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TOPOLOGICAL ENTROPY FOR REEB VECTOR FIELDS IN
DIMENSION THREE VIA OPEN BOOK DECOMPOSITIONS

MARCELO R.R. ALVES, VINCENT COLIN, AND KO HONDA

ABSTRACT. Given an open book decomposition of a contact three man-
ifold (M, &) with pseudo-Anosov monodromy and fractional Dehn twist
coefficient ¢ = %, we construct a Legendrian knot A close to the stable
foliation of a page, together with a small Legendrian pushoff A. When
k > 5, we apply the techniques of [CH2] to show that the strip Legen-
drian contact homology of A — A is well-defined and has an exponential
growth property. The work [AI2] then implies that all Reeb vector fields

for ¢ have positive topological entropy.
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1. INTRODUCTION

In this paper we combine the techniques of [CH2|] and [Al2] to obtain
results on the topological entropy of a large class of contact 3-manifolds.

Theorem 1.1. Let (M, &) be a closed cooriented three-dimensional con-
tact manifold which admits a supporting open book decomposition whose
binding is connected and whose monodromy is isotopic to a pseudo-Anosov
homeomorphism with fractional Dehn twist coefficient % If £ > 5 then
every Reeb vector field for & has positive topological entropy.

2010 Mathematics Subject Classification. Primary 57TM50, 37B40; Secondary 53C15.
Key words and phrases. topological entropy, contact structure, open book decomposi-
tion, mapping class group, Reeb dynamics, pseudo-Anosov, contact homology.
MA supported by the Swiss National Foundation. VC supported by the ERC Géodycon
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2 MARCELO R.R. ALVES, VINCENT COLIN, AND KO HONDA

In order to explain the significance of our result we start by recalling
some notions. A cooriented contact structure on a 3-manifold M is a plane
field £ given by & = ker « for a 1-form a with o A dav > 0. Such an «
is called a contact form on (M, ¢), and it determines a Reeb vector field
R, defined by (g do = 0, «(R,) = 1. Denote the Reeb flow of R, by
o = (¢!)ier- A Legendrian submanifold of (M, ¢) is a 1-dimensional
submanifold of M everywhere tangent to &. In what follows we assume that
our contact structures are cooriented.

The topological entropy hy,, is a nonnegative number that one associates
to a dynamical system and which measures its complexity. We briefly re-
view its definition from [Bo] for a flow ¢ = (¢;);cr. Fix a metric d on M.
GivenT' > 0 and x,y € M, define

dT(xv y) = max d(¢t(x)> ¢t(y))

te[0,7

A subset X C M is (T, €)-separated if for all z,y € X we have dr(z,y) >
e. Writing N (7', €) for the maximum cardinality of a (7', €)-separated subset
of M, we define

- log N(T,¢)

hiop(¢) = lim hTrg Sup ————
The positivity of the topological entropy for a dynamical system implies
some type of exponential instability for that system. For 3-dimensional
flows, the positivity of h,,, has the following striking dynamical conse-

quence due to Katok [Katl) [Kat2] and Lima and Sarig [LS, Sar]:

Theorem. Let ¢ be a smooth flow on a closed oriented 3-manifold gen-
erated by a nonvanishing vector field. If hi,,(¢) > 0, then there exists a
Smale “horseshoe” as a subsystem of the flow. As a consequence, the num-
ber of hyperbolic periodic orbits of ¢ grows exponentially with respect to
the period.

A “horseshoe” is a compact invariant set where the dynamics is semi-
conjugate to that of the suspension of a finite shift by a finite-to-one map
and is considered to be the prototypical example of chaotic dynamics; see
[KH]. Combining Theorem with this result we obtain the following
corollary which is a strengthening of a result proved in [CH2].

Corollary 1.2. Let (M, &) be a closed contact 3-manifold which admits
a supporting open book decomposition whose binding is connected and
whose monodromy is isotopic to a pseudo-Anosov homeomorphism with
fractional Dehn twist coefficient % If k > 5, then for every Reeb flow ¢,
on (M, &) there exists a “horseshoe” as a subsystem of ¢,. In particular
the number of hyperbolic periodic orbits of ¢, grows exponentially with
respect to the period, even if o is not generic.
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Motivated by results on topological entropy for geodesic flows, Macarini
and Schlenk used the geometric ideas of [ES1, [ES2|| to prove in [MS]] that if
@ is a surface with genus > 2, then on the unit cotangent bundle (S*@, &)
equipped with the canonical contact structure £ every Reeb flow has posi-
tive topological entropy. In previous works [All, |Al2, |Al3], the first author
discovered an abundance of examples of contact 3-manifolds with positive
entropy: there exist hyperbolic contact 3-manifolds, nonfillable contact 3-
manifolds, as well as 3-manifolds with infinitely many nondiffeomorphic
contact structures for which every Reeb flow has positive topological en-
tropy.

Since every contact 3-manifold admits a supporting open book decompo-
sition with pseudo-Anosov monodromy, connected binding, and £ > 1 by
[CH1]], Theorem[I.1lcan be interpreted as saying that for “almost all” (apart
from k£ = 1,...,4) tight contact 3-manifolds every Reeb flow has positive
topological entropy.

Recall that the second and third authors had previously shown in [CH2]
that, when k£ > 3, for every nondegenerate Reeb vector field the number
of periodic orbits grows exponentially with the action and in the degenerate
case the total number of periodic orbits is infinite. The proof uses contact
homology as follows:

(1) Construct a contact form o on M supported by the open book de-
composition, whose Reeb vector field R = R, behaves well with
respect to the pseudo-Anosov monodromy.

(2) Prove that, when k& > 2, the symplectization (R x M, J) of (M, a)
contains no J-holomorphic plane asymptotic to a periodic orbit of
R at +o00.

(3) Prove that, when k£ > 3, index one J-holomorphic cylinders be-
tween periodic orbits of R cannot intersect the trivial cylinder over
the binding.

Step (2) implies that the cylindrical contact homology of (M, «) is well-
defined. By Step (3), a J-holomorphic cylinder must join two orbits in the
same Nielsen class. The key point in the proofs of Steps (2) and (3) is that
every J-holomorphic curve in R x M must intersect the .J-holomorphic
trivial cylinder over the binding positively. By using a suitable Rademacher
function ® (cf. Section 2.3), one can show that the intersection must be
empty as soon as k is sufficiently large. One finally uses properties of
diffeomorphisms isotopic to pseudo-Anosov homeomorphisms: in every
Nielsen class of periodic points, the total Lefschetz index is —1 and the
number of Nielsen classes grows exponentially with the period. This is
enough to conclude that the dimension of cylindrical contact homology gen-
erated by periodic orbits of action less than 7" grows exponentially with 7'.
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Invariance properties of the set of linearized contact homologies yield the
result for arbitrary contact forms.

To prove Theorem [I.1] we follow the same strategy combined with the
following criterion which generalizes [Al2, Theorem 1].

Theorem 1.3. Let (M,£ = ker o) be a closed contact manifold and A

and A be a pair of disjoint Legendrian knots in (M, ). If there exists an
exhaustive sequence (o; = Gy, L;) of contact forms and actions such that

(1) G, is uniformly bounded above by a constant ¢ > 1 and below by %;

(2) the strip Legendrian contact homologies LCHS" (a;, A — /AX) are
well-defined and grow exponentially with the action in the following
sense: there exist numbers a > 0 and b such that

dim(LCHS (a;, A — A) > e+

foreachi € Nand ( < L;; and
(3) for each i < j there are induced cobordism maps

Uy : LOHG  (0i, A = A) = LOHG" (a5, A — A),
<

that are injective on LOHS™/® (ai, A — A), where © > 1 is inde-
pendent of 1, j,

then every Reeb flow on (M, §) has positive topological entropy.

We refer the reader to Section [3] for the definition of strip Legendrian
contact homology and Definition [6.1] for the definition of an exhaustive se-
quence.

