 = ullomr) < (1.29)

Hence, we have constructed a control small in C™-norm driving the state from z* to x'.
This holds for every T > 0 and m € N, thus system (1.20) is smoothly small-time locally
controllable. Moreover, thanks to (1.22), our construction yields controls which are compactly
supported within (0,T). Hence, there is no “control-jerk” near the initial or the final time.

1.4 TIterated Lie brackets

The main tool to study the controllability of nonlinear systems beyond the linear test is
the notion of iterated Lie brackets. Many works have investigated the link between Lie
brackets and controllability with the hope of finding necessary or sufficient conditions. We
refer to [13, Sections 3.2 and 3.4] by Coron and [23] by Kawski for surveys on this topic.
Let us recall elementary definitions from geometric control theory that will be useful in the
sequel.

Definition 6. Let X and Y be smooth vector fields on R™. The Lie bracket [X,Y] of X
and Y is the smooth vector field defined by:

[X,Y](z) =Y ()X (z) — X'(2)Y (z). (1.30)

Moreover, we define by induction on k € N the notations:

ad%(Y) ==Y, (1.31)
adtt(Y) = [X, ad])“((Y)} . (1.32)

In addition to these special brackets with a particular nesting structure, we define the
following classical linear subspaces of R™ for smooth control-affine systems.

Definition 7. Let fo and f1 be smooth vector fields on R™. For k > 1, we define Sy as the
non decreasing sequence of linear subspaces of R™ spanned by the iterated Lie brackets of fy
and f1 (with any possible nesting structure), containing f1 at most k times, evaluated at the
null equilibrium. For nonlinear systems, we extend these definitions thanks to (1.6).

The spaces S; and Sy play a key role in this paper; the former describes the set of
controllable directions for the linearized system while the latter describes the directions
involved at the quadratic order. When the Kalman rank condition is not fulfilled, the
quadratic obstructions to small-time local controllability will come from the components of
the state living in the orthogonal of the controllable space.

Definition 8. Let (-, ) denote the usual euclidian scalar product on R™. We introduce
P : R™ — & the orthogonal projection on S with respect to (-,-). Similarly, we define
Pt :=1d —P:R" — Si the orthogonal projection on Si-.

1.5 The first known quadratic obstruction

At the quadratic order, the situation is more involved than at the linear order and very
little is known. Proposing a classification of the possible quadratic behaviors for scalar-
input systems is the main motivation of this work. Historically, the following conjecture due
to Hermes was proved by Sussmann in [37] for control-affine systems (1.3).



Proposition 3. Let fo, f1 be analytic vector fields over R™ with fo(0) = 0. Assume that:

{9(0); g € Lie(fo, f1)} =R", (1.33)
Sopyo C Sopq1 for any k € N. (1.34)

Then system (1.3) is L small-time locally controllable.

Reciprocally, for analytic vector fields, hypothesis (1.33) is a necessary condition for
small-time local controllability (for a proof, see [37, Proposition 6.2]). Sussmann was mostly
interested in investigating whether (1.34) was also a necessary condition, in particular for
k = 0, the condition:

Sy C S, (135)
The first violation of (1.35) occurs when [f1,[fo, f1]](0) ¢ S1. The following important
known result is due to Sussmann (see [37, Proposition 6.3, page 707]).

Proposition 4. Let fo, f1 be analytic vector fields over R™ with fo(0) = 0. Assume that:

[f1, [fo, f1]1(0) & 1. (1.36)

Then system (1.3) is not L™ small-time locally controllable.

Although Sussmann does not insist on the smallness assumption made on the control,
it can be seen that his assumption is linked to the W~!*°-norm of the control. Indeed,
he works with arbitrary small-times 7" and controls u such that |u|p~@r) < A, with a
fixed constant A > 0. This guarantees that |ui|pe,r) < AT is arbitrary small, where

u(t) == fot u(s)ds. We prove in Theorem 3 that the smallness in W=1°°(0,T') is in fact the
correct assumption for this first quadratic obstruction. We also prove that the analyticity
assumption is not necessary: it suffices that fo € C® and f; € C? (see Corollary 3).

Example 2. Let n = 2. We consider the following control-affine system:

{ = - (1.37)

T2 = Iq-
Around the null equilibrium, we have S = Rey and:

[f1,[fo, f1]](0) = —2e2 ¢ 1. (1.38)

Equation (1.38) causes a drift in the direction ea, quantified by the H='-norm of the control.
Indeed, if the initial state is x(0) = 0, we have:

t
z1(t) =ui(t) and zo(t) = / u?(s)ds, (1.39)
0
where uq(t) 1= fot u(s)ds. Thus x2(t) = 0 and the system is not locally controllable.

1.6 The first Lie bracket paradox

Sussmann also attempted to study further violations of condition (1.35). In particular, when
[f1,[fo, f1]](0) € Si, the next violation is [f1, [fo, [fo, [fo, f1]]]](0) ¢ S1. The intermediate
violation involving two times fy never happens. Indeed, from the Jacobi identity, we have:

[f1: [fo, [fo, ATNN0) = =[[fo, ], [f1, Sol)(0) = [fo, [[fo, f1], £1]](0). (1.40)



The first term in the right-hand side of (1.40) vanishes because of the antisymmetry of the
Lie bracket operator. Moreover, when [f1, [fo, f1]](0) € S1, the second term in the right-
hand side of (1.40) belongs to &; because this subspace is stable with respect to bracketing
by fo. Thus, the second simplest violation of (1.35) occurs when:

[f1,ad}, (f1)] (0) & Si. (1.41)

However, Sussmann exhibits the following example which indicates that the violation (1.41)
does not prevent a system from being L°° small-time locally controllable.

Example 3. Let n = 3 and consider the following control-affine system:
T = u,
o = a1, (1.42)
i3 =15 + 3.

Around the null equilibrium, S; = Rey + Rey. One checks that:

[f1,ad}, (f1)](0) =0, (1.43)
[f1,ad}, (f1)](0) = 2es. (1.44)

Hence, this system exhibits the violation (1.41). However, it is L™ small-time locally con-

trollable (see [37, pages 711-712]).

Historically, Example 3 stopped the investigation of whether condition (1.35) was a
necessary condition for small-time local controllability. One of the motivations of our work
is to understand in what sense (1.35) can be seen as a necessary condition. We give further
comments on Example 3 in Subsection 2.3.

1.7 A short survey of related results

The search for a necessary and sufficient condition for the small-time local controllability of
differential control systems has a long history and many related references. We only provide
here a short overview of some results connected to our work.

1.7.1 Lie algebra rank condition

A well known necessary condition for the L small-time local controllability of analytic
systems is the Lie algebra rank condition (1.33) due to Hermann and Nagano [16, 29, 36].
By considering the example &, = ue~!/ u’
cannot be removed.

By the Frobenius theorem (see [21, Theorem 4] for a proof), if there exists k € {1,...n}
such that, for every x in a neighborhood of 0, Span {h(z); h € Lie(fo, f1)} is of dimension k,

then the reachable set is (locally) contained in a submanifold of R™ of dimension k.

one sees that the analyticity assumption on f

In the particular case of C* driftless control-affine systems @ = Y " | u;f;(z), the Lie
algebra rank condition is also a sufficient condition for the L small-time local controllabil-
ity; this is the Rashevski-Chow theorem proved in [12]. However, the case of control-affine
systems with drift is still widely open, even in the scalar-input case as in system (1.3).

1.7.2 Lie brackets necessary and sufficient conditions

Some necessary conditions and some sufficient conditions for L>° small-time local controlla-
bility were proved by means of Lie-series formalism (Chen-Fliess series), for analytic control-
affine systems. First, necessary conditions:



e the Sussmann condition (1.36), proved in [37, Proposition 6.3, page 707],
e the Stefani condition [35]: ad?{"(fo)(O) € Som—1 for every m € N*.
Then, sufficient conditions:
e the Hermes condition [17], recalled in Proposition 3 and proved by Sussmann in [37],

e the Sussman S(6) condition, introduced in [38] (see also [13, Theorem 3.29]): there
exists € [0, 1], such that every bracket involving fo an odd number [ of times and
f1 an even number k of times must be a linear combination of brackets involving k;
times f1 and [; times fy and such that 0l; + k; < 6]l + k. In some sense, this condition
says that bad brackets may be neutralized by good ones. The weight 6 has to be the
same for all the bad brackets.

o the Kawski condition (see [23, Theorem 3.7]): there exists 6 € [0,1] such that every
bracket involving fo an odd number [ of times and f; an even number £ of times is a
linear combination of brackets of the form ad;g(hi) where v; > 0 and h; is a bracket
involving k; times fi and [; times fo with 0l; + k; < 0l + k.

In the particular case of control-affine systems that are homogeneous with respect to a
family of dilatations (corresponding to time scalings in the control, not amplitude scalings),
a necessary and sufficient condition for L° small-time local controllability was proved by
Aguilar and Lewis in [3, Theorem 4.1].

1.7.3 Control of bilinear systems without a priori bound on the control

A scalar-input bilinear system § = dL4(ho + uh1) on a semi simple compact Lie group U is
(globally) controllable in large time if and only if the Lie algebra generated by ho and h; is
equal to the compact semi-simple Lie algebra on U (see [4, 33, 39]). In [2], Agrachev and
Chambrion use geometric control theory to estimate the minimal time needed for the global
controllability of such systems. Contrary to the present article, these works do not impose
any a priori bound on the control.

In [5, 6], Beauchard, Coron and Teisman propose classes of Schrodinger PDEs (infinite
dimensional bilinear control systems) for which approximate controllability in L? is impos-
sible in small time, even with large controls.

1.7.4 Quadratic approximations

In [1] and [18], Agrachev and Hermes proceed to local investigations of mappings of type
input-state Fy : u — x(t) (with fixed initial condition (0) = z*) near a fixed critical point @
(i.e. for which the linearized system is not controllable) to determine whether F3(u) belongs
to the interior or the boundary of the image of F}, in the particular case when the linearized
system misses only one direction.

In [18], Hermes proposes a sufficient condition for 0 to be an interior point in any time
and a necessary condition for 0 to be a boundary point in small-time.

In [1], Agrachev proves that, when the quadratic form F/'(@) on Ker F/(u) is definite
on a subspace of Ker F/(@) with finite codimension, then it is enough to find its inertia
index (which is either a nonnegative integer, or +00) to answer the question. He describes
flexible explicit formulas for the inertia index of F}’ and uses them for a general study of
the quadratic mapping F/'.

Finally, Brockett proposes in [9] sufficient conditions for controllability in large time and
in small time for systems with quadratic drifts:

y=Ay+Bu and 2=y"Qy, (1.45)
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where y € R? and z € R, with Q € My(R) (satisfying some specific structural assumptions).
In the case of a single scalar control, he proves that such systems are never small-time locally
controllable (see [9, Lemma 4.1, page 444]). More precisely, he establishes that, if @ # 0 is
a symmetric matrix contained within a specific subspace of dimension d, then there exists
a0 < k < d such that (A*B)"Q(A*B) # 0 and such that z shares the same sign for
trajectories starting from y(0) = 0 and for small enough times. The sign argument prevents
small-time local controllability.

Our results can be seen as stemming from this sign argument. Indeed, we extend it to
any matrix @ and more generally to any second-order expansion. Then, we improve the
argument by proving that the positive quantity is in fact coercive with respect to some
specific norm of the control. Last, we use this coercivity to overwhelm higher-order terms
coming from Taylor expansions of general nonlinear systems.

2 Main results and examples

This section is organized as follows. We state our main results in Subsection 2.1. Then, we
give comments in Subsection 2.2. We propose examples illustrating these statements and
capturing the essential phenomena in Subsection 2.3, and examples proving the optimality
of our functional framework in Subsection 2.4.

As stated in the abstract, the functional setting plays a key role in our results. For T" > 0
and m € N, we consider the usual Sobolev spaces W™ (0, T) equipped with their natural
norm. We also use the subspaces W;"°(0,T) corresponding to functions ¢ € W">°(0,T')
which satisfy ¢(0) = ¢'(0) = ... = ¢™~1(0) = 0 (no boundary condition is required at
the right boundary for our proofs to hold). For j > 0, we define by induction the iterated
primitives of u, denoted u; : (0,7) — R and defined by:

¢
uo:=u and uj1i(t) = / uj(s)ds. (2.1)
0
For p € [1, 4+00] we let:
HUHW71,p(07T) = HulHLp(o,T)- (2.2)
By convention, we set Wy >°(0,T) := W~1°°(0,T) to avoid singling out this particular

case. Eventually, the adjective smooth is used as a synonym of C°*° throughout the text.

2.1 Statement of the main theorems

For a nounlinear system (1.1), our main result is the following quadratic alternative.

Theorem 2. Let f € C°(R™ x R,R™) with f(0,0) = 0. Let S1, S2 be as in Definition 7.
We define d := dim Sy and the vector:

do := 02f(0,0) € R™. (2.3)

There exists a map G € C>(S1,Sit) with G(0) = 0 and G'(0) = 0, such that the following
alternative holds:

o When Sz +Rdy = Sy, up to a cubicly small error in the control, the state lives within
the smooth manifold M C R™ of dimension d given by the graph of G:

M :={p, +G(p)); py€Si}. (2.4)
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More precisely, for every T > 0, there exists C,n > 0 such that, for any trajectory
(z,u) € CO[0,T],R"™) x L>((0,T),R) of system (1.1) with x(0) = 0 and satisfying
lul| Lo <7, one has:

vt e [0,T), |[PLa(t) — G (Pz(t)| < Cllull}s . (2.5)

e When dy ¢ S1, for sufficiently small-times and regular controls, the state drifts with
respect to the invariant manifold M in the direction P+dy. More precisely:
— System (1.1) is not L small-time locally controllable.

— There exists T* > 0 such that, for any T € (0,T*), there exists n > 0 such that,
for any T € (0,T] and any trajectory (x,u) € C°([0,T],R"™) x L>((0,T),R) of
system (1.1) with x(0) = 0 and satisfying ||ul|;~ < 0, one has:

vt € [0,T], (Pra(t)— G (Px(t)),do) > 0. (2.6)

e Whendy € S1 and Sz ¢ S1, for sufficiently small-times and reqular controls, the state
drifts with respect to the invariant manifold M in a fized direction. More precisely:

— There exists k € {1,...,d} such that
[ad}, " (f1),ad}, (f1)](0) € St for 1 <j <k, (2.7)
[adf (1), adf, (f1))(0) & S1. (2.8)

— System (1.1) is not W2%°° small-time locally controllable.

— There exists T* > 0 such that, for any T € (0,T*), there exists n > 0 such that,
for any T € (0,T] and any trajectory (xz,u) € C°([0,T],R"™) x L>((0,T),R) of
system (1.1) with £(0) = 0 and u € WZ*>° satisfying |l y2r.0e <, one has:

vt e [0,T], (Praz(t)— G (Pz(t)),dy) >0, (2.9)
where the drifting direction di # 0 is defined as:
dy, = —P*[ad} 1 (1), ad}, (f1))(0). (2.10)

Corollary 1. Assume that f € C®(R™ x R,R™) with f(0,0) = 0 and system (1.1) is
smoothly small-time locally controllable. Then Sy + Rdy = Si.

Proof. Assume that So+Rdy ¢ S1. From Theorem 2, either dy ¢ S; and system (1.1) is not
C° small-time locally controllable, or dy € S; and So ¢ S; and there exists 1 < k< d<n
such that it is not C?* small-time locally controllable. Both cases contradict Definition 5. [

In the particular case of control-affine systems (1.3), the optimal functional framework
for the conclusions of Theorem 2 to hold can be improved. In the first case, it is sufficient
that the control be small in W~1°°-norm (instead of L>-norm), whereas in the third case,
it is sufficient that the control be small in W?2¥=3:*_norm (instead of W?2*¥:*°-norm).

