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1 Introduction

Classically, a distinction is made in data analysis and machine learning between
supervised and unsupervised learning. In supervised learning, the data set is
composed of observations of the response variable and a list of input variables
for n individuals of some population. The problem is then to predict the value
of the response variable for a new individual. In unsupervised learning, no
response variable is observed, and the task is to find some underlying structure
in the data (such as a partition or a manifold).

In recent years, though, the distinction between supervised and unsuper-
vised learning has been blurred by the introduction of new paradigms that lie
between these two extremes. One of these paradigms is semi-supervised learn-
ing [2], in which the response variable is perfectly known for some individuals,
and totally unknown for others. An even more general paradigm is partially
supervised learning [9, 13, 19, 26, 4, 5], in which the values of the response
variable for learning instances is only assumed to be partially known, i.e., is
subject to some hard or soft constraints. Soft labels typically occur when no
ground truth about class labels is available, and data have to be labeled by
experts or using some indirect method (see, e.g. [3] for a concrete diagnosis
application). In [9], the second author first considered a type of classifica-
tion problem in which partial knowledge about class labels is expressed in the
Dempster-Shafer framework by belief functions [7, 33]: we can then speak of
soft labels [4]. The concept of soft label is particularly flexible, as it allows us
to express uncertainty about class labels in a variety of ways, including sets,
possibility distributions or probability distributions.

To learn from data with soft labels, nonparametric techniques such as the
evidential k-nearest neighbor rule [9] and decision trees [12, 15, 35] have first
been proposed. A general mechanism for parametric inference in the presence
of uncertain data (of which soft labels are a special case) was later introduced
in [10]. This mechanism, called the Evidential EM (E2M) algorithm, extends
the Expectation-Maximization (EM) algorithm [8] by allowing for maximum-
likelihood estimation from partially missing data. The E2M algorithm has
been applied to a variety of models, including partially supervised Independent
Factor Analysis [3], Hidden Markov Models with partially hidden states [30],
fuzzy data clustering using Gaussian mixture models [29] and decision trees
[23].

Two types of parametric models are commonly used in classification: gener-
ative models describe the joint distribution of the input vector W and the class
label Z, while discriminative models represent the conditional distribution of
Z given W . Generative models, such as Gaussian mixture models are suitable
both for unsupervised learning (clustering) and for supervised classification. In
contrast, discriminative models (such as logistic regression) cannot be used in
an unsupervised setting, because they need observations of the response vari-
able Y . However, they rely on fewer adaptive parameters and less restrictive
assumptions, which may result in better predictive performance in supervised
learning tasks, especially when class-conditional distributions are misspecified



Parametric classification with soft labels using the Evidential EM algorithm 3

[27][1, p. 204]. The question then arises of the relative performances of gener-
ative and discriminative models in the presence of soft labels. This question
is investigated in this paper, with emphasis on linear classification. Partially
supervised Linear Discriminant Analysis (LDA) and Logistic Regression (LR)
based on the E2M algorithm will be introduced and compared using simulated
and real data with soft labels. The objective of this paper is to study the
influence of label uncertainty on the performances of these two classification
models and, if possible, to formulate prescriptions regarding the suitability of
each of these two approaches in situations where class labels are uncertain.

The rest of this paper is organized as follows. Background information
about the theory of belief functions and the E2M algorithm will first be recalled
in Section 2. Partially supervised LDA and LR will then be introduced in
Section 3. The issues of performance evaluation and model selection will be
addressed in Section 4, and experimental results will be presented in Section
5. Section 6 will conclude the paper.

2 Background

In order to make the paper self-contained, the basic concepts of Dempster-
Shafer theory will first be recalled in Section 2.1. The notion of evidential
likelihood and the E2M algorithm will then be described in Sections 2.2 and
Sections 2.3, respectively.

2.1 Dempster-Shafer theory

In Dempster-Shafer theory [33], uncertain knowledge about some variable X
taking values in a finite set X is described by a mass function, which is defined
a mapping m from the power set 2X to [0, 1] verifying∑

A⊆X

m(A) = 1

and m(∅) = 0. The subsets A of X such that m(A) are called the focal sets
of m. A mass function m with a single focal set is said to be logical. Logical
mass functions are in one-to-one correspondence with the subsets of X . The
mass function m? such that m?(X ) = 1 is said to be vacuous; it represents
total ignorance.

From a mass functionm, we can compute a belief function and a plausibility
function, defined, respectively, as

Bel(A) =
∑
B⊆A

m(B)

and
Pl(A) =

∑
B∩A6=∅

m(B) = 1−Bel(A),
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for all A ⊆ X . Functions Bel and Pl are, respectively, completely monotone
and completely alternating capacities [33]. When all the focal sets of m are
singletons, m is said to be Bayesian; Bel and Pl then boil down to the same
probability measure. When m is consonant, i.e., when its focal sets are nested,
then Pl is a possibility measure [36]: it verifies

Pl(A ∪B) = max(Pl(A), P l(B))

for all A,B ⊆ X . The mapping pl : X → [0, 1] defined by pl(x) = Pl({x})
for any x ∈ X is called the contour function of m. When m is consonant, the
following equalities hold,

Pl(A) = max
x∈A

pl(x)

for all A ⊆ X , and maxx∈ pl(x) = 1. When m is Bayesian, pl is a probability
mass function and

∑
x∈X pl(x) = 1.