By Theorem [L3lit suffices to find a pair of suitable Legendrian knots A
and A that satisfy the conditions of Theorem The knot A will be con-
structed in a neighborhood of a page of the open book as the Legendrian lift
of an immersed curve L in the page which is close to the stable invariant
foliation of the pseudo-Anosov representative of the monodromy. It will
have the property that the value of the Rademacher function ® is 0 on ev-
ery arc immersed in L. The knot A is a small pushoff of A in the Reeb
direction. The control on J-holomorphic curves required in Theorem [1.3|is
then obtained using the method from Steps (2) and (3) of the absolute case,
provided £ is large enough to take care of the extra leaking coming from the
parts in the boundary of potential .J-holomorphic curves lying in R x A and
R x A.

Corollary 1.4. Every closed contact three-dimensional manifold (M, £) ad-
mits a (tight) degree five branched cover along a transverse knot on which
every Reeb flow has positive topological entropy.
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Proof. Using [CH1]] we take a supporting open book for (M, &) with pseudo-
Anosov monodromy h, connected binding K, and fractional Dehn twist co-
efficient % with k& > 1. The degree five branched cover of (M, &) along
K is supported by an open book decomposition whose monodromy is /5.

Its fractional Dehn twist coefficient is 2* k with 5k > 5 and we can apply
Theorem [L.11 O

We finish the introduction with a question which we believe could be
interesting for future investigations:

Question 1.5. Does there exist an overtwisted contact 3-manifold on which
every Reeb flow has positive topological entropy?

Acknowledgements: Our special thanks to Frédéric Bourgeois for ex-
plaining to us the construction of the linearized Legendrian contact homol-
ogy of a directed pair of Legendrian submanifolds, which is part of his joint
work with Ekholm and Eliashberg [BEE].

2. PRELIMINARIES
2.1. Open book decompositions.

Definition 2.1. An open book decomposition of a closed 3-manifold M is
a triple (S, h, ¢), where

e S is a compact oriented surface with nonempty boundary;
e the monodromy h : S = S is a diffeomorphism which restricts to
the identity on 0S; and
e ¢: M(S,h) = M is a homeomorphism.
Here M (S, h) denotes the relative mapping torus S x [0, 1]/ ~,, where ~,

is the equivalence relation given by (h(z),0) ~j (z,1) for all z € S and
(y,t) ~n (y,t') forally € 0S and t,t' € |0, 1].

The surfaces S x {t}/ ~, are the pages of the open book and the link
0S8 x[0,1]/ ~y, is the binding. (We will also refer to their images under ¢ as
the “pages” and the “binding”.) Note that the manifold M (.S, k) is oriented
since S and [0, 1] are and M has the induced orientation via ¢. The binding
is oriented as the boundary of S.

The relationship between contact structures and open book decomposi-
tions was clarified by Giroux [Gi], who notably gave the following defini-
tion:

Definition 2.2. An open book decomposition (S, h) for M supports a con-
tact structure £ if

e ¢ is positive with respect to the orientation of M (S, h); and
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e there exists a contact form o for & whose Reeb vector field is posi-
tively transverse to the interior of the pages and positively tangent
to the binding.

A fundamental result of Giroux [Gi] is that every contact structure on a
closed 3-manifold is supported by some open book decomposition.

2.2. Fractional Dehn twist coefficients. Let S be a compact oriented sur-
face with nonempty connected boundary and h : S = S be a diffeo-
morphism of S which is the identity on the boundary 0S5S. We take an
orientation-preserving identification 9S ~ R/Z. Suppose that h is freely
homotopic to a pseudo-Anosov homeomorphism ¢ by a homotopy (h¢):eo,1),
ho = h, hl - ’QD

We define the fractional Dehn twist coefficient c of h to be the rotation
number of the isotopy (5; = h¢|as)icpo,1] as follows: Lift (5;)¢cpo,1] from an
isotopy of R/Z to an isotopy (5;)icjo1] of R and define f(x) = f1(z) —
Bo(x) + 2. Then

oo tim LB
n—o00 n
for any x € 0S.

The pseudo-Anosov map v has a stable invariant singular foliation F.
Since 0S ~ R/Z, the foliation F has a certain number n of singularities
Z1,...,%, along 0S. These singularities are preserved by both h (which
is the identity on 0.5) and . This implies that the fractional Dehn twist

coefficient of h has the form ¢ = %

2.3. The Rademacher function for a pseudo-Anosov map. Lety : S =
S be a pseudo-Anosov homeomorphism of a compact oriented surface with
nonempty connected boundary. We define a quasi-morphism ¢ : 71(5) —
Z that is invariant under 1), called the Rademacher function. Our actual map
will rather be defined on the space of homotopy classes of oriented arcs in
S relative to their endpoints. It has the following properties:

(1) @(5051) = @(50) + (I)((Sl) + €, €= —1, 0, 1;

(2) ®(e) = 0; and

(3) ©(6) = —(—9).
Here 9y and 0, are arcs in S where the terminal point of , equals the initial
point of §; and dy0; is their concatenation; e is any constant arc; and —9 is
0 with reversed orientation.

To construct ¢, we consider the stable invariant foliation F of 1 with
saddle singularities x1, ..., z, on 0S. We denote by P;, i = 1,...,n, the
separatrix in ¢nt(S) that limits to x;; it is called a prong. By slight abuse of
notation we assume that P; contains x;. We orient the prongs so that their
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intersection point with 9SS is positive. Let 0 be an oriented arc in S and 5
a lift of & to the universal cover S of S. For any component D of 85, we
consider P, the union of all the lifts of Pl, ..., P, with initial point on D.
If the (algebraic) intersection number of 5 w1th Pp is - greater than or equal
to 2, we set np_ (5) to be the intersection number of 4 and Pz minus 1. If
the intersection number of & with Py is less than or equal to —2, we set
nps (g) to be the intersection number of ¢ and Py plus 1. Otherwise, we set

nps (8) = 0. Finally we define
(2.3.1) D(8) = Spcps npy (0)-

The properties of ® are proven in [CH2]. In particular, the sum has
finitely many nonzero terms.

3. REVIEW OF CONTACT HOMOLOGY

In this section we review the linearized Legendrian contact homology of
a directed pair of Legendrian submanifolds A — A in a contact manifold
(M, ). This was explained to us by Frédéric Bourgeois and is part of his
joint work [BEE] with Ekholm and Eliashbergﬂ

A contact form « for (M, §) is nondegenerate if for each Reeb orbit of
« the linearized return map does not have 1 as an eigenvalue. Given a
Legendrian submanifold A, « is A-nondegenerate if for each Reeb chord
c:[0,T] = M, (¢r)Te)A is transverse to Ty A, where ¢ is the time-T'
flow of the Reeb vector field for a.

3.1. Cobordisms and almost complex structures.

3.1.1. Symplectizations. Let (M, ) be a contact manifold and « a contact
form for (M, €). The symplectization of (M, ) is the product R x M with
the symplectic form d(e®«), where s denotes the R-coordinate on R x M.
The 2-form da restricts to a symplectic form on the vector bundle ¢ and it
is well-known that the set j(«) of da-compatible almost complex structures
on the symplectic vector bundle § is nonempty and contractible. Notice that
if M is 3-dimensional, the set j(«) does not depend on the contact form «
on (M,§).

Given j € j(«), there exists an R-invariant almost complex structure J
on R x M such that:

(3.1.1) J& = Ra, J¢ =1,

1Any mistakes or imprecise statements in the presentation are our responsibility.
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where R, is the Reeb vector field of a. We will denote by 7 («) the set of
almost complex structures in R x M that are R-invariant and satisfy
for some j € j(a).

3.1.2. Exact symplectic cobordisms. Let (W, w = dk) be an exact sym-
plectic manifold without boundary, and let (M ™, &%) and (M ~, &™) be con-
tact manifolds with contact forms ot and o

—~

Definition 3.1. (W, @ = dk) is an exact symplectic cobordism from o
to a~ if there exist codimension 0 submanifolds W~, W+, and W of W
and diffeomorphisms ¥t : W+ 5 [s, 4+00) x Mt and V= : W~ 5
(—o00, s_] x M~ for some sy, s_ such that:

(3.1.2) W is compact, W = WHUWUW™, WHrnW~ =0,
() (e®a™) =k and (I™)*(e’a™) = k.