Theorem 3. Let fo, f1 € C°(R™,R™) with fo(0) =0 and d := dim S;. There exists a map
G € C®(81,8{) with G(0) = 0 and G'(0) = 0, such that the following alternative holds:

o When S; = S1, up to a cubicly small error in the control, the state lives within a
smooth manifold M C R™ of dimension d given by the graph of G (see (2.4)). More
precisely, for every T > 0, there exists C,n > 0 such that, for any T € (0,T], for any
trajectory (z,u) € C°([0,T],R™) x L1((0,T),R) of system (1.3) with x(0) = 0 which
satisfies |||y -1.00 <1, one has:

vt e [0,7], |Pra(t) — G (Pa(t)| < Cllullfy-1.s - (2.11)
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o When Sy ¢ S1, for sufficiently small-times and small reqular controls, the state drifts
with respect to the invariant manifold M in a fived direction. More precisely:

— There exists 1 < k < d such that (2.7) and (2.8) hold.
— System (1.3) is not W2+=3:° small-time locally controllable.

— There exists T* > 0 such that, for any T € (0,T%), there exists n > 0 such
that, for any T € (0,T] and any trajectory (x,u) € C°([0,T],R™) x L*((0,T),R)
of system (1.3) with x(0) = 0 such that u € W with |Jullyyor_s < 7,
inequality (2.9) holds.

2.2 Comments on the main theorems
e The linear subspace S is the tangent space to the manifold M at 0 because G’(0) = 0.

e The optimality of our result, in terms of the norms used in the smallness assumption
on the control, is illustrated in Subsection 2.4. Even in the case of bilinear systems
(for which fy and f; are linear in z), the norms involved in Theorem 3 are optimal.

e We give a characterization of the time 7™ in paragraph 5.4.1: it is the maximal time for
which some coercivity property holds for an appropriate second-order approximation
of the system under study. Therefore, it does not depend on higher-order terms.

e When Sy + Rdy ¢ 81, the drift relations (2.6) and (2.9) can be used to exhibit im-
possible motions. In particular, they imply that there exists T,n > 0 such that, for
any x' € Si- satisfying (z,d)) < 0, no motion from z(0) = 0 to z(T) = z' is possible
with controls of W2 -norm smaller then 7 (or W?2*~3>_norm smaller then 1 for
control-affine systems). Other impossible motions can also be exhibited, by time re-
versibility. For instance, no motion from an initial state z* € Si- such that (z*,d;) > 0
to x(T) = 0 is possible for small times and small controls. More generally, motions
going against the drift direction are impossible for small-times and small controls.

e For a particular class of systems ("well-prepared systems", i.e. that satisfy (5.1)),
inequalities (2.6) and (2.9) hold in the following stronger form:

Yt € [0,T], <]P)L:L'(t) — G (Px(t)),dy) > C('T)/O ug(s)3ds, (2.12)

where uy, is defined in (2.1). Such an estimate also holds for general (i.e. not well-
prepared) systems but with a value of T* that may be strictly smaller than the one
explicitly given in paragraph 5.4.1 (see paragraph 6.2.4).

e The drift relations (2.6) and (2.9) hold for controls in W™ (with m = 2k for nonlinear
systems and m = 2k — 3 for control-affine systems). For controls which only belong
to W™ they are still true at the final time, but the bound 7 depends on T (and
n(T) — 0 as T — 0). The persistence of the drift at the final time under this weaker
assumption will be clear from the proof (see paragraph 5.4.2) and allows to deny W™
small-time local controllability, and not only W™ small-time local controllability (see
also paragraph 2.4.4 for more insight on this topic).

e To lighten the statement of the theorems, we assumed that the vector fields are smooth.
This guarantees that the spaces &; and Sy are well-defined. However, it is in fact
possible to give a meaning to the considered objects when f € C?(R"™ x R,R") (see
Subsection 3.3). Moreover, the conclusions of Theorem 2 and 3 persist for nonsmooth
dynamics (see Corollary 2 and 3 in Subsection 6.3). In particular, these corollaries
imply that, even in the case of smooth vector fields, the constants in our main theorems
only depend on low-order derivatives of the dynamic.
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2.3 Illustrating toy examples
2.3.1 Evolution within an invariant manifold

In the absence of drift (i.e. when Sy = &), our theorems imply that the state must live
within an invariant manifold, up to the cubic order. A simple case for which the manifold is
not trivial (i.e. M # 8;) is the following toy model, for which the state stays exactly within
the manifold, without any remainder.

Sl

Figure 1: The toy invariant manifold (2.14) for system (2.13).

Example 4. Let n = 2. We consider the following control-affine system:

{ o1 =1, (2.13)

ig = 2’LL.Z'1.

Here, S = So = Rey. Using the notation uy introduced in (2.1), system (2.13) can be

integrated as x1(t) = u1(t) and w2(t) = ui(t). For any control and any time t € [0,T],

x(t) € M (see Figure 1), where:
M = {(z1,25) € R?, x5 = z7}. (2.14)

One checks that Sy is indeed the tangent space to M at the origin.

2.3.2 Quadratic drifts and coercivity

The simplest kind of quadratic drift for control-affine systems was exposed in Example 2.
Let us study two new examples.

Example 5. Let n =1. We consider the following control-affine system:
i = u4 2l (2.15)

Here, 81 = Rey and Theorem 1 asserts that system (2.15) is smoothly small-time locally
controllable. The potential drift direction [f1,[fo, f1]] = —2e1 € S1 and is actually absorbed
by the linear controllability in the vicinity of the null equilibrium.

Example 6. Let n = 3. We consider the following control-affine system, which is also
proposed by Brockett in [0, page 445]:

i‘l = u,
Zi'2 =T, (216)
i3 =} — 23.
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Here, S; = Rey + Reg and [f1, [fo, f1]] = —2e3 ¢ S1. Thus, Theorem 3 states that, in small-
time, there will be a quadratic drift preventing the system to be W1 small-time locally
controllable. One can actually compute explicitly the minimal time and prove that:

o if T < m, system (2.16) is not locally controllable in time T (even with large controls),
o if T > 7, system (2.16) is smoothly locally controllable in time T .

Here, there is a quadratic competition, and one of the terms is dominant in small-time:

x3(T) = x3(0) +/O (i2(t)* — z2(t)?) dt. (2.17)

The proof of both statements is related to the Poincaré- Wirtinger inequality (see [15, p. 47]),
that holds for any T > 0 and any function ¢ € H}((0,T),R):

/OT o (1)2dt > (%)2/; o(t)2dt. (2.18)

The constant in the right-hand side is optimal and achieved by the function p(t) := sin (%t)

First case: T < w. Let (z,u) € C°([0,T],R3)x L'((0,T),R) be a trajectory of system (2.16)
such that 2(0) = z2(T) = 0. Combining (2.17) and (2.18) yields:

™

3(T) — 23(0) > ((T)Q - 1) /OT o (t)2dt > 0. (2.19)

Thus the system is not locally controllable in time T.

Second case: T > w. We prove that, for any m € N and any n > 0, there exists § > 0
such that, for any x*,zt € R3 with |o*| + |zt| < 6, there ewists a trajectory of (2.16)
(z,u) € C°([0,T),R?) x L*((0,T),R) such that z(0) = z*, z(T) = 2 and |Ju||om < 7.

By an argument that relies on the Brouwer fixed point theorem (see [13, Chapter 8]),
it suffices to prove the ezistence of ut € C>([0,T],R) such that the associated solution of
system (2.16) with initial conditions z*(0) = 0 satisfy v (T) = (0,0, +1).

Thanks to the previous case, one can obtain ut by rescaling any smooth function sup-
ported on an interval of length less than m and such that fOTu(t)dt = fOT tu(t)dt = 0.

Now, we construct uw~. To that end, we introduce (pc)eso a family of functions in
C((0,7),[0,1]) with supp(pe) C [e,T — €], even with respect to T/2, such that, for any
t €(0,T7), pe(t) = 1 as € = 0. By the dominated convergence theorem, one has:

T 2 T 2 2
™ Tt T mt T
/O pe(t)? COS <?> dt ;}) ) ? COS (T) dt = ﬁ, (220)
T pt 2 T 2
t T
AL oo eos (r)ar| ae [ sin ()] e =7 (2.21)
Thus, for € > 0 small enough, since T’ > w:
T 2 T pt 2
t
Ce = /0 pg(t)% oS (%) dt — /0 /0 pE(T)% oS (ﬂ-—;) dr| dt <0. (2.22)

Let us fix such an e. The solution of (2.16) with initial condition x~(0) =0 and control:

w(t) = J%at [oc(t) % cos (’%) ] (2.23)
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satisfies:

2T (t) = %pe(t)% cos <7%t> , (2.24)
_ 1 ¢ T T
nH=——| pe(T)fcos(?)dT, (2.25)

o5 (T) = /OT (z;(t)2 - x;(t)Q)dt = <¢1—<€)QC‘ =1 (2.26)

Hence x1 (T) = 0 because p(T) = 0 and x5 (T') = 0 as the integral over (0,T) of a function
which is odd with respect to T'/2.
2.3.3 Resolution of Sussmann’s paradox example

We turn back to Sussmann’s historical Example 3. Taking a trajectory satisfying x(0) = 0,
explicit integration of (1.42) yields:

x1(t) =ui(t), w2(t) =ua(t) and x3(t) = /0 (ui(s) + u3(s)) ds. (2.27)

Up to the second-order, the component x3(T") is a coercive quadratic form with respect to
|lull -2 = |lu2||;-. However, the sum of the orders 0+1+2 is not a good approximation of
the nonlinear solution for the same norm ||u|| ;- when u is small in L*>°. Indeed:

T Ty
/0 uy (t)dt # Hu”;;%o </0 uQ(t)dt> . (2.28)

Nevertheless, if the smallness assumption on the control in strengthened into |||y, < 1,
then the quadratic approximation becomes dominant. Considering a trajectory such that
21(T) = 22(T) = 0 and using integration by parts yields:

T T T
ul = — ug (t)uql (t)u = w2 (t)u . .
/0 3()dt = —2 /O (B (Dut)dt /O (D)t (2.29)
Combining (2.27) and (2.29) yields:

x3(T) = /0 u3(t) (1 4+ a(t)) dt > % ||u2||2L2 ) (2.30)

provided that [[u/[y1.0 ) < 1/2. From (2.30), we deduce that it is impossible to reach

states of the form (0,0,—¢) with § > 0. Hence, system (1.42) is not W1 small-time
locally controllable. Our point of view is that condition (1.41) allows to deny small-time
controllability with small W 1> controls. We think that this notion is pertinent because it
highlights that the quadratic drift can only be avoided with highly oscillating controls. We
recover here the conclusion of Theorem 3 with & = 2, in the particular case of Example 3.

2.3.4 Drifts with respect to an invariant manifold

In Examples 2, 3 and 6, the drifts hold relatively to the invariant manifold M = S;. However,
the drift can also hold with respect to a bent manifold.

Example 7. Let n =2 and A € R. We consider the following control-affine system:

{ o1 =1, (2.31)

To = 2uxy + )\x%.
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Straightforward explicit integration of (2.31) yield, for anyt > 0:

zo(t) = 23(t) + )\/O 73(s)ds. (2.32)

Equation (2.32) illustrates the idea that, when X # 0, the state (x1,x2) endures a quadratic
drift with respect to the manifold (2.14). The sign of the drift depends on \: when it is
positive, the state is above the manifold and reciprocally.

The direction of the drift is not related in any way with the curvature of the manifold at
the origin. Elementary adaptations of (2.31) in a three dimensional context can be built so
that the drift holds along a direction which is orthogonal to the curvature of the manifold.

2.3.5 Higher-order behaviors

When S; = 81, Theorem 3 asserts that the state can only leave the manifold at cubic order
with respect to the control. One must then continue the expansion further on, as multiple
different behaviors are possible (see Figure 2). We propose examples exhibiting different
higher-order properties.

Figure 2: Influence of higher-order terms on the reachable set. Left: a higher-order drift
pushes the state over the manifold. Right: small-time controllability is recovered.

Example 8. To recover the situation exposed in Figure 2, left, where a higher-order drift
pushes the state over the manifold, we perturb system (2.13) into:

{ "?1 - (2.33)

To = 2uxry + x‘ll.

This modification changes neither S1 nor Sa. For any t > 0:

t
zo(t) = 23 (1) —|—/ x1(s)ds. (2.34)
0
Hence, the state is constrained to involve within:
My = {(21,22) € R?, 25— 27 >0}. (2.35)

Example 9. Higher-order terms can also help to recover small-time local controllability, as
in Figure 2, right. One possibility is to introduce 8 € R and perturb system (2.13) into:

{i'lu+/8:r27

) (2.36)
To = 2uxy.
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Here again, §1 and Sy are preserved. However, one checks that:

Lf1, [frs [fo, fu]l] = 12Bea. (2.37)

Hence, when 8 # 0, the Hermes local controllability condition is satisfied since Sy = &1
and 83 = R? from (2.37). Thus, one obtains that system (2.36) is L™ small-time locally
controllable (see [37, Theorem 2.1, page 688]).

Example 10. The following control-affine example was introduced by Kawski in [25, Ex-
ample 4.1], where it is proved that it is L small-time locally controllable. Let n = 4 and
consider:

.i'l = u,

:I.;Q =T,

o (2.38)
r3 = Ty,

.i'4 = T2T3.

One checks that M = S; = &1 = Rey + Res. Therefore, Theorem 3 does not raise an
obstruction to controllability (at best, the lost directions will be recovered at the cubic order).
2.3.6 Examples for nonlinear systems

Regarding our work, nonlinear systems exhibit two new features with respect to control-
affine systems: the possibility of a u? term and a u3 term in the vector field.

Example 11. Let n =2 and A € R. We consider the following non-linear system:
f=4, (2.39)
Zi'2:$§+>\u2+’u3. .

When A # 0, there is a new strong drift, which involves the L?-norm of the control and
exceeds any other possible drift. It holds along the direction 0% £(0,0) (here, 2)\e2) as long as
w is small in L°°-norm (so that the cubic term can be ignored). When A = 0, the strongest
possible drift is the one involving the H'-norm of the control and is similar to the one
described for control-affine systems. We recover the obstruction corresponding to the first
bad Lie bracket [f1,[fo, f1]](0) = —2e2. However, the smallness assumption involves the
W2 _norm of the control in order to ensure that the u® term can be ignored (which is not
the case with smallness in W=1°°).

2.4 Optimality of the norm hypothesis

We give examples of systems proving that the smallness assumptions used in Theorems 2
and 3 cannot be improved (at least in the range of Sobolev spaces).

2.4.1 Optimality for control-affine systems

Example 12. Let k € N*. We consider the following control-affine system set in RFt1:
T = u,
i1 = x5, for1<j <k, (2.40)
Fpi1 = Tp + 2.
The controllable space is such that Si- = Reyy1. Moreover, one checks that:
lad} " (f1),ad), (f1)](0) =0, for 1< j <k, (2.41)
[ad " (f1), ad}, (f1)](0) = —2ex1, (2.42)
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Hence, we are in the setting of the quadratic obstruction of order k. Straightforward inte-
gration of (2.40) for trajectories with x(0) = 0 yields x; = u; for 1 < j < k and:

T T
rp1(T) = /O ug (t)dt + /0 u3 (t)dt. (2.43)

Hence, the existence of drift amounts to the existence of a Sobolev embedding relation.

Let us prove that our functional setting is optimal. More precisely, we wish to construct
controls realizing both signs in relation (2.43) and which are small in the most regular spaces.
We look directly for u,. We choose a function ¢ € C*(R,R), compactly supported in (0,7,

such that [ ¢? =1 and a:= J; (p*D)" #0. Let A € R and pu > 1. We define the family
of dilatations:

Pault) = Ap(ut). (2.44)
For m € [-1,+00), straightforward scaling arguments lead to:
k m
v A Fol (2:45)

Hence, the control u := @g\ki is small in W when |A\|u™* < 1. Moreover,

T T uT
/ Piu = A2/ wQ(ut)dt=A2u‘1/ @ =Nt (2.46)
0 0 0
and:
’ (k-1))° 3, 3k-3 g k-1)"
/O (sﬁw ) =\p /O (sﬁ ) (ut)dt
R /“T ((p(k—l))g (2.47)
0
— aX®

Hence, the cubic term dominates the quadratic term when |A|x**~3 > 1. Since p > 1, this
relation is compatible with smallness of the control in W™ if and only if m + k < 3k — 3.
Thus, the lost direction can be recovered with controls which are small in W for any
m < 2k—3. Indeed, sign A can take both signs, and since ¢ is compactly supported in (0, 7T),
we can build controls u* and associated trajectories 7 of (2.40) with z¥(0) = 0 satisfying
x*(T) = (0,...,0,£1). Using an argument based on the Brouwer fixed point theorem as
in [13, Chapter 8| enables us to conclude that system (2.40) is W™ small-time locally
controllable for m < 2k — 3. From an homogeneity point of view, our theorem involving a
smallness assumption in W%’B’C’O(O, T) cannot be improved using Sobolev spaces.

