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Abstract

We study nonlinear systems of the form —A,u = v? + p, —Ayv = u? 4+ n and
Fyl—u] = v®* + p, Fi[-v] = ¢v*2 + 7 in a bounded domain Q or in RY where p and
n are nonnegative Radon measures, A, and Fj are respectively the p-Laplacian and
the k-Hessian operators and qi, g2, s1 and sz positive numbers. We give necessary and
sufficient conditions for existence expressed in terms of Riesz or Bessel capacities. 2010

Mathematics Subject Classification. 35J70, 35J60, 45G15, 31C15.
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1 Introduction and Main results

Let Q C RY be either a bounded domain or the whole RY, p > 1 and k € {1,2,...,N}. We
denote by
Apu = div (|VulP~2Vu)

the p-Laplace operator and by

Filu] = > Aji Az Aji

1<51 <ja<...<ju<N

*E-mail address: veronmf@univ-tours.fr, Laboratoire de Mathématiques et Physique Théorique, Univer-
sité Frangois Rabelais, Tours, France

TE-mail address: quochung.nguyen@sns.it, Scuola Normale Superiore, Centro Ennio de Giorgi, Piazza
dei Cavalieri 3, I-56100 Pisa, Italy.

tE-mail address: veronl@lmpt.univ-tours.fr, Laboratoire de Mathématiques et Physique Théorique, Uni-
versité Francgois Rabelais, Tours, France



the k-Hessian operator where \q, ..., An are the eigenvalues of the Hessian matrix D?u. In
the work [20], Phuc and Verbitsky obtained necessary and sufficient conditions for existence
of nonnegative solutions to the following equations

—Apu=ul+p in Q
u=0 on 092, (1.1)
and
Fpl-ul=ul+pu in Q
u=0 on 0f). (1.2)

Their conditions involve the continuity of the measures with respect to Bessel or Riesz
capacities and Wolff potentials estimates. For example, if €2 is bounded and p has compact
support in €2, they proved that it is equivalent to solve (1.1), or to have

w(E) <c1Capg. o (E) for all compact set E C €, (1.3)

Prg+1—p

for some constant ¢; > 0 where CapGP a is a Bessel capacity, or to have
qtl-p

/ (WE [uB](2))" do < cou(B)  for all ball B s.t. BN suppu # 0, (1.4)
B

for some constant ¢, > 0, where R = 2 diam(Q2) and W [up] denotes the R-truncated

Wolff potential of the measure g = x,p. Concerning the k-Hessian operator in a bounded
(k—1)-convex domain Q, they proved that if x4 has compact support, the problem (1.2) with
q > k admits a nonnegative solution if and only if

mw(E) < esCapg,,, o (E) for all compact set £ C €2, (1.5)

for some c3. In turn this condition is equivalent to

/ [WRA o1 4B ()] " da < eqp(B) for all ball B s.t. BN supp u # 0, (1.6)
B

E+1°

for some ¢4 > 0. The results concerning the linear case p = 2 and k£ = 1, can be found in
[2, 3, 27].

The natural counterpart of equation (1.1) and (1.2) for systems:

—Apu =0 +p in Q
—App=u?+n in (1.7)
u=v=0 on 012,
and
Fyl[-ul =0 + in Q
Fy[-v]=u® 41 in Q (1.8)
u=v=20 on 09,

where q1,q2 > p — 1,581,582 > k and u,n are Radon measures. If Q = RV, we consider the
same equations, except that the boundary conditions are replaced by infgny © = infpy v =0
and our statements involve the Riesz potentials and their associated capacities Cap Tas Our
main results are the following.

Theorem A Let 1 <p < N, q1,q2 > 0 and qaq1 > (p — 1)2. Let u,n be nonnegative Radon
measures in RN . If the following system

—Apu=v" +p in RN

—Apv =u? + 17 in RN, (1.9)



admits a nonnegative p-superharmonic solution (u,v) then there exists a positive constant
cs depending on N,p,q1,qs such that

(E) for all Borel sets E. (1.10)

[}
n(E)+ /E (Wiplul(@)® do < s Capy ..

a1 “ara2—(p—1)2

Conversely, if p and n are bounded, there exists cg > 0 depending on N,p,q1,q2 such that
if0<q < % and (1.10) holds with cs replaced by cg, then (1.9) admits a nonnegative

p-superharmonic solution (u,v) satisfying
v < sWiplw],  u < coWip[(Wiplw)) ]+ ez W[yl (1.11)

in RN for some cz7,cs,cg > 0 where dw = (W1 ,[u])® dz + dn .

We notice that the left-hand side in (1.10) is not symmetric in 7 and p and the capacity
in the right-hade side is not symmetric in ¢; and ¢2. Hence the following symmetrized
inequality holds

u(E) +/ (W n](2)® dz < c CapIP(Q2+p_l) v1as (E) for all Borel sets E. (1.12)
E

a2 ‘qra2—(p—1)2

It is known that
Capy, ,(K) =0 VK compact,

if af > N, the first part of above implies the following Liouville theorem, obtained by
another method in [9, Th 5.3-(i)].

Corollary B Assume that

p(q1g2 + (p — 1) max{qy, g2 })

> N.
Qg2 — (p—1)?

Any nonnegative p-superharmonic solution (u,v) of inequalities

—Ayu > v? in RN

—Apv > u? in RV, (1.13)

is trivial, i.e. u=v = 0.
Classical Liouville results for one equation or inequality, are proved in [4], [5], [11], [22].

When 2 is bounded domain, we have a similar result in which we denote by d the distance
function to the boundary = — d(z) = dist (x, 0Q).

Theorem C Let 1 < p < N, q1,q2 > 0 and qaq1 > (p — 1)2. Let Q C RN be a bounded
domain and p,n nonnegative Radon measures in . If the following problem

—Apu=v" 44 in Q
—Apu=u? 417 in Q (1.14)
u=v=0 on 08,

admits a nonnegative renormalized solution (u,v), then then for any compact set K C Q,
there exists a positive constant c,, depending on N,p,q1,q2 and dist(K,00) such that

d(x) q2
n(E)+/E <W1’; [u](x)) dr < ¢, Capa v wia (E) for all Borel sets E C K.

a1 “qraz—(p—1)2

(1.15)



Conversely, let p and n be bounded with the property that there exists ¢,, > 0 depending on
N,p,q1,q2 and R = 2diam (Q) such that if 0 < ¢1 < %:;) and

n(E)+ [ (WES)" do < ¢, Cang,,, (K), (1.16)

D
,
a1 a1q2—(p—1)2

for all compact set K C Q, then (1.14) admits a nonnegative renormalized solution (u,v)
satisfying

v<e Wi, u <o, W [(WE W) "]+ ¢, W [1] (1.17)
in Q, where dw = (Wﬁp [,u])q2 dz + dn.
It is known that
Capa, , ({z0}) > 0

if and only if @8 > N. Thus, as an application in a partially subcritical case we have,

Corollary D Let the assumptions on p, q1, g2, 2 and R of Theorem C be satisfied, xq € €2,
a >0 and p be a nonnegative Radon measures in 2. If the following problem

—Apu=v" +p mn )
—Apv = u? + adg, in (1.18)
u=v=0 on 01,

admits a nonnegative renormalized solution (u,v), then there exist positive constants c,, =
¢, (N,D,q1,q2,d(x0)) and, for any compact subset K of Q, ¢, = ¢,,(N,p, q1, g2, dist (K, 09)),
such that

pg2(qn +p—1)

Q V< a1q2 — (p— 1)’
(i4) a<c,, (1.19)
(i) [ (W3 o <,

Conversely, assuming that p is bounded, there exist positive constants c,, = ¢,,(N,p, q1, g2, d(x0)),
¢s = (N, D, q1,q2) such that if 0 < g1 < %:;) and (1.19) holds with ¢, and c,, replaced
respectively by c,. and c,,, then there exists a nonnegative renormalized solution (u,v) of

(1.18) satisfying

187

v< e WL u < e, W)™ ] + e W 1] (1.20)

in €, where

WE [w] = WE [(Wfﬁp[ul)qz} +arT (Ix — x| T~ R™ 5—’1”)+ .

