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The New Butterfly Relaxation Method for Mathematical
Programs with Complementarity Constraints

Migot, T* Haddou, M' Dussault, J.-P.}
2016

Abstract

We propose a new family of relaxation schemes for mathematical programs with complementarity
constraints that extends the relaxations of Kadrani, Dussault, Bechakroun from 2009 and the one of
Kanzow & Schwartz from 2011. We discuss the properties of the sequence of relaxed non-linear program
as well as stationarity properties of limiting points. A sub-family of our relaxation schemes has the
desired property of converging to an M-stationary point. We introduce a new constraint qualification,
MPCC-CRSC, to prove convergence of our method, which is the weakest known constraint qualification
that ensures boundedness of the sequence generated by the method. A comprehensive numerical com-
parison between existing relaxations methods is performed on the library of test problems MacMPEC
and shows promising results for our new method. Numerical perspectives shows an enhanced version of
the butterfly relaxation to mathematical program with vanishing constraints.

Keywords : nonlinear programming - MPCC - MPEC - relaxation methods - stationarity - con-
straint qualification - MPVC - CRSC

AMS Subject Classification : 90C30, 90C33, 49M37, 656K05

1 Introduction
We consider the Mathematical Program with Complementarity Constraint
min f(z)
s.t. g(z) <0,h(z) =0, (MPCC)
0<G(x) L H(z) >0,

with f : R" - R, A : R" - R™, g : R” - RP and G,H : R" — R? that are assumed continuously
differentiable. The notation 0 < u 1L v > 0 for two vectors v and v in R? is a shortcut for u; > 0, v; > 0
and w;v; =0 for all ¢ € {1,...,q}.

This problem has become an active subject in the literature in the last two decades and has been the
subject of several monographs [56, [60] and PhD thesis [19, [45], 36, [69], [67, [15]. The wide variety of applica-
tions that can be cast as an MPCC is one of the reasons for this popularity. Among other we can cite truss
topology optimization [36], discrete optimization [2], image restoration [12], optimal control [6] 35]. Other-
wise, another source of problem are bilevel programming problems [I7, [I8], where the lower-level problem is
replaced by its optimality conditions. This may lead to a more general kind of problem called Mathematical
Program with Equilibrium Constraint [60] or Optimization Problem with Variational Inequality Constraint
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[43]. The MPCC formulation has been the most popular in the literature motivated by more accessible
numerical approaches.

is clearly a non-linear programming problem and in general most of the functions involved in
the formulation are non-convex. In this context solving the problem means finding a local minimum. Even
so, this goal apparently modest is hard to achieve in general due to the degenerate nature of the MPCC.
Therefore, numerical methods that consider only first order informations may expect to compute a stationary
point.

The wide variety of approaches with this aim computes the KKT conditions, which require that some
constraint qualification holds at the solution to be an optimality condition. However, it is well-known that
these constraint qualifications never hold in general for (MPCC). For instance, the classical Mangasarian-
Fromowitz constraint qualification that is very often used to guarantee convergence of algorithms is violated
at any feasible point. This is partly due to the geometry of the complementarity constraint that always has
an empty relative interior.

These issues have motivated the definition of enhanced constraint qualifications and optimality conditions
for as in [43, 42 [65] [21] to cite some of the earliest research. In 2005, Flegel & Kanzow provide an
essential result that defines the right necessary optimality condition to . This optimality condition
is called M(Mordukhovich)-stationary condition. The name comes from the fact that those conditions are
derived by using Mordukhovich normal cone in the usual optimality conditions of (MPCC).

A wide range of numerical methods have been proposed to solve this problem such as relaxation methods,
interior-point methods [55] 62, 52], penalty methods [56], 40} [58], SQP methods [26], elastic mode [10} [15],
dc methods [57], filter methods [53] and Levenberg-Marquardt methods [33] to cite only a few of them. This
first family of method called relaxation or regularization method is developped in detail in this paper. In
the literature, the numerical performances of those methods are very often compared on a collection of test
problem called MacMPEC, [51], that contains various from the literature and some applications.
Despite the difficulties explained above, the methods reformulating as a non-linear programming
have shown to be successful in practice in |24, 25]. However, the theoretical guarantee that they offer con-
sidering realistic methods is often far from the desired goal to compute M-stationary points.

In view of the constraint qualifications issues that pledge the the relaxation methods provide
an intuitive answer. The complementarity constraint is relaxed using a parameter so that the new feasible
domain is not thin anymore. It is assumed here that the classical constraints g(x) < 0 and h(z) = 0 are not
more difficult to handle than the complementarity constraint. Finally, as the relaxing parameter is reduced,
convergence to the feasible set of is obtained similarly to an homotopy technique. The interest for
such methods has already been the subject of some PhD thesis in [67, [69] and is an active subject in the
literature.

These methods have been suggested in the literature back to 2000 by Scheel & Scholtes in [65] replacing
the complementarity by

Gl(x)Hl(x) —t<0, Vi € {1, RN q}.

For more clarity we denote ®(G(z), H(x);t) the map that relaxed the complementarity constraint and so in
this case

7%(G(z), H(x);t) = Gi(x)Hi(z) — t, Vi € {1,...,q}. (SS)

This natural approach was later extended by Demiguel, Friedlander, Nogales & Scholtes in [16] by also
relaxing the positivity constraints G(z) > —t, H(x) > —t. In [54], Lin & Fukushima improve this relaxation
by expressing the same set with two constraints instead of three. This improvement leads to improved
constraint qualification satisfied by the relaxed sub-problem. Even so, the feasible set is not modified this
improved regularity does not come as a surprise, since constraint qualification measures the way the feasible
set is described and not necessarily the geometry of the feasible set itself. In [68], the authors consider a



relaxation of the same type but only around the corner G(x) = H(x) = 0 in the following way

Gi(xz) — Hi(x)| if |Gi(z) — Hi(z)| > t

oSV (G(x), H(x);t) = G, H;(z) — | , SU
S (Gla), H(@)st) = Gile) + Hi(o) {t (AL sv)
where ¢ is a suitable function as described in [68]. An example of such function being 1(z) = 2 sin(Zz +

3T) 4+ 1.

’ In the corresponding papers it has been shown that under suitable conditions providing convergence of the
methods, convergence to some spurious point, called C-stationary point, may still happen. The convergence
to M-stationary being guaranteed only under some second-order condition. It is to be noted that different
methods used in the literature such as interior-point methods, smoothing of an NCP function and elastic
net methods share a lot of common properties with the method and its extension.

A new perspective for those schemes has been motivated in [46] providing an approximation scheme with
convergence to M-stationary point by considering

O PB(G(x), H(z);t) = (Gi(x) — t)(Hy(x) — 1), Vi€ {1,...,q}. (KDB)

This is not a relaxation since the feasible domain of (MPCC) is not included in the feasible set of the
subproblems. The method has been extended has a relaxation method through a NCP function in [48] :

@f(s(G(x), H(z);t) = ¢(Gi(z) —t,Hi(z) — t), Vi€ {1,...,q}. (KS)

The main aim of this paper is to continue this discussion and extend the relaxation of Kanzow and Schwartz
by introducing the new butterfly relaxation.

The key assumption necessary to guarantee convergence of the method relies very often on some MPCC-
constraint qualification. In [49] 67] the authors analyse the existing methods and proves convergence under
some mild constraint qualifications. The definition of a new MPCC-constraint qualification allows to pursue
this discussion and convergence of and has been shown under MPCC-CCP in [63]. Furthermore,
the author proves that this is the weakest MPCC-constraint qualification that assures convergence of these
methods. In this paper, we continue the discussion by providing convergence result for the butterfly method.
MPCC-CCP condition is no longer sufficient for this purpose and so we introduce a new MPCC-constraint
qualification called MPCC-CRSC.

In Section 2, we introduce classical definitions and results from non-linear programming and MPCC
theory. This section is completed by the definition of a new constraint qualification for MPCC called
MPCC-CRSC in Definition 2.11] This new concept is proved to be an MPCC-CQ in Corollary 2.2

In Section 3, we define the relaxation scheme with the new butterfly relaxation. Compared to the methods
and this new method handle two relaxing parameter instead of one.

In Section 4, we prove theoretical results on convergence and existence of the multiplier of the relaxed
sub-problems. We also provide an analysis on the convergence of approximate stationary points. We prove
that the butterfly method has similar properties as the best methods in the literature.

Finally, in Section 5, we provide an extensive numerical study by giving detailed on the implementation,
comparison with other methods as well as an example that illustrates the numerical difficulties that might
occur and the extension of this method to the very close problem of mathematical program with vanishing
constraints.

Notations : We use classical notation in optimization. Let z” denotes the transpose of a vector or a
matrix z. The gradient of a function f at a point x with respect to x is denoted V, f(x) and V f(x) when
the derivative is clear from the context. supp(x) for z € R™ is the set of indices such that z; # 0 for
i €{1,...,n}. eis the vector whose components are all one. R, and R denotes the set of non-negative
and positive real numbers.



2 Preliminaries

is obviously a non-linear programming problem. Most of numerical approaches used in non-linear
programming compute necessary optimality conditions that require some constraint qualifications (CQs)
defined in Sect. to ensure existence of the Lagrange multipliers at a local minimum. Even so,
belongs to this class of problem it is required to develop enhanced stationary conditions. Indeed, in a
systematic way feasible points of may fail to satisfy even the weakest constraint qualifications
for non-linear programming. Tailored optimality conditions and constraint qualifications for are
presented in Sect.

2.1 Non-Linear Programming

Let a general non-linear program be

min f(z)
ze (NLP)
s.t. g(x) <0, h(z) =0,

with h: R" - R™ ¢g:R™ - RP and f: R" —» R.
Denote F the feasible region of (NLP)), the set of active indices Zy(x) := {i € {1,...,p} | g;(x) = 0}. Let
the generalized Lagrangian £ (x,y) be

LM (z,y) =rf(z)+ g(x)T)\ + h(:v)Tu,

where y = (A, u) is the vector of Lagrange multiplier.

By definition, vy is an index r multiplier for at a feasible point z if (r,y) # 0 and V,L"(z,y) =
0, A >0, g(z)"A = 0. The set of all index r multipliers of at x is denoted M"(z). An index 0
multiplier is also called singular multiplier, [13], or an abnormal multiplier, [14]. We call a KKT-point or a
stationary point a couple (x,y) with y an 1-index multiplier at z. A couple (z,y) with y a 0-index multiplier
at z is called Fritz-John point.

We remind that the tangent cone of a set X at x* € X is a closed cone defined by

Tx(z*) ={d € R" | 3}, > 0 and z¥ —x z* s.t. tp(z" — %) = d}

Given a cone K C R", the polar of K is the cone defined by K° := {z € R" | 272 < 0, Vo € K}.
Another useful tool for our study is the linearized cone of (NLP)) at z* € F defined by

L") ={deR" | Vgi(2)Td <0 (i € Z,(x*)), Vhi(z)Td=0 (Vi=1,...,m)}.

In the context of solving non-linear programs, that is finding a local minimum of , one widely
used technique is to compute necessary conditions. The principal tool is the Karush-Kuhn-Tucker (KKT)
conditions. Let x* be a local minimum of that satisfies a constraint qualification, then there exists
y* € MI(x*) such that (z*,y*) is a KKT-point of . Constraint qualification are used to ensure exis-
tence of the index-1 multiplier at x*.

We now define some of the classical constraint qualifications that are organized in several families. Note
that there exists a wide variety of such notions and we define here those that are essential for our purpose.
In Definition [2.7] the Linear Independence CQ and Constant Rank CQ are presented. Both are very classical
the latter being defined first in [44].

Definition 2.1 (LICQ and its Relaxations). Let z* € F.
(a) LICQ holds at x* if the family of gradients
{Vygi(z*) (i € Zy(z*)), Vhi(z*) (Vi=1,...,m)}

is linearly independent.



olds at x* if there exists 0 > 0 such that, for any subsets I, C z*) and Is C {1,...,m} the
b) CRCQ hold *if th ) h that, f b I Zy(z* d I h
family of gradients
{Vgi(z) (i € I), Vhi(z) (i € L)}

has the same rank for all x € Bs(x™*).

We remind the following definition of positive-linearly dependent vectors, which helps up building con-
straint qualifications since it takes into account the sign of some multipliers.

Definition 2.2 (positive-linearly dependent vectors). A finite set of vectors {a'|i € I} U{b'|i € 5} is said
to be positive-linearly dependent if there exist scalars «; (i € I) and 5; (i € I2), not all of them being zero,

with a; > 0 for all i € I1 and
Z aa’ + Z Bibt = 0.
i€l i€la
Otherwise, we say that these vectors are positive-linearly independent. In an usual way the unsigned vectors
may sometimes be denoted with double bracket, that is {a'|i € I; } U {{b'|i € I>}}.
Another family of constraint qualifications can now be derived using this notion.

Definition 2.3 (MFCQ and its Relaxations). Let z* € F.
(a) PLICQ holds at x* if the gradients

{Vgi(z") [ i € Zy(a")} U{{Vh;(z") | j = 1,....m}}
are positively linearly independent.
(b) CRSC holds at x* if there exists § > 0 such that the family of gradients
{Vgi(z) (i € J_), Vhi(z*) (i=1,...,m)}
has the same rank for every x € Bs(z*). Assuming J_ := {i € Zy(z*) | — Vgi(z*) € L(z*)°}.