We will write a* ., o~ if there exists an exact symplectic cobordism
from o™ to o~. We remind the reader that o™ >~., o and o ., o~ im-
ply at =., a~; or in other words the exact symplectic cobordism relation
is transitive; see [BEHWZ] for a detailed discussion on symplectic cobor-
disms with cylindrical ends. Notice that a symplectization is a particular
case of an exact symplectic cobordism.

Definition 3.2. An almost complex structure J on (W, w) is cylindrical if

e J coincides with J* € J(at) on W,
e J coincides with J— € J(a~) on W~, and

e J is compatible with w on W.

For fixed J© € J(a') and J~ € J(a™), we denote by J(J~, J1) the
set of cylindrical almost complex structures on (I//V\, w) that coincide with
JTon W and J~ on W~. It is well known that 7 (J—, J") is nonempty
and contractible.

—

3.1.3. SFT-admissible exact Lagrangian cobordisms. Let (W, w = dk) be
an exact symplectic cobordism from a* to o™

Definition 3.3. A Lagrangian submanifold L of (ﬁ/\, dk) is a Lagrangian
cobordism from A" to A if there exist Legendrian submanifolds N of

(M*, kera™) and A of (M~ ,ker a™), and N > 0 such that, with respect
to the identifications V* and U~ :

(3.1.3) LN ([N, 4+00) x M%) = ([N, +00) x A7),
(3.1.4) LN ((—oo,—N] x M7) = ((—o0,—N] x A ).
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If such an L is an exact Lagrangian submanifold of (W, dk), we call

it an exact Lagrangian cobordism from A" to A . If L is such that there
exists a primitive of x|, which vanishes outside some compact subset of L,
then L is called an SFT-admissible exact Lagrangian cobordism. All exact
Lagrangian cobordisms used in this paper are SFT-admissible.

3.2. Pseudoholomorphic curves. Let a be a contact form for (M, ), J €
J(a), and A be a Legendrian submanifold of (M, ). Let (S,7) be a con-
nected compact Riemann surface, possibly with boundary, {2 C S be a finite
ordered set, and Q5 := QN IS.

Definition 3.4. An (i, J)-holomorphic map w = (r,u) : (S '\ €,1) — (R x
M, J) with boundary in R X A is a map that satisfies

0;(u) :=dioi—Jodu=0,
(05 \ Q) C R x A.

The operator J; above is called the Cauchy-Riemann operator for the
almost complex structure J.

An analogous definition exists for exact symplectic cobordisms. Let
(W,dw) be an exact symplectic cobordism from a contact form o™ for
(M™,£T) to a contact form o~ for (M~,£7) in the sense of [BEHWZ],
and L be an SFT-admissible exact Lagrangian cobordism in (W, dw) from a
Legendrian submanifold A* of (M, £™) to a Legendrian submanifold A~
of (M~,£7). We consider an almost complex structure J € J(J*,J7),
where J* € J(a™) and J- € J(a™) and consider (i, J)-holomorphic
maps @ : (S\ Q,i) — (W, J) with boundary on L in a manner analogous
to Definition

3.2.1. Hofer energy. All pseudoholomorphic curves considered in this pa-
per have finite Hofer energy (cf. [H, BEHWZ]). This is essential to guar-
antee that the curves behave well near the points of 2 and to ensure the
compactness of the relevant moduli spaces.

By the finiteness of Hofer energy, the holomorphic maps w : (S'\ 2,7) —
(/W, J) have a very controlled behavior near the points of €2: they are either
removable or are asymptotic to Reeb orbits or Reeb chords, as shown in
[Ab, H, HWZ]. For simplicity we assume there are no removable points.
The elements of the set 2 C S are called punctures of u; the elements of €2y
are boundary punctures and the elements in ) \  are interior punctures.
The works [[Ab, H,[HWZ] classify the punctures in four different types (here
we are writing u = (r, u) at the ends):
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e > € ()is apositive (resp. negative) boundary puncture if z € {25 and
lim,:_,, s(2') = 400 (resp. —o0); in this case u is positively (resp.
negatively) asymptotic to a Reeb chord near z;

e - € () is a positive (resp. negative) interior puncture if z € Q \ Qp
and lim,/_,, s(z’) = +oo (resp. —c0); in this case u is positively
(resp. negatively) asymptotic to a Reeb orbit near 2.

Intuitively, on a neighborhood of a puncture, u detects a Reeb chord or a
Reeb orbit. If u is asymptotic to a A-nondegenerate Reeb chord or a non-
degenerate Reeb orbit at a puncture, more can be said about its asymptotic
behavior in the neighborhood of this puncture. In this case u limits to Reeb
chords and Reeb orbits exponentially fast at the punctures: this is crucial to
define a Fredholm theory for .J-holomorphic curves.

We will now define the three different types of pseudoholomorphic curves
that are used in this paper.

3.2.2. Curves of Type A. Let a be a contact form for (M, §) and J € J ().
Let v* be a nondegenerate Reeb orbit of v and let v~ = (v, ,75,---,7,)
be an ordered sequence of nondegenerate Reeb orbits of a.

Definition 3.5. A finite energy J-holomorphic curve of Type A in (R X
M, J) asymptotic to (v, ~7) is a tuple (u, z*,z"), where 2" is a point in
S% z= = (21,...,2,) is an ordered collection of distinct points # 2% on
S% andu : (S*\zTUz",40) — (Rx M, J) is a finite energy J-holomorphic
curve satisfying:

e 1 is positively asymptotic to v near z*; and

e wu is negatively asymptotic to y; near z; , | =1,...,n.

Here iy is the standard complex structure on S>.

Let M (v*,~7; J) be the moduli space of equivalence classes of finite
energy .J-holomorphic curves of Type A in (Rx M, J) asymptotic to (y*, v~ ).
Two J-holomorphic curves (u, 2,z7) and (v, y*,y~) of Type A in (R x
M, J) asymptotic to (y",~7) are equivalent if there exists a biholomor-
phism 7 : (S52,49) = (S?, i) which satisfies:

o 7(z*)=y" and 7(z, ) =y, forall; and

® VOT = 1U.
The translation in the s-direction induces an R-action on M (y*,v7; J) and
we write

My T) = Myt 475 ) /R,

Modifiers. We also introduce the modifier * as in M*(*) to restrict the
moduli space M (%). For example, when * is ind = k, we restrict to curves
of Fredholm index k, and when % is A, we restrict to curves representing a
relative homology class A.
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A similar definition holds when (ﬁ/\, dr) is an exact symplectic cobor-
dism from a contact form ot for (M ™, £T) to a contact form o~ for (M —,£7)
endowed with an almost complex structure J € J(J*, J~), where J* €
J(aT)and J~ € J(a™). IfytisaReeborbitof atandy~ = (77,...,7,)
is an ordered collection of Reeb orbits of a~, we define finite energy holo-
morphic curves of Type A in (W, J ) asymptotic to (y*,~~), along the same
lines as above. We then define the moduli space M (y+,~~; J ) of equiv-

alence classes of finite energy holomorphic curves of Type A in (W, .J)
asymptotic to (y*,y7).

3.2.3. Curves of Type B. Let o be a contact form on (M,¢), J € J(«),
and A be a Legendrian submanifold of (M, ). Let o be an a-Reeb chord
from A to itself, o~ = (o;,...,0,) be an ordered sequence of a-Reeb

chords from A to itself, and v~ = (v, ..., ~,,) be an ordered collection of
Reeb orbits of . Let D be the closed unit disk in C.

Definition 3.6. A finite energy holomorphic curve of Type B in (R x M, J)
with boundary in R x A asymptotic to (o, 0~,v7) is a triple (u,x~,z"),
where x~ = (x7,...,x.) is an ordered collection of distinct points # 1
indD, z— = (z1,...,2,) is an ordered collection of points in the interior
of D, andw : (D\ ({1} Ux~ Uz ),ig) — (R x M, J) is a finite energy
J-holomorphic curve satisfying:

o if we make one full turn in S* in the counterclockwise sense starting
at 1 we hit the points of X~ in the order x7 , ..., x,,
w is positively asymptotic to the Reeb chord o™ near the puncture 1,
u is negatively asymptotic to the Reeb chord o, near x;,

u is negatively asymptotic to the Reeb orbit y, near z; ,
u(OD\ ({1} uz7)) C R x A.