Concerning the k-Hessian operator we recall some notions introduced by Trudinger and
Wang [23, 24, 25], and we follow their notations. For k = 1,..., N and u € C%(Q) the
k-Hessian operator Fy is defined by

Fi[u] = Sk(A(D?w)),

where \(D?u) = A\ = (A1, Az, ..., \w) denotes the eigenvalues of the Hessian matrix of second
partial derivatives D?u and S}, is the k-th elementary symmetric polynomial that is

Sp(\) = > Aiy A, -

1<ip<..<ip<N



Since D?u is symmetric, it is clear that
Frlu] = [DQU]k,

where we denote by [A]; the sum of the k-th principal minors of a matrix A = (a;;). In
order that there exists a smooth k-admissible function which vanishes on 92, the boundary
O must satisfy a uniformly (k-1)-convex condition, that is

Sk—1(k) > ¢o >0 on 99,

for some positive constant ¢g, where k = (k1, K2, ..., in—1) denote the principal curvatures
of Q with respect to its inner normal. We also denote by ®F(Q) the class of upper-
semicontinuous functions 2 — [ — 00, 00) which are k-convex, or subharmonic in the Perron
sense (see Definition 5.1). In this paper we prove the following theorem (in which expression
E[q] is the largest integer less or equal to q)

Theorem E Let 2k < N, 51,50 > 0, s1892 > k2. Let Q be a bounded uniformly (k-1)-convex
domain in RN with diameter R. Let 1 = pui + f and n = 11 + g be nonnegative Radon
measures where py,n1 has compact support in Q and f,g € LY(Q) for some | > % If the
following problem

Fil—u] = v +p in Q
Fpl-v] =u® 41 in Q (1.21)
u=v=0 on 0,

admits a nonnegative solutions (u,v), continuous near 08, with —u and —v elements of
®F(Q), then for any compact set K C ), there exists a positive constant c,, depending on
N, k, 51,82 and dist(K,00) such that there holds

o109 (E) VE C K, E Borel.

E+1 ,
* s1 Ts1sp—k2

ax) 52
0®)+ [ (W) dr < Cova
(1.22)
Conversely,, if i and n are bounded, there exist a positive constant c,, depending on N, k, s1, S2

and diam (Q) such that, if k < s1 < % and

s2
ni)+ [ (W lil) e < Cavay, ), () (1.23)

KR TS Sea-RZ
for all Borel set K C Q, then (1.21) admits a nonnegative solution (u,v), continuous near

0Q, with —u, —v € ®¥(Q) satisfying

1 k+1°

s1
v Wh ) u e, W (W ]) e, W] (124)

2k
ookt

in Q for some constants ¢; (j = 27,28,29) depending on N, k, s1,s2, and diam (£2).
If Q is replaced by the whole space we prove,

Theorem F Let 2k < N, 51,59 > 0, 5152 > k2. Let i, n be a nonnegative Radon measures
in RN . If the following problem

Fyl[-ul =v" 4+ in RN
Fk[—v] =u®2+n m RN’ (125)
admits a nonnegative solutions (u,v) with —u and —v belonging to ®*(R™N), then there exists
a positive constant c,, depending on N, k,s1,s2 such that there holds

S152
s189—k2

n(E) +/E (W%,ﬁ_l[u](x)) dr < ¢,, Capg,, . .\ (E) VE Borel. (1.26)



Conversely,, if i and n are bounded, there exists positive constant c,, depending on N,k,s1, 2
such that, if 0 < s; < 5 and (1.26) holds with c,, instead of c,,, then (1.25) admits a

nonnegative solution (u,v) with —u and —v in ®*(RN) satisfying

s1
v e, W el w S e W o [(Woae nlwl) T+ oW ol (1.27)

R+1°
in RN, where the c¢; (j = 32,33,34) depend on N, k, s1, sa.
As in the p-Laplace case, we have a Liouville property for Hessian systems.

Corollary G Assume that

2k(s281 + kmax{sy, s2})

> N. 1.28
S182 — k’2 - ( )
Any nonnegative solution (u,v) of inequalities
Fyl—u] > v in RV
Fyl—v] > u® in RN, (1.29)
with —u and —v in ®F(RN) is trivial.
2 Estimates on potentials
Throughout this article c,, j=1,2,..., denote structural positive constants and c, is the

volume of the unit ball in RY. The following inequality will be used several times in the
sequel.

Lemma 2.1 Let k,7,0 € R, such that K,y > 0. Let h: (0,00) — (0,00) be nondecreasing.
Then,

r

R R v 2R
[ ([fwort) e [Mrown wmeos e
0 t 0

for some c,, > 0 depending on K, v, 0.

Proof. Case 1: v < 1. Since there holds

oo oo
Yol <Xa vz
=0 =0

we deduce



where ¢, = 2% max{1,2771 =00 if R = c0. By

Fubini’s theorem,

R 2R t
/w</h wgf%_efw oy 00
s 0 ¢ r t

2R
e [ oot
K 0 t

which is (2.1).
Case 2: v > 1. Since

R LR
/h Hdr < /fﬁﬁ hV(T)Tv(HG)ﬂ
2R
[le([faor) 25 Mo
t = t

by Fubini’s theorem, which completes the proof. O

we obtain

We recall that if a > 0,1 < 8 < g and p belongs to the set of positive Radon measures
in R that we denote 9™ (RY), the Wolff potential of y is defined by

1
[ (B, () \ T dr
Waall(e) = [ (M) (22
and if R > 0, the R-truncated Wolff potential of y is

Wi (o) = | ’ (52 T (23)

r

If © is a Radon measure on a Borel set G, it’s Wolff potential (or truncated Wolff
potential) is the potential of its extension by 0 in G¢. We start with the following composition
estimate on Wolff potentials.

Lemma 2.2 Let 1 < 3 < N/a. Then for any ¢ > 0 and p € M (RY) we have
Wasars-1 -12 H[N] < ¢, Wa,g [(Wa,su)?], (2.4)

a+(B-1)Z 7 4

in RN for some c,, > 0 depending on o, 3, N,q. Moreover, if 0 < g < ]\]]\g;;), there holds

Was [(Was])] (%) < e Wasis 1 - 1>2+1[M] (2.5)

a+(B-1)2 7
in RN where c,, > 0 depends on «, 3, N, q.
Proof. For any z € RY, using the fact if y € By(x) then B;(x) C Bx(y), we have

W [(Waslu) ) = [ (tNl,g [ </°° (“(ﬁ’(?f)) d>dy> . &
o[ (22) )

[ ase-1 u(B(x)) @07 dt
o fy \" T Tivan T

= Cy6 W apats—1 (5= 1>2+1[/~LK5U),
a+(B—1)2 "’

Y

Y



where ¢, = ¢, (o, 8, N,q) > 0, which proves (2.4).