When k = 2, system (2.40) corresponds to Sussmann’s Example 3 and we conclude that
this system is W small-time locally controllable for any m € [—1,1). In particular, we
recover the fact, proved by Sussmann, that it is L> small-time locally controllable.

2.4.2 Optimality for nonlinear systems
Example 13. Let k € N*. We consider the following nonlinear system set in R**1:
T = u,
Tj41 =, for1<j <k, (2.48)
Thy1 = xi + ud.

From Theorem, 2, this system is not is not W2*°° small-time locally controllable. The argu-
ments used in the previous paragraph can be adapted to prove that the smallness assumption
mn W%’OO(O, T) cannot be improved using Sobolev spaces.
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2.4.3 Optimality for bilinear systems

One could think that our assumption can be enhanced for some better-behaved classes of
systems, e.g. bilinear control systems, for which the pathologic cubic term cannot be so
easily injected. It turns out to be false. The same kind of counterexample can be built
within the bilinear class. For brevity, we give an example only for the first obstruction (but
examples for higher-order obstructions are also possible).

Example 14. We work with n = 5. We consider the bilinear system:

21 =0,

To = UTq,

&3 = 2uxs, (2.49)
T4 = 3uzxs,

Ty = T5 + ura + T4,

around its equilibrium x. = (1,0,0,0,0). One checks that d = 1, that S = Res and that
So ¢ S1. Indeed, [f1, [fo, f1]](ze) = —2es5. Starting from the initial state x(0) = x., we have

1 =1, 23 = uy, 3 = u? and x4 = u$. Using the Duhamel formula, we obtain:
T
x5(T) = / e" " (u(t)ur (t) + ui(t)) dt. (2.50)
0

Assuming that we are looking for trajectories satisfying x2(T) = 0, we have ui(T) = 0.
Hence, integration by parts leads to:

1 T T
z5(T)e T = 5/0 e*tuf(t)dwr/o e tud(t)dt. (2.51)

For singular controls and short times, the exponential multiplier in the integrand does not
play an important role. Thus, we recover the key balance of (2.43) and the smallness assump-
tion of our theorem cannot be improved even within the favorable class of bilinear systems.

2.4.4 Optimality of the trace hypothesis

We give an example illustrating why the drift relation holds for any time only when the
controls have enough vanishing traces at the initial time. We consider once more Sussmann’s
Example 3 and we compute the solution associated with a constant control u(t) := n, starting
from z(0) = 0. One has:

1 1 1
x1(t) = nt, xo(t) = intQ and z3(t) = 2—07]2t5 + Zn3t4. (2.52)

Hence, for any T > 0, if |n| is small enough, then x3(7") > 0. However, for any n < 0,
there exists ¢ small enough such that z3(¢) < 0. This illustrates the comment announced in
Subsection 2.2:

e the drift relation holds at the final time without any additional assumption on the
traces of the control at the initial time,
e the drift relation also holds for any time provided that a sufficient number of traces of
the control vanish at the initial time.
Indeed, if we consider u(t) = nt (a control for which «(0) = 0), then:
1 1 1 1
t) = —nt? t) = -nt> and t) = —n*t" + —=nt". 2.53
wi(t) = 57, x2(t) = ent” and ws(t) = oot + = (2.53)

Hence, if |n| is small enough, x3(¢) > 0 for any ¢ > 0. Of course, similar limiting examples
can be built at higher orders. We refer to paragraph 5.4.2 for a detailed proof of the existence
of a drift, either at the final time or at any time.
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2.5 Plan of the paper

The remainder of the paper is organized in the following way:

e In Section 3, we prove preliminary algebraic and analytic results concerning the Lie
brackets involved in the spaces &1 and Sy that shed light on their structure.

e In Section 4, we introduce auxiliary systems useful in the proof of our alternative.
They are obtained by iterated application of appropriate flows.

e In Section 5, we prove our quadratic alternative for a particular class of well-prepared
smooth systems, whose linear behavior is a nilpotent iterated integrator.

e In Section 6, we show that the quadratic behavior both of general control-affine and
nonlinear systems can be reduced to this particular class of well-prepared systems. We
also extend our alternative to non-smooth dynamics.

e In Section 7, we introduce an appropriate second order approximation of nonlinear
systems that stays exactly within a smooth quadratic manifold which can be explic-
itly computed and corresponds to the second-order approximation of the manifold
constructed in the smooth case.

e In Section 8, we explore an alternative definition of small-time local controllability.

3 Algebraic properties of the Lie spaces

We explore the structure of the Lie spaces S; and S to gain some insight on these objects
and to prove useful lemmas. We compute the involved Lie brackets explicitly and we extend
the definition of these spaces to nonsmooth vector fields.

3.1 Computations modulo higher-order terms

With a view to computing explicity the Lie brackets of S; and Ss, we will need to carry out
computations modulo higher-order terms. Indeed, higher-order terms do not impact the Lie
brackets we want to consider. We use the following concept.

Definition 9. Let m,p € N* and ¢,p € C*°(RP,RP). We say that ¢ and @ are equal
modulo m-th order terms and write ¢ =) ¢ when there exists 0 € C>(RP, ’7;]7’;*1), where
’7;’?0’1 denotes the space of symmetric multilinear maps from (RP)™ to RP, such that:

Ve e R,  p(z) = ¢(z) +0(x)[z, ..., x| (3.1)
Remark 1. In particular, when ¢ =, ¢, since 0 is locally bounded near 0, we have:

o) = 3(x) + O (lzl™). (32)

However, (3.2) is a weaker hypothesis than (3.1) because it does not allow differentiation,
which is necessary in our context for the computation of Lie brackets.

Lemma 1. Let @, $,¢,9 € C(RP,R?). We assume that:

©=n10, =3¢ and Y=y (3.3)

Then, there holds: ~
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Proof. From hypothesis (3.3), there exists functions 6y € C*°(RP, ’7;17]’91), 0, € C (R, 'ng’gl)
and 6, € C°(RP, 7;%%,1) such that, for any = € RP:

() = Oo(z)[x], (3.5)
p(x) = ¢(x) + Oy (2) [z, 2, 2], 3.6
() = p(x) + Oy (2)[z, a]. (3.7)
Differentiating (3.6) and (3.7) with respect to x yields that, for any =, h € R?:
@' (x)-h =@ (x)-h+(0,(z) - h)[z,z, 2] + 30, ()[h, z,z], (3.8)
V(@) h="(x) b+ (0 (x) - h) [z, 2] + 20, () [h, 2]

From (3.7) and (3.8), we have ¢ - ¢ =9 ¢ - ¢. Indeed, for any z € RP:
(@) - ¥(z) = ¢'(2) -w(iﬂ) + ¢ (@) - Oy (), 7]

3.10
+(OL() - 9@, 2,2 + 30, ()(@), (310
From (3.5), (3.6) and (3.9), we have ¢ - ¢ =y ¢/’ - ¢. Indeed, for any = € RP:
V(@) pl@) = 9 (@) pla) + (@) Oplwla, -
+ (04(2) - (@) [z, 2] + 204 (2)[bo (2)[2], z].
Combining (3.10) and (3.11) yields (3.4). O
Lemma 2. Let ¢, 5,0,9 € C°(RP,RP). We assume that:
o= ¢ and V= (3.12)
Then, there holds: ~
[p, ¥)(0) = [@,¢](0). (3.13)

Proof. We proceed as above. Thanks to (3.12), we introduce functions 6, € C*°(R?, T2})
and 6y, € C°°(RP, T2!) such that, for any = € RP:

»Ipp

p(x) = () + Oy (2)[z, 2], (3.14)
() = P(x) + 0y () [, a]. (3.15)

Differentiating (3.14) and (3.15) with respect to z yields that, for any z, h € RP:
o(x)-h= <,5’(:c) “h+ (0, (2) - h)[z, 2] 4 20, (2)[h, ], (3.16)
V'(x)-h =49 (z) h+ (0 () - h)[x, z] + 20, (x)[h, z]. (3.17)
From (3.15) and (3.16), we have ¢’ -4 = '-15 From (3.14), (3.17), we have ¢'-¢ = 5.
Thus, [p, Y] =p1 [@, ], which yields (3. 13) by evaluation at z = 0. O

Lemma 3. Letp,q € N*, m € N and ¢ € C>°(RP,R?). We denote by Ty,(p) € C°(RP,RY)
the Taylor expansion of order m at the origin associated with p. Then:

® =pmt1) Tm (). (3.18)

Proof. This lemma is a consequence of the Taylor formula with integral remainder for vector-
valued multivariate functions:

ol(2) = TulP)(@) + — [ (1= )" (1), ..., ), (3.19)

m. Jo

where ©(™*1) denotes the usual multi-linear differential map taking m + 1 arguments in R?.
From (3.19), we deduce (3.18). O
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3.2 Explicit computation of the Lie brackets

We compute explicitly first and second-order Lie brackets using only low-order derivatives
of the vector fields. Let foy, f1 € C*°(R™,R"™) with fp(0) = 0.

3.2.1 First-order Lie brackets

We recall the following notations (already used in Subsection 1.3):

Hy = f}(0) € M, (R) and b:= f,(0) € R"™. (3.20)
Since fp(0) = 0, for any smooth vector field g € C*°(R™,R") and any k € N:
adf, (9)(0) = (—Ho)"g(0) (3.21)
In particular, applying (3.21) to fi, we define the vectors b € R™ for k € N as:
b == ad}, (f1)(0) = (—Ho)"b. (3.22)

Hence, as these brackets span &7, we obtain:
S1 = Span {ad];co(fl)(O), ke N} = Span {b;, k € N}. (3.23)
Therefore, the Kalman rank condition (1.9) is equivalent to S; = R™, thanks to (3.23) and
the Cayley-Hamilton theorem applied to the matrix Hy € M, (R).
3.2.2 Second-order Lie brackets
To carry on the computations at second order, we define the following matrix:
Hy = f{(0) € M,(R) (3.24)

We also introduce the following third order tensor, which defines a bilinear map from R™ xR™
to R™ (and can be thought of as the Hessians of the components of fj):

1
Qo = 3 (0). (3.25)
By induction on k € N, we also define the linear operators:
LO = Hl, (326)
Lk+1 = LkHO - H()Lk - 2Q0(bk, ) (327)

Thanks to these definitions, we can compute the first-order Lie brackets more precisely.

Lemma 4. For any k € N:

adl}o (f1)(x) =[2 bk + L. (3.28)
Proof. From Lemma 3, fy(0) = 0, definitions (3.20), (3.24) and (3.25):

fo(w) =31 Hox + Qo (7, x), (3.29)

fi(x) =g b+ Hyz. (3.30)

For k = 0, (3.22), (3.26) and (3.30) prove (3.28). Proceeding by induction on k € N, we
evaluate the next bracket using Lemma 1 with ¢(z) := fo(x), ¢(z) := Hor + Qo(w, ),
P(x) = ad];co (f1)(x) and ¥(x) := by, + Lixa. Thus, using (3.22), (3.27) and (3.29):

[fo.adf, (£1)] (@) =) Lu(How + Qo(, @)) = (Ho +2Qo(, ) (b + L)
=19) bkt1 + Let12 + LpQo(x, ) — 2Qo(x, L) (3.31)
=[2] bk+1 + Lit17,

since the terms which have been dropped from (3.31) are bilinear in x. O
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Using (3.21), (3.28) and Lemma 2, we obtain the values of the second-order Lie brackets:

[adf, (7). ad%, (£1)] (0) = Lybi — Liby, (3.32)
(adp, ([adh, (7). ad%, (£1)])) (0) = (= Ho)' (Lt — Laby). (3.33)
Since Sq is spanned by such brackets, we obtain:

Sy = Span {(—Ho)"(L;by, — Lb;), (i,4,k) € N*}. (3.34)

3.3 Definitions for nonsmooth vector fields

Let fo € C*(R™",R") and f; € C*(R™,R"). For nonlinear systems, these assumptions are
satisfied if f € C%(R",R"?) and fy and f; are defined by (1.6). With such regularity, the
objects (3.20), (3.24) and (3.25) are well-defined. Hence, definitions (3.22), (3.26) and (3.27)
make sense. Therefore, one can use (3.23) and (3.34) as definitions of the spaces S; and Ss.
Moreover, relations like (3.32) can be used to give a meaning to individual brackets.
Another more flexible approach (which leads to the same spaces) is to introduce regu-
larized vector fields fo := Ty fo and fl := T f1, corresponding respectively to second-order
and first-order Taylor expansions of fo and f; at 0. Hence fo, fi € C™ (R™,R™). Then, one
defines S§; and S, as the usual Lie spaces associated with these regularized vector fields.

3.4 Algebraic relations between second-order brackets

The following algebraic relations highlight the fact that our theorems could actually be
stated using other equivalent brackets (see (3.36)). Although these results are not new, we
include the proofs (inspired from [24, pages 279-280]) for the sake of completeness.

First, for any ¢,] € N such that 0 <[ < 4, it can be proved by induction on I, using the
Jacobi identity and the skew symmetry of the bracketing operation that:

-1

[froadf, (f1)] = Y (=17 [fo, [ad], (f1),ad/ (f)]] 4+ (=1)'fady, (f1), adis ' (f1)]- - (3.35)

§=0
This formula has the following consequences.
Proposition 5. Let k € N*. We assume that fy, f1 € C°(R",R") and (2.7) holds.
1. Then [ad$, (f1), audb0 (f1)])(0) € &1 for every a,b € N such that a + b < 2k — 2.
2. Statement (2.8) is equivalent to each of the following two statements:
o [ad’, (£1),adZ =17 (£)](0) ¢ S, for every L€ {0, 2 — 1},
o [ad), (f1),ad? " " (f1)](0) & Su, for some 1 € {0, ..., 2k — 1}.
Moreover:

di = (1) P ([adf, (7). adZ = (£1)](0)). (3.36)

3. If (2.8) holds, then the family (f1(0),... ,adk(?l(fl)(O)) is linearly independent. Thus,
it can only hold for k < d.

4. If k > dim 81, then [ad% (f1 ,ad’ f1)](0) € 81 for every a,b € N.
fo fo

Proof. Statement 1. We decompose the proof in three steps.
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o Step A. We prove that, if [ad%, (f1), adb0 (f1)](0) belongs to Sy for every a,b € N such

that a +b < 2m — 1 and for some m € N*, then [ad§ (f1), adl}o(fl)](O) belongs to Sy
for every a,b € N such that a + b < 2m.

Let m € N. We assume that [ad} (f1), adl}o(fl)](()) € &8 for every a,b € N such that
a~+b < 2m — 1. We deduce from the stability of S; with respect to bracketing by fo
and formula (3.35) with ¢ = 2m and | = m that [f1, ad?om (f1)](0) belongs to S;. Then,
we deduce from the stability of S; with respect to bracketing by fo and formula (3.35)
with 4 = 2m that [adlf0 (f1), ad?com_l(fl)](()) € S for every | € {0, ...,2m}.

o Step B. We prove that, if [ad$, (fl),adb0 (f1)](0) belongs to Sy for every a,b € N such
that a+b < 2m, and [ad}, (f1), d%Jrl(fl)](O) belongs to S; for some m € N, then, for
every a,b € N such that a +b < 2m + 1, [ad%, (f1), adb0 (f1)](0) belongs to S;.

This is direct consequence of formula (3.35) with ¢ = 2m + 1 and the stability of S;
with respect to bracketing by fo.

o Step C. We prove Statement 1.