Let M (o7, 07,~47;J) be the moduli space of equivalence classes of fi-
nite energy holomorphic curves of Type B in (R x M, J) asymptotic to
(67,07,~7), where the equivalence relation is analogous to the one for

Type A. Again there is an R-action on M (cF,07,~7;J) and we set

Mot o7y 1d) = M(o™ 0777 )[R
Next suppose that (W,dm) is an exact symplectic cobordism from a
contact form a™ for (M™,£T) to a contact form o~ for (M~,£7), and

L C (W,dk) is an SFT-admissible exact Lagrangian cobordism from a
Legendrian A* in (M™*,¢%) to a Legendrian A~ in (M~,¢7). Let J €
J(Jt,J7), where J© € J(at)and J- € J(a™). If 0" is a a™-Reeb
chord from A™ to itself, 0~ = (o7 ,...,0, ) is an ordered collection of

a~-Reeb chords from A~ to itself, and v~ = (v ,...,7, ) is an ordered
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collection of Reeb orbits of o™, then we can similarly define finite energy
holomorphic curves of Type B in (17, .J) with boundary in L asymptotic
to (oF,07,v7) and the moduli space M(c*, 0~ ,~7;J) of equivalence

~

classes of finite energy holomorphic curves Type B in (W, J) with bound-
ary in L asymptotic to (o, 07, v7).

3.2.4. Curves of Type C. Let a be a contact form on (M, &), J € J(«)
and (A, A) be a pair of disjoint Legendrian submanifolds in (M, §). Let 7

and 7~ be a-Reeb chords from A to A, o0~ = (0, ,...,0, ) be an ordered
sequence of a-Reeb chords from A to itself, 6~ = (07 ,...,0, ) be an or-
dered sequence of a-Reeb chords from A to itself, and v~ = (v;,...,7,,)

be an ordered collection of Reeb orbits of «.

Definition 3.7. A holomorphic curve of Type C in (R x M, J) with bound-
ary in (R x A, R x A) asymptotic to (77,77,07,0 ,~") is a quadruple

(u,x™,X",27), where z= = (z{,...,2,) is an ordered collection of dis-
tinct points in the interior of D, x~ = (27, ..., x, ) is an ordered collection
of distinct points in O which does not contain 1 or —=1,X~ = (Z,...,7)

is an ordered collection of distinct points in O which is disjoint from x~
and does not contain 1 or —1, and u : D\ ({-1,1} Ux~ UX Uz ) —
(R x M, J) is a holomorphic curve satisfying:

e all the points of X~ are in the upper hemisphere S™ of the circle 0D,
and if we move along S™ in the counterclockwise direction starting
at 1 and ending at —1 we hit the points of X~ precisely in the order
given by x~,

e all the points of X~ are in the lower hemisphere S~ of the circle OD,
and if we move along S~ in the counterclockwise direction starting
at —1 and ending at 1 we hit the points of X~ precisely in the order
given by X~,

u is positively asymptotic to T+ near the puncture 1,

u is negatively asymptotic to T~ near the puncture —1,
u is negatively asymptotic to o, near the puncture x; ,
u is negatively asymptotic to 5; near the puncture T, ,
u is negatively asymptotic to vy, near the puncture z; ,
u(ST\ {—1,1} Ux™) is contained in R x A,

a(S=\ {~1,1} UX") is contained in R x A.

Using the same recipe as above we define the moduli space M (tt, 77, 07,0 , v ;J)
of equivalence classes of finite energy holomorphic curves of Type C in
(R x M, J) asymptoticto (77, 77,0~,6 ,~~) and

Mt 7707,67 73 J) = M(rt, 77,067,677 J)/R.
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Next suppose that (W, dr) is an exact symplectic cobordism from a con-
tact form ot for (M™,£T) to a contact form o~ for (M~,£7) and L C

(/W, dk) (resp. L) is an SFT-admissible exact Lagrangian cobordism from
a Legendrian A" (resp. A*) in (M™,£1) to a Legendrian A~ (resp. A-)in
(M=,&7). Let J € J(J*,J7), where J* € J(a") and J- € J(a”). If
71 is an a™-Reeb chord from A™ to /A\JF, 77 is an o -Reeb chord from A~

oA, o = (o1 ,...,0,) is an ordered sequence of o -Reeb chords from
A~ toitself, 6~ = (07 ,...,0, ) is an ordered sequence of o~ -Reeb chords
from A~ toitself, and v~ = (7 ,...,7,,) is an ordered collection of Reeb

orbits of a~, we can define finite energy holomorphic curves of Type C
in (/W, dk, j) with boundary in L U L asymptoticto (71,77, 07,6 ,v7).
We then define the moduli space M (71,77, 07,6 ,~; J ) of equivalence
classes of finite energy holomorphic curves of Type C in (W, J ) with
boundary in L U L asymptotic to (7+,77,0~,6 ,v").

3.2.5. Compactification of moduli spaces. By the results of [BEHWZ]], a
moduli space M of Type A, B or C admit a natural compactification M
called the SFT compactification. The compactification M consists not only
of pseudoholomorphic curves but also of multiple-level pseudoholomorphic
buildings in the sense of [BEHWZJ|. Pseudoholomorphic buildings are col-
lections of pseudoholomorphic curves which satisfy certain matching con-
ditions. We refer the reader to [BEHWZ] for the precise definitions.

From now on we restrict attention to the case where the contact manifolds
are 3-dimensional and the symplectic cobordisms are 4-dimensional.

3.3. Full contact homology. The full contact homology of a contact man-
ifold, introduced in [EGH], is an important invariant of contact structures.
We refer the reader to [EGH] and [B]] for detailed presentations of the ma-
terial contained in this subsection.

Let (M, &) be a contact 3-manifold, o a nondegenerate contact form for
¢, and R, the Reeb vector field for . We denote by P(«) the set of good
contractible periodic orbits of R,. To each orbit v € P(«), we assign a
Z]2-grading |y| = pez(y) — 1 mod 2. An orbit v is called good if it is
either simple, or if v = (/) for a simple orbit 7/ with |y| = |7/|.

We will be assuming the following:

Hypothesis H. There exists a perturbation scheme Y3 which consists of J €
J(a) and an assignment of a transversely cut out Q-weighted branched
manifold Z*(v,~') to each compactified moduli space MA(~y,~"; J) which
satisfies the following:
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(1) if MA(y,~;J) = MA(v,~';J), is transversely cut out, and has
Fredholm index ind = 1, then #MA(y,~';J) = #Z4(v,v"),
where # refers to the weighted algebraic count;

() if Z4(7,v') has ind = 2, then

0Z4(v. ) = [T 2" (v, 71) x 2™ (72,73),

where the disjoint union is over all pairs of ind = 1 moduli spaces
that formally glue to yield a curve from ~y to '

Hypothesis H has now been proven by Bao-Honda [BHI|; Pardon [Pall
Pa2] gives an algebraic substitute. Establishing Hypothesis H could also be
done using the polyfold technology of Hofer-Wysocki-Zehnder [HWZ2] or
the Kuranishi structures of Fukaya-Oh-Ohta-Ono [FO3]].

We now describe the contact homology differential graded algebra (dga)
A(M, a,B). As an algebra A(M, a,P) is the graded commutative Q-
algebra with unit generated by P(«). The commutativity means that the
relation ab = (—1)l%Plpq is valid for all a,b € A(M,o,B). The Z/2-
grading on the elements of the algebra is obtained by considering on the
generators the grading mentioned above and extending it to 2(( M, o, ).

We define the differential 0 on v € P(«) as follows:

(3.3.1) oy=m(y) Y. ALYV

where the sum is taken over all finite ordered collections v’ of elements of
P(a), A(v,v') € Q is the algebraic count of points in Z4=!(~,4') and
m(y) is the multiplicity of . The map 0 is extended to the whole algebra
by the graded Leibniz rule.