In order to prove (2.4) we recall the following estimate on Wolff potentials [7]

1
Waslolll gony o < o (@RY)TT Voo € M RY), (2.6)

(=N (p—1)N . . N(B—1)

where L N=a7 " denotes the weak-L ¥—=7 gpace. In particular, since 0 < g < N—af

RN B—1
/ (W glw)?dy < c,orY (:ﬁ,(g) Ve e RN, Vr > 0. (2.7)
B (z)
Applying this inequality to w = xp,, (2 yields
Ba, T

/B " ( Zﬁ[u])qdy <,V (W) vz e RN, vr > 0. (2.8)

We claim that

1

e [ (e (7 () ) )

< €3 Waptars- ) (B-1)? 1> +1[M]($)~
a+(B-1)2

Since B, (y) C Ba,(z) for any y € By(x),r > t, we have
1 q 1 q
©(w(Br(y) \ 7T dr = (B (2)) \ 7 dr
/(/(w T WS “N-p ) )W
By (x) t By (z) t
1 a
o ([ (MY o
- . pN—af r

Hence,

rea [To ([ (1Be) T )T
0 : riV—o r t

Using Lemma 2.1, we infer
q
® s (u(Bo(@)\ T dr
1< 537/0 TPl <7,NT_QB = G Waqfi(;z;—ﬁl)l)’(ﬁ 2 [ul(@),
which completes the proof. O
The following is a version of Lemma 2.2 for truncated Wolff potentials,

Lemma 2.3 Let 1 < 3 < N/a and ¢ > 0. If § € (0,1) there holds for any u € M+ (RY)

o sd(. a
Wiy e, W0 < Wl | (WEE ) | @) (2.10)
FECEEA
in . Moreover, if 0 < g < N(ﬁaé), there holds for any p € MMT(RY),
Wi [(WE) ] @) < eu Wiy i 1) (2.11)
a+(-12

in RN,



Proof. For any x € Q,

Wl [(We 10) ] @) |

_ /‘5‘““ 1 / /W B\ ar\" T e
=/ tN—aB B \Jo rN—ap r Y e

Since dd(y) > %‘Sd(w) for all y € By (x), provided 0 <t < dd(z),

o ([ ()™ = (17 (529)72)
/Bt/s(m (/078 (W)Bl Cﬁ) dy

n(Ba (y) ) 7
Cia T N-aB dy
Bi/s(x)

w(Ba s ()7
>c / — s dy
44 Bt/s(w)< tN—apB

q

> c45tN <W) o .

Y

v

Hence

Wit (W)=, [ (00 (M)

which implies (2.10).
Because of (2.8), it is sufficient to prove that there holds

R R _1 q Bll
1 u(BT(y))) B=1 dp dt AR
- —_— — | d — < W
/0 (tN—aﬁ /Bt(:v) </t ( rN—ap r Y - Cyr aqlir(f;fﬁé)’w;l)z _H[H](z)v

(2.12)

in order to obtain (2.11). Since B,(y) C Ba,(x) for any y € B,.(z),p > r, we have
R 1 q R a1 q
B’r‘ B—1 - B-1
/ </ (u(N(yﬂ))> d> we | (/ (u(% (a;))) d) "
Bi(z) \Jt e r Bi(z) \Jt e T
R _1 q
N p(Bar(x)) \ 7T dr
<yt (/t ( N—aB -

Therefore



We infer (2.12) by Lemma 2.1, which completes the proof. O

The next two propositions link Wolff potentials of a measure with Riesz capaciticies
(in the case of whole space) and truncated Wolff potentials with Bessel capaciticies (in the
bounded domain case). Their proof can be found in [20, 21] (and [8] with a different method).

Proposition 2.4 Let 1 < 3 < N/a, ¢ > B—1, v € MT(RYN). Then, the following
statements are equivalent:

(a) The inequality

v(K) <c, Caplaﬂ)ﬁ([() (2.13)
holds for any compact set K C RN for some c,, > 0.
(b) The inequality
[ (Weslia o))" dy < civ(Bi(a) (214)
holds for any ball By(z) C RN, for some c,, > 0.
(¢) The inequality
W5 [(WaslV])] < e Wa V] < 0o aein RY (2.15)

holds for some c,, > 0.

Proposition 2.5 Let 1 < 8 < N/a, ¢ > B—1, R > 0 and v € M} (Br(z0)) for some
xo € RN, Then, the following statements are equivalent:

(a) The inequality

v(K) <ec, CapGaﬁ’ . (K) (2.16)

—B+1

holds for any compact set K C RN, for some c,, = c,,(R) > 0.
(b) The inequality

[ (WS o)) dy < c(Bila) (217)

holds for any ball By(z) C RN, for some c., = c,,(R) > 0.
(¢) The inequality

WiE [(ngg[y])q] < e, WAL acein Bop(wo) (2.18)
holds for some c,, = c,,(R) > 0.

In the following statement we obtain capacitary estimates on combination of measures.

Proposition 2.6 Let 0, i be in MT(RY). Assume that 0 < q < 1\][\,(?;}3) and gs > (B —1)2.

(i) If there holds

W)+ [ (Wl de < om0, (219)

gs
Tqs—(B—1)2
for any compact set K C RN, then

W, s [(Wawg [(Waﬁ[w])q])s} <, , Wy glw] < oo a.ein RY, (2.20)

10



where w = (Wa g(u])” + 1.
(i) If there holds

W)+ [ (WL o < Cang sy, () (221)

gs
gs—(8—1)2

or any compact set K C RN, then
Y D

walh [(WiRﬁ {(WiR,@[W])qDS} < e, W2[w] < 00 a.ein Br(xo), (2.22)

S
where w = X5 g (e0) (Wgﬁa[ﬂ]) T Xopeo -

Proof. Statement (i): We assume that (2.19) holds. Put w = (Wq,g[u])” + 7 and apply
(2.19) to K = Bj,(x). Since by homogeneity

_ N—eBlats—1)s _
witgramy g (Bopl@))=pr o emom0T Capy o, (Ba(0)),
q Tgs—(B—1)2 q Ygs—(B—1)2

Capy

we deduce from (2.19)

_ aB(g+B—1)s

w(By(x)) < C55p ee=(p-1) v p>0,

which is equivalent to

e <<B<>>>g (B2 w0 e

N— aﬂ((ﬂ;ﬁfl) praB

We apply Proposition 2.4 to v = w with («, 8, q) = (aﬂ?;_ﬁ;);), (ﬁ;1)2 +1, s), (2.19) implies

/ (Wa[—}(q+[§—1) ([3_1)2+1[X3t(1)w]> dy S 057W(Bt(58)). (224)
RN +(B-12 g
By Lemma 2.2, (2.20) is equivalent to
Wo | (Wasteay e B]) | S caWasll <00 ae RS (229
a+(B-DT T a
Therefore, it is enough to show that (2.23) and (2.24) imply (2.25). In fact, since for ¢t > 0
/ (Wtaﬁ(q+ﬁl) (B1)2+1[W](y)> dy:/ (foﬁ(zﬁﬁ}) (8-1)2 +1[X32t<x)w](y)> dy,
Bi(x) a+(B-12 7« Bi(x) a+(B-12 7
we apply (2.24) and obtain
[ (Wi y e )y = 6Bl
By (x) +(B—12Z " q

So, it is enough to show that

- 1 ©( wB.(y) \Tdr)  \ ' dt
I:= T ah(ar 1) - - =< :
/O (tNaﬁ /B,,(.r) (/f (rNW — ] dy 7 S G Wapw](@)

11



Since By(y) C Bar(z) for any y € By(z),r > t, we have
) af o0 W(BQT(.%)) ﬁ dr s\ F-T it
e ! TN_eBlatA1) — <
0 . ., : ;
—c /mt% /°° w(Bor(x) \ T dr\ T dt
= Cy 0 t TN_% . -