Using the case j = 1 in assumption (2.7) and Step 2 with m = 1 we obtain that
[ad%, (fl),audb0 (f1)](0) € & for every a,b € N such that a + b < 2. Then, using the
case j = 2 in assumption (2.7), Step 3 with m = 1 and Step 2 with m = 2 we obtain
that [ad%, (f1), adl}0 (f1)](0) € & for every a,b € N such that a + b < 4. The proof is
carried on by iteration.

Statement 2. This statement follows from formula (3.35) with ¢ = 2k — 1, Statement 1
and the stability of S; with respect to bracketing by fo.

Statement 3. We assume that (2.7) holds and the family (f1(0),... adl;o_l(fl)(O)) is not
linearly independent. If k = 1, then f1(0) = 0. Thus & = {0} and:

Lf1, [f1: foll(0) = £5/(0) (£1(0), £1(0)) + f5(0)f1(0)£1(0) — 2£1(0) f5(0)f1(0) = 0 € S1. (3.37)

Now, we assume that k > 2. There exists ag, ..., ap_2 € R such that:

ads (£1)(0) = 3 avad, (12)(0). (338)
Then:
ad, (f1)(0 ZaT ad’™ (£1)(0), (3.39)

because ad’ (f1)(0) = Hgfi(0) for every r € N. We deduce from (2.7) and Statement 1
that, for any a,b € N such that a +b < 2k — 2:

(ad, (7)) (ad, (£)(©)) ~ (adb, (7)) (adf, (1)) (3.40)

where ~ means equality modulo additive terms in S; (equivalence classes in R"/Sy). Us-
ing (3.38) and (3.39), we have:

[adF, (f1), adj, " (f1))(0)
- (adk_l(fl))/(ad’}o(fl)(O)) — (adh, (1)) (2t (£)(0))

_ Zar (et () (a5 (0)0) = (o () (a7, (1)(0)) )

(3.41)
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Then, using (3.40), we have:

[ad}, (f1),ad} " (f1)](0)

Y, (i) (s (1000)) = (st (1)) (uc (1)) )
r=0

.S ovan ( (st (1) (s (1) 0) — (o, () (st 0 )
r,R=0
~§G3Lr+ > apagrLyg,
r=0 0<r<R<k—2
where:
L, = [ad} (1), ad], (f1)](0), (3.43)
Leri= (adi () (adft (1)) = (ady, (7)) (2dfF (1)) (3.49)

+ (a1 () (s, (1)) = (adf (1) (a (1))
= [ad5 (1), adf ())(0) ~ [adlh, (1), adE7(1)](0).

Since 2r +1,r+ R+ 1 < 2k — 3, L, and L, r belong to S; for every 0 <r < R < k —2.
Therefore [ad’};l(fl), ad];co(fl)](O) belong to Sy, i.e. (2.8) does not hold.

Statement 4. By iterating Statement 3, we obtain that [ad%l(fl),adgco(fl)](()) € S for
every j € N. Then, Statement 1 yields the conclusion. O

In particular, these algebraic relations lead to constraints on the different ways that one
can have S ¢ S;. More precisely, we prove:

Lemma 5. Let fo, f1 € C°(R",R"™) with fo(0) =0 and d :== dim S;. Assume that S ¢ Si.
Then, there exists 1 < k < d such that (2.7) and (2.8) hold.

Proof. By contradiction, let us assume that (2.7) holds with & > d. From Statement 4 of
Proposition 5, we get that [ad}, (f1), adb0 (f1)](0) € &1 for any a,b € N. Since S is stable

with respect to bracketing by fo, we also have ad} ([ad}, (fl),adb0 (f))(0) € & for any
a,b,c € N. From (3.34), this yields that So C &7, which contradicts our assumption. Thus,
there exists k& < d such that (2.8) holds. Taking the smallest such k£ > 1 such that (2.8)
holds ensures that (2.7) also holds. O

4 Construction of auxiliary systems

We construct by induction auxiliary systems that are useful in the proof of our theorems.

4.1 Definitions and notations
Let f € C°(R™ x R,R™) with f(0,0) = 0. We define the C* map Gy : R x R™ — R" as:

= 0.7) ~ folo) ~mh(p)  for T £0,

GO(Tap) = 1 9
iauf(p, 0) for 7 =0.

(4.1)
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Let T > 0 and (z,u) € C°([0,T],R") x L*>((0,T),R) a trajectory of (1.1) with 2(0) = 0. I
the case of a control-affine system, the control u is only assumed to belong to L((0,7T),R).
We introduce, for 1 < j < d:
e the smooth vector fields: ‘ ‘
fi = (=17 tad (), (4.2)

e the associated flows ¢;, that are smooth and well-defined on an open neighborhood
; C R x R™ of (0,0), which are defined as the solutions to:

9;(0,p) = p.
and we will sometimes write ¢7(p) instead of ¢;(7, p),
e the smooth maps Fj : Q; — R™ defined by:
Fj(7,p) := (9p5(r0)) " fo(¢5(7,p)), (4.4)
e the smooth maps G; : {2; = R", defined by:
1
;(Fj(ﬂp) — Fj(0,p) = 70-F;(0,p))  for 7 #0,
Gj(r,p) = 1, (4.5)
§GTFj (0,p) for =0,
e the auxiliary states &; : (0,7') — R"™, defined by induction by:
€0 = and €j+1 = ¢j+1 (_Uj+1;€j) . (46)

4.2 Evolution of the auxiliary states

We start by computing some derivatives of the utility functions Fj, from which we then
deduce by induction the evolution equation for the auxiliary states.

Lemma 6. Let 1 < j <d. One has:
O-F;(0,-) = fj+1, (4.7
O2F;(0,-) = [f;, fiza)-

Proof. Differentiating definition (4.4) with respect to 7 yields:

OrFj = —(0p;) ™ 0rpj (0p5) ™" fo(85) + (D) ™" fo(8)0r 5. (4.9)
Applying Schwarz’s theorem and using (4.3), one computes:
Orpdj = Oprdbj = f(0;)0p0;. (4.10)

Gathering (4.9), (4.10) and using (4.3) yields:
0-Fj = —(0p0;) ™" £1(0) fo(¢5) + (0p5) " fo(¢5) f5(¢5)
= (0p05) 15, fol ().

Equation (4.11) proves (4.7) by evaluation at 7 = 0 thanks to definition (4.2). Applying the
same proof method to 9, F; yields (4.8). O

(4.11)

27



Lemma 7. Let 1 < j < d and &; be defined by (4.6). Then £;(0) = z(0) and &; satisfies:

j
&= fo(éj)+ujfj+1(§j)+ZU?ICLJ, (4.12)
1=0
where we define:
Ky (Ops (1, &))"+ (Oprs (wigr, §41)) ™ Gulu, &) for 1< j, (4.13)
! Gj(u;,&5) forl=j.
Proof. Setting &y := x and using (4.1) proves that (4.12) holds for j = 0. Let 0 < j < d.
We assume that (4.12) holds. From (4.6):

& = 0jr1(Ujr1,&+1)- (4.14)
Differentiating (4.14) with respect to time yields:
& = 1j410r 0541 (i1, §i11) + Opdir (s, §41)E501- (4.15)
Injecting (2.1), (4.3) and (4.12) into (4.15) yields:
J
Optjr1 (i1, &541) 841 = fo(dj1(ujs1, 1)) + Zu?/@,j- (4.16)
1=0
From (4.13), one has:
—1
Kij+1 = (Opdjt1 (w1, 41))  Kije (4.17)
Gathering (4.4), (4.16) and (4.17) gives:
J
€1 = Fjn (wjn, &) + Y uiKi . (4.18)
1=0

Moreover, by (4.4), (4.5) and Lemma 6, one has:
Fyi1(ujin, 1) = Fira(0,&551) + ujp10:Fi1(0,6551) + uf 1 Gy (w1, 541)
= fo(&js1) + ujrrfiaa(€in) + ufy 1 Gy (wgn, §in)-
Hence, (4.18) and (4.19) conclude the proof of (4.12) for j + 1. O

(4.19)

4.3 An important notation for estimates

Despite the difference in the optimal functional framework between control-affine and non-
linear systems, we are going to prove Theorems 2 and 3 in a unified way. To that end, we
introduce two parameters v and ¢:

e v:=1landq:= 1, when &2 f = 0 on an open neighborhood of 0 (control-affine systems),

e v:=0 and ¢ := oo otherwise (general nonlinear systems).

Hence, a trajectory (x,u) belongs to C°([0,T],R™) x L4((0,T),R). Moreover, the following
notation is used throughout the paper as it lightens both the statements and the proofs:

Definition 10. Given two observables A(x,u) and B(xz,u) of interest, we will write that
A(z,u) = O(B(z,u)) when: for any T > 0, there exists C,n > 0 such that, for any
T € (0,7] and any trajectory (z,u) € C°([0,T],R™) x LI((0,T),R) with x(0) = 0 which
satisfies |[uy|| o < 1, one has |A(z,u)| < C|B(x,u)|. Hence, this notation refers to the
convergence ||uy||; — 0 and holds uniformly with respect to the trajectories on a time
interval [0,T] C [0,T]. For observables depending on t € [0,T], it is implicit that the
notation A(z,u,t) = O(B(z, u,t)) always holds uniformly with respect tot € [0,T] C [0, T].
Eventually, we will use the notation O(-) when the estimate holds without any smallness
assumption on the control.
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4.4 Estimations for the auxiliary systems

We start with an estimate of the solutions of the system (1.1), requiring little regularity on
dynamic (this will be useful in the sequel).

Lemma 8. Let f € CH(R™ x R,R") with f(0,0) = 0. One has:

[z(t)] = Oo([lwl1)- (4.20)
Proof. Let T > 0. We define M := max{|f'(p,7)|; (p,7) € B(0,1) x [-1,1]}, C := MeMT
and 1 := min{1,1/(2CT)}. Let T € (0,7] and (z,u) € C°([0,T],R™) x L>((0,T),R) be
a trajectory of system (1.1) with 2(0) = 0 which satisfies |[ul|; o < 0. Let T} := sup{t €

(0,T7); Vs € [0,%],|x(s)| < 1}. For every ¢t € [0,T1], one has, by the first-order Taylor
expansion:

¢ ¢

|z(t)] = ‘/0 f(@(s),uls))ds| < M/O (lz(s)] + |u(s)]) ds. (4.21)

Thus, by Gronwall’s lemma:

N | —

t
lz(t)] < MeMt/ |u(s)|ds < Cllullpr < CT||uljpe < CTy < (4.22)
0

This proves that T3 = T and that (4.20) holds, in the sense of Definition 10. O
In the particular case of control-affine systems (1.3), the size of the solution can be
estimated by a weaker norm of the control, according to the following statement.
Lemma 9. Let fo, fi € C1(R",R") with fo(0) = 0. One has:
()] = Or(fur ()] + fual 1), (4.23)
(1) = Or([Juall1)- (4.24)
Proof. Let T >0, ¢1: Q1 CR xR" = R" and G : ©; — R" be defined by (4.3) and (4.5)
for j = 1. Let r > 0 be such that [—r,r] x B(0,r) C ;. Let M; > 0 be such that:
V(p,7) € B(0,r) x [=rr], |fo(0)l, |f2(p) + 7G1(7,p)l, |61(7,p)| < M. (4.25)

Let Oy := M7, 5 = min (r,r/(2C1T)) and C := Mymax{1,C;}. Let T € (0,7]
and (z,u) € C°([0,T],R") x L*((0,T),R) be a trajectory of system (1.3) with z(0) = 0
which satisfies [|ul|y-1.c < 7. Let u; be defined by (2.1), & be defined by (4.6), which
solves (4.12), and T := sup{t € [0,T]; Vs € [0,t],|&1(s)] < r}. For every ¢t € [0,T1], one
has, by a first-order Taylor expansion:

s = | [ (06D +0(6) (06D + ()65 0 61,8009 ) s

] (4.26)
< [ (@) + () ds.
0
Thus, by Gronwall’s lemma:
t
r

|€1 (t)| < MleMlt/ |U1(S)|d8 < Cl”'UlHLl < C1T||U1||Loo < ClTU < 5 (427)

0

This proves that T} = T and (4.24) holds for ¢ € [0,T]. Then, for every ¢ € |

|[(8)] = |1 (ur(t), &1 (1))
< My (Jur ()] + [&(8)])

o

,T], one has:

P 4.28
< Myfus ()] + My 2
< C(lua (@] + luallzr)

which holds then ||u;||; . < n and thus concludes the proof. O
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Lemma 10. Let f € C°(R" xR, R"™) with f(0,0) = 0. The auxiliary states are well-defined
and satisfy:

2
& (0)] = O (Il 1 + llus 7). (4.29)
Proof. The following estimate obtained from (2.1) for 1 < j < d will be useful:
Vp € [1,+00], lujllp, = On(llusyll ). (4.30)

Well-posedness of the auxiliary systems. Let us first explain why the auxiliary states
are well-defined for ¢ € [0, T]. From (4.6), for ¢ € [0,T], one has:

&(t) =07 o 09" O (a(1)). (4.31)

The flows ¢; for 1 < j < d are well-defined on open neighborhoods €2; of (0,0) in R x R”™.
Thanks to the contmulty of the flows, one deduces from (4.31) that the auxiliary states are
well-defined on [0, T'] provided that |x| and the |u;| stay small enough. Thanks to Lemma 8
in the nonlinear case, Lemma 9 in the control-affine case and to (4.30), this is true if [[u, ||
is small enough. Moreover, the regularity of the flows implies that:

fj(t) = OW(HU’V”Ll)‘ (4.32)

Estimates of the auxiliary states. From (4.12), one has:

&(1) = / Jol&5()) + 15(8) fr41 (& (5 +Zuz 2,0s) | ds. (4.33)

From (4.32), (4.33), fo(0) = 0 and the regularity of the functions involved, one has:

t J
§i(t) = /O O, (1€ (s)Dds + Oy [ Mgl p + D lullZe |- (4.34)
l=v
From (4.30) and (4.34):
! 2
- / O, (18 (5))ds + O (Il 1 + llus 7). (4.35)
Application of Gronwall’s lemma to (4.35) proves (4.29). O

5 Alternative for well-prepared smooth systems

We prove our quadratic alternative for a particular class of well-prepared smooth systems.
More precisely, we consider smooth control systems such that:

(f5(0))" £1(0) = Hb =0, (5.1)

where d is the dimension of §;. This condition simplifies the linear dynamic of the system
as it is reduced to an iterated integrator. We will explain in Subsection 6.2 how one can use
static state feedback to transform any system into such a well-prepared system.
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5.1 Enhanced estimates for the last auxiliary system

Under assumption (5.1), the linear dynamic has been fully taken into account once arrived
at the auxiliary state £;. Indeed, let us consider a trajectory with z(0) = 0. Hence £4(0) =0
and, using (4.12), we have:

d
€ = fo(€a) + uafari(€a) + D uPKia. (5.2)

=~

Recalling (3.20), the linearized system of (5.2) around the null equilibrium is:
Yda = Hoya + uafa+1(0). (5.3)

From (5.1), f44+1(0) = H{b = 0 and y4 = 0 since y4(0) = 0. There dependence of &; on the
control is thus at least quadratic. The second-order approximation of (5.2) around the null
equilibrium is given by:

d
. 1
Zqg = Hozq + §f6/(0)-(yd, yd) + udf,;+1(0)yd =+ ZUZQGZ(Oa 0). (5.4)
l=x

We deduce from the relation y4 = 0, the initial condition z4(0) = 0 and (5.4) that:

d t
za(t) = ; /0 uZ(s)e=9Ho G, (0,0)ds. (5.5)

These remarks lead to the following estimates.