The positive linear independence constraint qualification, PLICQ), is equivalent to MFCQ and has also
been called NNAMCQ (no nonzero abnormal multiplier) or BCQ (basic constraint qualification). Constant
rank of the subspace component, CRSC, was introduced recently in [§]. This latter definition consider an
unusual set denoted J_, that can be view as the set of indices of the gradients of the active constraints whose
Lagrange multiplier if there exists may be nonzero.

A local minimum is characterized by the fact that there is no feasible descent direction for the objective

function of (NLP)), that is
—Vf(z*) € Ta(z™).

From the other side the KKT conditions build Vf using a linearization of the active constraints. This
motivates the following CQs defined as early as 1969 in [31] for GCQ and in [I] for ACQ.

Definition 2.4. (a) A point x* € F is said to satisfy Guignard CQ if TR(z*) = ZL°(x*).
(b) A point x* € F is said to satisfy Abadie CQ if Tr(x*) = L (x*).

As proved in [30], Guignard CQ is the weakest constraint qualification that ensures that a local minimum
satisfies the KKT conditions. It is easy to see that for all x Tr(z) C .Z(z) and so .Z°(x) C T2(z). The fact
that Abadie CQ holds at «* implies that Guignard CQ also holds at z* is classical from variational analysis.

In practice, it is very difficult to find a point that conforms exactly to the KKT condition. Hence, an
algorithm may stop when such conditions are satisfied approximately. Another way to deal with this problem
is to gives necessary optimality conditions of the point and its neighbourhood in the form of sequential opti-
mality conditions. The most popular among those conditions is the Approximate KKT (AKKT) conditions
introduced in [7]. This has motivated the definition of the CCP condition in [9] that is known to be the
weakest constraint qualification that ensures that AKKT is actually a first order optimality condition.



Definition 2.5. We say that a point x* € F satisfies the Cone-Continuity Property if the set-valued mapping
R™ > 2 = K(x) such that

K(@)={ > X\Vg) +Y mVhi(x) : X\ € Ry, p; € R}
i€Zy(z*) i=1

is outer semicontinuous (definition 5.4 [64)]) at x*, that is

limsup K(z) C K(z*).
r—x*
Clearly, K (z*) is a closed convex cone and coincides with the polar linearized cone .Z(z*)°. Moreover,
K (z) is always inner semicontinuous due to the continuity of the gradients and the definition of K (x). For

this reason, outer semicontinuity is sufficient for the continuity of K (x) at «*. Finally it has been shown in
[9] that CCP is stricly stronger than ACQ and weaker than CRSC.

In the context of numerical computation it is almost never possible to compute stationary points. Hence,
it is of interest to consider e-stationary points.

Definition 2.6. Given a general non-linear program (NLP) and ¢ > 0. We say that (z,y) € R™ x RPT™ s
an e-stationary point (or an e-KKT point) if it satisfies

<e€

?

oo
with

|hi(z)| <€, Vie{l,...,m},
gi(x) <€, Ai 20, [Nigi(x)| <eVie{l,...,p}.

2.2 Mathematical Program with Complementarity Constraints

We now specialize the general notions above to our specific case of (MPCC|). Let Z be the set of feasible
points of (MPCC)). Given z* € Z, we denote

(@) :={ie{l,...,q} | Gi(z*) > 0 and H;(z*) =0},
(") :={ie{1,...,q} | Gi(z") =0 and H;(z") > 0},
T@*) :={ic{1,...,q¢} | Gi(z*) = 0 and H;(z*) = 0},
(%) :={ie{l,....q} | gi(z") = O}.

As in the previous section, we extend the definition of the Lagrangian. Let £};p~ be the generalized
MPCC-Lagrangian function of (MPCC) such that

Lhrpoc(@ N NG AT = v (@) + g(2)TA + ha) A" — G(e)TAC — H(a)" A"
with A := (A9, M, AC AH) € RP x R™ x R? x R9.

2.2.1 Stationary Point

It is clear that we can not expect to compute usual KKT-point since classical constraint qualifications in
general does not hold, so we introduce weaker stationary concept as in [63], [42].

Definition 2.7. z* € Z is said



S-stationary point

4
M-stationary point
4 4
C-stationary point  A-stationary point
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Figure 1: Relations between the stationarity definitions

AH.

)\G

Figure 2: Signs of A“, A\ for indices i € Z°. From the left to the right : weak-stationary, C-stationary,
A-stationary, M-stationary and S-stationay.

Weak-stationary if there exists X = (A9, \' \G \H) € RY x R™ x R? x RY such that

Vo Lypoo (@™, A, A A9 AT = 0,
N =0Vi¢ Ty Aoy =0, Mhi ) =0.

Clarke (C)-stationary point if x* is weak-stationary and

Vi e 79 (z*), AYAF > 0.

Alternatively or Abadie (A)-stationary point if ©* is weak-stationary and

Vi e I9(z*), AY >0 or A > 0.

Mordukhovich (M)-stationary point if x* is weak-stationary and

Vi € I%(x*), either AY >0, AT >0 or YA = 0.

Strong (S)-stationary point if x* is weak-stationary and

Vi e I9(z*), AY >0, A >0.

Relations between these definitions are given in Figure [I| and follow in a straightforward way from the
definitions. Local optimal solution are often denoted Bouligand (B)-stationary point in the literature, but
this will not be used here.

2.2.2 First Order Constraint Qualification for MPCC

In a classical way from the literature, we extend the various constraint qualifications for (NLP)) to (MPCC).
MPCC-CQ denotes this extension of usual CQ.

Abadie CQ and Guignard CQ are the weakest constraint qualifications in non-linear programming. Un-
fortunately Abadie condition is very unlikely to be satisfied with (MPCC). Indeed, the tangent cone, Tz, is




closed but in general not convex and the classical linearized cone of (MPCC)) is polyhedral for (MPCC|) and
therefore convex. That is why we define a specific cone for (MPCC)) denoted £y poc as in [63] 20, [61]
Lyupco(r) ={d € R" | Vg;(z*)Td < 0,Vi € Z,(z*),

Vhi(z*)'d=0Vi=1,..,m,

VG;i(z*)'d =0 Vi € T°F (z%),

VH;(z*)Td=0Vie I,

VGi(z*)Td > 0,VH;(z*)Td > 0 Vi € T°(z*),

(VG (z*)'d)(VH;(z*)'d) = 0 Vi € T (2*)}.
This cone is no longer a polyhedral cone and is not necessarily convex. However due to [20], one always has

the following inclusions
Tz(2") € Lypcc(z”) C L(z7).

Definition 2.8. Let 2* € Z. We say that MPCC-ACQ holds at x* if Tz(x*) = Lypcc(z*) and MPCC-
GCQ holds at x* if T2 (x*) = Ly pec(x™).

The following theorem is a keystone to define necessary optimality conditions for (MPCCJ.
Theorem 2.1 (|23]). A local minimum of that satisfies MPCC-GCQ or any stronger MPCC-CQ

is an M-stationary point.

The polar of the cone Zyspcce is a key tool in the definition of constraint qualification. It is however not
trivial to compute. Therefore, we introduce the following polar cone:

Py(a*) == {d € R™ | I, A" A M) e RE x R™ x RY x RY
with AYAT =0 or AY > 0, A\ > 0 Vi € 7%(2*),

d= Z /\?Vgi(x*)—l-Z/\?Vhi(x*) (1)
1€y () i=1

- )L AVGEY - Y, AIVH@EY)
iEIO+(m*)UIOO(£*) iEI+O(I*)UIDO(z*)

As a consequence of the previous theorem we can deduce the following result.

Lemma 2.1. Let x* € Z such that MPCC-GCQ holds at x*. Then, the following inclusion holds true
Lrrpoc(’) € Pu

Proof. First, it is easy to notice the following characterization of M-stationary point with the &2);. x* is an
M-stationary point if and only if
—Vf(x*) e Py. (2)

Theorem proved that given z* € Z such that MPCC-GCQ holds true at z*, then for any continuously
differentiable function f it follows
z* is a local minimum <= -V f(z*) € TZ(z*) <= —Vf(z") € Lypcc(”)
— z* is an M-stationary point
— —Vf(x*)e Py.

The last equation comes from the characterization of M-stationary point given in .
Since f is taken in a completely general way, this proves the result. O



One of the most principal constraint qualification used in the literature of (MPCC) is the MPCC-LICQ,
see [66] for a discussion on this CQ. In a similar way we extend CRCQ as in [32]. A condition that is similar
was used in [48] [39] to prove convergence of relaxation methods for (MPCC).

Definition 2.9. Let z* € Z.
1. MPCC-LICQ holds at x* if the gradients

{Vgl(x*) (Z c Ig(.’ﬂ*)), th(if*) (l = ].7 N ,m), VGIOO(w*)UIO+($*)(ZL'*), VH100($,¢)UI+O($*)($*)}
are linearly independent.

2. MPCC-CRCQ holds at x* if there exists 6 > 0 such that, for any subsets Ty C Z,(x*), Io C {1,...,m},
I3 C I (2*) UZ(x*), and Ty C Z10(x*) UZ(2*), the family of gradients

{Vygi(z™) (i € 1), Vhi(z™) (i € Ip), VG,(z¥) (i € I3), VH;(z") (i € I4)}
has the same rank for each x € Bs(x™).

The linear independance CQ in the context has a very specific behaviour since in this case KKT conditions
holds as stated in the following result from [22] (Theorem 4.5).

Theorem 2.2. If a point x* € Z satisfies MPCC-LICQ it also satisfies classical GCQ.

In [22], they also provide examples to show than GCQ does not hold with weaker MPCC-CQs. So,
under MPCC-LICQ the correct stationary concept is S-stationary and therefore M-stationary points may be
undesirables.

However, as pointed out in Theorem in the general case the correct sign of the multiplier A&, A for

(2 ?

i € Z9(x*) in the necessary optimality conditions for (MPCC]) are the sign of M-stationary points. This
motivates the following definition of MPCC-MFCQ that specialize the MPCC-LICQ by taking into account
those signs of multipliers for i € Z%(z*).

Definition 2.10. Let z* € Z. MPCC-MFCQ holds at x* if the only solution of
> MVg) + > AVhi(a®) - > VG (2*) — > MNIVH;(2%) =0
i€T4 () i=1 GETO+ (&)UTO0 (z*) GETHO (&) UT00 (%)
with A > 0 (i € T,(x*)) and either A\ AT = 0 either \S > 0,A\ > 0 for all i € I°(x*) is the trivial
solution.
2.3 A New MPCC-Constraint Qualification

In a similar way as for MPCC-MFCQ), we extend the definition of CRSC constraint qualification to introduce
the MPCC-CRSC, which is new in the MPCC literature.

Definition 2.11. Let 2* € Z. MPCC-CRSC holds at z* if for any partition 9°, UZ° U T = I9(z*)
such that

> MVgi(z®) + Zm: MNVhg(2*) — > MVG;(x*) — > NIV H,(z¥)
=1

€Ly (x*) 1€TOF (a*)UZQO, 1€Z+0(z*)UZQO,
+ > AFVGi(t) + > MIVH;(z*) =0,
i€z i€ZQ%

with A >0 (i € Zy(2*)),AY and AT >0 (i € T0,), AF > 0 (i € %), A (i € Z3°) > 0, there exists § > 0
such that the family of gradients

{Vgi(x) (i € Ty), Vhy(z) (i=1,...,m), VGi(z) (i € I3), VH;(z) (i € I,)}



has the same rank for every x € Bs(x*), where

T, o= {i € T,(x")| — Vgi(z*) € Ppr(a")},
Ty =Tt (a*) U {i € T |VGi(z*) € Pp(a*)} UL,
Iy =T ) U {i € I |VH;(2*) € Par(a™)} UL

It is not necessary to add that the gradients —VG;(z*) and —VH;(z*) belong to Zy(x*). Indeed, we
already require that A and A must be non-zero respectively for the indices i € Z°) and i € ZJ° and so it
implies that these gradients belong to this set.

In the special case where there is no partition of Z°(z*) that satisfies the condition of the definition
above, then obviously the gradients are linearly independant and so MPCC-MFCQ holds at =*.

Furthermore, MPCC-CRSC is weaker than MPCC-CRCQ. Indeed, MPCC-CRCQ requires that every
family of linearly dependant gradients remains linearly dependant in some neighbourhood, while the MPCC-
CRSC condition consider only the family of gradients that are linearly dependant with coefficients that have
M-stationary signs.

We now state that this new notion of MPCC-CRSC is actually an MPCC-CQ by proving that it implies
MPCC-CCP.

Definition 2.12. We say that a feasible point x* satisfies the MPCC-CCP if the set-valued mapping R™ >
= Kypoo (l’) such that

Kupceo(r) = Z NV (x) + Z MNiWhy(z) — Z MNVG;(x) — Z NIV H; ()
i€Zy(z*) i=1 1€Z0+ (z*)UZO0 (z*) I€TH0 (% )UTO0 (%)

: M e Ry and , either \OXT = 0 either A& > 0, 7 > 0 for i € 7% (2*)}
is outer semicontinuous (Definition 5.4 [64]]) at x*, that is

lim sup KMpcc(x) C KMpcc(.’E*).

T—x*

This definition is motivated by sequential optimality conditions from [9] for non-linear programming and
extended for in [63], where it has been proved to be an MPCC-constraint qualification.

A useful lemma that we extensively use in the following results is reminded here. This result is a
Caratheodory kind lemma.