It follows from Lemma 2.1 and (2.23) that
* s [ w(Bay(z)) 07 dt [ (Byy(x))\ 7T dt
I S 059/0‘ tB-1 (W ? S Cs6Csg o W ?7

which is (2.26).
Statement (ii): We assume that (2.21) holds. Put dw = x, (Wa.glu])” + X7, then

_aBlatB-1)s
w(By(z)) < cpop 1=-(F-D3 V0<p<2R.
As in the proof of statement (i), the above inequality is equivalent to

qs

P (‘”(BP(‘”))> o <e,, <W(BP($))) ovoe p<2R. (2.27)
0

N_oBla+B=-1) — pN—aﬂ
q

Applying Proposition 2.5 with v = w and (o, 3,q) = (aﬁ(?;fl_)i), (B_ql)z +1, s),

L (Wi e Ba]) < sl Bl (2.28)

a+(B-1)2 ’

By Lemma 2.3, (2.22) is equivalent to

S
Wi{% [(W‘ff;(q%_;) (ﬁ_mﬂ[a}}) } < cmwgﬁg[w] a.e in Bg(zg). (2.29)
+(B-D2 1

Therefore, it is sufficient to prove that (2.27) and (2.28) imply (2.29). Actually, since

/ (Wtaza(qwl) <51>2+1M(y)) dy = / <Wtaﬂ<q+ﬁl> (8-1)2 +1[X32t(z)w](y)) dy
By (x) a+(B-1)2° q B:(x) q+(B—1)2 7 q
for all 0 < t < 4R, thus applying (2.28), we obtain
/ (Wtaﬂ(q+ﬁ1) (51)2+1[w](y)> dy < cs4w(B2t(x))-
By(x) q

q+(B—1)2

So, it is sufficient to show that for any « € Br(zo)

1
4R 4R —1 S B—1
1 w(Bp(y)) \@E-H% dr dt 4R
1l := —_— —_— — | d — < ¢, W .
/ (tN_ag / - ( / (TN_QWU S ) T e Willele)

(2.30)

Since B, (y) C Ba,(z) for any y € By(x) with r > ¢, we have

s

4R 4R i B—T1
op w(Bar(z)) \ G-02 dr dt
11 S CN/ tB-1 (/ (n a/3(7;+[€_1) T" ?
0 t r q

12



Combining this with Lemma 2.1 and (2.27) yields
11 < 6, WIS (2).

Therefore, (2.29) follows since W 0F[w] < ¢, Wi [w] in Br(xo).

O

Proposition 2.7 Let n, i be in MT(RY). Assume that 0 < q < NE=D 4nd gs > (B—1)2.

N—af
Let (U, vr) be nonnegative measurable funtions in RN werifying, for all m > 0,

Umt1 < EWog[vl + o], Va1 < Wy glus, + 1] a.e. in RV,

for some ¢* > 0 and (ug,v9) = 0. Then, there exists a constant M* > 0 depending only on

N,a, B,q,s,c* such that if the measure dw = (W, g[u])’ dz + dn satisfies

W(K) < M Capy ) e (K,
q

for any compact set K C RN, then
U < CGQW(X7B[W]7 Um < C70Wa,5[(wa75[w])q] + Ceswllﬁ[/’d vV om =0,

for some constants c,, ¢ depending only on N, o, 3,q,s and c*.

687 7699 C70

Proof. By Proposition 2.6, (2.31) implies

Wa s [(Wa,s [(Wapw]))’] < e, MT "W, glw] <o acin RY.
We set

_ * —
Cog = C 2B-1,
_ kol4L s 9s—1 L
Coo = €27 T F-T(cl 2°7 7 +1)7-T,
— *25£1 1531
C,y =C Ceo
and choose M™* > 0 such that
*QBil ( s 25—1)5i1 M*ﬁ _ %690
c ey Chy

We claim that
Um < cﬁgwa,ﬂ[o‘)L Um < cmwa,ﬁ[(wa,ﬁ[w])q] + caswa,ﬂ[ﬂ] V.m > 0.

Clearly, by definition of ¢, ¢,, and c,,,
(2.34) holds for all integer m <[ for some [ € N7, then

ur1 < "Wy glvf + p

< 2T el T W s[(Waslw])!] + ¢ 27T W, (4]
= C70Waﬁ[(w(¥,ﬁ[w})q} + CGSWaﬁ[N]v

Vi1 < W 5](C Wa s[(Waslw])?] + ¢ Waslul)” + 1]
< W (e, 251 (W [(Wa s w])!))” + ¢5,2° L (W 5[41])° + 1]
< 2T (2,21 T Wo s[(Wa (W slw) )]

+ ¢ 27T (2,257 + 1) T W 6] (W slu])® + 1)

(2.31)

(2.32)

(2.33)

(2.34)

we have (2.34) for m = 0,1. Next we assume that

*#ss—lﬁ * GinE x0T (.5 9s—1 T
< 27T (22571 P o MU G W glw] 4 €271 (¢ 2571 + 1) T W g(w]

C C
= SO W plu] + LW gl

= Cgg Wa,B [w}

13



Thus, (2.34) holds true for m =1 + 1. Hence, (2.34) is valid for all I > 0. O
The next result is an adaptation of Proposition 2.7 to truncated Wolff potentials.

Proposition 2.8 Let 1, u be in M (Br(wo)). Assume that 0 < g < I\J[V(f;é) and gs >

(B —1)2. Let (tum,vm) be nonnegative measurable funtions in RN such that for all m >0

Um-+1 < C*Wf,B[XBR(mO)Ugm + ,U']a Um+1 < C*Ws,ﬁ[XBR(zo)ufn + 77] a.e. in BR(xO)v

S
and (ug,vo) = 0. If we set dw = (Wi%[u]) dx + dn, there exists a constant M, > 0
depending only on N,a, 3,q,s, R and c, such that if

w(K) < M, Capg (2.35)

s
aB(a+B=1) s (5-1)2
q

for any compact set K C RN, then

Un < W2, < e, WLI(W2R L))+, W2 ] Vh>0  (2.36)

in Br(zg) for some constants c,,, .4, c,, depending only on N,«, B,q,s, R and c,.

Proof. The proof is similar to the one of Proposition 2.7 and we omit the details. (]

Proposition 2.9 Let 1 < 3 < N/a and q,s > 0 such that gs > (3 — 1)2.

(i) Assume that n and p belong to M (RN) and (u,v) are nonnegative measurable functions
satisfying
(4) Was[vl] + Waplu] < c;u,
’ p =t (2.37)
(#4) W, g[u’] + Wy gn] <c,v a.e. in RV,

for some c,, > 0. Then there exists a constant c,, > 0 depending only on N,a,3,q,s and
c.. such that

75
W)+ [ (Woslpl@))" do < ey Cameyy e (K. (2.38)
q

for any compact set K C RV,
(ii) Assume that n and p belong to M (Q) and (u,v) are nonnegative functions satisfying

. sd(.
0 W [v7] + Wi [u] < ey, 23
(i) ij/g')[us] + Wiﬁlﬁ[n] <ec,v a.e. in €,

for some c,. > 0. Then for any Q' CC Q, there exists a constant c., > 0 depending only on
n,a, B,4q,s,c,, and dist(Q,00Q) such that

sd(x s
n(E)+ [ (WD) e < ey Cavg e s (), (240)

for any compact set K C §'.
Proof. (i): Set w = u® 4 n, then
w>u' > (Wag[v)® > ey (Was [(Wa,plw])’])"

By (2.4) in Lemma 2.2, we get

a+(B-1)2 > a

S
W 2 Gy (Waﬂ(quBl) (8=1)2 +1M> ;

14



which implies

/N (Waﬂ<q+ﬁl) (61)2+1[X3t(m)w]> dy < e w(Bi(x)) Yz eRY, V>0
R q

a+(B-1)2 "’

Applying Proposition 2.4 to u = w with (a, 8,q) = (aﬂ(g;fl_);), (ﬁ_ql)z +1, s), we get (2.38).