Lemma 11. Let f € C*(R™ x R,R™) with f(0,0) = 0 satisfying (5.1). One has:

()] = 05 (Jlus72). (5.6)
€alt) = za(t)] = O3 (Ilus 5. (5.7)
Proof. The integral form of (5.2) is:
€alt) = / Fol€a(s)) + wals) fast (€a(s)) + 3 w(s)2Kpa(s) | ds. (5.8)
l=v

Using the integrator assumption (5.1), one has fq41(0) = 0. Moreover uq = O,(1). Hence,
thanks to the regularity of the functions involved in (5.8), one obtains:

lt) = [ 0,(eute)Das + 0, (s 7). (5.9)

Estimate (5.6) follows from the application of Gréonwall’s lemma to (5.9). We turn to the
next order bound, using the following integral formulation:

&alt) = za(t) = / (fo&a(s)) = Hozas) + ua(s) a1 (€a(s)) ) ds

K (5.10)
*i/o “?(S)(/Cj,d(s) - Gj(o,()))ds.
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We estimate separately the different parts of the integrand in (5.10). First, using the regu-
larity of fo and (5.6), one has:

fo(€a) — Hoza = Ho(€a — 2a) + O4(|&al?)

5.11
= 0, (& — 24l) + O Iy 112 ). o1

Moreover, using once again the integrator assumption (5.1), the regularity of fgy1, esti-
mate (5.6) and Holder’s inequality, one has:

/Ot uq(s) far1(8a(s))ds = O, (/Ot |Ud(8)||§d(s)|ds)

t
=0, (Il [ Tua(o)as) = 0 (1 1)
0

For 1 <1 < d, the bound (4.29) yields & = O,(1). The C? regularity of ¢; justifies that:

Fpdr(wi(t), &i(t)) = Fp¢i(0, & (1)) + O5(lw(®)]) = 1d + O, (Ju(#)])- (5.13)

Inverting (5.13) proves that, for 0 < j < d:

(5.12)

-1

Kja—Gji(0,0) = (3p¢d(ud,§d))il o (Opdjr (wir1,&41)) Gj(uj,&5) — G5(0,0)
= G (u;,&) — G;(0,0) + Oy (|ual + ... + |uj41]) (5.14)
= O, (I§5] + ual + - - + [uy]).

We deduce from (4.29), (4.30), (5.11), (5.12) and (5.14) and Hoélder’s inequality that (5.10)
can be written:

&ult) = 2u(t) = O; (Jus ) + [ 0,18 = =l (515)

Applying Gronwall’s lemma to (5.15) concludes the proof of estimate (5.7). O

5.2 Construction of the invariant manifold

We construct the smooth manifold M, as the graph of an implicit function G. The following
lemma is a key ingredient in the construction of G.

Lemma 12. Let f € C®(R" x R,R™) with f(0,0) = 0 satisfying (5.1). There exists a
smooth map:

| S xS = S (5.16)

(py,pL) = F(py,pL),

such that F(0,0) =0, 3, F(0,0) = Id on Si- and one has:
F(Pa(t), Pa(t)) = PHéu(t) = Oy (Il 3. (5.17)

Proof. Construction of . We introduce the smooth map 1 : R? — S; defined by:

P(ui, ... uq) =P (@M o0 ¢ (0)). (5.18)

Using (4.3), we obtain by differentiating (5.18) that, for every h € R?,

W(0)-h=hyf1(0) + ... + hafa(0). (5.19)
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From (5.19), ¢'(0) : RY — &; is bijective because (f1(0), ..., f4(0)) is a basis of S;. By
the inverse mapping theorem, v is a local C*°-diffeomorphism around 0. We introduce the
smooth map a : Q@ C 8 — R? defined (locally around 0) by:

a(pu) = (a1lp)), .-, alpy)) = v (py). (5.20)
In particular, ;(0) = 0 for 1 < i < d. We define F as:
F(py,p1) *PL(éf’ b g ogp ) (py JFPJ_))- (5.21)
Then, F(0,-) is the identity on Si- because a/(0) = 0 and ¢} = Id. One has:
OF OF
F(0,0)=0, 22(0,0)=0 and ——(0,0)=Id. 5.22
0.0 =0, 50,0 5o (0.0) (5.2

Proof of estimate (5.17). First, using (4.6) and the C! regularity of the flows, we have:

Px —(ui,...,uqg) =Py o--- 0 ¢y (&q) — Pyt o -0 ¢y (0) = Oy (|&al)- (5.23)
Hence, plugging estimate (5.6) from Lemma 11 into (5.23) and using that ¢! is locally
Lipschitz-continuous proves that:

0 (P2) = ;] = O, (Jlus 13 ) (5.24)

Using (5.24), we will now prove that:

J
67 00 @) = g+ 3 (w— @) i(0) + O (Jusllfs ). (5:25)
=1
Equation (5.25) with j = d proves (5.17) because the projection P+ involved in (5.21) kills
the d terms f1(0), ..., fa(0) from S;. We proceed by induction on 1 < j < d to prove (5.25).

Initialization for j = 1. By definition of &, we have:

o7 (@) = o7 0 611 (€1) = 1 (w1 — a1 (Pe), &u). (5.26)
Then, using a Taylor formula with respect to the time-like variable of the flow ¢, we get
from (4.3), (5.24) and (5.26):

¢ (2) = & + (w1 — an (Px

) 0:61(0,61) + O, (Jur — o (P) )
=& + (u; — oy (Px)

)

(

)

) fu(&) + 05 (lus 72 (5.27)
) £1(0)+ 05 (Il ),
4.

29) and Holder’s inequality.

= 51 + (’U,l — Oél(PSC
thanks to the C! regularity of fi, estimate

Heredity. Let 1 < j < d and assume that (5.25) holds. Applying (b]ff“(m) to this relation
and using Taylor’s formula gives:

¢Jf1j+1(%) ¢j—0ﬁ(M) 6.-'0 ¢1—a1(%)(z>

~osn ) <§j + i (w0 = u(P2)) £i(0) + O, (|u7|i3)>

=1

—ajt1(Px ajy1(Px (528)
) +Zuwaz (Ba))0p 7" (65 £1(0) + 05 (Il I3 )
j=1
l

= o 0 4 3 (- ) fu(0) + Oy (Jlus ),

j=1
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because, thanks to (5.24), for 1 <1 < j:
(1 = aa(P)) (86,77 ~1d) fi(0) = O (llus 13 Iy ()] )

= 0, (w7 (lusal + Il 72)) - (5:29)

3
=0, (Il 13-
Moreover, the same arguments as in the initialization lead to:
wir1—aiyq (Px 3
O3 T () = Gt + (i — g1 (Be)) £11(0) + O, ([lus ). (5:30)
Thus, we obtain (5.25) at the next order by incorporating (5.30) in (5.28). O

Lemma 13. Let f € C°(R™ x R, R™) with f(0,0) = 0 satisfying (5.1). There exists a
smooth map G : 81 — S with G(0) = 0 and G'(0) = 0 such that:
PLa(t) - G(P(t) — PHéa(t) = Oy (Jluq35). (5.31)
Proof. We consider the smooth map:
. [ S xSt xSt = St
F.lorXer el L (5.32)
(pisprsp) = Fpy,pL) — p.

One checks from (5.22) that F(0,0,0) = 0 and 8, F(0,0,0) = Id. By the implicit function
theorem, there exists an open neighborhood U of (0,0) in S; x Si-, an open neighborhood
of V of 0 in S and a smooth map © : U — V such that, for any (p,, p) € U:

(pre Vv and F(py,pi.p) =0) & (pr=0(p,.p). (5.33)
In particular, ©(0,0) = 0. Moreover, by differentiating the relation:
F(py,0(py;p),p) =0, (5.34)
we obtain thanks to (5.22):
00 00
—(0,0)=0 and —(0,0)=—Id. 5.35
5, 0.0 5, 0.0 (5.5)
We define G : S; — S by:
G(p)) = O(p,,0). (5.36)

One checks that G(0) = 0 and G’(0) = 0 from (5.35). Moreover, using (5.17), the C*
regularity of ©, (5.6) and (5.35) we get:

PLa(t) = @(]P’z(t),PLfd(t) + Ov(”%“id))

- e(wt),o) +PLeq(t) +07(|\uv|\§3) (5.37)
= G(Pa(t)) + Peu(t) + 05 (1 I3, )
Equation (5.37) concludes the proof of (5.31). O

Remark 2. The functions F' and G constructed in this subsection are only defined in small
neighborhoods of the origin. However, since we are always considering controls which are
small in W=7 and since Lemmas 8 and 9 imply that, for such controls, trajectories stay
in a small neighborhood of the origin, we only use the constructed functions where they are
well-defined. In fact, one can also choose any smooth extension of these functions to the
whole space. This procedure simplifies the statement of our theorems, avoiding the need to
mention this detasl.
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5.3 Invariant manifold case

When Sz + Rdy = Sy, then, by (5.5), z4(t) € S for any ¢ € [0,T] because G,(0,0) belongs
to Sy (for j = 0, see (2.3) and (4.1), for 1 < j < d, see (4.5) and (4.8)) and this space is
stable by Hp. Thus P1z,4(t) = 0. Taking this fact into account and combining (5.7) from
Lemma 11 with (5.31) gives:

Pz — G(Pz) = @(HMH;). (5.38)
Estimate (5.38) and the meaning of the notation O, (-) yield the existence of positive con-
stants C' and 7 such that the conclusions (2.5) and (2.11) of Theorems 2 and 3 hold for

controls that are smaller than 1 in W~"*°-norm, in the particular case of well-prepared
systems satisfying (5.1).

5.4 Quadratic drift case

We consider the case S2 +Rdy ¢ S1 and prove that the state drifts towards the direction dj
defined by (2.3) for £k =0 and (2.10) for k& > 1.

5.4.1 Coercivity of the quadratic drift for small-times

We know from Lemma 5 that there exists 0 < k < d such that G;(0,0) € S; for 0 < j < k
and G;(0,0) ¢ S;. Indeed, thanks to (4.1), (4.5) and (4.8), one has G;(0,0) = 3d;. The
heuristic is then that:

PLzg(t) ~ % (/Ot ui(s)ds) dp. (5.39)

To make this statement more precise, we define, for t > 0, Q:(u) = (z4(t),d) and we
introduce the following set:

t
T:= {T >0; 3Cr > 0,vt € (0,T],Yv € L*(0,t), Q+(v) = CT/ vk(s)st} . (5.40)
0

Lemma 14. The set T s non empty.

Proof. From (5.5), using that (G,(0,0),dx) =0 for j < k, we compute:

d t
Qi(u) =) / uj(s)* (e =10 G;(0,0), dy.)ds, (5.41)
=k 70
There exists C' > 0 such that, for T small enough and ¢ € [0,T:

t
/ wi(s)? (e<t*S>H0 - Id) G1(0,0)ds
0

and, for every k+ 1 < j < d,

t
< Ct/ ur(s)*ds (5.42)
0

t
/uj(s)Qe(tfs)HoGj(O,O)ds
0

t
<Ct2/ u(s)3ds, (5.43)
0

because: )
t s 3
|uj(s)|<si*k*1/ g (7)[dr < 57F—3 (/ |uk(r)|2d7) . (5.44)
0 0

Gathering (5.41), (5.42) and (5.43) one has Q;(u) > 1 ||uk||L2(07t) for T small enough. O
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Thanks to Lemma 14, we can define the coercivity time T* as:
T* :=sup{T >0; T €T}. (5.45)

In the general case T* < 400 (see Example 6 where T* = 7). However, in some particular
easy cases, it is also possible that T* = 400 (see Example 2). In such cases, Theorems 2
and 3 actually lead to the conclusion that the associated systems are not even W2¥=37 [arge
time locally controllable in the sense that, for any T > 0, there exists n > 0 such that, for
any 0 > 0, there exists #7 € R with |zf| < § such that there is no trajectory from x(0) = 0
to z(T) = 2T with a control such that ||ul|y2r—s, < 7.

5.4.2 Absorption of cubic residuals by interpolation

Let 7 € (0,7%*). From (5.40) and (5.45), there exists Cr > 0 such that, for any T" € (0, 7],
v € L*0,T), and any ¢ € [0,T):

Qi(v) = Cr /Ot v(s)?ds. (5.46)
Thanks to (5.7), (5.31) and (5.46), one has:
(BLa(t) — G (Pa(t))  di) = (B-€at),dic) + O (a3
= (ealt), di) + O (Ilus a0 ) (5.47)
> O url a0, + Ox (I35 0)-
Therefore, there exists 79 > 0 and M > 0 such that, if ||u,[|;. <70, one has:
(Pa(t) — G (Px(t)) ,di) > Cr Ikl 20,0 — M [[usFa0 ) - (5.48)

Proposition 6. Let k > 1. There exists constants C1,Co > 0 (depending on k), such that,
for any L > 0 and any ¢ € W35=3°°((0, L), R):

3
[0, < Ol

PO+ oLy (5.49)
Moreover, for any L > 0 and any 1 € WS ((0, L), R):

el It AT F N Ml (5:50)

Proof. This is a particular case of the Gagliardo-Nirenberg interpolation inequality. Indeed,

for any k > 1:
1 k—1 1 1 3k —3 1\ 1
- = N (R 1—2) = 51
=T (eI (m3)2 @51

From (5.51), we can apply [30, Theorem p.125] for functions defined on [0, 1]. The general-
ization to functions defined on [0, L] uses a straightforward scaling argument which gives the
power of L in front of Cy in (5.49). Then, for ¢ € W5 >>°((0, L), R), using the Cauchy-
Schwarz inequality, iterated integration and the conditions ¥7)(0) = 0 for j = 0, ...,3x — 4
we obtain:

23k —3kK K—
LA g o < L372  poe < [0 (5.52)

which proves (5.50). O
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We apply Proposition 6 to ¢ := up with Kk =k — v + 1.

First case: u € Wi' *°°(0,T). Let t € [0,T]. In this case, ¥ = uy € WeF37(0,t)
because u € WZF37(0,) and u{(0) = uj_;(0) = 0 for j = 0, ...,k — 1. Thanks to (5.50)
for L =t and to the equality u,(ck) = u, one has:
|)° 2 (3k—37)

s < @ CluelZago ™o

< (Cr + Co)l[ull72 (0, 1™ | oo 0.,0)-

3 B H (k—
u = ||lu
|30y = || 559

Then, we deduce from (5.48) that:
(Pra(t) — G (P(t) , di) = lluklZ2(0) (C’T — M(Cy + 02)||u<2k—3ﬂ|\m07t)) (5.54)

In particular, when u satisfies:

. Cr
2k—3~,00 g = S e ATl Y 1 YN 9 .
L e vrowend (5.59
then: .
(Pa(t) — G (Px(t) , di) > 507||uk||%2(07t) >0. (5.56)

This gives the conclusions (2.6) and (2.9) of Theorems 2 and 3. Moreover, we recover the
inequality announced in Subsection 2.2 (the drift is quantified by the H ~*-norm of u).

Second case: u € W?2k=37:°(0, T'). When the control u only belong to W?2k=37:2°(0, T')
instead of WZF~371°°(0, T'), inequality (5.49) with L = T yields:

ol < llunla (Cr w27

T )

< a2 (01 HWHMH n CQT3*3<’€*7+1>|\U,€|\L&)
L= (5.57)
< Nunla (Cn [0+ T2 1)
< Jlurll3e (Cr + CT =227 ) fullyyan—sn.
In particular, when u satisfies:
. Cr
||’U,||W2k73%oo < U(T) = min (7705 2M(Cl + CQT_QkJ’_QV)) 3 (558)

then (5.56) holds at the final time ¢ = T'. In particular, this proves that system (1.1) is not
W2k=37.2 gmall-time locally controllable.

6 Reduction to well-prepared smooth systems

We prove Theorems 2 and 3 for general systems by reduction to the case of well-prepared

smooth systems considered in Section 5, by means of a linear static state feedback transfor-
mation. We start with smooth systems then extend our results to less regular dynamics.

37



6.1 Linear static state feedback and Lie brackets

We consider linear static state feedback transformations of the control. We prove that the
structural properties of the Lie spaces S§; and Sy that are involved in our theorems are
invariant under such transformations.