Part (2) of Hypothesis H implies that 9> = 0. Therefore, A(M, a,*B) is
a 7./2-graded commutative dga.

Definition 3.8. The full contact homology HC (M, «,*B) is the homology
of the dga (M, o, B).

The full contact homology is independent of the choice of contact form
a for (M, €), the choice of the cylindrical almost complex structure J €
J (a), and the choice of abstract perturbation scheme 3.

3.4. The Legendrian contact homology of a Legendrian knot. Let A be
a Legendrian knot in (M, £) and let « be a nondegenerate, A-nondegenerate
contact form for (M, £). Let T, (A) be the set of a-Reeb chords starting and
ending at A, and that are trivial in 71 (M, A).

Using a perturbation scheme 3 which extends that of full contact ho-
mology and which will usually be suppressed from the notation, one sim-
ilarly associates to (o, A) a differential graded algebra €(M, «, A). This
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construction is due to Eliashberg, Givental and Hofer and was outlined in
[EGH, Section 2.8]. The algebra €(M, o, A) is the Z/2-graded associative
unital algebra generated by elements of 7, (A) and P(«) with the relations

(3.4.1) Y192 = (=1)2llygy,
(3.4.2) 1o = (=1)llgy,

for all v1,72 € P(a) and 0 € T,(A). Equivalently, we can think of
C(M, a, \) as the Z/2-graded associative unital algebra generated by ele-
ments of 7, (A) with coefficients in (M, «). Itis then clear that €(M, o, A)
is a right and left module over the differential graded algebra (M, o). The
degree |o| of an element o € T,(A) is given by the parity of its Conley-
Zehnder index minus one, and is again extended algebraically to the whole
algebra.
We define a differential 05 on the generators o of 7, (A) as follows:

(3.4.3)  Opo = Z o . ohC(o, 0, V)V - s

where the sum is taken over all finite ordered collections o’ of elements of

7a(A) and all finite ordered collections =y of elements of P(«), C(0, o”,7) €
Qis the algebraic count of the perturbation Z*4=1 (g, o', v) of A (0,0, 7;J)
and m(vy;) is the multiplicity of the Reeb orbit ;. The differential is ex-

tended using the graded Leibniz rule. In particular, if v € A(M, «) and
o € To(A) then

(3.4.4) In(o7) = On(0)y + (=1)lod(7).

The Legendrian contact homology analog of Hypothesis H and the out-
line given in [EGH, Section 2.8] imply that 93 = 0.

3.5. The opposite of (€(M, o, A),0y). We recall the notion of the oppo-
site of (E(M, a, A), 0y); cf. [HLLISt] for the definition for general differen-
tial graded algebras. First we define for all elements a,b € €(M, «, A) the
product

(3.5.1) a s opb = (—1)Plpg.

The algebra obtained by considering the addition and multiplication by
scalars as in €(M, «, A) and the product +,, is called the opposite of €(M, a, A)
and is denoted by €,,(M, a, A). We also consider the grading for &, (M, a, A)
to be the same as that for €(M, o, A).

On &,,(M, o, A) we consider the differential 0, defined on €(M, «, A).
A direct computation shows that 0, is a differential on €,, (M, «, A) since
it satisfies the graded Leibniz rule

(3.5.2) On(@+ opb) = (Dxa) + opb + (—1)1%a + 00D
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foralla,b € €,,(M, a, A). The differential graded algebra (€,, (M, o, A), O))
is called the opposite of (€(M, v, A), Op).

3.6. The Legendrian contact homology of a pair A — A. The homology
we present in this subsection is the one described in [BEE, Remark 7.4]; a
similar construction appears in [Ek]. Let A and A two disjoint Legendrian
knots on (M, Q. Suppose that o is nondegenerate and AU/A\—nondegenerate.

Let 7,(A — A) be the set of a-Reeb chords with initial point on A and
terminal point on A. Again we use a perturbation scheme ‘3 which will
usually be suppressed from the notation.

We first consider the dga €,,(M, o, A) ®gar,a) (M, a, A) whose differ-
ential is the Koszul differential of the tensor product. Let B(M, a, A — /A\)
be the Z /2-graded right module over €,, (M, o, A) @uu(ar,0) C(M, v, A) gen-
erated by 7, (A — A). The differential 9, 5 in B(M,a, A — A) is defined
on elements 7 € T, (A — A) by:

(3.6.1) O\ AT = Z 7 B(T,T').

7 €Ta(A—A)
Here B(7,7") € €., (M, a, A) @aar,a) E(M, a, /A\) is given by
(3.6.2) B(r,7') = Z O1...0007 4. s 0571 .ymg(r, 7 o,0,7),

0,67
where the sum is taken over all ordered finite collections o = (071, ...,0,)
of elements in 7,(A), all ordered finite collections ¢~ = (o ,...,0,)

of elements in 7, (A), and all ordered finite collections ¥ = (71, - ., Vm)
of elements in P(a), and B(r, 7', 0,6 ,~) is the algebraic count of the
perturbation Z"4=(7 7/ o, 6", ) of Mindﬂ(n o, ).

An analog of Hypothesis H and the outline given in [EGH, Section 2.8]

imply that 05~ = 0.

Remark 3.9. The reason we have to use the opposite dga (€,,(M, o, A), Op)
is that for geometric reasons elements of T, (\) have to be multiplied to the
left of elements of To(A — A) in the module B(M,a, A — A). This im-
plies that B(M, o, A — A) must be a left module over €(M, o, \) and thus
a right module over €,,(M, ., ). Analogously elements of To(A) have to
be multiplied to the right of elements of To(A — /AX), which implies that
B(M, o, A — A) must be a right module over €(M, a, A).

Combining these observations we conclude that the correct choice is to
construct B(M, o, A — A) as a right module over Cop(M, o, A) @a(,0)
¢(M,a, A).
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3.7. Augmentations and strip Legendrian contact homology. The goal
of this subsection is to explain augmentations and the linearization process,
introduced to Legendrian contact homology by Chekanov [Ch]. This allows

us to define a differential 9] + on the Q-vector space LC(a, A — A)

generated by 7, (A — /A\) in the presence of an augmentation e.
An augmentation ey(ar,q) for A(M, o) is a dga morphism A(M, o) — Q
with the trivial differential for Q, i.e.:

(3.7.1) €a(Mm,a)(ql) = g forevery q € Q,
(372) €Ql(M,a) 0] 8 = 0,
where 1 is the unit in A(M, «).
An augmentation eg(pra,n) for €(M, o, A) is a dga morphism (M, a, A) —
Q,1i.e.:
(3.7.3) €e(Ma,n)(ql) = g forall g € Q,
(3.7.4) €¢(M,a,A) © 8A = O,
where 1 is the unitin €(M, «, A). Tt is straightforward to check that an aug-

mentation €g(ar,q,4) for €(M, a, A) is also an augmentation for the opposite
dga (€., (M, a, A), Op).

Definition 3.10. Given augmentations eyn,a), €¢(M,a,n) aNd €e(M,al) that
satisfy the following compatibility condition:

(3.7.5) €e(M,a,0) (@) = €g(ar.0iy (@) = €a(ara)(a),

for every a € (M, «), the composite augmentation

(3.7.6) €: Cop(M, a, A) @aare) €(M, , A) = Q

is a dga morphism that satisfies:

e ¢ coincides with ey (nr,o) on elements of the coefficient dga A(M, o),
e ¢ coincides with eg(n,a,0) on elements of the form €, (M, o, A) @1,

e ¢ coincides with €y, , 7y on elements of the form 1 ® €(M, o, A),
€(ql® 1) =qforallq € Q.

We are now ready to define our differential 8Z_>A on the Q-vector space

~

LC.(a, A — ). We define for each o € T,(A — A)
(3.7.7) J\_ 30 = Z e(B(o,0"))o’.

o' €T (A—A)

It is a theorem of Bourgeois, Ekholm and Eliashberg that (816\—>K)2 = 0.