(ii) We define w as above and we have
s 5d g1\ ® 5d 5d(.) 7\° .
w>u® > (Wols[v?]) > e, (Wa”@ {(Waﬁ [w]) D a.e. in €,

which leads to

S

2d .

W2 Css | Wasges-y MHM a.e. in &,
a+(B-1)2 7 4

by inequality (2.10) in Lemma 2.3. Let M, denote the centered Hardy-Littlewood maximal
function which is defined for any f € L} (RY, dw) by

loc

1
M, f(z) = i‘;](@))w(Bt(x))/Bt(x)ﬂdw-

Let K C Q be compact. Set rx = dist(K,00) and Qg = {z € Q: d(z, K) < rx/2}. Then,
for any Borel set £ C K,

a+(B-1)2 " a

S
sq éd( ) sq
084/9(MwXE)(ﬂ’1)2 <W25(f+51> (ﬁ1)2+1[w]> dr < /Q(MwXE)(ﬁ’”z dw.

Since M, is a bounded linear map on LP(RY dw) for any p > 1 and

L e
—s Sd(x) 2 w(Bi(z) NE)  w(B(x) B-D% dt
(Myx ) #-0? (Wiﬁ(qwl) <ﬁ1>2+1[w]> Z/0 ( w(By(x)) pN—epltiD ry

a+(B-1)2 "’ a

we obtain .
W wel | de < cu(B)
aBlatB=1) (B=12 WE TS Cwl(l),
Q a+(B-D? ' q
where wg = x,w. Note that if x € Q and d(z) < rk/8, then Bi(z) C Q\Qx for all

t € (0, Méz)); indeed, for all y € B,(z)

1

thus

d(y, K) > d(K,00) — d(y,0Q) > %K > %,«K,

which implies y ¢ Q. We deduce that

%d(zﬂﬂ) 1%’[‘[(

aB(a+B-1) <571>2+1[WE](I) 2 W s <571>2+1[WE](I) vz €9,
a+(B-D2 7 4 a+(B-12 7 4
and s
8o B .
W o (s 1[wE](a:) =0 Vr € Q°.
at(e-D2 @ T
Hence we obtain
S
TorK
W e s wE] ] dr < cw(E) VE C K, E Borel. (2.41)
RN PRYGRETE R

w we get (2.40), which completes the proof.
O

Applying Proposition 2.5 with y = x,..,
o

65,{;)
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3 Quasilinear Dirichlet problems

Let Q be a bounded domain in RY. If 1 € M, (2), we denote by pt and p~ respectively its
positive and negative parts in the Jordan decomposition. We denote by 9y (£2) the space of
measures in ) which are absolutely continuous with respect to the cﬁp—capacity defined on
a compact set K C Q by

cﬁp(K) = inf{/Q IVolPde : ¢ > X, 9 € C’E’O(Q)}

We also denote 9;(€2) the space of measures in ) with support on a set of zero cﬁp—
capacity. Classically, any u € () can be written in a unique way under the form
W= po + s where pg € Mo(2) NIM(2) and ps € Ms() NM(Q). It is well known that
any pp € Mo(Q) N M, (Q) can be written under the form py = f — div g where f € L*(Q)
and g € L (Q,RYN).

For k > 0 and s € R we set Ti(s) = max{min{s, k}, —k}. If u is a measurable function
defined in €2, finite a.e. and such that Ty(u) € Wl{)f(ﬂ) for any k£ > 0, there exists a
measurable function v : @ — RY such that VT (u) = X{juj<iy ¥ @€ in Q and for all k > 0.
We define the gradient a.e. Vu of u by v = Vu. We recall the definition of a renormalized
solution given in [12].

Definition 3.1 Let pu = pg+ ps € Mp(Q). A measurable function u defined in Q and finite
a.e. is called a renormalized solution of

—Apu=p in Q

u=20 on 09, (3.1)
if Te(u) € WoP(Q) for any k > 0, |Vul[P~! € L™(Q) for any 0 < r < =, and u has the
property that for any k > 0 there exist )\ﬁ and A\ belonging to fm; N Mo (L), respectively
concentrated on the sets u = k and u = —k, with the property that ,u; = pk, o = A in
the narrow topology of measures and such that

/ |Vul" % Vu.Veds :/ wdjp +/ pd\f — / wd\,,
{lul<k} {lul<k} Q Q
for every o € WP (Q) N L®(Q).
Remark 3.2 We recall that if u is a renormalized solution to problem (3.1), then (llj‘izll”)r €

LY() for all r > 1. Furthermore, u > 0 a.e. in 0 if u € M ().
The following general stability result has been proved in [12, Th 4.1].

Theorem 3.3 Let u = po + puf — pg, with po = F —divg € Mo(Q) and u, p; belonging
to MF(Q). Let pin, = F,, — div gn 4 pn — 1 with F, € L), gn € (LX ()N and pn, 1
belonging to M} (). Assume that {F,} converges to F weakly in L'(Q), {gn} converges to
g strongly in (L ()N and (div g,) is bounded in 9My(Q); assume also that {p,} converges
to ut and {n,} to ug in the narrow topology. If {u,} is a sequence of renormalized solutions
of (3.1) with data u,, then, up to a subsequence, it converges a.e. in Q to a renormalized
solution u of problem (8.1). Furthermore, Ty(uyn) converges to Ty(u) in Wy P (Q) for any
k> 0.

We also recall the following estimate [20, Th 2.1].

Proposition 3.4 Let Q be a bounded domain of R™. Then there exists a constant C' > 0,
depending on p and N such that if u € EIR;(Q) and u is a nonnegative renormalized solution
of problem (3.1) with data p, there holds

d(x,09)
1 3

1p
086 ’

](2) < u(@) < e Wi Pl(z)  ae in Q. (3.2)
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Proof of Theorem C. The condition is necessary. Assume that (1.14) admits a nonnega-
tive renormalized solutions (u,v). By Proposition 3.4 there holds

d(z,00)

w(@) > e, Wy )" [oft + pf(z)

d(z,0Q)

v(r) > ¢, Wy 5 [u® + pf(z) a.e. in Q.

Hence, we infer (1.15) from Proposition 2.9-(ii).

Sufficient conditions. Let {(tm,vm)}men be a sequence of nonnegative renormalized solu-
tions of the following problems for m € N,

—ApUmi1 = vl + in Q
—ApUmy1 = Ul 4+ in (3.3)
Umt1 = Vg1 = 0 on 05,

with initial condition (ug,vg) = 0. The sequences {u,,} and {v,,} can be constructed in
such a way that they are nondecreasing (see e.g. [21]). By Proposition 3.4 we have

U1 < Csswﬁp[vgr% + ,u](x)
Umy1 < Cgewfp[u% +n)(x) a.e. in Q,

where R = 2diam (2). Thus, by Proposition 2.8 there exists a constant M, > 0 depending
only on N, p,q1,q2, R such that if

w(K) < M, Capg (K) (3.4)

pr(g1+p—1) 7q1q2,1(qp2,1)
q1
for any compact set K C RN with dw = (Wfp [u])q2 dx + dn, then

U < c73W§p[w], Uy < 074W§p[(Wﬁp[w])Q1} + 072W§p[u] vV k>0 (3.5)
in €, and
W W] e L=(Q), WII(WE )"+ WE [u] € L9 (Q). (3.6)

This implies that {um}, {vm}men are well defined and nondecreasing. Thus {(tm,vm)}
converges a.e in {2 to some functions (u,v) which satisfies (1.17) in Q. Furthermore, we
deduce from (3.6) and the monotone convergence theorem that uf! — «9 and v¥? — w9 in
LY(Q). Finally we infer that u is a renormalized solution of (1.14) by Theorem 3.3. O

4 p-superharmonic functions and quasilinear equations
in RY

We recall some definitions and properties of p-superharmonic functions (see e.g. [13], [14],
[15] for general properties and [28] for a simple presentation).