Let f € C*(R"xR,R") and 8 € R™. We consider the transformed control v := u— (3, x).
The state now evolves under the equation & = g(z,v) where we define:
g(x,v) = f(z,v+ (B, 2)). (6.1)

As in (1.6), we use the notations fo(z) := f(x,0), go(z) = g(z,0), fi(x) := I f(x,0),
g1(x) = 0pg(x,0) and dy := Fuu f(0,0) = 0prg(0,0). Using (6.1), a Taylor expansion with
respect to the control and Lemma 3, one has:

90(z) =3 Jo(a) + (B, )F(z) + 1 (8.,2)’d, (62)
91(2) =p1 Fi(2) + (8, ) (63)

The linear controllable spaces associated with the dynamics f and g are the same. We will
denote them by S;. Indeed, g1(0) = f1(0) and g{(0) = f{(0)+ (8, ) f1(0). Thus, the iterated
powers of g(,(0) applied to g1(0) span the same space as the iterated powers of f;(0) applied
to f1(0). We prove that second-order Lie brackets of gy and ¢; inherit the following behavior.

Lemma 15. Let k € N. Assume that dy € S1 and that the original system satisfies:

{fl,adgco(fl)} (0) €Sy, foranyl<j<k. (6.4)
Then, the transformed system satisfies:
[gl,adéo (gl)] (0) € S1, foranyl<j<k. (6.5)
Moreover, one has the following equality modulo terms in Sy :
(1,007 (90)] () ~ [, a5 ()] 0). (6.6)
Proof. We start with first-order Lie brackets. For any 0 < m < k + 1, we prove
that there exists m smooth scalar functions Af",...,A_; : R™ — R and a smooth function
tm : R — S with p,,(0) = 0 such that:
m—1
adjy (g1)(2) =2 adf, (f1)(@) + (@) + > AP (2)ad] (f1)(@). (6.7)
§=0

0, the sum in (6.7) is empty by convention.
(B, x)dy thanks to (6.3). Let 0 < m < k, we
.7) and Lemma 1:

We proceed by induction on m. For m =
Thus, (6.7) holds for m = 0 with po(x) =
compute the next Lie bracket using (6.2), (6

5 (502 (g (91))'do + (a7 (1) (o + (8,9 f1) + i

+ 3 () a0) ad () + A7 (ack (7)) (o + (8.) 1)

[90, adﬁ (91)} =[2]

m—1

0| adf(f) + D Arad) (f1) + pm | — (B,adji(g1)) A1 (6:8)
7=0

m—1

— (B,) f1 L adf (f1) + > Arad) (f1) +

=0

—(8,) (B,adg (91)) do-
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Using (8, -) f1im =[2 0 and (8, -)2 (ad;’z (gl))/ do =2 0, reordering the terms in (6.8) yields:

(90, ad: (91)] =2 ad}ﬁ“(ﬁ) + tpmg0 — form — (8,-) (B,ady (91)) do

+(8,) | Lfvadf(f)l+ > AT [f1,ad}, (f1)]
j=0

(6.9)
— (B,adja(90)) f1 + Z (O, o) ad), (£1) + Arad) ™ (1),
Since m < k, hypothesis (6.4) yields the existence of a constant v, € Sy such that:
[f1,ady, (f1)] mz: fl,adfo (f1)] =) Ym- (6.10)
§=0

From Lemma 3, f5 =) Ho. Thus, fopim =2 Hoptm. Using these remarks, we define:

fim41 2= M 9o — Hopim + (B,-) Ym — (8,-) (8, ady: (1)) do. (6.11)

Since &7 is stable under multiplication by Hy and the image of p,, is included in Sy, so is
the image of p,4+1 and pm+1(0) = 0. Eventually, we define:

N = = (Boadg (90) + (A8 o) (6.12)
Vet ((A}”)/,fo) , for 1<j<m, (6.13)
AmFL =\ (6.14)

In the particular case m = 0, we only use (6.12) with the convention that A\J = 0. For
m = 1, we use (6.12) and (6.14). For larger m, we use all three formulas including (6.13).
Plugging into (6.9) the definitions (6.10) and (6.11) proves (6.7) at order m + 1.

‘We move on to second-order Lie brackets. Let 1 < m < k+ 1. Using Lemma 2
and formula (6.7), we compute:

[g1,ad]" (g1)] (0) = (ad?ﬁ(fl))’( )£1(0) + 114,(0) f1(0)

+ Z X7(0) (adh, () (00£1(0) + (A7) (0), £1(0))adt, (£2)(0) (6.15)

,_.

m—

— J1(0)ad; (f1) — A 0)ad}, (f1)(0).

J=0

We have p,,(0) = 0. For j € N, the vectors audgc0 (f1)(0) belong to S; by definition of S;.
Moreover, since the image of p,, is contained in Sy, ], (0)f1(0) € S;. Hence, from (6.15):

(07 (0] (0) ~ [0 ()] O) + 30 A7 (0) [ fr,2d}, ()] 0. (6.16)
3=0
Using (6.4) and (6.16) proves (6.5) for 1 < m < k and (6.6) for m =k + 1. O

We proved Lemma 15 for nonlinear systems. It also holds in the particular case of
control-affine systems. For such systems, approximate equalities (6.2) and (6.3) become
equalities which hold with dy =0 € S;.
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6.2 Generalization of the proof using a Brunovsky transformation

We prove Theorem 2 and Theorem 3 for general systems by reduction to the well-prepared
class studied in Section 5. The main argument is a linear transformation first proposed by
Brunovsky in [11] (see [10, Theorem 2.2.7] for a modern proof).

6.2.1 A linear transformation

We consider the linearized system (1.8). Denoting by d the dimension of S;, there exists a
matrix R € GL,(R) such that Rb = e; and:

— Q] —Qq
1 0 ...0 0
RHORl<AOd I) where Ag:=| 0 1 0 (6.17)
0 1 0

and the «; are the coefficients of the characteristic polynomial of the controllable part of Hy:
X(X) == X940 X9 1 +.. . +ay. Weintroduce o a column vector with n components whose
first d components are the «; and whose last n — d components are null. Let us denote by
B := R%a and v := u — (3,y). Hence:

¥ = Hoy + vb, (6.18)

with Hg := Ho+ R~ 'eja'" R. By construction of (6.17), one has Hdb = 0, which corresponds
to the well-prepared nilpotent integrator form that we studied in Section 5.

6.2.2 Generalization of the proof for nonlinear systems

We start with the following lemma which proves that the analytic notions involved in The-
orem 2 are invariant under linear static state feedback transformations.

Lemma 16. Let f € C°(R" x R,R"™) with f(0,0) =0, 8 € R™ and T > 0. There exists
C,n > 0 and a family of constants Cyyy N > 0 for m € N such that, for any T € (0,T) and
any trajectory (z,u) € C°([0,T],R™) x L>((0,T),R) of system (1.1) with z(0) = 0, letting
v:i=u— (B,x), one has:

lullpe <n = ol < Cllullgs (6.19)
[ullmee <tm = vllyme < Cmlluflyymes - (6.20)
Moreover, when u(0) = ... =um=1(0) =0, then v(0) = ... =" (0) = 0.

Proof. First, from Lemma 8, one has z = Og(||u||;.). Thus, from Holder’s inequality:
[0l s = Oo(llull s + [[ull 1) = Oo([lul a)- (6.21)
From Definition 10, estimate (6.21) proves (6.19).

Second, we prove by induction on m > 0 that there exists a family of smooth functions
P,, : R™ x R™ — R", vanishing at zero, such that:

oMy = O™ + Py, (u, Opu, . .., 00" tu, ). (6.22)
For m = 0, (6.22) is a rephrasing of v = u— (8, x) with Py(z) := — (5, x). For a fixed m € N,
we differentiate (6.22) with respect to time using (1.1):
m—1
O o = 07 a4+ (0:P) f(wyu) + Y 0 (9 Prn). (6.23)
§=0
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Hence, (6.23) proves (6.22) at order m + 1 provided that we define:
m—1
Prii(ao, ... am,x) := j;) a;+1(0;Pm)(ao, .. . Gm—1,) (6.24)
+ (0xPm)(ag, - . - am—1,2) f(x,a0).

From (6.24) and since f(0,0) = 0, P41 vanishes at zero. In particular, from (6.22) and the
null value of the P, at zero, the derivatives of v vanish at the initial time as soon as those
of u vanish for trajectories with z(0) = 0.

Last, we prove (6.20). From the smoothness of P, and the null value of P,, at zero, we

deduce the existence of A, p,, > 0 such that, for any (ag,...,am—-1) € R™, for any z € R,
m—1 m—1

|| + Z la;| < pm = |Pm(ag, . am—1,2)| < Ap, | |2| + Z laj| | - (6.25)
7=0 3=0

From Lemma 8, x = O (||ul| ;). Thus, from (6.25) there exists By, 7, > 0 such that:
lullymoee <Nm = }Pm(u,atu, .. .,8;"_1u,z)| < By |Jullyyrm. oo - (6.26)
From (6.22) and (6.26), estimate (6.20) holds with C,, := 2B,,. O

We finish the proof of Theorem 2 in the general case. Let f € C®(R" x R,R™) with
f£(0,0) = 0. Let 5 € R™ be defined as in paragraph 6.2.1. We apply the associated linear
static state feedback transformation to the full nonlinear system by setting v := u — (5, )
and considering the transformed system as in (6.1). The new system & = g(z,v) satisfies
the integrator assumption (5.1). Hence, we know from Section 5 that Theorem 2 is true for
this system. Let us check that it also holds for the initial system.

e Let us assume that So+Rdy = S for the initial f-system. Then, thanks to Lemma 15,
this is also the case for the transformed g-system. From Theorem 2 applied to g, there
exists a map G € C°°(S;,Si) such that, for any 7' > 0, there exists M,n > 0 such
that, for any trajectory (x,v) € C°([0,T],R™) x L>=((0,T),R) of & = g(z,v) with
2(0) = 0 and o] <:

Vte [0,T], |Pra(t) — G(Px(t)| < M |v}s . (6.27)

Thanks to Lemma 16, if (z,u) € C°([0,T],R™) x L>((0,T),R) is a trajectory of (1.1)
with 2(0) = 0 and |Ju||;~ < min(ny,n/Co) then ||v||;. < n and:

Vte[0,T], [Pra(t) - G(Px(t)| < CM [|ul}s . (6.28)

e Let us assume that So +Rdy ¢ S; for the initial f-system. Then there exists a smallest
0 < k < d such that dy, # 0. Moreover, thanks to Lemma 15, this direction is the same
for the g-system (see (6.6)). Thus, there is no ambiguity. From Theorem 2 applied
to g, there exits T* > 0 such that, for any 7 < T* and any T € (0, 7], there exists
n > 0, for any trajectory (z,v) € C°([0,T],R™) x L>°((0,T),R) of # = g(x,v) with
2(0) =0, v e WgH*(0,T) and ||v||ypare <7t

vt € [0,T], (Pra(t) — G(Px(t)),dy) > 0. (6.29)

Thanks to Lemma 16, if (z,u) € C°([0,T],R™) x L>((0,T),R) is a trajectory of (1.1)
with 2(0) = 0, such that u € WO%’OO(O,T) and |[|u||yy2e.c0 < min(ng,n/Cax) then
v € W2k2(0,T), [|v]|yyare <1 and (6.29) holds.
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6.2.3 Generalization of the proof for control-affine systems

We finish the proof of Theorem 3 in the general case for control-affine systems. We proceed
exactly as for nonlinear systems: using a Brunovsky transformation and the invariance of
the geometric and analytic notions involved.

It only remains to be checked that the weaker norms W13 and W =1 of the control
are preserved under linear static state feedback transformations. From Lemma 9, one has:

2(t) = Oy (fur(B)] + s 1. (6.30)
Integrating (6.30) yields:
<ﬂ, / z(s)ds> = Oy (Jurll ). (6.31)

In particular, still denoting by v = u — (3, ), equation (6.31) and Holder’s inequality yield
the missing estimates:

o1l s = Or([lualls), (6.32)
[o1]l e = Or([Junl <)- (6.33)

6.2.4 Coercivity estimate for ill-prepared systems

In paragraph 5.4.1, we proved that, for well-prepared systems satisfying (5.1), the quadratic
drift along dj, is quantified by the H~*-norm of the control (the L?-norm of u). For ill-
prepared systems we therefore obtain that the drift is quantified by the L?-norm of v, with
v =wu— (8,x) (where the transformation is chosen from using the Brunovsky approach). In
the following lines, we prove that, for small enough times, this also yields coercivity with
respect to the L?-norm of uy, thereby justifying the comment announced in Subsection 2.2.

Obstruction of order 0 (for nonlinear systems). Let us assume that we are consider-
ing a nonlinear system for which dy ¢ S;. Hence, for T < T* (where T™* is defined by (5.40)
and (5.45)), the drift along dy is quantified by the L?-norm of v. From Lemma 8 and the
Cauchy-Schwarz inequality, one has:

[2(t)] = Oo(VE Jull ). (6.34)

Hence: 1
1Vl 220,y = el p2go,ey (1 + Oo(®)) = 5 llull Lo, - (6.35)
provided that 7 is small enough and that u is small enough in L>°. Therefore, the drift is

coercive with respect to ||u|| . for small enough times and controls.

Obstruction of order 1 < k < d. Let us assume that we are considering a system for
which dy € &1 (or dg = 0 for control-affine systems) but dy, ¢ Si1. Hence, for T < T, the
drift along dy, is quantified by the L2-norm of v;. From Lemma 10 and the Cauchy-Schwarz
inequality, we have:

€a)] = O (VE luall 2o, + 143200 ) (6.36)

Moreover, from the C? regularity of the flow ¢1,. .. ¢4, one has:

x=u1f1(0)+ ... +uqfa(0)+ (97(|§d| +ur? 4. ..+ |ud|2). (6.37)
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Integrating (6.37) with respect to time & times yields:
”UkHL%OJ)::Huk”L%0¢)4*()(Huk+1HL%OJ)4*...+’”Uk+d”L2®¢))
+ tk+%(’)7(llw|\y(o,t>)
10, (I 220

_ 2 2
+ tk 107 (Hu1||L2(O,t) +.o+ HudHL2(0,t))'

(6.38)

For 1 < j <d, ||uk+jHL2(O H = O(tHukHLQ(O t)). Hence, the error terms in the first line
are small when the time is small enough. The error term of the second line is also small
because k < d so it is of order O, (td+1/2 HukHLQ(OJ)) In the fourth line, the first error term
dominates the following ones for small enough times. Hence, it remains to be checked that
the following quantity is small enough:
k 2 k— 2

U(t) =t luy 72000 + 1" lluallze(o,0 (6.39)
Thanks to the Gagliardo-Nirenberg interpolation inequality, for each 1 < k < d, there exists
C1,C3 > 0 (independent on T') such that, for [ € {0,1}:

(2k—21)
i

2 — 2
Jalis 0 < G| filgr 0y + o™ el (640)

L2(0,t)

First case: k = 1. We start with this low-order case which is handled a little differently. For
control-affine systems, we directly obtain from (6.39) that:

2
Ut) < (L +8) urllzzg,n < 1+ OVE[ull o unll 2o, - (6.41)
For nonlinear systems, we use the interpolation inequality (6.40) for the first term:
2 . —1 2
t HU”LZ(o,t) <tCy ”uHL?(Qt) ||U1||L2(o,t) + Cot HulHLZ(o,t) (6.42)

3 . 1
<0 il o Tt 2oy + Cot? Tl e il oo -

The second term is estimated as ||u1||ig(07t) <12 full [uillz2(0,¢)- Both estimates (6.41)
and (6.42) lead to the conclusion that U (t) is small with respect to [|u1|z2( ) When uy — 0
in L°°. From (6.38), we conclude that:

1
lorlzao > 5 Ikl oo (6.43)
for small enough times and small enough controls.
Second case: k > 2. Thanks to (6.40), for [ € {0, 1}, one has:

— — k—21
k l”ulHQL?(Qt) < Cltk l Hugf 2 )’

-k 2
oo 8120y + Cot' ™ sl o

(6.44)
uw-zn’

< Cltk—l-l-%

oo HUkHLz(o,t) + Cot'*2 llwll o ||Uk||L2(0,t) :
Using (6.39), we conclude that:

U(t) = Oy ([ullwrzv.00 + llullyr—2.00) lusll L2 - (6.45)

For nonlinear systems, k < 2k and k — 2 < 2k. For control-affine systems, k — 2 < 2k — 3.
Hence, in both cases:

U(t) = Oy(lull sy llurll2)- (6.46)
Hence, when u — 0 in W2k=37 () is small with respect to ukll 20,y and we conclude
that (6.43) also holds for small enough times and small enough controls.
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6.3 Persistence of results for less regular systems

Theorems 2 and 3 are stated with smooth vector fields to facilitate their understanding.
However, the same conclusions can be extended to less regular dynamics and this highlights
that our method only relies on the quadratic behavior of the system. We explain how one can
extend the quadratic alternative to such less regular systems. As observed in Subsection 3.3,
the spaces S; and Sy can be defined as soon as f € C2(R™ x R,R"). We start with general
nonlinear systems.