Given two mass function m1 and m2, their orthogonal sum is defined as
the mass function m1 ⊕m2 such that (m1 ⊕m2)(∅) = 0 and

(m1 ⊕m2)(A) =
1

1− κ
∑

B∩C=A

m1(B)m2(C) (1)

for all A ⊆ X , A 6= ∅, where

κ =
∑

B∩C=∅

m1(B)m2(C) (2)

is called the degree of conflict between m1 and m2. The orthogonal sum of
m1 and m2 is well-defined as long as they are not totally conflicting, i.e., their
degree of conflict is strictly less than 1. Operation ⊕ is called Dempster’s rule
of combination. The contour function pl1 ⊕ pl2 of m1 ⊕m2 is proportional to
the product of the contour functions pl1 and pl2 associated with m1 and m2:
we have

(pl1 ⊕ pl2)(x) =
pl1(x)pl2(x)

1− κ
(3)

for all x ∈ X . The orthogonal sum of a Bayesian mass function m1 and an
arbitrary mass function m2 is Bayesian; the degree of conflict between m1 and
m2 can then be obtained from the contour functions as

κ = 1−
∑
x∈X

pl1(x)pl2(x). (4)

2.2 Evidential likelihood

Let X be a discrete random vector with finite sample space X and probability
mass function pX(x; θ) assumed to be known up to a parameter θ ∈ Θ. After a
realization x of X has been observed, the (complete-data) likelihood function
is the mapping from Θ to [0, 1] defined by

Lc(θ) = pX(x; θ), ∀θ ∈ Θ. (5)
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Let us now assume that x is not observed precisely, but we collect some ev-
idence about x. This evidence induces partial knowledge of x described by a
mass function m on X . The likelihood function (5) can then be generalized
[10] to

L(θ) =
∑
A⊆X

m(A)
∑
x∈A

pX(x; θ), ∀θ ∈ Θ, (6)

Function L(θ) defined by (6) is called the evidential likelihood function induced
by the uncertain data m. It must be emphasized here that the notion of evi-
dential likelihood is a new concept. This concept is distinct from the classical
one of likelihood, because mass function m is not a realization of a random
element. See [10] for a detailed discussion on this issue, and [6] for alternative
definitions of likelihood in the case of imprecise observations. When m is logi-
cal with m(A) = 1 for some A ⊆ X , then L(θ) is simply the probability of the
event X ∈ A. The evidential likelihood function then becomes identical to the
likelihood function under the Coarsening at Random (CAR) assumption [17].
However, we do not assume in our model that A is generated at random.

By permuting the two summations in (6), we get another expression for
L(θ), as

L(θ) =
∑
x∈X

pX(x; θ)
∑
A3x

m(A) =
∑
x∈X

pX(x; θ)pl(x), (7)

where pl is the contour function associated to m. Comparing (7) and (4), we
can see that 1−L(θ) equals the degree of conflict between the uncertain data m
and the probability mass function p(x; θ). Maximizing L(θ;m) thus amounts
to minimizing the conflict between the data and the model.

Equation (7) also reveals that L(θ; pl) can alternatively be viewed as the
expectation of pl(X),

L(θ) = Eθ[pl(X)]. (8)

In the special case where X = (X1, . . . , Xn) is an independent sample, and
assuming that the contour function pl can be decomposed as

pl(x) = pl1(x1) . . . pln(xn), (9)

a property called cognitive independence by Shafer [33], (8) simplifies to

L(θ) =

n∏
i=1

Eθ[pli(Xi)]. (10)

Finally, we can remark that the normalized likelihood pl(θ) = L(θ)/L(θ̂),

where θ̂ is a maximizer of L(θ), and it is assumed that L(θ̂) < ∞, can be
interpreted as the contour function of a consonant belief function on Θ (or,
equivalently, as a possibility distribution on Θ) [11]. Equation (8) and (10)
can directly be extended to the case of continuous data.
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2.3 E2M algorithm

The E2M algorithm introduced in [10] is a generalization of the EM algorithm
[8], which allows one to maximize the evidential likelihood (6)-(8). Similarly
to the EM algorithm, each iteration q of E2M is composed of two steps:

1. The E-step requires the combination of pX(x; θ(q)), the probability mass
function of X for the current estimate θ(q) of θ, with the contour func-
tion pl. The result of this combination is a probability mass function
pX(·|pl; θ(q)) = pX(·; θ(q))⊕ pl, which can be computed as

pX(x|pl; θ(q)) =
pX(x; θ(q))pl(x)

L(θ(q); pl)
,

for all x ∈ X . Then, the expectation of the complete-data log-likelihood
`(θ) = log pX(X; θ) with respect to p(x|pl; θ(q)) is calculated,

Q(θ, θ(q)) =

∑
x∈X `(θ;x)pX(x; θ(q))pl(x)

L(θ(q); pl)
. (11)

2. The M-step then consists in maximizing function Q(θ, θ(q)) with respect
to θ, finding the new estimate θ(q+1) such that Q(θ(q+1), θ(q)) ≥ Q(θ, θ(q))
for all θ ∈ Θ.