Definition 4.1 A function u is said to be p-harmonic in RY if u € I/Vllo’f(RN) and —Apu =
0 in D' (RYN); it is always C'. A function u is called a p-supersolution in RN ifu € VVllo’Cp(RN)
and —Apu > 0 in D'(RY).

Definition 4.2 A lower semicontinuous (l.s.c) function u : RY — (—o00,00] is called p-

super-harmonic if u is not identically infinite and if, for all open D CC RN and allv € C(D),
p-harmonic in D, v < u on dD implies v < u in D.

17



Let u be a p-superharmonic in RY. It is well known that u A k := min{u, k} € Wl’p(RN)

loc
is a p-supersolution for all £ > 0 and u < oo a.e in RY, thus, u has a gradient (see the

previous section). We also have [Vu[P~! € L} (RY), (I‘uvlillp),. € L, (RY) and u € L{ (RVN)

for 1 <g< Ff5andr>1,1<s< %:p}) (see [13, Theorem 7.46]). Thus for any

0 < ¢ € CL(Q), by the dominated convergence theorem,

(—Apu, p) = / |Vu|P~2Vu.Vpds = klim IV (uAk)P2V(uAk).Ve > 0.
RN -

[ee) RN
Hence, by the Riesz Representation Theorem, there is a nonnegative Radon measure de-

noted by pfu], called the Riesz measure, such that —Apu = pfu] in D' (RY).

The following weak convergence result for Riesz measures proved in [26] will be used to
obtain the existence of p-superharmonic solutions to quasilinear equations.

Proposition 4.3 Suppose that {u,} is a sequence of nonnegative p-superharmonic func-
tions in RN that converges a.e to a p-superharmonic function w. Then the sequence of
measures {ulu,]} converges to plu] in the weak sense of measures.

The proof of the next result can be found in [20].

Proposition 4.4 Let p be a measure in M (RY). Suppose that W1 ,[u] < oo a.e. Then
there exists a monnegative p-superharmonic function u in RN such that —A,u = p in
D'(RY), infgn u = 0 and

LW (r) < u(a) < e Wiy lul(), (41)

for almost all = in RN, where the constant c is the one of Proposition 3.4. Furthermore
any p-superharmonic function u in RY | such that infgy u = 0 satisfies (4.1) with p = —Apu.

Proof of Theorem A. The condition is necessary. Assume that (1.14) admits a nonnega-
tive p-superharmonic functions (u,v). By Proposition 4.4 there holds

u(x) > CS7W1,p[vq1 + M}(Z‘L
v(z) > ¢y, Wi p[u®? + n](x) for almost all x € Q.
Hence, we obtain (1.10) from Proposition 2.9-(i).

The condition is sufficient. Let {(um, Um) }men be a sequence of nonnegative p-superharmonic
solutions of the following problems for m € N,

—Aptms1 = v + 1 in RN
—ApUmt1 =uL + 1 in RY (4.2)

infpy U1 = infpy v =0,

with (ug,v9) = (0,0). As in the proof of Theorem C we can assume that {u,,} and {vn,}
are nondecreasing. By Proposition 4.4 we have

u’ITLJrl é Cgawl,p [/U’?)’i + :u’] (x)
Umt1 < e Wi plu2 +n](x) for all z € Q.

Thus, by Proposition 2.7 there exists a constant ¢ > 0 depending only on N, p, q1, g2 such
that, if

w(K) < M* Capy (K) (4.3)

a1a2
2e14p=1) 21 g5—(p—1)
a
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for any compact set K C RY with dw = (W1 ,[u])? dz + dn, then there holds in €,
Um < csgwl,P[w]v Um < C70W17P[(W17P[W})ql] + CGSWLP[IU’] for all m >0, (4'4)
and

Wl’p [w] € L

loc

(RN)a Wl’p[(wl,p[w])ql} + Wi, € L,

loc

(RM). (4.5)

This implies that {u,,}, {vm} are well defined and nondecreasing. Thus {(u,,v,;,)} con-
verges a.e in RY to some functions (u,v) which satisfies (1.17) in RY. Furthermore, we
infer from (3.6) and the monotone convergence theorem that ul — w9, ,v2 — u?® in

L}OC(RN ). By Proposition 4.3 we deduce that (u,v) are nonnegative p-superharmonic solu-

tions of (1.9). O

5 Hessian equations

In this section  C RY is either a bounded domain with a C? boundary or the whole RV,
For k =1,...,N and u € C%(f2) the k-hessian operator F}, is defined by

Fy.[u] = Sp(A(D?w)),

where A\(D?u) = A = (A1, A2, ..., \w) denotes the eigenvalues of the Hessian matrix of second
partial derivative D?u and Sy, is the k-th elementary symmetric polynomial that is

Sp(\) = > Aiy i -

1<i1<...<ip <N

We can see that
Fk[u] = [DQU]k,
where for a matrix A = (a;;), [A]x denotes the sum of the k-th principal minors. We assume
that 0 is uniformly (k-1)-convex, that is
Sk—1(k) > ¢ >0 on 99,

for some positive constant ¢g, where k = (K1, K2, ..., in—1) denote the principal curvatures
of 9€) with respect to its inner normal.

Definition 5.1 An upper-semicontinuous function u : Q — [—00,00) is k-convex (k-subharmonic)
if, for every open set Q' C 0 cQand for every function v € C*(Q') N C(Y) satisfying
Frv] <0 in Q, the following implication is true

u<vond) = u<wv in Q.

We denote by ®*(Q2) the class of all k-subharmonic functions in Q which are not identically
equal to —oo.

The following weak convergence result for k-Hessian operators proved in [24] is fundamental
in our study.

Proposition 5.2 Let Q be either a bounded uniformly (k-1)-conver in RN or the whole RY .
For each u € ®%(Q), there exists a nonnegative Radon measure py[u] in 2 such that

1 pglu] = Filu] for u € C%(Q).
2 If {un} is a sequence of k-convex functions which converges a.e to u, then pglu,] — prlu)
in the weak sense of measures.
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As in the case of quasilinear equations with measure data, precise estimates of solutions
of k-Hessian equations with measures data are expressed in terms of Wolff potentials. The
next results are proved in [24, 17, 20].

Theorem 5.3 Let Q C RY be a bounded C?, uniformly (k-1)-convexr domain. Let j1 be a
nonnegative Radon measure in ) which can be decomposed under the form
m= H1 + fv

where py is a measure with compact support in Q and f € L1(Q) for some ¢ > 2—1\,79 if k < %,
orp=1ifk > % Then there exists a nonnegative function u in Q, continuous near 051,
such that —u € ®*(Q) and u is a solution of the problem

u=~0 on 0N).