Corollary 2. Let f € C3(R" x R, R") with f(0,0) = 0. The conclusions of Theorem 2 hold.

Proof. We start by considering a truncated system with initial condition Z(0) = 0:
2 . . 1 . . 1 9
T =Tof(Z,u) = HoZ + ub+ 5@0(50750) +uH T+ §d0u ) (6.47)

where T5 f denotes the second-order Taylor expansion of f around the origin, with straight-
forward notations already used in the previous subsections. This defines a new nonlinear
system, which is smooth and therefore satisfies the quadratic alternative of Theorem 2.
Moreover, by definition (see Subsection 3.3), the spaces S; and Sy for this new system are
the same as those of the original system. Let us prove that  and & are close. One has:

- fzyu) — Tof(2,u)

= (f(z,u) = Tof(z,u)) + (Ho + uHy)(z — &) + %Qo(:c — & +a). (64
From Lemma 8 applied to f and T f:
z(t) = Op(1), (6.49)
E(t) = Op(1), (6.50)
2(t) = Oo(lull ). (6.51)
Since u(t) = Og(1), one has:
(Ho + uHy)(z — ) = Op(|z — ). (6.52)
From (6.49) and (6.50), one has:
Qo(x — 2,2+ 2) = Op(|z — ). (6.53)
Since f € C3(R™ x R,R"):
|f(z,u) — Tof(z,u)] = O (|z]*> + |u]*). (6.54)
From (6.54), (6.51) and Hélder’s inequality, one has:
f(@,u) = T f (2,u) = Oo(Jlullf + ul*) = Oo(Jlullfs + ul?). (6.55)

Plugging estimates (6.52), (6.53) and (6.55) into (6.48) and integrating yields:

t
x(t) — z(t) = (’)0(||u||ig —l—/ |x(s) — :%(s)|ds) (6.56)
0
Applying Gronwall’s lemma to (6.56) provides the estimate:
2(t) = (t) = Oo JJul}s). (6.57)
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Let o € R™. We consider the transformed control v := u— (, &). With this new control, the
evolution equation (6.47) becomes & = g(&,v) where g(&,v) := Taf(&,v + (o, &)). Hence,
applying Lemma 8 to this system yields:

2(t) = Oo([[vl| 1) = Oo(llu = (@, &) 1) (6.58)

Combining (6.57) with (6.58), using the triangular inequality and Holder’s inequality gives:
w(t) — () = Oy ([[u = (0, )35 ) (6.59)

Let G : S — S be the smooth function associated with system (6.47) by Theorem 2. Since
G’ is bounded in a vicinity of zero, estimate (6.59) yields:

PLa(t) — G(Pz(t)) = PLa(t) — G(PE(t)) + Op (||u ~(a, f)l\is)- (6.60)

Estimate (6.60) allows to transpose all the conclusions on the state & to conclusions on the
state x since the remainder is exactly of the same size as those that have been managed in
Section 5, provided that one chooses the a corresponding to the Brunovsky transform. O

Corollary 3. Let fy € C3(R",R") and f; € C*(R",R") with fo(0) = 0. There exists
G € C?(8;1,81) with G(0) = 0 and G'(0) = 0 such that the conclusions of Theorem 3 hold.

Proof. We consider a regularized system:
&= fo(@) +ufi(®), (6.61)

where fo := Ty fo is the second-order Taylor expansion of fy at zero and fl =Ty f1 is the
first-order Taylor expansion of fi at zero. Using the notations introduced in Section 5, we
consider the respective auxiliary systems & and &; associated with systems (1.3) and (6.61).
One has:

&1 = fol€1) +urfa(€1) +ulGi(ur, &), (6.62)
él = fO(él) + U1f2(él) + U§G1(u1,€1)- (6.63)

From Lemma 9 and estimate (4.24), we have & = O;(1) and & = O;(1). Since fy €
Cg(Rn,Rn) and fo = Tgfo,

fol&) = fo(ér) = (fol€) = fo(én)) + (foléy) = folé))

(|«sl |) + 0 (af).

Similarly, since fo = —[fo, f1] € C*(R™,R") and fo = —[fo, f1] = f2 + O(2?) one has:

(6.64)

fa(&) = falér) = (fz(&) - f2(fl)) + (fz(&) - f2(fl))

=0 (|§1 - £1|) +O1 (|€1|2)
Last, one checks that G1(0,0) = %[fl,fg](()) = 1[f1, f2](0) = G1(0,0). Moreover, we have
Gy € CH(R™, R"). Indeed, since f; is C?, ¢1 is C® with respect to 7 and C? with respect

to p, thus F; is C® with respect to 7 and C! with respect to p. Thus G1, which is obtained
from Fy through a Taylor formula with integral remainder, is at least C* in (7, p). Hence:

(6.65)

Gi(u1,&1) — Gi(u1,&) = Oy (|U1| + &1 + |'§1|) (6.66)
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From Lemma 9 and estimate (4.24), we also have & = Oy (|[u]|,:) and & = O1([Jual| 1)
Therefore, plugging estimates (6.64), (6.65) and (6.66) into the difference of (6.63) with
(6.62), integrating in time and using Holder’s inequality yields:

&0 =60 =0 (Jul:) + | 01 (161 — é1(5) ). (6.67)
Applying Gronwall’s lemma to (6.67) gives:
r(t) =& () = &1(t) = O (5. (6.68)
We denote by ¢; and (ﬁl, the flows associated with f; and fl. Hence:
2= ¢1(u1,&1) = 61 (ur, & +7) = b1 (w1, i (w1, 2) +7) = ®(ur, &) + Or(|r]),  (6.69)
thanks to the C! regularity of ¢;, where we introduce the map:
®(7,p) == 1 (T, él(—f,p)) : (6.70)
Differentiating (6.70) and using the shorthand notation p; := le(*T, p) yields:

0-®(7,p) = 0761 (7, 51) — p1 (7, 1) - Dr 1 (=T, p)
= (1 (7, 1)) — Bpdhr (7 P1) - fr(P1) (6.71)
= W(7,p1) — Op1(7,P1) - (fl(ﬁ1) - fl(ﬁl)) ,

where we introduced:

U(r,p) := f1(¢1(7,p)) = Opdr (7, p) - f1(p)- (6.72)

One checks that ¥(0,p) = 0. Moreover, using Schwarz’s theorem, we obtain:

aT\I](T’p) = f{(¢1(7ap)) ’ fl((bl(Tap)) - aTP¢1(T’p) ’ fl(p) = f{(¢1(7ap)) ’ \I](T’p)' (673)
From (6.73), we deduce that ¥(r,p) = 0. Hence, (6.71) yields:

0, ®(uy, &) = 01(|51|2). (6.74)

For p € R™, let us denote by Py(p) the component of Pp along by = b = f1(0) in the basis of
S; made up of (by,...bg_1) (see (3.22)). Considering the function 7 — Py(¢;(7,0)), thanks
to the local inversion theorem, there exists a smooth function Gy : R — R such that, if
p = ¢1(7,0) then 7 = Bo(Py(p)) for 7 and p small enough. Hence, since & = ¢y (u1, &), the
C! regularity of ¢y yields:

w1 = Bo(Pod) + 01(|51|). (6.75)

Gathering (6.68), (6.69), (6.74) and (6.75) yields:
= ®(Bo(Poi), &) + O (Hulﬂ‘zg). (6.76)
The cubic remainder is of the same size as those that are absorbed during the usual proof (in

fact, during the proof, one absorbs such remainders on a transformed control v = v — (o, Z)
but we have already seen that the involved norms on u; and v; can be interchanged, as
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in (6.32) and (6.33)). Thus, we only need to study the first part of this equation and prove
that it defines a manifold. We look at:

z = ®(Bo(Poi), Pi + G(PL)). (6.77)

Once again, the local inversion theorem tells us that we can express P# as a C? function
p(Px). Thus, we set:

G(py) == P-@(Bo(Pop(p))), p(py) + Glp(p))). (6.78)

This concludes the proof of the theorem for less regular vector fields. O

7 Explicit approximation of the invariant manifold

We construct an explicit quadratic approximation of the invariant manifold involved in
our quadratic alternative theorems. We also exhibit a second-order approximation of the
differential systems that stays exactly within this manifold when S; = &7.

We continue to denote by 1 < d < n the dimension of §;. Using the notations introduced
in Subsection 3.2, (3.22), (3.26) and (3.27), we define:

1
— 1 2 d
My = E a;b; + P 5 E Q; L;b; + E . OéiOéjLibj , € R . (71)
o<i<d o<i<d o<i<g<d

Since by, ...bq—1 are d independent vectors which span Si, equation (7.1) defines a global
smooth manifold of R™ of dimension d. Indeed, it is defined as the image of a smooth
injective function, with smooth inverse. We recover from (7.1) that the tangent subspace
to My at the origin is ;. For x € R", and 0 < k < d — 1, we introduce the notation Py (x)
to denote the component of Pz along by in the basis (b, .. .bs—1). Formally, one could also
define M as the set of z € R™ such that:

Pro = Y Pi(a)’PH(Libi) + Y Pi(@)Pi(z)PH(Liby). (7.2)
0<i<d 0<i<j<d
7.1 Local expansion of the invariant manifold

Proposition 7. The manifold Mz defined by (7.1) is a local approximation of second-order
of the manifold M involved in the main quadratic alternative theorems around the origin.

Proof. The manifold M is defined in (2.4). First, both manifolds contain the origin and
admit S; as their tangent subspace at the origin. Here, we check that the second-order terms
contained in Si- are the same. Since both definitions are given as graphs, we need to check
that the second-order Taylor expansions match. From (5.36), we have G(p,) = O(p,,0).
From (5.32) and (5.34), we have:

Vp, €81, F(p,G(py)) =0. (7.3)
Differentiating (7.3) twice with respect to p, yields:
PRF+20,0F-G'+01F -GG +0.F-G"=0. (7.4)
At the origin, G =0, G’ =0 and 9, F = Id from (5.35). Hence, (7.4) yields:

G"(0) = —82F(0,0). (7.5)
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We must compute a Taylor approximation of F' with respect to p,. Let ¢; be defined by (4.3).
Using a Taylor expansion with respect to time, one has:

Using (4.3) and (7.6), one has:

L2 11(0)£(0). (7.7)

(bj(Tap) =[3] p+T (f](o) + f]l(o)p) + 2

Let ay,...aq € R Tterated application of (7.7) yields:

d d
by o000 (p) =z p— Zaz‘fi(o) + % Za?fz/(o)fl(o)
i=1 i=1

4 L (7.8)
=2 _aifi(0) | p =D a;£(0)
i=1 j=1
Using (5.18) and (5.20), one obtains, for p, € &1, since «;(0) = 0:
Py =2 a1(py) f1(0) + ... + aa(py)fa(0). (7.9)
Plugging (7.8) and (7.9) into definition (5.21) yields:
14 d d
F(p,0) =p 5 > At )P0 £:i(0) = Y cilpy) Y aj(p) P (£(0) £5(0))
i=1 i=1 j=i
(7.10)

d
=[3] —% Zaf(pu)IPL(f{(O)fi(O)) - Z ai(Pu)aj(Pu)PL(fi/(O)fj(o))-

1<i<j<d

For 1 < k < d, recalling the definition of f; (see (4.2)) and using Lemma 4, one has
fx(0) = (=1)*"1by_q and f/(0) = (—1)k~!1Ly_1. From (7.5) and (7.10), we have:
=
G(py) =g ) Zpi(PHVPL(Libi) + Z Pi(Pu)Pj(Pu)PL(Libj)- (7.11)
=0 0<i<j<d
Since (7.11) matches (7.2), it concludes the proof of Proposition 7. O

7.2 Construction of an homogeneous second-order system

We construct an homogeneous second-order system that provides a good approximation
of any differential system and stays exactly within My, under the assumption that Sy =
S1. Approximating the behavior of nonlinear systems using homogeneous (with respect to
amplitude dilatations) approximations has already been used in various contexts: for small-
time local controllability (around an equilibrium in [38] and around a trajectory in [g]),
for large-time local controllability in [20], for stabilization in [19] and the construction of
Lyapunov functions in [32].

As proposed in Section 5, given some control-affine or nonlinear differential system, we

decompose the state z as y + z + r, where y denotes the linear part, z the quadratic part
and r a remainder (which is thus at least cubic in the control). Thanks to the linear theory,
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we know that y lives in 1. Hence, an homogeneous approximation of x up to the second
order is the quantity:

¢ =Py +Ptz. (7.12)
In (7.12), we write Py instead of y to highlight the orthogonality with respect to the second
term PL2z. Using the notations introduced in (2.3), (3.20), (3.24) and (3.25), we recall that:

¥ = Hoy + ub, (7.13)
%= Hoz +uHy + Qo(y,y) + %u2d0. (7.14)
Since & is stable under multiplication by Hy, we have the relations:
PH,P = HyP, (7.15)
PLHyP+ = PLH,. (7.16)
Applying P to (7.13) and using (7.15), then P+ to (7.14) and using (7.16), one obtains:
P¢ = HoP¢ + ulPb, (7.17)
PL¢ = PLHC + uPH HPC + PHQo(PC,PC) + %zﬂﬂﬂdo. (7.18)
Combining (7.17) and (7.18) leads to the following ODE for (:
¢ = g0lQ) +ug(0) + S0P do, (719)
where:
90(¢) := (HoP + P+ Ho)¢ + P+ Qo (P¢, PC), (7.20)
g1(¢) == b+ P+HPC. (7.21)

We prove in the following lemma that system (7.19) exhibits nice properties concerning the
Lie brackets of g and g; since they are fully explicit.

Lemma 17. Let j,k € N. For any ¢ € R™, we have:
ad® (91)(C) = by + P Ly, (7.22)
[, (91), ], (90)] (€)= P* (Lybw — L), (7.23)

Proof. We proceed by induction on k& € N. From (3.22), (3.26) and (7.21), (7.22) holds for
k =0. Let k € N be such that (7.22) holds. Using (7.20), we compute the next bracket:

adls (1)(C) = [g0,adt, (91)] (O
= (P LyP) (HoP¢ + P+ Ho + PHQo(P¢, )
— HoP (b, + P+ LyP¢) — P+ Hy (b + PHLiP()
— 2P Qo bk, PC) — 2P+ Qo (PP LiP¢, Q).
Thanks to (7.15), (7.16) and the relation PP+ = 0, we deduce from (7.24) that:
ad¥™(91)(¢) = biy1 + P (LyHo — HoLi — 2Qo(by, -)) PC. (7.25)

The conclusion follows from (7.25) because we obtain the same recursion relation as in (3.27).
Thus (7.22) holds for any k € N. Using (7.22) and PP+ = 0, we compute:

(7.24)

ad’ (1), ad’, (gl)} (¢) = PTL,P (by + PELyP¢) — PHLLP (b + PHL;P()
= P(L;by — Lybj).
Hence, (7.26) concludes the proof of (7.23). O

(7.26)
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Lemma 18. Assume that Sy + Rdy = S1. Then, there exists a smooth manifold M C R™
of dimension d := dim Sy, such that any trajectory of system (7.19) with {(0) = 0 satisfies
C(t) € M for any t = 0.