Lemma 2.2. [Lemma 7.1, [67]] Let {a; | i = 1,...,p}, {b; | i = 1,...,m} and c be vectors in R™ and
a € RE, B € R™ multipliers such that

p m
Z a;a’ + Z Bib' = ec.
i=1 i=1

Then there exist multipliers o* € RY. and 5* with supp(a*) C supp(a), supp(6*) C supp(B) and

p m

* 4 *717
E aia—i—g Gib' =c
i=1 i=1

such that the vectors , .
{a’ | i € supp(a™)} U{D" | i € supp(B”)}

are linearly independent.

The following results give a characterization of some sequences that satisfy MPCC-CRCQ and MPCC-
CRSC at their limit point. Note that this result is essential for the convergence proof of relaxation methods
for (MPCC) that will be studied in the next section, since it proves boundedness of approximate stationary
sequences.
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Theorem 2.3. Let 2* be in Z such that MPCC-CRCQ holds at x*. Given two sequences {x*},{\*} so that
up to a subsequence z¥ — x* and A\* goes to some limit A € RE x R™ x RY x RY (possibly infinite) that
satisfies

—&—ZA-"’ Vgi(x +ZA“Vh ZA“VG ZA“VH( B0, (3

i=1 i=1

and
)\G,k H k
=0 andVi € I°7(z*) lim 22— =0

g _ ; * : +0 (%
N =0Vi¢T,(z"), VieI (z*) lim i ||)\k||oo

koo [|AF||oo

Then the sequence {\*} is bounded.

Proof. Let {w*} be a sequence defined such that

wh =Y ANEVhi )+ Y Mg (ah) - > AFEVG ()~ > NPT H ().

i=1 FET,(x%) FETO+ () UTO0 () FETHO (2*)UTO0 (z%)

We can safely assume that for k sufficiently large wk ;é 0. Indeed, if up to some indice k it holds that w* = 0
for all k > k then assumption (3) implies that V f(2*) — V f(2*) = 0. So, in this case the constraints of the
problem are not playing any role and for k > k, \¥ = 0 is a valid sequence of Lagrange multiplier.

According to Lemma we may assume without loss of generality that the gradients corresponding to
non-vanishing multipliers in the definition of w* are linearly independent for all k € N. (note that this may
change the multipliers, but a previously positive multiplier will stay at least non-negative and a vanishing
multiplier will remain zero).

We prove by contradiction that the sequence {\*} is bounded. Assuming that for some indices A\* is not
bounded, therefore there exists a subsequence such that

k

— A #0.
[R5

Dividing by ||A\¥||» and passing to the limit in the equation above yields

w =Y MNVg(a) + Z AV hy (x Y. XVGEH - Y MIVH(@Y) =0,

€2y (z") H€T0F (2 ) UL (z+) {ET+O (2*)UTO0 (2*)

with A§ = 0 for j € Zt°, M = 0 for j € 7" by assumption (3).

It follows that the gradients with non-zero multipliers involved in the previous equation are linearly
dependent. MPCC-CRCQ guarantees that these gradients remain linearly dependent in a whole neighbour-
hood. This, however, is a contradiction to the linear independence of these gradients in z* since w* # 0 for
k sufficiently large. Here, we used that for all k sufficiently large supp(\) C supp(\¥).

Consequently, our assumption was wrong and thus the sequence {\*} is bounded. O

The following result is a consequence of Theorem [2:3]in the case where the limit point is an M-stationary
point.

Corollary 2.1. Let x* be in Z such that MPCC-CRSC holds at x*. Given two sequences {z*},{\*} so that
up to a subsequence t* — x* and \* goes to some limit \ € Rﬁ_ x R™ x RY x R? (possibly infinite) that
satisfies

q q
V(=) + Z ARG g (a*) + Z APV R (k) = 3 ATV G (b)) = Y TNV H(aF) - 0, (4)

i=1 i=1 i=1 i=1

11



G,k H,k
G, A

9—0Vid L (z*). VieItz*) lim —i— — €17 (2%) lim S =
NZOVEEL), WETTE) (w70 and eI i i = O

and
either \C X = 0 either A& > 0, \ > 0 for i € 7% (2*).

Then the sequence {\F} is bounded.

Proof. The proof is completely similar to Theorem It remains to verify that under the assumption
MPCC-CRSC the gradients of non-vanishing multipliers involved in the following equation

> MVgi(a®) + zm: MNvhy(2*) — > VG (x*) — > MIVH;(z*) =0

1€Zg(x*) i=1 {ELO+ (z*)UZO00 (z*) €L H0(2*)UZO00(z*)

are linearly dependent in whole neighbourhood of x*.

However, it is clear that the family of gradients considered in the definition of MPCC-CRSC corresponds
to the gradients with non-zero multipliers in the previous equation. Since by linear dependence of the
gradients at x* any gradient whose multiplier is non-zero may be formulated as a linear combination of
the others gradients. Therefore, those gradients with non-vanishing multipliers belong to the polar of the
M-linearized cone. MPCC-CRSC guarantees that these gradients remain linearly dependent in a whole
neighbourhood.

Applying Theorem [2.3| the sequence {\*} is bounded. O

We conclude this section by a consequence of Corollary that states an essential result for this section,
namely MPCC-CRSC is an MPCC-constraint qualification.

Corollary 2.2. MPCC-CRSC implies MPCC-CCP.

Proof. We prove that a point z* that satisfies MPCC-CRSC satisfies the following relation

limsup Ky poco (CC) C Kypoo (.’E*)
x—x*
Let w* be in the limsup,_,,. Ky poc(x). By definition of the lim sup there are sequences {w*}, {z*}, {\F}
with z* — z* and w* — w* such that for k sufficiently large

m

wk =3 NPEVRi () + Y AV, (ah)— > ARG (ah)— > AP H; (%),

i=1 JELg (™) JETO+ (x*)UZLO0 (z*) JETHO(z*)UZO0(z*)

with A% € Ry, either A& FATF = 0 cither A&F > 0, A% > 0 for i € Z°(2*). Moreover, for k sufficiently
large it holds that supp(\9"*) C Z,(z*), supp(AG*) C Z0F (2*)UZ%(2*) and supp(\H-F) C 700 (z*)UZ+0 ().
The sequence {\*} clearly satisfies the assumption of Corollary It follows that this sequence is
bounded and up to a subsequence we can extract a limit point A*. Consequently, by definition of A* it holds
that AS"* = 0 for j € 70, A" = 0 for j € 7 and either A{"* A" = 0 either A{"* > 0,A1"* > 0 for
j € I%(z").
So, we can conclude that w* belongs to Ky poc(2*) and therefore MPCC-CCP is satisfied at a*. O

An alternative proof could used Theorem 3.5 of [63] that state that any sequence {z*} that converges
to an M-stationary point x* is equivalent to satisfying MPCC-CCP at z*. Note that this is conceptually
equivalent to the one presented here.

We sum up this section in Figure 3] by giving the relationship between the various MPCC-CQ defined
here.
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MPCC-CRCQ
7

MPCC-LICQ MPCC-CRSC || =MPCC-CCP
MPCC-MFCQ

Figure 3: Relation between the MPCC-constraint qualifications

3 The Butterfly Relaxation Methods

3.1 Relaxation Methods

The principal aim of this paper focuses on relaxation methods to solve (MPCC|). The sketch of such a
method is described in Algorithm [I] and behaves as follows: we consider a non-linear parametric program
Ry, , where the complementarity constraints have been relaxed using a parameter ¢, > 0. A sequence {z**1}
of stationary points of R;, is then computed for each value of ¢; > 0. Such stationary points are computed
using iterative methods that require an initial point. We use the previous stationary point as an initial point.
For t;, converging to zero the sequence {2**1} converge under some mild assumption to a stationary point

of (MPCQ).

The relaxed problems R;, with a parameter ¢; are written in a general form as
min f(z

xER™ )
g9(z) <0, h(z) =0, (Ry)

We may skip the indices k£ in the notation of the parameter ¢;, when it is clear from the context that we
look at the step k.

Data:
starting vector 2°; sequence of relaxation parameters {t };
1 Begin ;
2 Set k:=0;
3 while z* ¢ Z do
4 | aMl:= stationary point of R(t) with z* as an initial point;

Algorithm 1: Generic relaxation method for (MPCC)), with a corresponding relaxed non-linear pro-
gram R;.

According to Section our aim is to compute an M-stationary point of (MPCC). A motivation
to consider such method is that the sequence of relaxed non-linear program may satisfy some constraint
qualification and then are more tractable for classical non-linear methods.

The following section introduces our new relaxation schemes called butterfly relaxations.

3.2 Butterfy Relaxations

We propose a new family of relaxations with two positive parameters (¢,7) defined such that for all i €

{1,...,q}
Fli(CE;T', t)FQi(x;t,T), lf FM(’JZ;T’, t)FQi(Z;t,’I") Z 0

< 0, otherwise

®F(G(x), H(x);t,7) = { (5)

with



where 6, : R =] — 00, 1] are continuously differentiable non-decreasing concave functions with (0) = 0, and
26’ (0)

1in%) 0,.(z) =1 Vz € Ry, completed in a smooth way for negative values by considering 6,.(z < 0) =
r—

Examples of such functions are

0;(z) = or 02(z) =1—exp r.

x4+

Those functions have already been used in the context of complementarity constraints in [34]. These new
relaxations handle two parameters r and ¢ instead of one and chosen such that

t0'(0) < r and t = w(r?). (6)
One way to write for t < 0'(0)r uses the NCP function from [67] by considering

Fii(x;r t)Foi(x;t,r), if Fii(z;r,t) + Fo(x;t,r) >0

7
—%(Fli(l';T,t)2+F2i($;t,’l")2), if FU((E;T,t)-FFQi(iC;t,T) < 0. ( )

Since these relaxations are an union of two convex sets connected on a single point we may also consider
a relaxation of the positivity constraints. The feasible set of the relaxed complementarity constraints is
presented in Figure 4| for some examples. This method is an extension of the work of [46] 47| and [38] 48]
since handling two parameters allows bringing the two "wings" of the relaxation closer.

We now introduce some notations that will be extensively used in the sequel. Since the butterfly relax-
ations handle two parameters we denote  := (¢,7) to simplify the notation and by extension f := (g, 7).
Let X; B be the feasible set of RB , which corresponds to the non-linear program related to the butterfly
relaxatlon of the complementarlty constraints defined in (5)), that is

1)
Stg( )S (x): ’ (RB)
G(x) > —re, H(x) > —Te, ¢

@?(G(w)ﬂ(w);f)(x) <0,i=1,....q
The parameter 7 depends on ¢ and r and is chosen such that
{z eR"| —Fe < G(x),H(z) <0} C {z e R" | Fii(x;r,t) + Foi(x;t,7) <0, i=1,...,q}.

As an example, one can choose 7 := 7%’(8)%‘ It is to be noted that 7 is positive by @ Later,
we discuss the asymptotic behaviour of this parameter and it is of interest to note that when ¢ = o(r) then
7 goes to 0 in the same order than r2/t, we denote 7 ~ 72/t. Figure |4 shows the feasible set of the relaxed
complementarity constraint for some relations between ¢ and 7.

The sets of indices used in the sequel are defined in the following way

Ta(x;t):={i=1,...,q | Gi(z) +7 =0}
Ty(z;t):={i=1,...,q| Hi(z) +7 =0}
Ia

w(x;it) :={i=1,...,q | ®7(G(z), H(z);1)(x) = 0}
IOt (w;8) := {i € Igm(x;t) | Fui(w;t) = 0, Fy(x;) > 0}
10 (x5t) i= {i € Zgu(x;1) | Fii(x;t) > 0, Fy(w;t) =0}
Th (x5t) i= {i € Zou(x;1) | Fii(x;t) > 0, Fy(w;t) > 0}
Ig(}{(x,f) ={ie IGH(ZL';Lt) | Fli(x;f) = Fgl(x,f =0}

We also use classical asymptotic Landau notations :
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H(x)
H(x)
H(x)

(er.)

G(x) G(x) G(x)

Figure 4: Feasible set of the butterfly relaxation for 0,(z) = % with from the left to the right : ¢ = r,
t=2r and t = r3/2.

f(x) = O(g(x)) as * — a if and only if there exists positive numbers § and M such that |f(z)| < M|g(z)|
for all | —a| < 6.

f(x) =Q(g(x)) as  — a if and only if there exists positive numbers § and M such that | f(z)| > M|g(z)]
for all |z — a] <.

f(z) = o(g(z)) as x — a if and only if for all positive constant M there exists a positive number § such
that |f(z)| < M|g(z)| for all |x — a| < 4, in other words lim,_,, % =0.

f(x) = w(g(x)) as * — a if and only if for all positive constant M there exists a positive number ¢ such

that |f(z)| > M|g(z)| for all |z — a] < 4.
f(z) ~k (g9(x)) as x — a if and only lim,_,, I#) — K with K a positive finite constant and in a classical

g(@) —
way f(z) ~k (g(x)) when K = 1.

We focus in the sequel on the properties of these new relaxation schemes. The asymptotic behaviour
of these methods are illustrated in Lemmas and Then, we move to convergence properties of the
methods considering a sequence of stationary points, which is proved to converge to an A-stationary point
in Theorem and to an M-stationary point, Corollary with some relation between the sequences
{tr} and {ri}. In both results we discuss weak constraint qualifications necessary to ensure convergence of
these methods. The main motivation to consider relaxation methods for is to solve a sequence of
regular problems. Under classical assumptions the butterfly relaxed non-linear programs satisfy Guignard
CQ, Theorem A specific kind of butterfly methods, where ¢,6'(0) = 7, for k sufficiently large, has
improved properties since they satisfy Abadie CQ, Theorem It is more realistic to consider a sequence
of e-stationary points instead of classical stationary points. Also there is a price to pay here since conver-
gence properties of most of the relaxation methods are damaged. This is discussed in Theorem [£.5] for the
formulation with t; = o(ry). Finally, numerical results will be presented in Sect. [5|and show that these new
methods are very competitive compared to existing methods.