The E- and M-steps are iterated until L(θ(q+1)) − L(θ(q)) ≤ ε for some arbi-
trarily small ε.

The E2M algorithm was shown in [10] to increase the evidential likelihood
as each iteration, i.e., to ensure that L(θ(q+1)) ≥ L(θ(q)) for all q. Consequently,
it converges to a local maximum of the evidential likelihood if this function is
bounded from above.

3 Application to linear classification models

In this section, the complete data are assumed to consist in an iid sample
X = {(Wi, Zi)}ni=1 from (W,Z), where W is a d-dimensional random input
vector and Z is the class variable, taking values in a finite set Z = {1, . . . ,K}.
The complete dataset x = {(wi, zi)}ni=1 is a realization from X. Each input
vector wi is known, but zi is only partially observed. We denote by plik = pli(k)
the plausibility that instance i belongs to class k. We thus have a learning set
{(wi, pli)}ni=1 with soft labels. In the sequel, we will consider the application
of the E2M algorithm to estimate the parameter of two models: LDA and LR
using such data.
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3.1 Linear Discriminant Analysis

LDA is based on the assumption that the conditional distribution of W given
Z = k is multivariate normal with mean µk and covariance matrix Σ indepen-
dent on k:

W |(Z = k) ∼ N (µk, Σ), k = 1, . . . ,K.

Let πk be the marginal probability that Z = k, and

θ = (µ1, . . . , µK , Σ, π1, . . . , πK−1)

the parameter vector. The complete-data likelihood is

Lc(θ) =

n∏
i=1

p(wi|Zi = zi)p(zi) (12a)

=

n∏
i=1

K∏
k=1

φ(wi;µk, Σ)zikπzikk , (12b)

where φ(·;µk, Σ) is the multivariate normal density,

φ(w;µk, Σ) =
1

(2π)d/2|Σ|1/2
exp

{
−1

2
(w − µ)TΣ−1(w − µ)

}
,

and zik is a binary class indicator variable, such that zik = 1 if zi = k and
zik = 0 otherwise.

Under the assumption of cognitive independence (9), the contour function
on X is pl(x) =

∏n
i=1 pli(xi), with

pli(xi) =

{
plik if xi = (wi, k) for some k = 1, . . . ,K

0 otherwise.

The evidential likelihood (10) is thus

L(θ) =

n∏
i=1

K∑
k=1

plikφ(wi;µk, Σ)πk. (13)

We can remark that, when there is no uncertainty, i.e., when plik = zik for all
(i, k), we have

K∑
k=1

plikφ(wi;µk, Σ)πk =

K∏
k=1

φ(wi;µk, Σ)plikπplikk ,

and the evidential likelihood (13) becomes identical to the complete-data like-
lihood (12b). When, on the other hand, uncertainty is maximal, i.e., class
labels are completely unknown, then plik = 1 for all (i, k), and the evidential
likelihood (13) becomes

L(θ) =

n∏
i=1

K∑
k=1

φ(wi;µk, Σ)πk,
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which is the likelihood function corresponding to the unsupervised case.

In the E-step of the E2M algorithm for this model, we compute the expec-
tation of the complete-data log-likelihood

`c(θ) =

n∑
i=1

K∑
k=1

zik [log φ(wi;µk, Σ) + log πk]

with respect to the combined probability mass function

pX(x|pl; θ(q)) =

n∏
i=1

p(xi|pli; θ(q)),

with

p(xi|pli; θ(q)) =


plikπ

(q)
k φ(wi;µ

(q)
k , Σ(q))∑

` pli`π
(q)
` φ(wi;µ

(q)
` , Σ(q))

if xi = (wi, k) for some k

0 otherwise.

We get

Q(θ, θ(q)) =

n∑
i=1

K∑
k=1

ζ
(q)
ik [log φ(wi;µk, Σ)πk + log πk] , (14)

with

ζ
(q)
ik = E(Zik|pl; θ(q)) =

plikπ
(q)
k φ(wi;µ

(q)
k , Σ(q))∑

` pli`π
(q)
` φ(wi;µ

(q)
` , Σ(q))

. (15)

We can remark that the function Q(θ, θ(q)) defined by (14) has exactly
the same form as the function computed in the E-step of the EM algorithm
applied to the normal mixture model in the unsupervised case (see, e.g., [25,
pages 81-83]). When class labels are completely unknown, i.e., plik = 1 for all i

and k, then ζ
(q)
ik defined by (15) becomes equal to the conditional expectation

of Zik given Wi = wi, and E2M boils down to the classical EM algorithm.