Furthermore, any nonnegative function u such that —u € ®F(Q) which is continuous near
090 and is a solution of above equation, satisfies

1 e 50 2diam
7W%g7k+1[u] < U(.’L‘) < CSSW%,;CH[M](?«")’ (51>

88

where c,, s a positive constant independent of x,u and .

Theorem 5.4 Let p be a measure in M (RY) and 2k < N. Suppose that Wkal’k+1[M] < o0

a.e. Then there exists u, —u € ®F(RN) such that infgy u = 0 and Fx[-u] = p in RN
and

W o [)(@) < ule) € o W [Hl(a), (5.2)

k+1°

for all z in RN. PFurthermore, if u is a nonnegative function such that infgxy u = 0 and
—u € ®F(RYN), then (5.2) holds with u = Fy|—u].

Proof of Theorem E. The condition is necessary. Assume that (1.21) admits a nonnegative
solution (u,v), continuous near 9, such that —u, —v € ®*(Q) and u*2,v** € L'(Q2). Then
by Theorem 5.3 we have

> 1 Wd(l‘,sdﬂ) 5
) 2 W b ()
1 d(z,09)
v(z) > —W L, 5 [u® +n)(z) for almost all x € Q.
c Rl k1

Using the part 2 of Proposition 2.9, we conclude that (1.22) holds.

The condition is sufficient. We define a sequence of nonnegative functions ty,, v,,, con-
tinuous near 9Q and such that —u,,, —v,, € ®*(Q), by the following iterative scheme for
m > 0,

Fyl—umy1] =03t +p in Q,
Fil—vmp] = w32 +n in €, (5.3)
Um+1 = Um+41 — 0 on 0.

Clearly, we can assume that {u,,} is nondecreasing as in [21]. By Theorem 5.3 we have

R
Um+1 < CSSW%JC+1[’U% + M] y  Um41 < cgsw

R s :

2 palund tpl o in g, (5.4)
where R = 2diam ().

Then, by Proposition 2.8, there exists a constant M, > 0 depending only on N,p,q1,q2, R
such that if

w(K) < M, Capg (K)

2k(s1+k) s182

s1 Psysg—k2
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for any compact set K C RY with dw = (W%ﬁk L +1u]) Cdr + dn, then there holds,
E+107

s1
U < 073W1:27f1’k+1[w]a U < C74W%7k+1[(wll}7fl’k+1[w]) ] + CmW]:Lfl)kJrl[u]

in Q, for all m € N, for some positive constants c,,, c,, and c,, depending only on N, k, s1, s2, R.
Note that we can write

U 1= (ul +x95v;3%) + ((1 = Xa, )Um +f)7

and
upy +n = (m +x95Uf{f) + ((1 — Xy U +g) :

where Q5 = {x € Q : d(2,0Q) > ¢} and § > 0 is small enough and since u,, is continuous
near 052, then v} 4+ p, ui2 + 1 satisfy the assumptions of the data in Theorem 5.3. Therefore
the sequence {u,,} is well defined and nondecreasing. Thus, {u,,} converges a.e in ) to some
function u which satisfies (1.24) in Q. Furthermore, by the monotone convergence theorem
there holds v3! — v,u2 — v in L'(Q). Finally, by Proposition 5.2, we infer that (1.21)
admits a nonnegative solutions w,v, continuous near 9), with —u,—v € @k(Q) satisfying

(1.24). O

Proof of Theorem F The condition is necessary. Assume that (1.21) admits nonnegative
solution (u,v), such that —u, —v € ®*(RY) and u*2,v*! € L} _(RY). Then by Theorem 5.3
we have

v(@) 2 —W 2y [u” +1)(x) for almost all z € RY.

Using Proposition 2.9-(ii), we conclude that (1.22) holds.

The condition is sufficient. We defined a sequence of nonnegative functions wy,, vy,, con-
tinuous near 9 and such that —u,,, —v, € ®*(2), by the following iterative scheme for
m >0,

Filotmen] = vt + in R,
Fil—vmp] = w32 +n in RY,

inRN Um+1 = inRN Um+1 = 0.
As in the previous proofs {u,,} is nondecreasing. By Theorem 5.3 we have
S
Umt1 < CSSW%,]C+1[UW% + M]
RN
Umt1 < Cssw%k_i_l[ufﬁ + p] a.e. in RV,

Then, by Proposition 2.7, there exists a constant M* > 0 depending only on N,p, q1,q2, R
such that if

for any compact set K C RY with dw = (W%’kﬂu]) ’ dx + dn, then

S1
U < CGQWkQ—fl,k+1[w]’ U < C?oW%,k—&-l[(Wf—fl,k-i-l[w]) ] + Ceswk%’jl,k-i-l[ﬂ]

in , for all m € N, where ¢, ¢,, and c,, depend on N, k, s1, s2, R. Therefore the sequence
{um} is well defined and nondecreasing. Thus, {u,,} converges a.e in ) to some function
u for which (1.27) is satisfied in RYV. Furthermore, by the monotone convergence theorem
we have v3} — v,u$2 — win L} (RY). Finally, by Proposition 5.2, we obtain that (1.21)
admits a nonnegative solutions u,v with —u, —v € ®F(RY) satisfying (1.27). O
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6 Further results

The method exposed in the previous sections, can be applied to types of problems. We give
below an example for a semilinear system in RY = {z = (2/,z,),2/ e RN "1z > 0}.

—Au =18 in Rf
—Av =y in RY (6.1)
U=01,V =09 on 8Rf%RN*1,

where we have identified R and RN ~!. We denote by P (resp. G) the Poisson kernel in
RY (resp the Green kernel in RY). The Poisson potential and the Green potential, P[.] and
G|.], associated to —A are defined respectively by

Plo](y) = /aRN Ply,z)do(2), G[fl(y) = | Gly,z)f(z)dr,

N
R+

see [18]. We set p(x) = =, and define the capacity Capj, , by

Capy, ((K) = inf{/ fpdx: f>0,L[fpx, v] > XK},
RY +

for all Borel set K C RN, where I,, is the Riesz kernel of order o in R,

Theorem 6.1 Let 1 < q; < 2=, qiq2 > 1. If there exists a constant ¢ > 0 such that if

N-1’
(i / p(@) (Plon] (@) de < ECap’s 1y orns (K,
K q1 ’q192—1
(6.2)
(”) G2(G)Sécapl2(<12+l) 91492 G)7

q192 9192—1
for all Borel sets K C RY and G C RN™1, then the problem (6.1) admits a solution.

All solutions in above theorem are understood in the usual very weak sense: u € L], .(RY N
B), u,v" € LL(RY N B) for any ball B and

/ u(—Ag)dx :/ v‘“fdm—/ %dal,
RY REY ORY on

/ v(—A&)dx :/ u‘”&dm—/ gdag,
RY RY ory 0

for any ¢ € C? (@) N C.(RY) with € = 0 on ORY . It is well-known that such a solution u
satisfies

u= G[v?] +Plo1], v=G[u??]+ P|og] a.e. in RY.
To prove Theorem 6.1 we need the following basic estimate,

Lemma 6.2 Assume that 0 < q1 < % Then for any w € zm;(RN),

L (T [w)?] < (e War+2 a1 [w] a.e. in RY, (6.3)

q1+1’ q1
where ¢, > 0 depends on q1,q2 and N.

Proof. The proof of Lemma 6.2 is similar to the one of Lemma 2.2 and details are omitted.
Note that if w € 9, (RY) it is extended by 0 in RY. O
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Remark 6.3 The condition 0 < q; < % is a necessary and sufficient condition in order
(Li[w)™ be locally integrable in RN for any w € M, (RY).