Before moving to our main results regarding convergence and regularity properties of the butterfly relax-
ations, we provide some useful results on the asymptotic behaviour of functions 6, and ®Z(G(z), H(z);?).
Direct computation gives the gradient of ®5(G(z), H(z);t) in the following lemma.

Lemma 3.1. For alli € {1,...,q}, the gradient of ®7(G(x), H(x);t) at  is given by

(Fri(z; t) — t0.(Gy(z)) Fay (; f)) VG, (z)
+ (Fai(; 8) — t0.(Hy(2)) Fuy (2 1)) VH;(2) if Friz; 1) + Foi(z;) > 0
(t@;(Gi(ac))Fli(x; t) — Fy;i(x; f)) VG;(x)
+ (t0;.(Hi(x)) Fai(w; 8) — Fri(; 1)) VHi(2) if Fri(a;8) + Faiw; ) <0

>

VO (G(x), H(z);1)(x) =

The following result illustrates the behaviour of functions 6,. and their derivatives when ¢ and r are going
through zero.
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Lemma 3.2. Given two sequences {ry} and {ty}, which converge to 0 as k goes to infinity and Vk €
N, (rg,tx) € RZ . Then, for any z € Ry
lim 40, (z) =0.

k—o0

Furthermore, let {z*} be such that limy_,, 2¥ = 0. Then, either z* = O(ry,) and so there exists a constant
Cy €[0,60'(0)] such that,

t
lim #;0, (z) = lim Co2,
k— 00 k— o0 Tk
otherwise, i.e zF = w(ry), then
. . 123
/ < (1) 2k
B -
Proof. First part of the lemma follows from the definition of functions 6,. Indeed, it holds for all z € R
that 6,.(z) € [0,1]. Therefore, limy_,o0 tx0r, (21) = 0.
Second part of the lemma uses the fact that functions 6, are defined as perspective functions, that is for

aHZkER+ i
0 (F) =0 =
@=0(2).

k
tkH/Tk(Zk) = t—kG’ (2) .

Tk Tk

and so, computing the derivative gives

So, either z¥ = o(r;) and by 0 < §'(0) < oo

. / _ . ti / i _ . ti /
klgl;otkﬁrk(zk) = klig)lo rk@ )= lim —6'(0).

Either there exists a constant C' > 0 such that z¥ = Crj, and so

k
lim #;.0,, (z) = lim L g (Cvﬂ) = lim t—kﬂ’(C).

k— 00 k—o0 Tk Tk k—o00 Tk

Otherwise for k sufficiently large r, < 2z and by concavity of 0,

. . -7
< ! < ! = =0'(1).
0< kli)rgo ., (2x) < kli}rgo t0,., (%) klggo Tk@ (1)

O

The following lemma is a direct application of Lemma [3.2] on the convergence of the butterfly relaxation
when ¢ and r go to zero.

Lemma 3.3 (Convergence of ®5(G(z), H(z);1)). Assume that (MPCC) has a non-empty feasible set. Given
two sequences {ry,} and {ty}, which converge to 0 as k goes to infinity and Vk € N, (ry,t;) € R3 . Let {z*}
be a sequence of points such that limy_,. 2% = 2* and satisfying for all i € {1,...,q} and for all k € N

Gi(z®) > =7, Hi(z*) > -, @f(G(w),H(x);f)(a:k) <0.

Then, x* is a feasible point for (MPCC) as long as g(x*) <0 and h(z*) = 0.

We conclude this section by an example that shows that the butterfly relaxation may improve relaxations
from [46] and [48]. Indeed, it illustrates an example where there are no sequences of stationary points that
converge to some undesirable point.
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Example 3.1.

min —x1 s.tx1 <1, 0< 7y L axs >0.

z€R?
In this example, there are two stationary points : an S-stationary point (1,0) that is the global minimum
and an M-stationary point (0,0). Since, obviously MPCC-LICQ holds at the latter point it is undesirable by
Theorem [2.2.

Unlike the relazations and where for t;, = 1+ a sequence z* = (t; tx)" may converge to (0,0)

as k goes to infinity there is no sequences of stationary point that converges to this undesirable point with
the butterfly relaxation.

4 Theoretical Properties

The study of theoretical properties of the butterfly relaxation methods is split into three parts: convergence
of the sequence of stationary points, existence of Lagrange multipliers for the relaxed non-linear program
and convergence of the sequence of e-stationary points. In each case, this new technique discussed here is
proved to get the best-known theoretical properties for some choices of the parameters.

4.1 Convergence

In this section, we focus on the convergence properties of the butterfly relaxation methods and the constraint
qualifications guaranteeing convergence of the sequence of stationary points generated by the methods. Our
aim is to compute an M-stationary point or at least to provide a certificate if we converge to an undesirable
point.

Relaxation methods that converge to M-stationary points are introduced in [46] and [48]. C-stationary
points are also frequent guests in these relaxations methods as in [65] and [54].

We prove in Theorem that butterfly relaxations converge to an A-stationary point and provide a
certificate independent of the multipliers in the case it converges to undesirable points. This result is
improved to a convergence to M-stationary points for some choices on the parameters ¢ and r in Corollary
41

Another main concern in the literature is to find the weakest constraint qualification, which ensures
convergence of the method. This has been extensively studied in the thesis [67] and related papers mentioned
herein, where they prove convergence of most of the existing relaxation methods in the literature under a
hypothesis close to MPCC-CRCQ. More recently in [63] the author proves convergence of the relaxation
from [46] and [48] under MPCC-CCP.

Convergence of the butterfly relaxations under MPCC-CRCQ is proved in Proposition .1} An improved
result for some choices of the parameter ¢ and r is given in Proposition that uses our new constraint
qualification denoted MPCC-CRSC. Example [£.4] shows that our methods may not converge under MPCC-
CCP since it requires boundedness of some multipliers.

Theorem 4.1. Given two sequences {ty} and {ry} decreasing to zero such that (tx,ry) € R? satisfying (6).
Let {xF X9k NPk NGk NHE APEY be q sequence of points from R™ x RP x R™ x R3? that are stationary
points of Rf(mk) for all k € N with 2% — x*. Assume that the sequence

{ASF NE Gk kY, (8)
where for alli € {1,...,q}
niG’k = NGk — )\f"k (Fu(cck; t) — tx0,., (Gz(xk)) F21($k§£k)) )
n;{’k = >\H7k — )\;I)’k (le(xk, fk) - tka;k (Hl(xk)) Fll(xk,fk)) )

is bounded. Then, one of the three following case holds:
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(i) x* is an S-stationary point, if for all i € I°°(x*) one of the following holds:
(i.a) there exists k € N such that G;(z%) = H;(2*) = —7y, Vk > k;
(i.b) the sequence of multiplier {)\;-I)’k} is bounded;
(i.c) {IAP*) is unbounded with klggo ADF By (2% 8) = 0 for i € IOV, (2%; ) and kli_}r{)lo APE R (s dy) =
0 for i € I (2% ).

(ii) x* is an M-stationary point, if for all i € Z°(xz*) that do not satisfy conditions (i) the sequence
of multiplier {)\?’k} is unbounded and either for i € Tt (x%; ), klirrgo te0y, (Gi(a*)) = 0 either for
i e Ig%(mk;fk), kl;rrgotkﬁik(HZ(mk)) = 0.

(iii) x* is an A-stationary point, if the sequence of multiplier diverges or for all i € I°(z*) that do

not satisfy conditions (i) the sequence of multiplier {/\?’k} is unbounded and either for all i €
o (xF Ey), klim te0;, (Gi(a*)) > 0 either for all i € L9 (%5 1), klim t0)., (H;(z*)) > 0.
— 00 — 00

The boundedness assumption on the sequence is a classical assumption and is guaranteed under some
constraint qualification as shown in the next Proposition [.1]

Proof. First, we identify the expressions of the multipliers of the complementarity constraint in Definition
in function of the stationary points of RP (z*). Let {x¥, 9%, Xk \Gk NHE \®EY be a sequence of KKT
points of Rf for all k¥ € N, that by definition satisfies

q
0=Vf(z +Z)\nggl +Z>\thh( DED PP eNEL)

1=1 =1 =1

ZAHkVH +ZA‘”V<I>B(G( Y, H(z%): 83,

i=1 =1
with
gk . k g,k . k
AV =0, Vi ¢ Zy(2") and A)" >0, Vi e Z,(z")
AR 20, Vi ¢ T (2*) and AF > 0, Vi € Tg(a¥)
NI Z 0, Vi ¢ Ty (2F) and AFF > 0, Vi € Ty ()
APR 0, Vi ¢ Tau(a®; i) and AT >0, Vi € Tan (i)

Since the representation of ®P(G(z), H(x);t)(x*) immediately gives V®Z(G(z), H(x);t)(z*) = 0, Vi €
T (o tx) for all k € N. Thus, we can rewrite the equation above as

q q
—Vf(x Z AR g (2P + Z MNEGh (%) = 9SG (aR) =S RV H (28, (9)
=1 i=1 i=1
where .
)\G’k, ifi € IG(SCk; tk)
yGk AP 0! (Gi(w*)) Foilas ), if i € Ty (a3 )
’ APE R (1), if i € T59 (a¥; 1x)
0, otherwise,
PR if i € Ty (a¥;ty)
i AP 0r (Hi(a") Fui (2% ), if 0 € TG (o )
¢ )\?’kFQi(xk;tk)7 if ¢ < I(C);Ir{(l‘k;tk)
0, otherwise.
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Noticing that whenever i € {i = 1,...,q | Fi(2;7,t),(z";{x) = 0} implies that i € Z&F, (2";1),) or symmet-
rically i € {i | Fa(x;t,7),(z", &) = 0} implies that i € Z1Y (2*;1)) by concavity and ¢6'(0) < 7, for all
keN.

Since we admit that the sequence {\9F, \P-F n@k nHEL is hounded and then converges, up to a subse-
quence, to some limit denoted by {\9*, \o* nG* pH*]

These multipliers are well-defined since
Ig(xk;fk) ﬁIGH(.'L‘k;Lt;C) N ({1, R ,q} \IgOH(xk; fk)) =
IH(xk;fk) ﬂIGH(a:k;fk) N ({1, .o q} \Zg()h,(xk;fk)) =

and for k sufficiently large

0
0

)

supp(A\“F) C T (™ ix)
supp(NFF) C Ty (aF;8x)
supp(A\“F) C Tay (a*;tx)

G,k k.7 00 k.7
supp(n™") € Zau (@™ te) N ({1, ..., ¢} \ Ly (27 tk))
supp(n™*) € Tam (2% 1e) N ({1, ¢} \ Ty (2% 1r)).

Moreover, for k sufficiently large it holds

supp(n™*)

Proof that shows convergence of the sequence and weak-stationarity of z* is given by Lemma [4.3] for
€ — 0.
So, let us verify that for i in Z°% in some cases z* is an M- or an A-stationary point. Consider the various
possible cases, where we denote

. G,x G, * . H H
)\OGz:{z:l,...,q|)\Z- =n; }and)\éi::{z:l,...,q|)\i =n "}

1. If 4 € supp(A\*) N supp(A?*), then for k sufficiently large i € supp(A“"*) N supp(ATF). One has
ASHE >0, A% > 0 and

2. If i € supp(AF*) N supp(n’*), then for k sufficiently large i € supp(A“*) N supp(n>*). One has
)\f’k >0, G;(z¥) = —71, and necessarily i € IGH(mk;fk), which is not possible.

3. The case i € supp(n®*) Nsupp(A+*) is completely similar.

4. If i € supp(AF*) N AT, then niG’* >0 and n/"* = 0.

5. If i € AS Nsupp(A*), then n* > 0 and 5 = 0.

6. If i € A§ N A, then n&* = pf* = 0.

7. If i € A§ Nsupp(n*), then i € A§ Nsupp(n™*). Since n%* = 0 and n™* free, one has A>"* > 0 and
then ¢ € IGH(xk;tAk).

nit =0 <= Fu(a" ) = ), (Gi(a®)) Fai (2" 1) or ATF = 0.
Moreover t0;, (Gi(z¥)) > 0, so either APE =0 or Fy(a¥;i) = Fy(a¥;4,) = 0. Tt follows that

G,x H ,x
n;, " =mn; " =0.
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8. The case i € supp(n®*) N AL is completely similar to the previous case and leads to 4 = o = 0.

G Hx) then i € supp(n®*) N supp(n™*) for k sufficiently large and i €

9. If i € supp(n“*) N supp(n

IGH(.Tk;tk).

(a). i € I%, (x*;iy) implies that Fy;(z;1)) = Fu(2F; ), therefore G(z*) = H(z*) = 0 and n&* =

H,*
n; " =0.
(b). If i € Z2, (2¥;1),), then Fy(a*;i) =0
te6’
0 < Hi(z") = t30,, (Gi(")) < kri(O)Gi(ka),
k

therefore Fy;(2*;4)) > 0. Assume )\f”k is not bounded, then going through the limit there is a
non-negative constant C' such that

lim AP Fy(a¥; i) = C > 0,

k—o0
and so nZH’* =-C. If )\?’k is bounded, it corresponds to the case C' = 0. Furthermore either one

has
lim t,0., (G;(z*)) >0
k—o0

and so niG’* > 0 and nfl’* < 0. Either one has

lim tx0.., (G;(z*)) =0

k—oc0

and so ™" = 0 and n"* < 0.