Because of the formal similarity with the EM algorithm, the parameter
values maximizing Q(θ, θ(q)) can be readily obtained as

π
(q+1)
k =

1

n

n∑
i=1

ζ
(q)
ik , µ

(q+1)
k =

∑n
i=1 ζ

(q)
ik wi∑n

i=1 ζ
(q)
ik

, (16a)

Σ(q+1) =
1

n

n∑
i=1

K∑
k=1

ζ
(q)
ik (wi − µ(q+1)

k )(wi − µ(q+1)
k )T . (16b)
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3.2 Logistic regression

In contrast with LDA, LR starts with a model of the conditional distribution
of Z given W = w. Specifically, assume that the conditional probabilities of
each class given W = w are given by

pk(w; θ) =
exp(βTk w̃)

1 +
∑K−1
`=1 exp(βT` w̃)

, k = 1, . . . ,K − 1 (17a)

pK(w; θ) =
1

1 +
∑K−1
`=1 exp(βT` w̃)

, (17b)

where pk(w; θ) is a notation for Pr(Z = k|W = w; θ), βk is a p+1-dimensional
vector of coefficients, θ = (βT1 , . . . , β

T
K−1)T is the vector of all parameters in

the model, and w̃ = (1, wT )T is an extended input vector. Logistic regression
proceeds by maximizing the conditional likelihood

Lc(θ) =

n∏
i=1

Pr(Zi = zi|wi; θ) (18a)

=

n∏
i=1

K∏
k=1

pk(w; θ)zik . (18b)

After plugging the expression of the conditional class probabilities (17) into
(18b), and taking the logarithm, we obtain the following expression for the
complete-data conditional log-likelihood,

`c(θ) =

n∑
i=1

{
K−1∑
k=1

zikβ
T
k w̃i − log

(
1 +

K−1∑
k=1

βTk w̃i

)}
. (19)

Under the same cognitive independence assumption (9) as before, the evi-
dential likelihood is

L(θ) =

n∏
i=1

K∑
k=1

plikpk(wi; θ). (20)

We can easily check that L(θ) = Lc(θ) whenever plik = zik for all (i, k), i.e.,
when there is no label uncertainty. On the other hand, in case of maximal
uncertainty, i.e., when plik = 1 for all (i, k), we have L(θ) = 1 for all θ, and
the model parameters can no longer be estimated.

The E2M algorithm for the maximization of the evidential likelihood (20)
can be described as follows [28]. In the E-step, we compute the expectation of
the complete-data log-likelihood (19) with respect to the combined probability
mass function

pZ(z|pl; θ(q)) =

n∏
i=1

pZi
(zi|pli; θ(q)),

with

pZi
(k|pli; θ(q)) =

plikpk(wi; θ
(q))∑

` pli`p`(wi; θ
(q))

, k = 1, . . . ,K.
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We get

Q(θ, θ(q)) =

n∑
i=1

{
K−1∑
k=1

ζ
(q)
ik β

T
k w̃i − log

(
1 +

K−1∑
k=1

βTk w̃i

)}
, (21)

with

ζ
(q)
ik = E(Zik|pl; θ(q)) =

plikpk(wi; θ
(q))∑

` pli`p`(wi; θ
(q))

. (22)

The maximization of (21) cannot be performed in one step and requires an
iterative optimization procedure, such as the Newton-Raphson algorithm. It is
actually not necessary to maximize function Q(θ, θ(q)): we may simply make
a step uphill, i.e., find some new estimate θ(q+1) such that Q(θ(q+1), θ(q)) >
Q(θ(q), θ(q)). Such a procedure is classically called a Generalized EM algorithm
[24, page 24]. An uphill step starting from the previous estimate θ(q) can be
made by carrying out one iteration of the Newton-Raphson algorithm with
line search, i.e., by using the following update rule,

θ(q+1) = θ(q) − η
[
∂2Q(θ, θ(q))

∂θ∂θT

]−1
θ=θ(q)

∂Q(θ, θ(q))

∂θ

∣∣∣∣
θ=θ(q)

,

where η is the step size. Typically, η is initially set to 1 and, if the objective
function has not increased, it is repeatedly cut by two until an uphill step
is achieved. The gradient vector and Hessian matrix can be computed using
matrix operations as in standard LR (see, e.g., [16, 22] for details).

4 Performance evaluation and model selection

Performance evaluation and model selection are fundamental issues when de-
signing of classifiers. Typically, a loss function is defined, and the performance
of a classifier is measured by its expected loss, or risk. If the loss is assumed
to be equal to 1 for misclassification and 0 in case for correct classification,
then the risk is the error probability. This probability may be estimated from
an independent test set or using cross-validation. In the case of data with soft
labels, error (or risk) estimation becomes more difficult, because the true class
is uncertain. This issue is addressed in this section.

4.1 Lower and upper expected loss

Assume that, for some test pattern i with soft label mi, we get the predicted
class ẑi. Let λ(ẑi, zi) denote the loss incurred if the true class is zi. The actual
loss is unknown, because we only have partial knowledge of zi, expressed by
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mass function mi. However, we can compute lower and upper expected values
[7] as follows:

λ∗(ẑi,mi) =
∑
A⊆Z

mi(A) min
k∈A

λ(ẑi, k) (23a)

λ∗(ẑi,mi) =
∑
A⊆Z

mi(A) max
k∈A

λ(ẑi, k). (23b)

The lower and upper expected losses can be seen as, respectively, optimistic
and pessimistic assessments of the unknown loss λ(ẑi, zi). A trade-off between
these two assessments can be achieved by computing a convex sum

λρ(ẑi,mi) = ρλ∗(ẑi,mi) + (1− ρ)λ∗(ẑi,mi), (24)

where ρ ∈ [0, 1] is a pessimism index [20, 34].
In the special case where λ is the 0-1 loss function, defined by λ(ẑi, zi) =

I(ẑi 6= zi), where I(·) is the indicator notation, we have

min
k∈A

λ(ẑi, k) =

{
0 if ẑi ∈ A
1 otherwise.