To see this we first define a map F. : B(M, a, A — ]A\) — LC(a, A — /A\)
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by setting o € T, (A — ]A\) and C' € €(M, a, A) Ram,a) €(M, a, /A\)
(3.7.8) F.(0C) = ¢(C)o.

A direct computation shows that the diagram

B(M,a,A = A) 5 LC.(o, A — N)

aAH/A\J/ aj\a/A\J(
B(M,a, A — A) SN LC.(a,A — A)

is commutative. It then follows directly from the fact that (9, ,;)* = 0 that

(& ) =0.

A=A .
In the special case that

e there is no index one holomorphic plane asymptotic to a periodic
orbit of R, and

e there is no index one once-punctured holomorphic disk asymptotic
to a Reeb chord for A or /A\,

the trivial map € which vanishes for all Reeb chords and Reeb orbits and re-
stricts to the identity on (Q is an augmentation. The corresponding linearized
Legendrian contact homology LC'H (o, A — ]A\) whose differential counts
pseudoholomorphic strips is called the strip Legendrian contact homology
of A — A. It is denoted LC Hyy (v, A — A).

3.8. Pullback augmentations and linearizations. As shown in [BEE] one
can use exact symplectic cobordisms to pull back linearizations. We explain
this in more detail.

Let (R x M, do) be an exact symplectic cobordism from a contact form
a for (M, €) to a contact form o for (M, ). Let L,L C (R x M, do)
be disjoint, cylindrical SFT-admissible exact Lagrangian cobordisms from
Legendrian knots A, A to themselves.

The cobordisms (R x M, do, L) and (R x M, do, L) induce chain maps

\II]RXJ\/[,dcr,L : Q:<M7 «, A) — Q:(Mu OéO,A),

\IIRXM,da,E : Q:(Ma a, A) - Q:(M, aO’ A)

By the arguments of [BEE, EGH], the chain maps Wgy 7,40, and Wy MdoL
are quasi-isomorphisms. It is straightforward to check that the fact that
Ursnrdor @ C(M,a,A) — €(M,a’ A) is a quasi-isomorphism implies
that Uy ardor : €op(M, a, A) = €,,(M,a° A) is a quasi-isomorphism.
If
e €p(M,a’ A) ®Ra(a1,00) E(M, a?, /A\) —Q
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is a composite augmentation, then we can define a composite augmentation

o (‘I’RxM,da,L X ‘I’Rvade) : €0p(M7 a, A) QA(M,a) Qt(M, Q, /A\)) — Q.

3.9. Action filtration. There is an action filtration on contact homology
and Legendrian contact homology.
To see this we first note that if J € J(a) and

T (S\ Qi) = (R x M,J)

is a finite energy J-holomorphic curve in the symplectization (Rx M, d(e*«)),
then [;u*da > 0 and moreover [, u*do = 0 if and only if @ is either a
trivial strip over a Reeb chord or a trivial cylinder over a Reeb orbit; see
[Abl, H].

Let (21, ...,2") be the positive punctures of w and (z; , ..., 2, ) be the
negative punctures of w. If A(zj-:) is the action of the Reeb orbit or Reeb

chord that & limits to near zyj»[, one obtains the following formula:
(3.9.1) / Wda =Y Alzf) = > Az).
o j=1 j=1

It is immediate that M(y",v7; J) = @if A(y") <377 A(v;) and anal-
ogous statements hold for M(c*, 0=,y 7; J)and M(7F, 77,607, 06 ,~v; J).
These considerations imply that:

e the subalgebra 2= (M, ) of 2(M, o) generated by the Reeb orbits
of a with action < T is a sub-dga of (A(M, «), 0),

e the algebra €=T (M, o, A) of €(M, , A) generated by Reeb orbits
and Reeb chords with action < T is a sub-dg-algebra of (€(M, a, A), On),
and a module over =T (M, «),

o the subset B="(M, o, A — A) of B(M,a,A — A) generated
by Reeb orbits and Reeb chords with action < 7" endowed with
the differential 0, 3 is a dg-module over QOSPT(M , 0, N) ®g<r(pg 0
¢<T(M,a, ).

In the same way as in Section [3.7] we can consider augmentations on
(A=T(M, @), 9), (€T (M, a, A), 8y) and (B=T (M, o, A — A), 0, _3)-

4. CONSTRUCTIONS

The goal of this section is to construct the Legendrians A, /A\, and the
contact forms a. . that are used in the proof of Theorem L.
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4.1. Review of [CH2]. We first recall some notation and the construction
of a family of controlled contact forms from [CH2]. Let (S, h) be a sup-
porting open book decomposition of (M, &) where:

e 0S is connected;
e ) is homotopic to a pseudo-Anosov homeomorphism ) of S.

The singularities of the stable foliation F along 0S5 are xy, ..., x, and
the ones in the interior of S are vy, ..., y,. We first consider a small neigh-
borhood N (S) of 05 in S such that the component of ON(S) contained in
the interior of S is a concatenation of arcs that are alternately tangent to and
transverse to F. Let a; be the transverse arc of dN(.S) corresponding to ;.
Then we look at the separatrices emanating from the interior singularities
y; and cut them at the first moment they enter N(S). The corresponding
arcs from y; to ON(S) are called @}y, ..., Q,, . Recalling that F; is the
prong emanating from z;, we similarly let P/ be the first component of
P,N (S —int(N(0S))) that can be reached from the singular point x;, trav-
eling inside an arc (called p;) of P;. The arc P/ has endpoints on int(a;) and
some int(a; ). Now, for each j, we define N(y;) to be a sufficiently small
neighborhood of @, U+ - U (), in S — int(N(0S)) such that IN (y;) is
a concatenation of arcs that are alternately tangent to and transverse to .

We define the subset

Here the boundary of the neighborhoods N (P/) are also alternatively tan-
gent to and transverse to J.

By [CH2| Claim 6.4] we know that g~ is orientable.

In [CH2, Proposition 6.3], the second and third authors construct a 1-
form S on S which has the following properties:

(P1) ker g = F on S”;

(P2) ( is nonsingular (i.e., has no zeros) away from N(0S) and from a

very small neighborhood of the interior singularities ;;
(P3) [ has an elliptic singularity in each component of N (0.5)—U1<j<np;-

An important point in what follows is that

(P4) a nonempty subset of the leaves from each elliptic singularity e in
N(0S) — Ui<j<npi go to the boundary 05S.

This means that we can take the d3-area of a small disk around each elliptic
singularity e to be arbitrary large without affecting the value of g in S —

N(8S).

4.2. Construction of A and A. Recall the Rademacher function ® from
Section The following is the main technical lemma:
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Lemma 4.1. There exists a 1-form 3 as above such that there exists an
immersed curve L in S such that:

(A) [, 8=0;

(B) for every immersed arc § in L, we have ®(§) = 0;

(C) every closed curve 6 which is m -injective in L and which turns at
most once at a double point of L is m-injective in S.

Proof. We claim that there exists an oriented embedded closed curve Ly =
dp U 01 (see Figure[I) in S such that:

(L1) 6q 1is a sufficiently short arc transverse to F, d; is a (long) arc tangent
to F, and int(dp) Nint(dy) = @

(L2) 6, is not contained in a separatrix;

(L3) ¢, is positively (or negatively) transverse to J, at its two boundary
points and the sign is the same for both;

(L4) every closed curve on S which is the union of a nontrivial embedded
subarc of dy and an arc tangent to F is m-injective in S.

FIGURE 1. The curve L

This follows from the density of the leaves of the stable foliation F and
we briefly sketch the idea. Let 7y € int(S) be a point not on a separatrix
and let £ be a half-leaf of F starting from r,. We take a short arc c that
is transverse to F and has 7 as an endpoint and consider the first point of
return r; of £ to c. If £ and c intersect with the same sign at both ¢ and r4,
then we are done. Otherwise, consider the second point of return r5 of £ to
the subarc [rg, r1] of c. Then either r and r, have the same sign or ; and
ro have the same sign, and we are done.

(L4) is due to the fact that leaves of F are quasi-geodesic for some hy-
perbolic metric on .S and dy is sufficiently short.