(c). The case i € ZS% (z";4;) is completely similar to the previous case.

Indices that correspond to the first eight cases and 9.a) are indices that satisfy S-stationary condition.
Furthermore, the indices in cases 9.b) and 9.c), when the constant C' = 0, also have the sign of S-stationary
indices.

M- and A-stationary indices may appear only in the case 9.b) when C # 0 and either #6,. (G;(z*)) =0
or 0., (Gi(z*)) > 0 for i € T2} (2*;%)) and symmetrically in case 9.c). O

The following proposition proves convergence of the sequence of multipliers under MPCC-CRCQ by a
direct application of Theorem Indeed, assumption of Theorem is guaranteed by Theorem [4.1

Proposition 4.1. Given two sequences {t} and {ry,} satisfying (6) such that Vk € N, (tx,rv) € R2, both
sequences decrease to zero as k goes to infinity. Let {z% N9k \E \GE NHE NCEY be g sequence of points
that are stationary points of Rf (%) for all k € N with ¥ — 2* such that MPCC-CRCQ holds at x*. Then,
the sequence 1s bounded.

In [63], the author proves similar convergence results for the relaxations [46] and [48] using the very weak
constraint qualification MPCC-CCP, obtained by deriving the sequential optimality conditions from [9] in
non-linear programming to jMPCC. However, this constraint qualification does not ensure boundedness of
the sequence of multipliers (§]), which is necessary for our previous theorem. The following example shows
that the result of Proposition is sharp since convergence can not be ensured if MPCC-MFCQ holds at
the limit point. Furthermore, since MPCC-MFCQ is stronger than MPCC-CRSC a similar behaviour can
be observed with the later MPCC-CQ.

Example 4.1. Consider the following two dimensional example

min  x9 5.t 0 <z +x§ Lz >0.
(z1,22)€ER?
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MPCC-MFCQ holds at (0,0)T. However MPCC-CRCQ obviously fails to hold at this point. In this case the
point (0,0)T is even not a weak-stationary point. Indeed, given a sequence z* € Tgy such that z* — (0,0)T
then \G% = Nk = 0 and we can choose \®F that satisfies

Hk 1
=—.
2x5

So, in this case there ezists a sequence of stationary points that converges to an highly undesirable point.

Theorem [f.T]describes the various sequences that can arise from these relaxation methods in a constructive
way. Indeed, it shows that in general the butterfly relaxations may converge to some undesirable A-stationary
points. This theorem also provides a certificate independent of the computed multiplier that detects during
the iterations, whether the method converges to this kind of undesirable point.

According to condition (iii) from Theorem if we detect for k sufficiently large that there exists an
index i € Z9(z*) such that

either i € Zoh, (2%, klim ti0, (Gi(z*)) > 0 either i € TLY (z"; ), klim ti0r. (H;(z")) > 0
—00 — 00

then z* converges to an A-stationary point and not more. This is a priori not a trivial task, since the set
of multiplier at those points is not bounded and an M-stationary point may be defined for only a subset
of multipliers among the unbounded set of multiplier at this point. The following examples illustrate this
phenomenon.

Example 4.2.
min 2%+ 1T + 2 — }xl + x9
(z1,22)ER2 1 2 2 .
0 S X1 1 X9 Z 0

There exist two stationary points : an A-stationary point (0,0)T and the global minimum (%,O)T. Similar

computation gives two stationary points for the Butterfly relaxation with tp =, Yk € N : (1/2,0)T
and a point (x1,72)T such that

1
xr1 = ter(l‘g), 0= 5 + tﬁr(xg) + 229 — telr(xg)(l — QtGT(.’Eg) — $2).

Example gives another example with an A-stationary point. However, in this case the butterfly
relaxation can not converges to this point as the multiplier are too large.

Example 4.3. This example is very similar to the previous example and consider

min x% +Z‘1$2+$§ —x1 + 2o

(z1,22)ER2 )

0 S X1 1 i) Z 0
There ezists two stationary point : an A-stationary point (0,0)T with multipliers \¢ = —1, N\ =1 and the
global minimum (%, 0)T" with multipliers \¢ = 0, \f = %, which is S-stationary. Notice that \¢ and \Y are

unique for each stationary point since MPCC-LICQ holds at any feasible point.
Simple computation gives two stationary points for the Butterfly relaxation with ty = g, Vk € N
(1/2,0)T and a point (x,y) such that

xr1 = t@r(afg), 0=1+ t@,l(xg) + 229 — te;(ﬂh)(l — 2t0r($2) — .IQ).

However, the previous equations never holds for t6'(0) < r.
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The following corollary of Theorem shows that for some choice of parameters we can get rid of the
undesirable A-stationary points. It is an essential result, since it shows that a subfamily of the butterfly
relaxations has the desired convergence property.

Corollary 4.1. Given two sequences {t;} and {r} decreasing to zero such that (t;,7;) € R% Vk € N
and ty, = o(ry) for k sufficiently large. Let {x% N9k NPk \GE NHE \PEY be o sequence of points that are
stationary points of Rf(xk) for all k € N with 2% — x*. Assume that the sequence is bounded. Then,

*

z* 1s an M-stationary point.
Proof. Condition (iii) Theorem can not hold by Lemma O

For this relation between the parameters ¢ and r, we can improve the result of Proposition [{.I] by a
straightforward application of Corollary

Proposition 4.2. Given two sequences {ty} and {ry} decreasing to zero such that (t,r;) € R Vk € N
and ty = o(ry) for k sufficiently large. Let {xF, A9k Nk \GF NHE \PEY be o sequence of points that are
stationary points of Rf(xk) for all k € N with 2% — x* such that MPCC-CRSC holds at x*. Then, the
sequence 18 bounded.

In conclusion, a sequence of stationary points of the butterfly relaxation with ¢, = o(ry) that satisfies
MPCC-CRSC at its limit point converges to an M-stationary point.

The following example shows that this result is sharp, since it illustrates an example where MPCC-
CRSC does not hold and the method converge to a undesirable weak-stationary point. This phenomenon
only happen if the sequence of multipliers is unbounded multiplier.

Example 4.4.
min 23 5.t 0<a2? L ay +a3>0.
(z1,22)€R?

The feasible set of this example is the set Z = {(x1,22)T € R? | 11 = 0} U {(z1,22)T € R? | 27 = —a23}.
There is a unique stationary point (0,0), which is M-stationary with (\¢,\ = 0).

It is easy to verify that MPCC-CCP holds at this point. However, MPCC-CRSC fails to hold at any point
(0,a € R)T since the gradient of x2 is non-zero for x # 0.

In this example the butterfly relazation method may fail to converge to a weak-stationary point. Indeed,
for x* = (0,a # 0)” we can find a sequence = such that for ty, i, sufficiently small Fo(x*;tx) = 0 and

1

k / k 2 k P,k k.}p
xy = tr0 xry +a Ty =a, A\ "1 vt = ——— 57
1 k rk( 1 )7 2 ) 1( ’ k) _tkggnk (xllc a2)

In this case, we have
G,k 1

= o0 and nF =1,
o0y, (2} + a?) K

Ui

which is not a weak stationary point, since n"F #£ 0.

We conclude this section by the case where satisfies MPCC-LICQ and then M-stationary point
are undesirable, as for instance in Example

It can be seen from their definitions that M- and S-stationary points coincide if strict complementarity
holds. That is why in the literature convergence to an S-stationary point is usually guaranteed under an
hypothesis relative of the indices that do not satisfy strict complementarity. An asymptotically weakly
non-degenerate hypothesis was first introduced in [28] in this context.

Definition 4.1. A sequence {z*} is asymptotically weakly non-degenerate, if x* — x* as {{1.} L 0 and there
is a t* such that for t € (0,t*) one has

Gl(xk)

{2k
Ho (o) G <1 (€T | Gilah) £0)

1< <L (€T | Hi(a") #0) and —1< Frrp <
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In [46], convergence of their approximation scheme to an S-stationary point has been proved if the
sequence {z*} satisfies the asymptotically weakly non-degenerate assumption for (KDB). Theorem [4.1] gives
a full description of the sequences of points converging to an S- stationary point and a similar result could
be derived here. This is illustrated by the following example.

Example 4.5.
1
: 2 2
m — + —x5 —2
(ml,zgl?elR?'xl 7172 + 53 — 231
0<zy La>0

There is one S-stationary point (1,0) and one M-stationary point (0,0)T. It is essential to note here that
MPCC-LICQ holds at (0,0)” and so this point is undesirable.

Using the relazation we get two M-stationary points (1,0)7 Vt and (t, 2t)T which doesn’t satisfy
asymptotically weakly non-degenerate assumption.

Considering the butterfly relaxation, it follows that (xy,z2, A&, A A?) € R? x Ri satisfy

0=2x1 — 29 — 2 — \E + NP (Fy (1) — t0).(21) Fo(x; 1))
0= 2+ %;@ N f AR (Fy (23D — 0 (22) F (23 6),

with A*Fy (25 1) Fy(w;1) = 0, \621 = 0, \lxy = 0. There exists a sequence (;U’f757x’2“75)T that tends to (1,0)7,
which verifies
2 &

ot =110, (%), 2% — a2k —2 tx0,., (b)) (xh — §x1) =0, with /\g’k -1,

and a sequence (§ yp, 25 )" that tends to (0,0) , which verifies

2 ,
x’f = ti0y, (xlg), m’f - gxg — th’m (aclg)(Q - 2x’f + mg) =0, with x’f = w(rg), )\ff — 00.
However, the latter sequence does not satisfy the asymptotically weakly non-degenerate hypothesis for t and

r sufficiently small.
It should be noted however that this result is not sharp as shown by the following example.

Example 4.6 (Tangi).

1
min  (2z1 — x2)4 4+ —5t0<zy Lx9y>0.
(z1,22)T €R? T122 + 1
It is clear that (0,0)T is the global minimum and satisfies MPCC-LICQ. So, it is an S-stationary point
by Theorem . The relazation (KDB)) possesses a global minimum in x(t) = (4,¢)", which converges to
(0,0)T as t goes to 0 and does not satisfy the asymptotically weakly non-degenerate assumption.

According to [63] one important feature of stationary point that satisfies MPCC-LICQ is that the mul-
tiplier associated are unique. Further research may propose heuristics to try to avoid this undesirable case
of computing an M-stationary point that satisfies MPCC-LICQ.

4.2 Existence of Lagrange Multipliers of the Relaxed sub-problems

In this part, we consider regularity properties of the relaxed non-linear programs. Indeed, in order to
guarantee the existence of a sequence of stationary points the relaxed non-linear programs must satisfy some
constraint qualifications in the neighborhood of the limit point. The butterfly relaxations satisfy Guignard
CQ as stated in Theorem which is equivalent in term of regularity to the relaxation (KS|). The butterfly
relaxations with ¢6’(0) = r are more regular as they satisfy Abadie CQ, see Theorem

In our proofs we use the following results from [67] which allows to compute the tangent cone of X’ {B and
its polar.
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Lemma 4.1. [[67], Lemma 8.10] For allt > 0 and all © feasible for Rf,
Txf (z) = UIgIgOH(x;E)TX(i,J)($)7

where X (t,1) is the feasible set of the non-linear program NLP; ;(z) with I C IXy (x;t) defined as

(NLP; 1(z))

where I U I¢ =TI, (v;t) and I N I°¢ = 0.

We also need the following lemma that links the gradients of G and H with the gradients of F(x;r,t)
and Fy(x;t,r).

Lemma 4.2. Let I € P(I%,(x;t)). Assume that the gradients
{Vygi(z) (i € Iy(z)), Vhi(z) (i=1,...,m),
VGi(w) (i € T () UTEY (x:0)), VH (") (i € T (x: 1) U LSS (z: 1))

are linearly independent. Then, MFCQ holds at x for (NLP, ;(x)).

Proof. We show that the gradients of the constraints of (NLP; ;(z)|) are positively linearly independent. For
this purpose, we prove that the trivial solution is the only solution to the equation

= Y MVgi(a Z/\th + > AVGi(x)+ > AMIVH(x)

€Ly (x) zGIG(x'f) i€Ly (x;t)
+ > A VOE(G(x), H(x):t) + > vV (2;d) = Y v/ VEy(a31)
1€ZLY (2 ) UZEh, (238) iel iel
- Z ,UJZFIVFM(I,tA) —|— Z [L,f?QVng(QS,tA),
icle icle

with A9, NG N NS pFr pFe Py P2 >0, By definition of Fy(x;r,t) and Fy(x;t, ) it holds that

VEi(x;t) = VGi(x )*W'( ( ))VH( )-

The gradients of ®(G (), H(x);#) is given by Lemma
We now replace those gradients in the equation above

0= > MVg(x)+ Y MVhi()
1€Ly(x) =1
q

+> VGi(x) (A? + AP (Fui(; ) — Foi(a; 1)19,(Gi())) — v 10,(Gi()) — v + i 0, (Gi(@)) + i )

37 Vi) (M 4+ AP (Bailas§) = Pri(as D10, (Hi(@)) = v/ "0, (Hi(@) = v + uf*00, (H: (@) + uf* )
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with supp()\g) C Zy(x ), supp(\Y) C Ig(x t), supp(\?) C Zg(x;t), supp(\®) < TEY (258) U T2, (251),
supp(v1) C I, supp( 2) C I and supp(pf™) C I¢, supp(u'®) C I¢ where TUI¢ = I, (z;) and TN I°¢ = (.
Using the assumption of linear independence of the gradients gives that the solution of the equation

above satisfy the following system of equations

M =0,\"=0,A=0, =0

— AP Py (25 0)t0.(Gi(x)) = 0 and AF Fy;(w; ) = 0 Vi € IO, (w3 1)

A Fyi(w;6) = 0 and — AP Fyi(z; 010 (H; () = 0 Vi € IY (x;1)

— 10l (Gi(x)) — v[> =0 and — v/*t0(H,(x )) vit=0Viel
pFrt0! (Gix)) + pl? = 0 and pf>t0) (Hi(z)) + pl* =0 vie I°

Z

From the second and third equations it follows that AY = 0. The second last equation for i € I gives

vFr = U0 (Ci(a)).