Theorem 6.4 Let g > 1, giqgo > 1 and w € E)ﬁb(@). If

M(K) S Coo Capez1+2 4142

a1 ’4q192—1

(K) V¥V KcCRY, K Borel,

for some c,, > 0, then

q2
I, KWW q1+1[w]> pxw] < ¢y, 11[w] a.e. in RY. (6.4)

q1+1’ q1

Proof. Step 1. For any compact K C {x € Rf : ILH[prRN](fL') > )\}, we have
a1 +

W(K) < ¢y Capilj 9142 (K) < CooA (Hqégil / fqlq;;zlpdx

T ) N
1’4192 ]R+

by assumption and the definition of the capacity. Hence,
q1492 qa142
)\qlqz—lw({lqﬁfz[fpx N]>)\}> §cgo/ fae-Tpdx vV A>0.
a1 RY Rf
This implies an estimate in Lorentz space,

< ||fH _ajaz A f > 0. (65)

= ST L T (RN ,x . pde)
Ry

Step 2. Since, for any g € C.(RY),

q1

/IM[gw]fpdx:/ Loz [fpx, v ]gdw,
RQ’ RN q1 +

we infer, using duality between LP'' and Lp/’oo, Holder’s inequality therein and (6.5), that

HgHqu‘l%l(RN,dw)

/RN Loz gl fpda < |ase fox )| s

= ||fHL T o RN,XRdim)||g||Lq1q2’1(RN7dw) Vfg=0.
+
Therefore,
||I<11qi+2[QW]HLHQ(RN,XRdix) < ||9HL<11<12’1(1RN,dw)- (6.6)
1 +

Step 3. Taking g = x,,,,, and since for ¢; > 1

Wi = [ (528 o

1
q1+ q1 p @

q1
*® v(B,(x
S Cso </ E\,ipqg +)2) d:l,’)
0 p a1

q1
=c, (1+ [u](x)> Vv € M (RY), Vo e RY,
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we deduce that for almost all x € Rf ,

q2
/ (Wq1+2 q1+1 [XB (= }) pdy < CQOUJ(Bt($>)7
Rﬁ q1+1’ q1

from (6.6), which implies

t(N_ q1+2) 9192

_a1t2 _q192
a1 /ar1az2—1 tn q1 a192—1
W(Bt('r)) < Coy

since fBT(I) Xoy P dy =< rN

max{z,,r} for any x € RY r > 0 where the symbol
by

1
A=xB<+= —-B<A<c¢B forsome constant ¢ > 0.
c
It implies also

q2
/ (w [w]) X Py < (B ().
Bi(x) e

from which follows

q2
| =] (W wenlo]) Xt < T ).
0 Bi(z TR ¥

q1

Therefore, if the following inequality holds

[ (1 () %) wormo <t

it will imply (6.4).
Step 4. We claim that (6.9) holds. Since B, (y) € Ba,(x), y € Be(x),r >t

/Oo ; /Bf(gc) </ ( ffigﬂ))m ?)tp XRﬁpdydt

q1

q1 q2
1 [ w(Ba,(x)) dr
< — ZATer ) il
< [T e ([T (S2) )

r a1
q1 q2
) ) B . d
= / max{x,,t} / 0-)(27ql(i)) e
0 t T T

By integration by part,

[ ([ () )
=q /OOO/Ot max{z,,s}ds (/too (W)ql T)'D_l(w)ql @

r N-— a1 t

r N_a1t2

q1

r a1

o [ oot [ [ (@B @)™ )" (oBa@) | s wBaw)) d
,Q2/0/0 {Nv}d </t (NW> > (t ) t
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1 < Coy T
q1ap—1 (max{xn,t}) q1a2—1
/ Xyn P Y
Ba(z)

tN—l

=< is defined

(6.8)



We have

t
/ max{z,, stds < tmax{x,,t},
0

q1 q2—1  ait2 1 qg—1
/OO w(Bgr(x)) dr < /OO r a1(ara2—1) dr
A2\ = <c ar
c\NE )T "\ \nax(e, rpmes )
=t (QI:12‘1)2((12171) (maX{CEN,t})_ qél(gé:}) )
by (6.7) and
q1—1 __ a1+2 g2—1
w(th(a: ) 2 t a1(araa—1) 2
T oN_aitz ta < ¢y ta
t a (max{z,,t )0172 T
(@ +2)(a1—-1) | 2 _ a1 —1
= Cgst q1(q192—1) q1 (max{l'N7 }) q1a2—1 |
Thus,
t o q1 q2—1 q1—1
w(Bar(x)) dr w(Bat(x))
/ max{z,,s}ds (/ (1\721“ — —aT e <
0 t T - q1 r t - q1
and we obtain (6.9). O

Lemma 6.5 Let « > 0, s > 1 such that o + % < N — 1 where s = - Forallm €
M (RN, there holds

/ < p(Bi(z")) dt\*
/ Ta[n ® 0tz —03])° xwdxx/ (/ m> dz’, (6.10)
RN RN-1 o t a=7 t

where Ig is the Riesz potential of order 3 in RN-1. As a consequence, we have

Capf, (E x {z, = 0}) < Cap; E) VECRY ™' E Borel (6.11)

a+2/s'—115(

Proof. We have

’

’ 4wy (77 ® 5{1 :()})(Br(l‘)) dr 3
—_nl)? > N il
/RN Talr ® Otz ) )7 ndw 2 /RN (/zx rN—a s wnde

N

’

. (”‘i%yf’”)st N
> ¢ / B <t>0 ~ Bll(a/))2> dz. (6.12)

By using Lemma 2.1 we obtain

’

= n(By(a") dr ) ,

_ < —_—
dt
=6 /]RN / (tN 1= a) 7d
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On the other hand, by [20, Proposition 5.1], there holds

n(B; ) / / / ( z')) )5 /
dz | ) 2y
/]RNfl <il>1%) tN 1 O(_* RN-1 tN 1 a—=7 t v
- (/wnumwgdvs¢ﬁ
RN-1 0 tN—l—(x—? t

Combining (6.12), (6.13) and (6.14) we obtain (6.10). Moreover, we deduce (6.11) from
(6.10) and [1, Theorem 2.5.1], which ends the proof. d

(6.14)

Proof of Theorem 6.1 The following estimates are cclassical

G = ey (s Sl mr P S Oy (619
P(z,2) = c,, leifvzw < e, W (6.16)

Thus,
G [(P[o1])%] + Ploy] < ¢,,, 11 [w], (6.17)

where w(z) = p(P[01])% + o3 in RY. Therefore, we infer that if

L (L [(Lifw]) )™ Xy P| < G Talw] in RY (6.18)

for some ¢,,, > 0 small enough, then (6.1) admits a positive solution (u,v). On the other
hand, we deduce (6.18) from Lemma 6.2 and Theorem 6.4. The proof is complete. (|

Remark 6.6 The system

—Au=v" + e m Q
—Av =u® + en in Q (6.19)
U = €301,V = €409 in 0%,

where d(.)p, d(.)\ belong to MM (Q), 01,02 to MT(OQ) and the €; are positive numbers, is
analyzed in [10, Th 4.6]. Therein it is proved that if

/ (Glp] + PIA)™™ (02 gy < oo, (6.20)
Q

which is equivalent to a capacitary estimate, and

. a+1 g2+ 1 N+1
min , < , 6.21
{Q2q2+1Q1q1+1} N1 ( )

and if the €; are small enough, then (6.19) admits a positive solution. Now condition (6.21)
is a subcriticality assumption (for at least one of the two exponents q;) since there is no
condition on the boundary measures.
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