Consequently,

λ∗(ẑi,mi) =
∑

A⊆Z:ẑi 6∈A

mi(A) (25a)

= 1−
∑

A⊆Z:ẑi∈A

mi(A) (25b)

= 1− pli(ẑi). (25c)

Similarly,

max
k∈A

λ(ẑi, k) =

{
0 if A = {ẑi}
1 otherwise.

Hence,
λ∗(ẑi,mi) = 1−mi({ẑi}). (26)

The width of the lower-upper expected loss interval reflects the imprecision
of the mass function mi. It is null if mi is Bayesian, and it is equal to one if
mi is vacuous.

We can also remark that the lower expected 0-1 loss criterion (25) has
an interesting alternative interpretation in terms of degree of conflict. Let m̂i

the certain mass function defined by m̂i({ẑi}) = 1. The degree of conflict (2)
between m̂i and mi is

κi =
∑

B∩C=∅

m̂i(B)mi(C) (27a)

=
∑
C 63ẑi

mi(C) (27b)

= 1− pli(ẑi) = λ∗(ẑi,mi). (27c)
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The lower expected loss is thus equal to the degree of conflict between the
prediction ẑi and the mass function mi representing one’s knowledge about
the true class.

4.2 Application to performance assessment

Given a test set of size nt, with soft labels {mi}nt
i=1, lower and upper test error

rates can be defined by averaging the lower and upper expected losses,

λ =
1

nt

nt∑
i=1

λ∗(ẑi,mi) = 1− 1

nt

nt∑
i=1

pli(ẑi) (28a)

λ =
1

nt

nt∑
i=1

λ∗(ẑi,mi) = 1− 1

nt

nt∑
i=1

mi({ẑi}). (28b)

They can be seen as, respectively, optimistic and pessimistic assessments of
the test error rate. In the fully supervised case with certain mass function mi

verifying mi({zi}) = 1, both λ and λ boil down to the usual test error rate. In
the unsupervised case, we have λ = 0 and λ = 1, meaning that the error rate
cannot be assessed.

Given a set of models (such as, e.g., LDA and LR with different subsets
of input variables), their performances can be assessed using cross-validation
estimates of the error rates. Typically, the learning set is partitioned into B
blocks of approximately equal size, and B classifiers are trained, leaving one
of the B blocks aside. The classifier performance is then assessed from its
predictions on the block that was left aside. Cross-validation estimates λCV
and λ

CV
can be obtained in this way.

Given two classifiers C1 and C2, and their lower and upper cross-validation

error rates {λ(i)CV , λ
(i)

CV }, i = 1, 2, classifier C1 can be considered to perform

better than C2 of λ
(1)

CV < λ
(2)
CV . This criterion yields only a partial order over

classifiers. If a total order is needed, then we can base the comparison on the

weighted means (1 − ρ)λ
(i)
CV + ρλ

(i)

CV , after fixing the value of the pessimism
index ρ.

5 Experiments

In this section, we report on experiments with LDA and LR trained from data
with soft labels. In Section 5.1, we will first consider simulated and real data
in which noise has been artificially introduced in class labels. We will then
compare the performances of classifiers trained using the noisy labels, with
those of classifiers trained using soft labels encoding labeling uncertainty. In
Section 5.2, we will describe two real applications in which soft labels naturally
arise.
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Table 1: Real datasets used in Section 5.1.

dataset amount of instances number of classes dimension
Breastcancer 569 2 30
Ionosphere 350 2 34

Iris 150 3 4
Satimage 6435 6 36

Sonar 208 2 60
Vowel 990 11 10
Wine 178 3 13

5.1 Simulations

Experimental procedure One synthetic dataset and seven real datasets are con-
sidered in this experiment. The synthetic dataset, synthetic with n = 200
instances was generated according to a Gaussian mixture model with g = 3
classes in proportions π1 = 0.45, π2 = 0.35 and π3 = 0.2 in a p = 2-dimensional
space, and

µ1 =

(
1
−1

)
, µ2 =

(
0
1

)
, µ3 =

(
−1
0

)
, Σ1 = Σ2 = Σ3 =

(
1 0
0 1

)
.

The real datasets are classical datasets of the literature. Their main charac-
teristics are reported in Table 1.

For each dataset, we considered two different classification models: LDA
and LR. In order to evaluate the benefit of using soft class information in the
learning process, we introduced noise in the data as follows. For each instance,
a probability pi was generated at random according to a beta distribution with
fixed variance (set to 0.04) and expectation p set to 0.1, 0.2, . . . , 0.9 for the
synthetic dataset, and 0.1, 0.2, . . . , 0.7 for the others. Then, with probability
pi, the label was replaced with a label picked at random.