This implies that VF = u = 0 by non-decreasing hypothesis on 6 and non- negat1v1ty of v; 1 and Z/Z-F 2

We proceed in the exact same way with the last equation to get u* = puf> = 0.

This completes the proof that the trivial solution is the only solution to our first equation and so the
results follows. O

Now we move to the theorem stating the constraint qualifications satisfied by the butterfly relaxations.

Theorem 4.2. Let x* € XfB such that MPCC-LICQ holds at x*. Then, there exists t > 0 and a neighbour-
hood U(x*) of x* such that the following holds for all t € (0,%]. If x € U(z*) N XfB, then standard GCQ for
Rf holds in x.

Proof. First we note that it always holds that ,,Sf)"(B(w) - T)‘;B(x). So, it sufficient to show the reverse
i i

inclusion.
The linearized cone of R7 is given by

ZLyr(x) ={d € R" | Vgi(2)Td <0, i € Z,(2), Vhi(z)Td=0,i=1,....m
VGi(x)Td >0, i € Ig(x), VH(z)Td >0, i € Ty(x)
VoL (G(z), H(z);t)(2)Td <0, i € To (2;0) UL ().
Let us compute the polar of tangent cone. Consider the non linear program (NLP, ;(z))) with I € P(Ig(}[(x, t)).
By construction of U(z*) and ¢, the gradients {Vg;(z*) (i € Z,(z*)),Vh;(z*) (i = 1,...,m),VGi(z*) (i €

T9(z*) U I%F (z*), VH;(z*) (i € ZF0(x*) UZ%(2*))} remain linearly independent for all € U(z*) by
continuity of the gradients in a neighbourhood and

Iy(x) € Zy(a")
Ia(x) € I%(a*) U™ (%)
I(x) CIT(a") UI®(a")
Ty (1) U Ty (w; 1) € I(a) UL (a¥)
T (1) U Iy (1) € TH0(a™) U T (%),
Therefore, we can apply Lemma that gives that MFCQ holds for at z. Furthermore, by
Lemma .1 and since MFCQ in particular implies Abadie CQ it follows

Txf () = Urczo (@) Tvrpn (@) = Urczon @i Lnipin(@)-
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By [[11], Theorem 3.1.9], passing to the polar yields
XoiB( ) - mICI"O zt)gjs]Lp i [)( )

and by [[11], Theorem 3.2.2]

Lyrpin@ ={veR" o= XV +ZAth — Y AVGix) — S AVH(x
€Ly (x) i€Zg(x) 1€ZH (x)
+ > AVOP(G(x), H(z); ) = Y AIVGi(2) + ) ATV Gy(x)
1€ZEY (2 D)UIEE, (25) i€l iele
= MIVH(z) + Y MIVH () M09 M AT > 0}
iel iele
Taking v € T;(’{B (z) implies v € Z% ;o (x) for all T C T2, (w;t). If we fix such I, then there exists some

multipliers A* and A7, A9, A7 A% > 0 so that

= > NVgi(x ZAth — > AVGi(z)— > M'VH(x > MVOB(G(x), H(x);1)
i1€ly(x) i€Zg(x) i€Zy (x) Z€I+0 (x5 t)UI b (@)
=D AVGi(x) + Y AFVGi(x) = Y M VHi(z) + > M VH ().
iel iele i€l iele
Now, it also holds that v € f]%LP : Ic)( x) and so there exists some multipliers Nand A9 NG E \® >0
such that

> )\ngi(x)Jri)\?Vhi(z)f > ONVGi(x)— > A'VH(z) + > AVOE (G(x), H(x); 1)

i€Zy(z) =1 i€Zc(z) i€Zp (v) i€ZLY ()T, (w3f)
+Y AVGi(x) = > AVGi(x) + Y MIVH(x) = > A!VH(x
i€l iele i€l iele

By construction of ¢ and U(z*) the gradients involved here are linearly independent and so the multipliers
in both previous equations must be equal. Thus, the multipliers )\G and A\ with indices i in I U I¢ vanish.
Therefore, v € £7 () and as v has been chosen arbitrarily then T/{,’B( r) C ZLos ().

t

The result follows since it always holds that £ 5 (z) C Tos(z).
t t D

The following example shows that this results is sharp since Abadie CQ does not hold on Example [£.7]

Example 4.7.

min x) s.t. 0<xy Lxy>0.
(11,12)6R2f( ) =" 2=

At x* = (0,0)7 it holds that VOB (G (x), H(z);t)(z*) = (0,0)T and so Lys(z*) = R2, which is obviously
different from the tangent cone at x*.

Regarding the butterfly relaxation with ¢6’(0) = r an improved regularity result holds.

Theorem 4.3. Let x* € th’(O):r such that MPCC-LICQ holds at x*. Then, there exists t > 0 and a
neighbourhood U(z*) of x* such that the following holds for all t € (0,t]. If x € U(z*) N th'(o):w then

standard ACQ for Rw, holds in x.

(0)=r
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Proof. The proof follows exactly the ones of Theorem until we compute the tangent cone of th'(o):r as

th,(o):T (J?) = UIQZ%UH(g;;i)TNLP(t,I) (x) = UIQZ%OH(QJ;E)XNLP@J) (x),

since in particular ACQ holds in z for . A simple computation gives the linearized tangent cone
for
i, (x)={deR" | Vg(z)Td <0, i € Iy(x), Vhi(z)'d=0,i=1,...,m
VGi(x)'d >0, i € Ig(z), VH;(2)Td >0, i € Ty (2)
VFy(z;r, t)i(x;t)Td <0, VFy(x;t,r),(z;t) >0, i€ 1
VE (z;7,t),(x;6)Td > 0, VFy(x;t,7),(2;t) <0, i € I°
VOB (Gx), H(z): D) d <0, i € I, (x:) UL (2:)}.

Moreover one has for all T C T2, (x;1),
VE (z;r,t),(x;t) = VH;(z) — t0,.(Gi(2)) VG;()
=VH;(z) = VG;(x) = =V EFy(z;t,r),(x; 1),

since t0'(0) = r and for all i € I, (x;1) it follows that G;(z) = H;(z) = 0.
It is to be noted that

Urczon, @ipld € R" | VH(2)Td < VGi(), i € I ; VH(x)"d > VGi(x), i € I} =R".
Therefore, it holds that

UIQI%OH(w;f)"E/ﬂNLP(tJ)(‘I) = {d € R" ‘ ng(l‘)Td S 07 1€ Z-g(l'), Vhl(.’ll‘)Td = 0, 1= 1, o.M
VGi(x)'d >0, i € Tg(x), VH;(z)'d >0, i € Ty (z)
VOB (G(a), H(z); 1) d <0, i € I8 (2 1) UTEY, (2;9) )

Thus, UIQI%OH(x;f)XNLP(M)(x) = Zyn (z) and the result follows. O

t0/(0)=r

This result is sharp since very weak constraint qualification like quasinormality and CCP does not hold

in example

Example 4.8. We show that CRSC and CCP do not hold in z* = (0,0)” for the relazation R%,

It holds that V‘Dg/(o)zr(ﬂf*) = (0,0)T, therefore V(Dg,(o)zr(x*) € —Z(x*)°. However, for any x in a
small neighbourhood around x* the gradient VCI)EQ,(O):T(:C*) # (0,0)T. So, the rank is not constant in this
neighbourhood and CRSC does not hold in x*.

In order to verify that CCP does not hold in x*, we check that there exists an AKKT sequence that does
not converges to a KKT point. Given {zF}, {\GFY {NEF} INTFY such that

(0)=r-

Jim v F@®) + APV, )2y () = XIFVG () = MEVH () = 0

lim min(A¢’k, —‘I)(Btgf(o)zr) (xk)) =0

k—o00
lim min(A“* G(z*)) =0
k—o0
lim min(AF, H(z%)) = 0.
k—o0
We can find a sequence x* such that .0, (H(z¥)) — 0, Fi(a*;,) =0, Fo(2F;ix) > 0 and N\F = m,

NGk %, MNE 5 0 s0 that CCP does not hold at z*.
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The following example shows that we can not have a similar result with MPCC-MFCQ instead of MPCC-
LICQ for Theorem

Example 4.9. Consider
ngl—i—ng_xle.
MPCC-MFCQ holds at x*, since the gradients are linearly dependent but only with coefficients \& = —\

that does not respect the condition given in Definition [2.10,
Now, taking a sequence of stationary point such that ¥ — z* = (0,0)T and

Fy(a; ) = 0,—t0;, (H(2")) — 1.

Since VG(x*) = VH(z*) it holds that VFy(x;t,r)(x*;0) = (0 0)T and so MFCQ does not hold for
FPu).

Both Theorem [4.2] and Theorem [£.3] are slightly disappointing since MPCC-LICQ is a quite strong
assumption. Fortunately, the following result guarantees that the difficulties are only localized in indices i
of z* that belongs to Z°(z*).

Theorem 4.4. Let x* € XfB be such that MPCC-LICQ holds at x*. Then, there exists t > 0 and a
neighbourhood U (z*) of z* such that the following holds for allt € (0,1]. Ifx € U(.Z'*)QXEB and Iy (x;1) = 0,
then standard LICQ for R? holds in x.

Proof. Following the same path than Lemma the gradient of the Lagrangian for Rf at x € U(x*) for £
sufficiently small gives

0= > MV +ZAth + Y VGi@A+ > VH@)A!

i1€Lq(x) zEIG(ac) 1€y (x)
+ ) VGi(z) (A (Fu(a:t) — Fa(a; D)t0,(G + > VHi(x) (AF (Fai(as£) — (s £)t0).(H;(2)))) -
i€ZEY) (wit) zeng(x f)

Using the assumption of linear independence of the gradients and
Zy(z")
I%(z*) U I ()

I0(a*) UT™(2%)

1) CI(2*) U IOt (2¥)

1) CTHO(2*) U (2¥)

gives that the solution of the equation above satisfy the following system of equations

N =0\ =0,2¢=0)\ =0
— AL Foi(;8)t0,(Gy(x)) = 0 and )\<DF21(

z;t) =0 Vi € Ioh (;1)

z)) =0Vie LY (1)

From the second and third equations it follows that A¥ = 0. So, the only solution is the trivial solution.
Thus, the result follows. O
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4.3 Convergence of the ec-stationary points

Non-linear programming algorithms usually compute sequences of approximate stationary points or e-
stationary points. This approach that has become an active subject recently alter significantly the con-
vergence analysis of relaxation methods as stated in [46], 49, [50] and [63].

Previous results in the literature in [50] provides convergence to C-stationary point for the relaxation
and the one from Lin & Fukushima, [54], at the limit point and under hypothesis on the sequence
€k, respectively e = O(tx) and e, = o(t2). Furthermore, they provide a counter-example with sequences
converging to a weak-stationary point if this conditions does not hold. Although in [50], they prove that
relaxation , and converge only to a weak stationary point and require more hypothesis on
the sequences €, and zj to improve to a C- or an M-stationary limit point. In the following theorem we
prove that the situation is similar with the new butterfly relaxation method.

Lemma 4.3. Given {i;} a sequence of parameter satisfying @ and {ex} a sequence of non-negative pa-
rameter such that both sequences decrease to zero as k € N goes to infinity. Let {x* A}, be a sequence of
ex-stationary points of 1) for all k € N with 2% — x*. Let {n©*}, {n'F} be two sequences such that

Gk AP 4 XPF (402, (Gi(a®)) Faa(2; i) — Fug(a®; 1)) if Fua(a®; ) + Fas(a®;8) > 0
! )\.G’k—f—)\;)’k (ng(xk'tk) —tkﬁ;k(G( ))Fh(a? 3Tk ) lth(LL‘ tk)-i-FQZ( ; k) <0

i)
7y
i {AHk+A4’k(tk9'( (%) Fyy (aF fk) Fai(a*:83)) if Fui(e®sfi) + Fai(a:43) > 0
)

7 ’

AR NDR (Fy(aks ) — 00, (Hy(2F)) Foi(2%;8,)) i Fra(a®;de) + Foi(2®; ) < 0

fori € {1,...,q}. Assume that the sequence of multipliers {\'"* N9k nGk nHEY is bounded. Then, z* is a
weak-stationary point of (MPCC]).