Proof. We start by proving that, for any ¢ € R™:
Lie {go, 1} (¢) = Span {by +PL,P(, 0< k < d}. (7.27)

We use Lemma 17. From (3.32) and (7.23), we obtain:

[adt, (91), adj, (91)] (€) = P*(Ljbx — Lib;)
—pt {adko( f1),ad ( fl)} (0) (7.28)
=0.

Hence, from (7.28), all brackets containing g; at least two times vanish identically. Thus,
the space Lie {go, 91} ({) is spanned by brackets containing g; exactly once. Using (7.22)
and ]I’”-ijk = ]P”-Lkbj, we compute:

ad? (91)(¢) = b; + PTL;P¢

d—1
=b; +PL; (Z Pl@)bl)
=0
d—1
=b;+ Y PP Lib;
=0
d—1 d—1 (729)

Equation (7.29) proves that the d first brackets span Lie {gg, g1} (¢) and thus (7.27) holds.
From the definition of & and d = dim Sy, the family by, ...bg—1 is free. Thus, from (7.27),
we have that, for any ¢ € R", the dimension of Lie {go, 91} ({) is exactly d. Hence, from
the Frobenius theorem (as stated in [13, Corollary 3.26]), the state ((¢) must evolve within
a manifold of R™ of dimension d (see also [21, Theorem 4, page 45| or [41, Theorem 2.20,
page 48] for proofs of this geometric result). O

7.3 Exact evolution within the quadratic manifold

We prove that Lemma 18 actually holds with 9t = M5 defined in (7.1). Using the assump-
tion S; = S; and (3.32), one has P L;b, = PLLib;. Hence (7.1) can be rewritten in a more
symmetric way as:

d—1d-1

d—1

1

./\/l2 = Zakbk + §ZZajakPlebk, (Ozo,...adfl) ERd . (730)
k=0 7=0 k=0
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Equivalently, it corresponds to the set of x € R™ for which the following vector-valued
second-order polynomial vanishes:

d—1d—1
Qz) =P o — =Y " Pj(x)Pi ()P L;by. (7.31)
§=0 k=0
We compute the evolution of @ along trajectories ¢ — ((¢) by differentiating (7.31):

d 1d—-1 d 1d-1

—Q(C( ¢ Z P, (¢ LLbg — —ZZP OPEL;by.  (7.32)
7=0

k=0 =0 k=0
Recalling that P+ L;b, = P+ Lyb; and using (7.17) and (7.18), we have from (7.32):

aQ

n = PLHyP¢ 4 uPt H PC + PLQo(P¢, PC)

d—1d—1 (7.33)
=3 > Pi(HoPC + ub)Py Q)P Ljby.
§=0 k=0
Since b = by (see (3.22)) and Lo = H; (see (3.26)), we have:

d—1d-1 d—1

> Pi(ub)Pr(Q)PHLibr = u Y Pr(Q)P Loby, = uP HyPC. (7.34)
Jj=0 k=0 k=0

From (7.33) and (7.34), one has:

dQ
dt

d—1d—1
= P HoP*¢ + PHQo(P¢,PC) — ZZPJ HoPC)Py ()P Ljby.. (7.35)
7=0 k=0

From (3.27), (7.16) and (7.31), one has:
P~ HoP¢ + P Qo(P¢, PC)

=PYHoQ + % > P (O)P HoP*L;P¢ + PHQo (P¢, IPY)

=0
=
7.36
=P*HQ + = ZIP’ )P (HoL;P¢ 4 2Qo(bj, PC)) (7:36)
= =
=P HQ — = ZP (OPLLjPC + = Z]P’ (O)PHL; HoPC.
j =0
The last term in (7.36) can be further simplified using (3.22). Indeed:
= | d=1d-1
5 Z FLiHGPC =5 Y Pi(QOPK(QP L Hoby
=0 =0 k=0
| d=ld-1
=3 P (QPk ()P Ljbrt1
70k=0 (7.37)
| d-1d-1
=-3 Z P;(Q)Pr ()P~ Li11b;
=0 k=0
=
=3 Py, (¢)P* L1 P¢
k=0



Similarly, the last term of (7.35) can be rewritten:

d—1d-1

- Z Z P, (HoP¢)Px (¢)PH Ljby, = — Py(Q)P; (Hobi) Py (¢)P* Lib;
=0 k=0 j

0
)
0
)
0
L

<
Il
= o
T
|
=
~
Il
o

¥

Py (C)Pr(C)P+ Ly, Hoby

N

=0
S8
| <
—_ o~
i
o

au
|

Py ()Px(O)P* Libisa (7.38)

I
Il
=]
—~
Il
- o

au
|

au
|

Py(Q)Pr ()P Ly 1bx

Il
M
= o

—
Il
o

Py(Q)P* Ly 1PC.

Il
=]

Hence, grouping (7.35), (7.36), (7.37) and (7.38), we conclude that:

d
@) = PHHoQ (¢(1)) - (7.39)
Straight-forward integration of (7.39) yields, for any ¢t > 0:

Q (¢(1)) = e HoQ(¢(0)). (7.40)

In particular, we deduce from (7.40) that the evolution of @ along trajectories of ((t) does
not depend on the control. Moreover, when ¢(0) = 0, Q(¢(0)) = Q(0) = 0 and this remains
true for any positive time: the quadratic homogeneous model cannot leave the manifold.
Hence Lemma 18 holds with 9T = M.

Remark 3. In this paper, we introduced two different "quadratic” approximations for a
nonlinear system: y + z and (. The decomposition y + z used in Section 5 is quite classical
but it does not behave as well as (. Indeed  provides an approzimation which is homogeneous
with respect to dilatations of order one in Sy and order two in Si- (while y + z mizes first
and second-order terms in S1). A clear indication that ¢ behaves more nicely than y + z is
Lemma 18, since ¢ lives exactly within a given manifold. This remark might hint towards
introducing well-prepared homogeneous approximations instead of standard approximations
to study local properties. Of course, the approximation y+ z is also relevant. It lives within
Moy up to a cubic residual. Indeed, since ( =y + Pz and using (7.31):

Qy +2) = Q) + O, (IKIIP=)) = O (Jlus 1. ) (7.41)

7.4 Examples of approximate invariant manifolds

We consider variations around the toy system exposed in Example 4 to illustrate the dif-
ference between M and its approximation Msy. When the system is already second-order
homogeneous, we have My = M. However, this is not always the case.

Example 15 (Higher-order terms). We consider the following variation:

{ =, (7.42)

To = 2uxy + 3ux%.
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System (7.42) also satisfies S1 = Rey and So = S1. However, the invariant manifold M
defined in (2.4) takes into account the cubic term and is given by:

M = {(21,22) €R?, zp =17 +2a}}. (7.43)
Here, My is only a local approzimation of (7.43) of second-order (see Figure 3, left plot).

In Example 15, the difference between M and My is due to cubic terms. It is of also
possible to build systems for which f(z,u) is a polynomial of degree two but M # Ma.
Indeed, the homogeneity with respect to dilatations for a system is not constrained by the
degree of the polynomials defining the dynamics.

Example 16 (Non-polynomial invariant manifold). We consider the following variation

{ o= (7.44)

T9 = 2uxy + uTs.
System (7.44) also satisfies S = Rey and Sy = S1. The invariant manifold is given by:
M={(x1,22) €R", 29 =2(e" —1—x1)}. (7.45)

One checks that My is indeed the local approzimation of (7.45) because of the Taylor ex-
pansion 2(e* — 1 — x1) = 23 + O(x3) for |z1| < 1 (see Figure 3, right plot).

M, M M,

Figure 3: Influence of left-out terms on the invariant manifold.

8 On other notions of small-time local controllability

As sketched in the introduction, multiple definitions of small-time local controllability can be
found in the literature. In this work, we chose to put the focus on the smallness assumption
concerning the control, because we think that it is the easiest way to highlight the links
between the functional setting and the geometric properties of the Lie brackets. However,
other choices are possible; we explore one and explain how it relates to our definition.

8.1 Small-state small-time local controllability

Definition 11. We say that a differential system is small-state small-time locally control-
lable when, for any T > 0, for any € > 0, there exists § > 0 such that, for any z*, 2t € R®
with |z*| 4 27| < 8, there exists a trajectory (z,u) € C°([0,T],R™) x L4((0,T),R) such that
z(0) = z*, 2(T) = 2" and:

Vvt e [0,T], |xz(t)| <e. (8.1)
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In particular, the control is a priori allowed to be large in L1((0,T),R) (with ¢ = oo for
nonlinear systems and ¢ = 1 for control-affine systems).

Here again, other choices would be possible: Definition 11 is linked to the L°°-norm of
the state along the trajectory, but one could also consider stronger norms.

8.2 Relations between state-smallness and control-smallness

Small-state small-time local controllability can be linked to the notions studied in this work.

Lemma 19. If a differential system is L> small-time locally controllable (for Definition 4),
then it is small-state small-time locally controllable (for Definition 11).

Proof. Let f € C°(R™ x R,R™) with f(0,0) =0. Let T > 0 and ¢ > 0. We define M :=
sup{|f'(p,7)|, p € B(0,¢),7 € [—¢,¢|}, C := (1 + MT)TeMT and o := ¢/(2C). Moreover,
considering (z,u) € C°([0,T],R") x L>=((0,T),R) with |2(0)| < o and ||u| ;. < o, we have,
as long as z(t) € B(0,¢):

|lz(t)] < [2(0)] + /0 f(x(s), u(s))ds

. (8.2)
<[(O)] + Mt full o + 37 [ [o(5)lds.
Applying Gronwall’s lemma to (8.2) yields:
2 (t)] < M (T|a(0)] + MT? |ul| < )- (8.3)
Using (8.3) and the definition of C' leads to:
[2(®)] < C(|z(0)] + flull p) < e (8.4)

Since we assumed that the system is L>° small-time locally controllable, from Definition 4,
there exists 6, > 0 such that, for any z*,2" € R with |z*| + || < J,, there exists a
trajectory from z* to z' with a control smaller than o. Therefore, thanks to (8.4), small-
state small-time locally controllable if we set ¢ := min(o, d,). O

For control-affine systems, a more precise result can be obtained.

Lemma 20. A control-affine system is W= small-time locally controllable (for Defini-
tion 4) if and only if it is small-state small-time locally controllable (for Definition 11).

Proof. Let fo, f1 € C°(R™,R™) with fp(0) = 0. The forward implication is proved as above,
using an enhanced estimate as in Lemma 9, obtained via the use of the first auxiliary system.
We turn to the reverse implication.

Heuristic. The key argument is that ||u1]|; can be estimated from [|z||, . Indeed, one
has:
x = x(0) + u1 f1(0) 4 lower order terms. (8.5)

Thus we can hope to recover u; from the knowledge of the state. The lower order terms
in (8.5) are easily estimated when it is known that u is small. Here, this is not a priori the
case. Hence, we need to invert relation (8.5) so that the lower order terms can be estimated
from the state and not from the control.
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Construction of an input-to-state map. Let T" > 0 be fixed. For p € R", we denote
as previously by Pop the component of Pp along by in the basis (bg,...bs—1) of S;. We
introduce the spaces:

A= {(z*,v) € R" x C°([0,T],R); v(0) =0}, (8.6)
B:={(z*,7) € R" x C°([0,T],R); 7(0) = Pox*} (8.7)

and the following input-to-state map:

F: N (8.8)
. (:C*, ’U) = ($*7P0¢1 (vagl)) ’ .

where ¢; is defined by (4.3) and &; is the solution to:

& = fol&) +vfa(&1) + 0°Gi(v, &), (8.9)

with initial data & (0) = z*. One has F(0,0) = (0,0). Straightforward Gronwall estimates
prove that F is well-defined and C* on a small neighborhood of (0,0) in A.

Local inversion at zero. For (z*,v) € A, we compute:
F'(0,0) - (2", v) = (2", Po (0-¢1(0,0)v + 9p1(0,0)y1)) , (8.10)
where y; is the solution to y;(0) = 2* and:
i1 = Hoyr + vHob. (8.11)
Since Py, ¢1(0,0) = Py f1(0) = 1 and 9,¢1(0,0) = Id, equation (8.10) yields:
F'(0,0) - (z*,v) = (2*,v + Poy1), (8.12)

From (8.11), one obtains:

t
Poy: (t) = Po(etHox*) —|—/ v(s)Py (e(t_s)H"Hob) ds. (8.13)
0

Let (z*,7) € B. Solving F'(0,0) - (z*,v) = (z*,7) amounts to finding a v € C°([0,T],R)
with v(0) = 0 such that:

o(t) + /0 v(s)Po (e Hob) ds = m(t) — Po(e' ") = h(), (8.14)

where h(0) = 0. We are faced with a linear Volterra integral equation of second-kind, with
a smooth kernel. We refer to [10, Section 1.2] for an introduction on this topic. Classical
theory for such problems (see e.g. [10, Theorem 1.2.3]) yields the existence of a continuous
resolvent kernel K such that (8.14) is equivalent to:

v(t) = h(t) +/O K(t,s)h(s)ds. (8.15)

Hence F7(0,0) is invertible. The inverse function theorem then allows us to conclude that
there exists C,d4,0p > 0 such that, for any (z*,v) € A, if || < 64 and [|v]|o0 < d4 and
F(z*,v) = (¥, m) with ||7||50 < dp, then:

Cr
0]l oo (fo,77) < 5 (|$ |+ ||7T||Loo([o,T])) < Clor(v, &)l oo po,7y) - (8.16)
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Moreover, since the map F is causal (in the sense that the value of Py¢;(v,&1) at time
t € [0,T] only depends on the values of v on the past time interval [0, ¢]), the same property
holds for its inverse. Thus, estimate (8.16) yields:

VI" € (0,T], vl poe o,y < C D1 (Vs €D Loe (10,17 - (8.17)

Progressive estimation. We assume that the system is small-state small-time locally
controllable. Let n > 0. We define ¢ := min{d4,d5,04/(2C),n/C}. Let § > 0 be given by
the application of Definition 11. For any states z*, 2T € B(0,§/2), there exists a trajectory
(z,u) € C°([0,T),R™) x L*((0,T),R) with 2(0) = 2*, z(T) = 2" and ||z~ < &. Moreover,
up € C°([0,T]) with u1(0) = 0. Let T := sup{T" € [0,T]; ||u1||Loc(o7T,) < d4/2}. Since u;
is continuous and vanishes at the initial time, one has T > 0.

By contradiction, let us assume that T < T. Then, by continuity of u;, there exists
T' € (T,T)] such that luill oo,y < 6. Thus, we can apply (8.17) and obtain that
[uill oo 0,77y < CE < 04/2. Hence I'=T..

Eventually, we can apply (8.16) and obtain that [|u1[|pw ) < Ce < 7. Therefore, the
system is also W 1> small-time locally controllable. o

Conclusion and perspectives

We proved that quadratic approximations for differential systems can lead either to drifts
quantified by Sobolev norms of the control or to the existence of an invariant manifold
at the second-order. Thus, when a nonlinear system does not satisfy the linear Kalman
condition, one needs to go at least up to the third order expansion to hope for positive
results concerning small-time local controllability.

Our work highlights the importance of the norm hypothesis in the definition of small-time
local controllability, even for differential systems. Indeed, although the state lives in R™, we
have proved that the controllability properties depend strongly on the norm of the control
chosen in the definition of the notion. We expect that other geometric results might be
improved by exploring the link between Lie brackets and functional settings.

For systems governed by partial differential equations, we expect that the behaviors
proved in finite dimension can also be observed. For example, the first author and Morancey
obtain in [7] a drift quantified by the H ~*-norm of the control, which prevents small-time lo-
cal controllability, under an assumption corresponding to [f1, [fo, f1]](0) ¢ S1. In [14], Coron
and Crépeau observe that the behavior of the second-order expansion of a Korteweg-de-Vries
system is fully determined by the position of the linear approximation (thus recovering a
kind of invariant manifold up to the second order).

It is also known that new phenomenons can occur. For example, in [27], the second
author obtains a drift quantified by the H~5/4-norm of the control for a Burgers system,
which thus does not seem to be linked with an integer order Lie bracket and is specific to
the infinite dimensional setting.
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