For each kind of classifier, we compared four kinds of labeling strate-
gies: learning from the noisy labels, using “adaptive semi-supervised learning”
(where a label zi is kept if pi ≤ 0.5, the instance being considered as unlabeled
otherwise), and using two kinds of soft labels: one where each pi is taken into
account, and one where the expected mislabeling rate is used instead. In the
former case, if k∗ is the observed label, plik∗ = 1 and pli` = pi for all ` 6= k∗;
the latter strategy replaces each pi by the mean label noise p. Less information
is then used, but we might argue that this strategy is much easier to set up
than the previous one, which requires an expert to assess each probability pi
of a label being erroneous.

For the synthetic dataset, we used a test set of size 1000 from the same dis-
tribution as the training data. For the real datasets, the classifiers were trained
using 2/3 of the instances picked at random, the remaining ones being used
for testing. When fitting LDA to the data, the “perfect” model (i.e., obtained
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from the data without corrupted labels) was first determined, by considering
ten different starting points (the initial proportions were set to 1/g, the initial
covariance matrices to the identity matrix, and the expectations vectors were
sampled at random in the training set) and retaining the best solution (i.e.,
the one with the highest log-likelihood). The corresponding “actual” parame-
ters were then used as starting values for the four LDA corresponding to the
various labeling strategies mentioned above. For logistic regression, the initial
parameter matrix was set to the (p + 1) × (g − 1) null matrix, and we used
quadratic penalization with coefficient λ = 0.01. For each dataset, this whole
procedure (training and test instance selection, introduction of label noise,
model training, and model testing) was repeated 50 times, and average error
rates and 95% confidence intervals were computed.

Results and discussion Overall, taking into account label uncertainty almost
always significantly improves classification accuracy, as compared to noisy la-
bels or the semi-supervised strategy. This is particularly true for LDA, where
the benefit of using soft labels is critical when the level of label noise is high.
For a majority of datasets, soft labels based on the expected mislabeling rate
are almost as effective as those based on individual mislabeling rates (see,
e.g., Figures 1(a), 1(b), 2(a)). For some datasets, however, there is a signif-
icant difference between both types of soft labels, the more informative one
allowing for better performances (see Figures 3(b), 4(a)). The only case where
using soft labels does not result in significant performance improvement with
LDA is the Vowel dataset (Figure 4(a)). This exception can be explained by a
large number of classes, a high overlap between classes, and perhaps a strong
departure from normality, which makes learning with weak class information
inefficient.

The benefit of using soft labels together with logistic regression also exists
but it is less important than it is with LDA. Generally, soft labels make it
possible to improve classification accuracy, but the difference with the adap-
tive semi-supervised strategy — and sometimes even noisy labels — is less
remarkable, especially when mislabeling probability is high. The exceptions
are the Satimage and Vowel datasets, where both strategies involving soft la-
bels perform critically better than LDA (Figures 3(f) and 4(e)). Overall, LDA
outperforms logistic regression for a majority of datasets, especially when soft
labels are highly uncertain.
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Fig. 1: synthetic (a, c, e) and breastcancer (b, d, f) data. Top: LDA, Middle: LR,
Bottom: LDA vs. LR. Black/o: noisy labels, blue/*: adaptive semi-supervised
learning, red/x: soft labels based on individual noise level pi, green/+: soft
labels based on mean noise level p; plain lines: LDA, dashed lines: logistic
regression.
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Fig. 2: ionosphere (a, c, e) and iris (b, d, f) data. Top: LDA, Middle: LR,
Bottom: LDA vs. LR. Black/o: noisy labels, blue/*: adaptive semi-supervised
learning, red/x: soft labels based on individual noise level pi, green/+: soft
labels based on mean noise level p; plain lines: LDA, dashed lines: logistic
regression.
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Fig. 3: sonar (a, c, e) and satimage (b, d, f) data. Top: LDA, Middle: LR,
Bottom: LDA vs. LR. Black/o: noisy labels, blue/*: adaptive semi-supervised
learning, red/x: soft labels based on individual noise level pi, green/+: soft
labels based on mean noise level p; plain lines: LDA, dashed lines: logistic
regression.
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Fig. 4: vowel (a, c, e) and wine (b, d, f) data. Top: LDA, Middle: LR, Bottom:
LDA vs. LR. Black/o: noisy labels, blue/*: adaptive semi-supervised learning,
red/x: soft labels based on individual noise level pi, green/+: soft labels based
on mean noise level p; plain lines: LDA, dashed lines: logistic regression.
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5.2 Real applications

In this section, we present two real applications where class labels are elicited
from human subjects or “experts”. The first application described in Section
5.2.1 concerns the detection of K-complexes in EEG data. In this application,
the ground truth cannot be determined objectively and we need to have the
data labeled by physicians. Uncertainty is reflected by disagreement between
experts. The second application, described in Section 5.2.2, is about expres-
sion recognition in facial images. The expression on a face cannot always be
determined unambiguously by human subjects. Five subjects were asked to
rate the plausibility of each of the six basic expressions for each image, and
plausibility assessments were combined by Dempster’s rule. In each of the two
applications, we will compare the performances of LDA and those of LR, both
with soft labels and with crisp labels ignoring labeling uncertainty.