About the choice of the sequence ¢ it is of interest to see that ¢, = o(ry) implies that ¢, = o(7x) by
definition of the latter.

k

Proof. By definition, since z* is an ¢ stationary point for Rf it holds for all k € N

q
H —S—Z)\-‘L Vgi(x +ZA“Vh( B =) OAPPVG ()
i=1 i=1

<Ek

—ZAHkVH +ZA“V<1>B(G( ), H(x); 1) ()

i=1 =1

with
|hi(z®)| < ex, Vi€ {1,...,m}

gi(z®) < e, NF >0, )\f’kgi(xk)‘ <epVie{l,...,p}

Gl(l'k) + 7 > —€p, )\iG’k >0,

)\Gk(G( )+Tk)‘§€le€{l”q}

Hi(z") + 7 > —ep, NTF >0,

7

MNP (H () + 7)< e Vi € (L. a)

K3

O (Gz), H(x):t)(z*) < e, AT* 20,

2

?’kq)f(G(x),H(x);f)(xk)‘ <eVie{l,... q)

The representation of ®2(G(x), H(x); )(z*) immediately gives V&2 (G(z), H(x);t)(z*) = 0, Vi € T2 (x*; )
for all k£ € N. Thus, we can rewrite the equation above as

Vf(x +Z)\nggl +ZAthh( )= nEFvG (zF)

i=1 i=1 i=1

oo
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Besides, the sequence of multipliers {\** A9k &k pHFY is assumed bounded. Therefore, it follows that
the sequence converges up to some subsequence to some limit point

{ARE NSRS E LRy = (AR A9, 0% ™).
It is to be noted that for k sufficiently large it holds

supp(A?*) C supp(\?

supp(“*) C supp(n)

supp(n™*)  supp(n™).
We prove that (z*, \*, A9, n“ nH) is a weak-stationary point. Obviously, since ¢ | 0 it follows that z* € Z,
VoLl poo (@, A A9 % nfl) = 0 by previous inequality and that A = 0 for i ¢ Z,(z*). It remains to show
that for indices i € Zt%(z*), n¥ = 0. The opposite case for indices i € Z°* (2*) would follow in a completely

similar way. So, let i be in Z7%(z*).
By definition of eg-stationarity it holds for all & that

ARG (%) + )] < e
Therefore, )\iG’k — ko0 0 since €, | 0 and G;(z%) — G;(z*) > 0.
Now, there is two possible cases either Fy;(x"; ;) + Fyo;(x¥; 1) > 0 either Fy,;(2F; ;) + Fy (2F; ;) < 0.
Consider the case Fy;(z¥;%y) 4+ Fa;(z¥; ) > 0 and denote

OéH(.Ti-c; tk) = —tke;k (Gi(ibk))FQi(fEk; tAk) + Fu(.%‘k; lgk)
aG(a:f;tk) = —t;ﬂ;k (Hi(xk))Fli(xk;fk) + ng(;ck;fk).

It remains to prove that o (z¥; £, )A*"" =4 . 0. Assume by contradiction that
. k
klirgo o 2k AP = ¢ <, (11)

which is necessary a finite value by boundedness hypothesis of the sequence of multiplier. Obviously the
sequence {A\?*} must be unbounded otherwise does not hold.

Additionally, limy_,e0 Fis(z%; )AT" = 0 since |AP*®B(G(x), H(x);#)(z¥)| < ex. So, by we have

i

that lim af (z%;t,) = Gi(x*) > 0 and therefore Jim ol (zF; ) ADF = Jim Gi(zF)AP* = 0o. Boundedness

% %

assumption in the statement of the theorem implies that 7/ is bounded and so

lim AP — %@k )" < oo

k—o0
The complementarity conditions on H;(z*) > —, gives that necessary H;(z*) ~ —7 otherwise )\f{ * would
be unbounded.

However, this leads to a contradiction with A®* — oo, since )\?’kFl (z;7,t)(x*) — 0 gives that )\?’kr_k < e
and we assume in the statement of the theorem that e, = o(r;). So in the case Fy;(xF; ;) + Foi(2¥;£) >0
it holds that 7" = 0.

Let us consider the case Fy;(z¥;%y) + Fa;(2¥;%,) < 0. As pointed out above it is true by (5) that
Fii(2%;tx) — H;(z*) and Fy;(2*; ) — Gi(x*). Therefore, for k sufficiently large this case never happen
since we choose i € Z0F (x*).

G

This conclude the proof that ;" = 0. The case i € Z0*(x*) is completely similar by symmetry and

gives that n/"* = 0 for i € Zt%(z*). So, x* is a weak-stationary point. O
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Lemma 4.4. Given {i,} a sequence of parameter satisfying (6) and {e;} a sequence of non-negative parame-

ter such that both sequences decrease to zero as k € N goes to infinity. Assume that ¢, = o(max(G(z*), H(z*)))
and t, = o(ry,). Let {x* \¥};. be a sequence of e).-stationary points of for all k € N with 2% — x*. Let

{n*}, {n™*} be two sequences defined in (L0). Assume that the sequence of multipliers {\"F \9-* nk pHk}
is bounded. Then, x* is an M-stationary point of .

Proof. First part of this proof that shows convergence of the sequence and weak-stationarity of =* given by
Lemma A3l
We now consider indices i € Z°(z*). Our aim here is to prove that * is an M-stationary point. Assume by
contradiction that there exists a subsequence K C N and i € %9 (z*) such that n"*n* — n&*nf* +£ 0
and either niG’k <0or nZH’k <0.

Without loss of generality suppose that ‘Ge(#)‘ —k 0. Indeed, the case IHE(#)I —k 0 is similar by

symmetry and the case IHE(#)I — K> O,m — k> 0 is not possible by definition of ¢.

(k (kK
Let o and B be such that 7@951(%(2’“)) 7@952&&&))

be unbounded otherwise z* is an S-stationarity by non-negativity of A\&* and A1k,
Consider the case with o # 1 and Fy;(2¥; %) + Fa;(2¥; ;) > 0 then

Sk (o koh _tk‘HT‘k(Hi(mk) k

and so AP Fy;(2%; 1)) — 0. By hypothesis and by definition of ¢ we necessarily have —G;(z*) ~x 7, and
Fi(z%; ) > 0 otherwise A" — 0 and then n"*nf"* = 0. Therefore, it holds that G;(z*) > t40,, (H;(z¥)) ~
H;(x*)26'(0) with G;(«*) < 0 and so, H;(2*) = Q(ry) since 7 ~x g when ¢, = o(r). In these conditions,
Fy(a;7,1), (2% 6) ~k 7 = wleg) and so A" Fy;(¢; 1) — 0. However, this leads to a contradiction with

A®* unbounded and « # 1.
In the case with a # 1 and Fy;(z*; ;) + ng(xk;fk) < 0 then

) <

and so A" Fy(2%; ) — 0. Furthermore, it necessarily holds that Fy;(z*;{;) < 0 otherwise n*n ™ > 0.
We now consider two cases :

— a and — B. Obviously the sequence {\%"*} must

)

)

et

1. If G;(2%) > 0, then by \)\iG’k < €,/Gi(2%) it follows that )\Z»G’k — 0 and so nia’k — 0.

2. If G;(z¥) < 0, then in a similar way as in the case a # 1 and Fli(a:k;fk) + ng(xk;fk) > 0, it is
necessary that —G;(z*) ~x 7 otherwise AZ* — 0 and so by Fy;(«*;{1) < 0 we have H;(z*) = Q(ry).
Furthermore, we have |H;(z*)| < 7 + € and then Fy;(x*;;) = w(ry). The contradiction follows from
the fact that A?’kFli(xk;fk) — 0 since in these conditions Fu(mk;fk) = w(ek).

In both cases we get a contradiction.
Now, if & = 1 then necessarily § # 1. Indeed, the case a = § =1 is not possible since it implies that

Gi(z*) ~ t10r, (Hl(ack)) and H;(z*) ~ 10y, (Gi(xk)),
which is in contradiction with 5 = o(r). Considering 3 # 1 and Fy;(z*; fk) + Foi(x®; fk) > 0 it follows

ween )= | rem

)\?’kFQi(:Ck; lgk) (1 —

‘% — 0 since by a = 1 we have |G;(z%)| < |H;(z%). Tt follows that A?’kFQi(xk;fk) — 0. Now, we

consider two cases :
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1. Hy(z*) >0 : By |N"*(H;(2%) + 7,)| < e, and e = o(7;), we have A7 — 0 and so /" — 0.

2. Hi(z*) < 0 : In order not to violate our hypothesis, Fy;(z*;%;) must be non-negative. That is

H;(z%) > t1.0,, (Gi(z¥)) and so |H;(2*)| < |G;(z¥)|, which is a contradiction with a = 1.
In every cases we get a contradiction and so x* is an M-stationary point. O

Theorem 4.5. Given two sequences {t;,} and {r;} satisfying (€) such that Vk € N, (t,r) € R%, both
sequence decrease to zero as k goes to infinity. Let {x% \9* \WE NGE NHE A®EL e ¢ sequence of points
that are ex-stationary points of Rf(zk) for all k € N with ¥ — x* such that MPCC-CRSC holds at x*.
Furthermore assume that t, = o(ry) Yk € N sufficiently large and that the sequence {ey} is such that
er. = o(max(G(x*), H(x*)) and ex = o(ry). Then, v* is an M-stationary point.

Proof. The proof is direct by Lemma and Corollary that ensures boundedness of the sequence
under MPCC-CRSC. O

In the weaker conditions of Lemma boundedness of the sequence should be expected under MPCC-
CRCQ in similar way as Proposition

The following example from [48] shows that the butterfly relaxations with ¢, = o(r
undesirable A-stationary point without the hypothesis that e, = o(max(G(z*), H(x*)

) may converge to an
).
Example 4.10.

min 29 —21 st 0<xzy Ly >0.

(z1,22)T €R?

Let ty, = r} and choose any positive sequences {ry} and {ey} such that ri, e, — 0. Consider the following
e-stationary sequence
€k

€ A~ ~
2h = (e, )T, AGE =0, ME =1 2R, (5’“) Fi(ak 1)) — Fa(a®;d))

and
ok _ 1 .
720y, (ex) Fo(xF;ty)) — Fi(xk;ty)

This sequence converge to x* = (0,0), which is an A-stationary point.

We see on Figure that the butterfly relaxations with e feasibility is similar to relaxation (SS|). Therefore,
it is not surprising that we can only expect to converges to a C-stationary point without strong hypothesis.
Those issues clearly deserves a specific studies that is left here for further research.

5 Numerical Results

In this section, we focus on the numerical implementation of the butterfly relaxation methods. Our aim is
to compare these new methods with the existing ones in the literature and show some of their features. This
comparison uses the collection of test problems MacMPEC [51]. This collection has been widely used in the
literature to compare relaxation methods as in [36] 46} [68]. The test problems included in MacMPEC are
extracted from the literature and real world applications.

We also present an example of an that illustrates the difficulties that may occur by dealing with
e-stationary points.

Finally, an adaptation of the butterfly relaxations to the mathematical program with vanishing constraints
is presented.
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H(x)

(-r,-r)

G(x)

Figure 5: Feasible set of the butterfly relaxation with 2t = r and a constraint ®(G(z), H(z);{) < e.

5.1 On the Implementation of the Butterfly Relaxations

As pointed out through this paper, the butterfly relaxations handle two parameters ¢ and r. It can be
practical to choose a relation between both parameters. Among the infinite possibilities of relationship
between t and r, at least two are specific :

(i) t = r, since as stated in Theorem this relaxation is more regular, but may converge to undesirable
A-stationary points, Theorem [4.1}

(ii) ¢t = o(r), for instance t = r3/2 which ensures convergence to M-stationary points as stated in Corollary

sl

Practical implementation could consider a slightly different model, by skipping the relaxation of the
positivity constraint and adding a new parameter s in order to move the intersection of both wings in the
point (G(z), H(x)) = (s,s). This can be done by redefining Fy(x;r,t) and Fs(z;t,r) such that

Fyi(z;r,s,t) = (Hi(x) — s — t0,(Gi(x) — s))

Fyi(z;r, s,t) = (Gi(x) — s — t0,.(H;(x) — 9)).
Even if we did not give any theoretical proof regarding this modified system, this modification does not alter
the behaviour of the butterfly relaxations.

The numerical comparison of the butterfly relaxations with other existing methods considers the three
schemes illustrated in Figure [§]:

L Bi=p: (s=0,t=1)
2. B(t=r3/2) : (5 = O’t — 7’3/2)
3. Bls—tat=r) : (s =12t =7)

Each scheme is duplicated whether we omit or not the relaxation of the positivity constraints. The models
with this relaxation are denoted B(J;:T) with a + as a superscript. So, we use 6 different butterfly schemes
with very different properties.
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H(x)
H(x)
H(x)

G(x) G(x) G(x)

Figure 6: butterfly relaxations from left to right :B;—,), B(s=t2t=r) and B(_,a/2).

5.2 Comparison of the Relaxation Methods

We provide in this section and in Algorithm [2] some more details on the implementation and the comparison
between relaxation methods. It is to be noted that our aim is to compare the methods and so no attempt to
optimize any method has been carried out. We use 101 test problems from MacMPEC, where are omitted
the problems that exceed the limit of 300 variables or constraints and some problems with evaluation error
of the objective function or the constraints. Algorithm [2]is coded in Matlab and uses the AMPL API.