Next we apply the construction of /3 in such a way that N(9S) N Lo = ()
and §; C S”. This can be done by taking N(S5), Ui<j<, int(N(y;)) and
Ui<i<n int(N(FP/)) to be sufficiently small. (B) and (C) hold for L, but
J 1 B= J 5, 5 has no reason to vanish.
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We will now modify L to L so that | ;, 3 = 0 while preserving conditions
(B) and (C); see Figure 2l We extend §; at both ends by arcs a and a’ that
are tangent to F until they hit N(0S) and then go inside N(995) to the
elliptic singularity e or €’ of ker 3 contained in the appropriate component
of N(0S) — Ui<;<npi. Notice here that a and o’ might intersect ¢, at some
interior points. Depending on the sign of | Lo B, we take L to be the result
of applying a finger move to Lg along a or @’ so that it circles around e or
¢’; say we are using a. (The orientation condition (L3) tells that the two
possibilities contribute different signs.) Applying the finger move means
we delete a small portion of §y from L, and replace by a long arc with the
same endpoints that is tangent to F in S” and that goes around e in N (95)
without crossing the p;’s. Since the d/3-area around e can be made arbitrarily

(51 a (51
do do
o1 o1
a L
€ e

oS

FIGURE 2. Modification of Ly along a which gives L

large, we can use it to counterbalance f Lo (. Hence it is possible to obtain

f ;3 = 0. We leave it to the reader to verify that (B) and (C) hold. Note
that the finger move creates bigons bounded by L but not monogons. U

We lift the curve L from Lemma.1]to an embedded Legendrian curve A
in (S x [—c,¢],dt + €3), where t is the [—c, c|-coordinate. This is done by
observing that the contact form dt + €3 defines a connection for the trivial
fibration 7 : S x R — S. The condition [ ;3 = 0 ensures that every lift
of L is a closed curve. Starting a lift at a point of altitude ¢t = 0, if ¢ > 0
is sufficiently small, then the entire Legendrian lift A of L lies in the region
S x [—¢,c] €S xR,

The Legendrian A is taken to be a small pushoff of A in the Reeb direction
which is also contained in S x [—c¢,¢] C S x R.
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4.3. Construction of the contact forms o, ... The construction of the con-
tact form «. ¢ and the corresponding Reeb vector field R, ., then follows
the lines of [CH2, Section 6.2], where we are using the 1-form [ satisfy-
ing Lemma.1l The only difference is that we plug into the mapping torus
(S xR)/(x,m) ~ (h(z), m — 1) a copy of the t-invariant contact structure
(S % [—¢, |, dt + €p) for sufficiently small ¢ and e. This part of the open

book contains the Legendrians A and A.

5. CONTROL OF ONCE-AND TWICE-PUNCTURED HOLOMORPHIC DISKS

Theorem 5.1. Suppose k > 3. Given N > 0, for sufficiently small €, >
0, there are no once-punctured holomorphic disks in R x M asymptotic to
an R, .-Reeb chord of \ or A of ae o-action < N and with boundary on the
symplectization of \ or A

Proof. The proof is the same as those of [CH2, Theorems 8.1 and 9.2]. We

sketch it for A (the proof is identical for /AX). Arguing by contradiction,
suppose that such a once-punctured holomorphic disk @ = (r, u) exists for
A.

First suppose that the M -component u does not intersect the binding K.
In this case the Reeb chord must correspond to a double point of L and
there is a projection of u to .S which takes the boundary of u to L. However
by (L4) no curve in L that turns once at a double point is contractible, a
contradiction.

On the other hand, if w intersects K, then we remove a neighborhood
N(K) of K, choose a page which is disjoint from A and cut M — N(K)
along this page. As explained in [CH2, Sections 8 and 9], if we perform
these cutting operations on u and project to .S using the projection 7g :
S x [0, 1] — S onto the first factor, then we obtain a disk D.

We claim that $(0D) # 0. Indeed, as in the absolute case D can be
written as a concatenation of arcs, where the only difference here is that one
of these arcs is the mg-projection of an arc d that lies in A. By construction,
7s(d) C L and hence satisfies (7g(d)) = 0. Since there is also one extra
concatenation to consider, we lose an extra degree of precision and conclude
that if £ > 3 (instead of 2), such an disk cannot exist. O

Since we already know from [[CH2, Theorem 8.1] that, given NV >> 0, for
sufficiently small €, ¢’ > 0 there are no holomorphic planes asymptotic to
closed orbits of R, . of a -action > N when k > 2, we conclude that the

strip Legendrian contact homology of A — A is well-defined when k > 3.
Theorem 5.2. Suppose k > 5. Given N > 0, for sufficiently small €, ¢’ >

0, there are no holomorphic strips between R, .-Reeb chords from A to A
of ae e-action < N which intersect R times the binding nontrivially.
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Proof. The proof is again same as that of [CH2, Theorem 9.2] that prevents
holomorphic cylinders from intersecting the binding, except that we have
to concatenate two extra arcs coming ferm the boundary components of the
holomorphic strip that map to A and A. Since ® = 0 on these extra arcs
by Lemma 4.1IB), the theorem follows without more effort at the cost of
replacing the inequality £ > 3 by k > 5 to take care of the possible extra
leaking of 2 due to the two extra concatenations. U

6. GROWTH OF THE NUMBER OF REEB CHORDS AND POSITIVITY OF
TOPOLOGICAL ENTROPY

6.1. A heuristic argument. Let (M, {) be a contact 3-manifold which ad-
mits a supporting open book decomposition whose binding is connected
and whose monodromy is homotopic to a pseudo-Anosov homeomorphism
with fractional Dehn twist coefficient % with k£ > 5. Let A and A be a pair
of disjoint Legendrian knots in (M, £) constructed in Section 4.2

We give a heuristic argument for the exponential growth of strip Legen-
drian contact homology. Assume that there is a fixed contact form « for
(M, €) that satisfies the conclusions of Theorems [5.1land 5.2l Let G(7) be
the number of times the chord 7 of A or A intersects the page S X {%} By
Theorem [3.2) the differential for strip Legendrian contact homology counts
strips in the mapping torus of (S, k), i.e., if there is a holomorphic strip u
between two chords 7,7/, then G(7) = G(7'). Hence there exists a direct
sum decomposition of the strip Legendrian chain complex LC; (o, A — /A\)
into

LCy(a,A = A) = @,,c720 LCT=(ar, A — A).

Now by the properties of pseudo-Anosov maps (cf. [FLP] and [FM| The-
orem 14.24]), the geometric intersection number between L and ¢™ (L)
grows exponentially at a rate of \™*, where A is the stretch factor for the
pseudo-Anosov map. Hence there exist numbers a > 0 and b such that:

6.1.1) dim(LCHI™™(A — A)) > ™"+,

We also remark that we may replace “G = m” by the condition “< m” on
the action.

The difficulty is that, instead of a single contact form «, we have con-
structed a sequence of contact forms for which we control orbits up to a
certain action. The actual argument runs through direct limits as detailed in
the next subsection.

6.2. Growth of the number of Reeb chords. As indicated in the previous
subsection we need to use a direct limit argument. The following is the key
definition for taking direct limits:
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Definition 6.1. Fix a contact form oy for (M, ). A sequence (o; = G, L),

1 = 1,2,..., of pairs of contact forms and real numbers is exhaustive if
there exists a constant C' > 1 such that
(6.2.1) Li+1 > CNZNZ+1LZ

where N; = sup{G;(z), |z € M}.

_1
Gi(x)

Suppose that (M, &) is a contact 3-manifold satisfying the conditions of
Theorem [Tl Let us fix a contact form ag = av, ; With €, €, sufficiently
small. Then we have the following analog of [CH2, Proposition 10.2]:

Lemma 6.2. If (M, ) is a contact 3-manifold satisfying the conditions of
Theorem [[.1] then given a sequence L;, i = 1,2,..., going to oo, there
exists a sequence of contact forms o, .. with €;, €. — 0 such that:

(1) The strip contact homology chain groups LCS" (s, A — /A\) are
well-defined.