5.2.1 K-complex detection in EEG sleep data

The methods introduced in this paper were applied to the problem of de-
tecting K-complexes in sleep EEG, using the data described in [31, 32]. The
K-complex is a transient EEG pattern which plays a major role in sleep stage
assessment. It has a duration of 500 to 1500 ms, and is characterized by a
sharp upward wave followed by a downward one. Its amplitude is three times
background activity [32]. The discrimination of K-complexes from background
activity is generally considered as a very complex pattern recognition problem.

The data used in this experiment consisted of 1178 EEG signals encoded
as 64-dimensional patterns. Some of these signals were negative examples con-
taining paroxysmal delta bursts, a phenomenon bearing some resemblance to
K-complexes. The other signals consisted of patterns which, after visual in-
spection by five physicians, had been classified as containing aK-complex by at
least one of them. Among these examples, those categorized in the K-complex
class by a majority of experts were considered as positive examples, the others
as negative ones. Each example (positive or negative) was then assigned a soft
label consisting of a Bayesian mass function mi such that

mi({1}) = ki/5, mi({0}) = 1− ki/5, (29)

where 1 and 0 represent, respectively, the positive (K-complex) and negative
(delta wave) class, and ki denotes the number of experts who classified the
pattern as positive. The number of cases for each value of ki are shown in
Table 2. In total, 116 + 88 + 59 = 263 instances (22.33%) were classified as
positive by a majority of experts, while the remaining 915 instances (77.67%)
are almost certainly negative, or were not recognized as positive by a majority
of experts. Examples of signals with their classification by the five physicians
are shown in Figure 5.

Both LR and LDA were applied to these data. To reduce the input dimen-
sion, Principal Component Analysis (PCA) was first used as a preprocessing
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Table 2: Sleep data: number of instances nk classified in the positive class by
k experts.

k 0 1 2 3 4 5
nk 397 340 178 116 88 59
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Fig. 5: Six examples of EEG signals. The figures above each plot indicates the
classification given of the five experts (1 for K-complex and 0 for delta-wave).

step, and the number of components was varied between 1 and 20. The LR
and LDA classifiers were trained using three different sets of labels:

1. Soft labels (29), taking into account the proportion of experts in favor of
each class;

2. Crisp labels, corresponding to the majority decision;
3. “Semi-supervised labels”: instances classified as positive by two or three ex-

perts were considered as ambiguous and were labeled by the vacuous mass
function m?; the other instances were labeled unambiguously according to
the majority class.

The results were evaluated using two measures: the expected loss (28), and
the error rate, assuming the majority class to be the true class. We note that,
as mass functions mi are Bayesian, the lower and upper expected losses are
equal in this case. We used 10-fold cross-validation, repeated 10 times with dif-
ferent random partitions. The mean cross-validation expected loss and error
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rate with corresponding 95% confidence intervals are represented as functions
of the number of principal components for the LR and LDA with the three
sets of labels in Figure 6. For LR, training the classifier with soft labels clearly
improves the performances, according to both criteria (Figures 6(a) and 6(b)).
For LDA, this is true for 5 to 8 principal components, with non significant dif-
ferences for smaller or larger numbers of components (Figures 6(c) and 6(d)).
For both methods, the best results are obtained with 12 principal components.
Figure 7 shows boxplots of expected losses and error rates for LR and LDA
with 12 principal components, trained using with the three label sets. Logistic
regression outperforms LDA for this dataset, and the best results are obtained
when training the classifier with soft labels, whatever the performance mea-
sure.

For this dataset, LR was thus clearly able to exploit the information con-
tained in soft labels to construct a better classifier. This phenomenon can be
explained by the fact that ambiguous patterns, which have a great chance of
being mislabeled, have less informative soft labels. Their influence on the final
parameter estimates is thus downweighted by the evidential EM algorithm.

5.2.2 Facial expression recognition

As another application of partially supervised learning with soft labels, we
considered the task of recognizing facial expressions from face images. Here,
soft labels may arise from the difficulty of labeling faces with a single expression
unambiguously. We considered 216 images data from the CMU-Pittsburgh
image database [21], with 36 images for each of the six basic expressions (see
Figure 8). Following [14], we used aligned and cropped versions of these images
of size 60× 70, corresponding to vectors of 4200 pixels.

The database was split into a learning set and a test set of 108 images each
(with 18 images per expression). Images in the learning set were viewed by
five subjects, who assigned a soft label to each image by assessing plausibil-
ities for each of the six expressions. Figure 9 shows two examples of images
with the corresponding plausibility assessments, for which there was some dis-
agreement between assessors. For instance, for the image of Figure 9(a), one
subject considered that it expresses disgust for sure (white horizontal bar),
while others hesitated between anger and disgust, or between disgust and sad-
ness. The assessments from the five experts were discounted [33] and combined
by Dempster’s rule using (3). For image i, the unnormalized contour function
pl∗i was thus

pl∗i (k) =

5∏
j=1

[0.1 + 0.9 plij(ωk)] , (30)

where plij(k) is the plausibility of expression k for image i assessed by sub-
ject j. The plausibilities were then normalized to ensure that maxk pli(k) = 1.
Figure 10 shows two examples of individual and combined plausibility as-
sessments. We can remark that combination rule (30) eliminates alternatives
considered as impossible by most subjects, even if they were considered as
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Fig. 6: Performances of LR (a, b) and LDA (c, d) for the sleep data, as a
function of the number of principal components. The criteria are the expected
loss (a,c) and the error rate taking the majority labels as ground truth (b, d).
In each graph, the three curves corresponds to three sets of labels: soft labels,
majority labels, and “semi-supervised” labels (see details in text).

completely plausible by one assessor, such as anger in Figure 10(a) or sadness
in Figure 10(b).

As in Section 5.2.1, PCA was used to reduce the dimension of the data.
Logistic regression and LDA were then applied to the data with different num-
bers of principal components, and two sets of labels: the combined soft labels,
and crisp labels corresponding to the most plausible expression. For logistic
regression, we used quadratic penalization with coefficient λ = 10−4. The re-
sults are reported in Figure 11, which shows the test error rate as a function
of the number of components, for each of the two classifiers and the two sets
of labels. For this dataset, LDA clearly outperforms LR, with the lowest error
rate obtained for around 30 principal components. For LDA, the best results
are obtained with the soft labels, which can be explained by the smaller im-
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Fig. 7: Expected losses (a) and error rates (b) for classifiers trained with 12
principal components as input (sleep data). The classifiers are, from left to
right: LR with soft labels, majority labels and semi-supervised labels; LDA
with soft labels, majority labels and semi-supervised labels.

joy     surprise sadness 

disgust anger   fear    

Fig. 8: Examples of each of the six basic expressions.

portance given to ambiguous cases. However, the LDA classifier trained with
soft labels is more prone to overfitting, as shown by the sharp increase of error
rate with the input dimension. In contrast, LR does not work too well for this
data, with a lowest error rate almost twice as large as that obtained by LDA.
For LR, there also seems to be some advantage of using soft labels for input
dimensions larger than 40, but this advantage is not so clear as it is for LDA.

This second experiment using a real data set with soft labels provides
additional evidence of the potential gain of using soft labels and confirms
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Fig. 9: Two examples of plausibility assessments provided by the five subjects.
The plausibility values are shown as horizontal bars next to each of the two
images, with one gray level for each subject.
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Fig. 10: Two examples of individual and combined plausibility assessments.

similar findings reported in [3] or [30], for instance. As with the sleep data
analyzed in Section 5.2.1, this gain of performance can be explained by the
smaller influence of potentially mislabeled data on the final classifier.

6 Conclusions

Whereas a lot of methods exist for supervised or unsupervised classification,
we have seen in recent years a growing interest for more general forms of
learning tasks, in which information about the class of learning instances is
partial. In this paper, we have considered a very general framework for address-
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Fig. 11: Facial expression data: test error rates vs. number of principal com-
ponents for LDA and LR, with soft and crisp labels.

ing such problems, which consists in representing partial class information by
Dempster-Shafer mass functions constituting soft labels. Two types of linear
classifiers have been considered: LDA based on a generative model, and LR
based on a discriminative model. Both classifiers can be trained in a partially
supervised mode by maximizing an evidential likelihood function, which can
be done efficiently using the evidential EM algorithm.

As a generative model represents the joint distribution of the input vec-
tor and the response variable, it can be trained in an unsupervised setting;
consequently, it can be expected to perform well with scant class information.
In contrast, a discriminative model relies on weaker assumptions and can be
expected to perform better than a generative model when the model is in-
adequate, provided sufficient class information is available. Our experimental
results support these assumptions. Using artificial and real data for which
class labels have been perturbed by noise, we have shown that soft labels tak-
ing into account labelling uncertainty can be successfully exploited to achieve
significantly lower error rates, as compared to precise but noisy labels. Both
LDA and LR classifiers are able to exploit partial information contained in
soft labels. However, LDA usually performs better, especially when the misla-
beling probability is high, in which case the soft labels become very imprecise
and learning becomes almost unsupervised. However, LR outperforms LDA
for some datasets. It is thus necessary to consider several models and select
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the best ones, which can also be done in a partially supervised setting using
lower and upper expected losses.

We have also considered two real applications in which soft labels natu-
rally arise from the absence of ground truth class information: detection of
K-complex in EEG sleep data and recognition of facial expressions in images.
In these two cases, soft labels have been shown to allow for better perfor-
mances, as compared to using the most plausible label for each instance and
ignoring labeling uncertainty. Whereas large amounts of unlabeled data (e.g.,
images) can be retrieved from the internet or can be generated by sensors,
reliably labeled data remain relatively scarce because of the cost of visually
inspecting the data to determine their class, when no ground truth is avail-
able. In this context, our results suggest that partial class information can be
useful, provided labeling uncertainty is suitably represented in the form of soft
labels.

Although linear classifiers have been exclusively considered in this study
for simplicity, there is obviously no conceptual difficulty with extending our
approach to non linear parametric classifiers such as, e.g., quadratic or mixture
discriminant analysis, generalized additive models, kernel logistic regression,
etc. More fundamentally, other likelihood-based approaches to inference from
uncertain data, such has proposed in [18] or [6], could be considered and com-
pared with our method. Finally, the elicitation of soft labels from single or
multiple experts is also an important topic that remains to be thoroughly
investigated.
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