(2) There exists an isotopy (¢.)sejo] of M such that G0 = (¢’i)*aei75;
and i < G; < 4.

We remark that the bound % < G < 4 that originally appears in [CH2,

Proposition 10.2] can be improved to i < G; < 4 by aslightly more careful
use of [CH2, Lemmas 10.4 and 10.5] in the proof of [CHZ2, Proposition
10.2]. Briefly, instead of comparing Qeg,ey 10 ey eh s Qy ¢ 1O Qe e and so
on, which gives the bound 4i < G; < 4%, we can directly compare Qg e 1O
Qe e which gives the bound i < G; < 4.

Lemma 6.3. If (M, ) is a contact 3-manifold satisfying the conditions of
Theorem[[ 1] then there exists an exhaustive sequence («; = G, L;) that
satisfies the conditions of Theorem[[.3]

Proof. (1) and (2). Pick C' > 1 and a sequence L; such that L;,; > 16C'L;.
We then apply Lemmal6.2] to obtain a sequence «; = G;. Note that

N; = sup{Gi(z), %(x)} <4
and L;;; > 16CL; implies that L, ; > CN;N;.;L;. Hence we have an
exhaustive sequence (a; = G;«p, L;) to which Theorems[5.1]and [5.2] apply.
The strip Legendrian contact homology LC H 5" (i, A — A) is therefore

well-defined and by Equation (6.1.1) there exist numbers a > 0 and b such
that

(6.2.2) dim(LOHS (o, A — K)) > et

for each i € N and ¢ < L;. Hence (o; = G;ap, L;) satisfies (1) and (2) of
Theorem [L.3] with ¢ = 4.
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(3). By the argument of [CH2, Section 10.3], if < 7, then the exhaustive
condition (in particular Equation (6.2.1))) and analogs of Theorems [5.1] and
[5.2] for symplectic cobordisms imply that there exists an exact symplectic
cobordism WJZ and SFT-admissible exact Lagrangian cobordisms R x A and

R x A that induce a maﬂa

(6.2.3) Uy : LOHZ (i, A = A) — LOHG " (aj, A — ).

st

In order to prove the injectivity statement, we consider the composition
of cobordisms sz and W/, whose induced maps are viewed as:

(624) Wy LOHZ (01, A = R) = LOHZ"" (0, A = D)
625) W, :LOHS"'" (a;, A = A) = LCHS" (ai, A — A);

S

i.e., we have to restrict domains. By the homotopy invariance and func-

toriality of cobordism maps, ¥)): = W¥,,; o Wy,., which implies (3) with
4 % J

constant 0 = 4%, O

Proposition 6.4. If (M, &) is a contact 3-manifold satisfying the conditions
of Theorem then there exist numbers a > 0 and b such that for every
nondegenerate, A U A-nondegenerate contact form o = f,ap for (M, ) we
have

(6.2.6) (TRl A = N)) > P,

where { € R™ and K,, = sup{ fo(z), ﬁ%(w) |z € M}
Proof. Let (o, L;) be the exhaustive sequence satisfying Theorem [.3] and
let K = K, = sup{ fa(z), fal(w) | v e M}.

For each pair of numbers ¢ and j there exist an exact symplectic cobor-
dism W'(a) from «; to « (together with R x (A U ]A\)) and an exact sym-
plectic cobordism W, () from « to «; (together with R x (A U ]A\)) which

induce maps

(6.2.7)  Wyyi(a) :LCHS (i, A — A) — LCHEX(ar, A — ),
(62.8) Wy, (o) LCHZ(a,A — R) — LCHZ " (a;, A — 1),

where ¢ < L; and € is the pullback of the trivial augmentation via the cobor-

dism W;(«). Note that the trivial augmentation for (a;, A — A) is chain
homotopic to the pullback of ¢ via W¢(«a), and hence induce isomorphic
linearizations.

The Lagrangians will be suppressed from the notation.
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Since L; > K*¢*L; for j > 1, in view of Equation (6.2.1), we can view
Wy, (a) instead as a map
Wy, (a) : LOHE(a, A = A) — LOHL" (aj, A — R).
The gluing of W*(«) and W;(«) yields an exact symplectic cobordism
W; (cv) which is homotopic to W; as exact symplectic cobordisms; we are

still using SFT-admissible exact Lagrangians R x (A U /A\)
By the homotopy invariance and functoriality of cobordism maps,

(629) \I/WJL = \I/W;(a) = \ij(a) o \Ifwi(a).

This implies that:
(6.2.10) ~ ~
dim(LOHE " (a, A — A)) > dim(Uyys (LOHG (s, A = A))).

On the other hand, by Conditions (2) and (3) of Theorem [L.3]

(6.2.11) dim (@ (LOH (0, A = A))) > e+
for ¢ < L;/0. Hence, for ¢ < L; /0,
(6.2.12)

H(TKNA = A)) = dim(Wyy (LOHS (i, A — A))) > e,
Finally, after renaming a, b, Equation (6.2.6)) follows. H

6.3. Positivity of topological entropy. The goal of this subsection is to
prove Theorem

Nondegenerate case. First suppose that « is a nondegenerate contact form
for (M, ) and the conditions of Theorem [[.3]are satisfied.
Fix 0 > 0 small. By the neighborhood theorem for Legendrian submani-

folds there exist a tubular neighborhood (/A\) of A which is disjoint from
A and admits a contactomorphism

U (Us(A), Elus @) 5 (St x D?, ker(cos(f)dx — sin(6)dy)),
for coordinates 6 € S* and (x,y) € D?, such that

o U(A)=5'x{(0,0)}:

e all Legendrian curves of the form A, ) := =1 (S x {(z,y)}) are

§-close to A in the C3-topology.
The coordinates (6, z,y) induce the structure of a Legendrlan fibration

(Us(A ) €ly4s(a)) With fibers A (z,y)- Since A(xy is d-close to A, there ex-
ists a contactomorphism Zﬁ(w) : (M, €) = (M, &) which is 6-small in

the C2-topology, coincides with the identity outside Z;(AA), and satisfies
G (ay)(A) = Mgy forall (x,y) in a sufficiently small ball around (0, 0).



28 MARCELO R.R. ALVES, VINCENT COLIN, AND KO HONDA

The Reeb flows of ¢ et and « are conjugate by the map <b(x y)- More-
over this conjugation mduces a bijection from 7'*. LA = M) to Ta(A —

]A\(x y))» since it takes gb ,@-Reeb chords from A to A to a-Reeb chords A

to A(x y)- Because gb(x 18 d-small in the C?-topology we conclude that

(6.3.1) K’ —Kg( o < Ky + 0.

By the argument of [Al2, Lemma 3], there exist a set V() C D? of full
measure with respect to the Lebesgue measure, such that for all (z,y) €
V() the contact form o is A U A, ,)-nondegenerate. Applying Proposition

6.4to gb Qs We obtain

o~

(63.2)  H(TIN = Apy)) = #(TZ (A= R)) > e,

(=)
or

(6.3.3) H(TEUA = Appy))) > eR 0 > erarstth

for all (z,y) € V(). Reasoning as in the proof of [AI2, Theorem 1] we
then conclude that

(634) htop(¢a) 2 Kaa+5'
Since ¢ can be taken arbitrarily small we have
(6.3.5) hiop(Pa) =

a

General case. Our reasoning so far implies that for any smooth contact
form o for (M, £) which is A U A-nondegenerate we have hiop(Pa) = -
This conclusion can be extended to all smooth « for (M, &) by observing
that:

e the set of C'"™°-smooth contact forms for (M, ) which are A U A-
nondegenerate is dense in the set of C"*°-smooth contact forms for
(M, &)

® hyp(0a) depends continuously on the contact form « by a combi-
nation of the results of Newhouse [New]| and Katok [Katl]]; and

e K, depends continuously on the contact form .

This completes the proof that every Reeb flow of (M, ) satisfying the
conditions of Theorem [I.3 has positive topological entropy.

Proof of Theorem[L 1l Follows from Lemmal[6.3]and Theorem O
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