R;, denotes the relaxed non-linear program associated with a generic relaxation, where except from the
butterfly methods the parameter r, does not play any role. At each step we compute z**! as a solution
of R; starting from x¥. Therefore, at each step the initial point is more likely to be infeasible for R;, .
The iterative process stops when t; and r; are smaller than some tolerance, denoted pni, which is set as
107! here, or when the solution z**! of R; is considered an e-solution of (MPCC). To consider 25+ as
an e-solution with e set as 10~7 we check three criteria :

a) Feasibility of the last relaxed non-linear program: vy(z) := max(—g(z), |h(z)|, —®(z)),

b) Feasibility of the complementarity constraint: veomp () := min(G(z), H(x))?,

(¢) The complementarity between the Lagrange multipliers and the constraints of the last relaxed non-
linear program :

ve(z) = max (|lg(z) 0 Alcc, [A(x) 0 N'loo, [|G(2) 0 A oo, [ H () 0 X [, |97 (G (), H(2): E)(2) 0 A® )

Obviously, it is hard to ask a tighter condition on the complementarity constraint since the feasibility only
guarantees that the product component-wise with less than e. Using these criteria we define a measure of
optimality
min_local(z) := max (V¢(), Veomp (), Ve()) .
A fourth criterion could be the dual feasibility, that is the norm of the Lagrangian. However, solvers like
SNOPT or MINOS do not use this criterion as the stopping criterion. One reason among other to discard
such a criteria could be numerical issues implied by the degeneracy in the KKT conditions.
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In the case of an infeasible or unbounded sub-problem R; , the algorithm stops and return a certificate.

Data:
starting vector x°; initial relaxation parameter tq; update parameter (o4, 0,.) € (0,1)? and pyi, the
minimum parameter value, ¢ the precision tolerance ;

1 Begin ;

2 Set k:=0;

3 while max(tx, ;) > Pmin and min_local(z) > € do

4 zF*1 solution of Ry, ,, with 2 initial point;

5 (tht1, Thg1) i= (thog, Tr07)

6 return: f,,; the optimal value at the solution z,,; or a decision of infeasibility or unboundedness.

Algorithm 2: Basic Relaxation methods for (MPCCJ), with a relaxed non-linear program R;, .

Step Ml in Algorithm [2]is performed using three different solvers accessible through AMPL, [27], that are
SNOPT 7.2-8 [29], MINOS 5.51 [59] and IPOPT 3.12.4 [70] with their default parameters. Previous similar
comparison in the literature only consider SNOPT to solve the sub-problems.

We compare the butterfly schemes with the relaxations and that we respectively denote SS
and KS. Moreover, we also take into account results of the non-linear programming solver without specific
MPCC tuning and denote it NL.

In order to compare the various relaxation methods we need to have a coherent use of the parameters. In
a similar way as in [67] we consider the value of the "intersection between G and H", which is (¢, ¢) for KDB,
KS and Butterfly , (v/#, /%) for SS and %(L t) for SU. Then, we run a sensitivity analysis on several values
of the parameters T € {100, 25,10,5,1,0.5,0.05} and S € {0.1,0.075,0.05,0.025,0.01}, which corresponds
to to and o; as described in Table

Relaxation | NL | SS | KS | Butterfly
to none | T2 T T
ot none | S? | S S

Table 1: Parameter links among the methods

SS KS | Butterfly
(V. vt) | (tt) | (1)

Table 2: Link between the parameters of relaxation methods.

In [39], the authors consider as a stopping criterion the feasibility of the last parametric non-linear
program in particular by considering the complementarity constraint by the minimum component-wise. Table
B] provides our result with this criterion. We provide elementary statistics by considering the percentage of
success for each set of parameter. A problem is considered solved in this case if criteria a) and b) are satisfied.

First, we see that the method NL is giving decent results. It is not a surprise as was pointed out in [25].
Practical implementation of relaxation methods would select the best choice of parameters so that we focus
most of our attention to the line ’best’. In all cases, the relaxations manage to improve or at least equal
the number of problem solved by NL. By using SNOPT, KS and butterfly with ¢ = r3/2 methods get 1% of
improvement and with IPOPT the method butterfly with ¢ = r3/2 is the only one that attains 100%. The
relaxation methods seem to give a significant improvement over NL with MINOS. In this case, it is clear that
the butterfly methods benefit from the introduction of the parameter s and the method with s =¢,2t = r is
very competitive.
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Solver snopt NL SS KS B—ry | Bs=t,2t=r) B(t:TS/z)
best 97.03 | 97.03 | 98.02 | 97.03 97.03 98.02
average 97.03 | 95.02 | 94.71 | 95.39 93.89 94.88
worst 97.03 | 91.09 | 91.09 | 92.08 91.09 91.09
std 0 1.64 2.09 1.50 1.97 2.42
Solver minos | NL SS KS Bii=r) | Bis=t2t=r) | Bu=rs/2
best 89.11 | 94.06 | 93.07 | 90.10 95.05 89.11
average 89.11 | 91.20 | 90.89 | 83.54 91.06 81.92
worst 89.11 | 87.13 | 87.13 | 77.23 86.14 76.24
std 0 1.50 1.44 2.81 2.15 2.89
Solver ipopt NL SS KS Bi=r) | Bs=t2t=r) | Bu=r3/2
best 98.02 | 99.01 | 98.02 | 99.01 98.02 100
average 98.02 | 98.16 | 96.38 | 94.03 93.89 94.79
worst 98.02 | 95.05 | 93.07 | 89.11 88.12 88.12
std 0 0.97 | 1.99 2.62 2.80 3.60

Table 3: Sensitivity analysis for MacMPEC test problems considering the feasibility of (MPCCJ|). Results
are percentage of success. best : percentage of success with the best set of parameter, worst : percentage of

success with the worst set of parameter, average : average percentage of success among the distribution of
(T, s), std : standard deviation

Our goal by solving (MPCC|) is to compute a local minimum. The results using the local minimum
criterion defined above as a measure of success are given in Table [d] Once again we provide percentage of
success.

Solver snopt NL SS KS Bi=r) | Bs=t2t=r) | B=r3/2
best 92.08 | 94.06 | 96.04 | 96.04 97.03 96.04
average 92.08 | 90.78 | 91.17 | 92.08 90.04 92.33
worst 92.08 | 83.17 | 86.14 | 87.13 82.18 87.13
std 0 3.15 | 2.59 2.45 2.86 2.77
Solver minos | NL SS KS Bi=r) | Bis=t2t=r) | Bu=rs/2
best 85.15 | 94.06 | 93.07 | 88.11 94.06 87.13
average 85.15 | 90.94 | 90.18 | 81.92 90.04 80.11
worst 85.15 | 87.13 | 86.14 | 76.23 85.15 74.26
std 0 1.50 1.62 2.65 2.31 2.95
Solver ipopt NL SS KS | Bi=r) | Bs=t2t=r) | Ba=rs/2)
best 91.09 | 93.07 | 93.07 | 94.06 93.07 94.06
average 91.09 | 91.82 | 89.84 | 89.05 88.80 89.02
worst 91.09 | 90.10 | 86.14 | 84.16 84.16 81.19
std 0 1.14 | 2.19 3.09 2.72 3.86

Table 4: Sensitivity analysis for MacMPEC test problems considering the optimality of (MPCC|). Results
are percentage of success. best : percentage of success with the best set of parameter, worst : percentage of

success with the worst set of parameter, average : average percentage of success among the distribution of
(T, s), std : standard deviation

In comparison with Table[3] this new criterion appears to be more selective. Independently of the solver,
the relaxation methods with some correct choices of parameter provide improved results. Using SNOPT
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as a solver, the methods KS and butterfly gives the highest number of results. The method butterfly with
t = r3/2 even improved the number of problem solved by SNOPT alone in average. In a similar way as in the
previous experiment the butterfly method benefit of the introduction of the parameter s when using MINOS
as a solver.

The relaxations and have been discarded after preliminaries results. Indeed numerical
difficulties can arise that are explained in the following two examples. In particular the following example
illustrates one these difficulties for the relaxation (KDB]). It is to be noted that both methods have received
a special attention in [47] and [67] to solve the sub-problems that handle those issues.

Example 5.1 (KDB infeasible).

min x1 — To
rER?

21 <0, 22 <0
0§£L’1L3’J220

The feasible set of relaxation KDB is always empty for t > 0.

5.3 An Example of Numerical Difficulties

In this section, we illustrate the possible numerical difficulties that can arise by solving a (MPCC|) with
relaxation methods.

Example 5.2. Consider the problem

min exp(—2? — x3) + exp(—z3)
z€R4

s.t. w3 < (2 + a3 — 1) (22 + 25 — 10) + 24,
x4+ 22 —10<0,23 <0,
0<az?+22—-11ax3(—23 —x2+10)>0.
The feasible set is the union of two circles, {x € R* |3 =24 =0, 2?2 + 22 =1} and {x € R* |23 = 24 =
0, 22 + x3 = 10}. In this ezample, all the feasible points are local minima.
Let us now compute the stationary points of the problem. The gradient of MPCC-Lagrangian function
equal to zero yields
—2exp(—a? — x2)xy — 2X 2 (22 + 22 — 10) + (22 + 22 — 1)) + 20z — 20%2; + 20y 23 = 0,
—2exp(—a? — 23)ws — 2N o (2% + 25 — 10) + (27 + 22 — 1)) + 2XJz2 — 20%2s + 2\ 2o23 = 0,
—exp(—x3) + 2Maz — A (=22 — 22 4 10) = 0,
—)\? + 2)\%.%4 =0.

It is clear that necessarily x3s = x4 = 0, thus /\ﬁl =0 and

—exp(—a} — 23)z1 + Az — A9y = 0,
—exp(—2? — a)xy + My — A2 = 0,

—1 =M (=22 — 22 +10).

The third equality gives that 2 + x3 # 10, thus \j = 0. Furthermore, by the inequality constraints it is
necessary that 3 + x3 = 1 and so either x1 or x4 is non-zero. It follows that A\ < 0 and

—exp(—1) =A% <0.
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N2y 0] 1]2]3
0 o| C|C | M
1 c|c|C|M
2 C|C| M| M
3 M M| M| M

Table 5: Sensitivity analysis depending on the initial point (2%, 29,0,0) on Examplenby using the butterfly
relaxatlon method t=r3/2 Wlth T =0.5,5s = 0.01 and SNOPT as a non-linear solver. Legend: o: error, C:
circle 2 + 3% = 1, M: circle 22 + y2 = 10.

relaxation solver output last parameter T To T3 Ty
(last iter.)
NL SNOPT 401 . 0.1929 | 0.9812 | 0.0117 0.0001
SS 401 2.5e — 13 0.1929 | 0.9812 | 0.0112 0.0001
KS 401 5.0e — 15 0.1930 | 0.9811 | 0.0112 0.0001
B(t:T,S/Z) 401 5.0e — 15 0.1927 | 0.9812 | 0.0116 0.0001
NL MINOS 0 . 0.7266 | 0.6870 | 0.0005 | 2.8389%e-7
SS 0 2.5e — 9 0.7266 | 0.6870 | 0.0007 | 5.3595e-7
KS 0 5.0e — 5 0.7265 | 0.6870 | 0.0005 | 3.1903e-7
By—y3/2) 0 5.0e — 5 0.7266 | 0.6869 | 0.0005 | 3.5130e-7
NL IPOPT 0 . 0.1819 | 0.9833 | 0.0100 | 9.9999¢-5
SS 0 0.25 0.1961 | 0.9805 | 0.0100 | 9.9999¢-5
KS 0 0.5 0.1961 | 0.9805 | 0.0100 | 9.9999¢-5
By—r3/2) 0 0.5 0.1961 | 0.9805 | 0.0100 | 9.9999¢-5

Table 6: Example with initial point (0.1,0.5). output 0 is a success and output 401 is iteration limit
message.

To sum up, any point that satisfies x2 + x3 = 1 is C-stationary and is a local minimum, while any point
that satisfies x3 + x3 = 10 is not stationary, despite the fact that it is a global minimum.

Up to this point, we may notice that the points that belong to the circle of centre 0 and radius /10 that
are the global minima of the problem are sequentially M-stationary. Indeed, let (x%, 2% 2% %) = (0, V10 —

k
L0,1/k), Nk = — L <0, \GF =, A{k:M AP =0 and 209F = kADF,
2

10—z 2A7 *( zy )

We run Algorithmwith T =0,5and s =0,01. Tableshows that the butterfly relaxation with ¢ = 7-3/2
may converge to both circles depending on the initial point. Note that for (z¢,29) = (0,0) the algorithm
declares the problem infeasible. We do not give the results for other methods and other solvers here, but it
has a similar behavior.

Those results may be surprising since it is proved that this method should converge to an M-stationary
point and not less. So, in theory the algorithm should have some difficulties to compute Lagrange multiplier
at this point. We run Algorithm 1 with methods NL, SS, KS and butterfly ¢ = 73/ on this example. Results
are presented in Table [6]

We see that independently of the solver all of the methods converge to a C-stationary point. In the cases
of IPOPT and MINOS, the solvers exit with a success output and even more, they satisfy our local minimum
criterion.

Those disturbing results are explained by Theorem and related results in the literature that illustrate
the fact that computing e-stationary point may perturb the convergence properties of these methods. We
also point out here that local minima of the problem are not M-stationary and so by Theorem MPCC-
GCQ does not hold at these points. Moreover, this example does not contradict the Theorem since in
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Figure 7: MPVC

particular MPCC-CRSC is not verified at any feasible point of the problem.

5.4 The Butterfly Relaxation for Mathematical Program with Vanishing Con-
straints

We consider the mathematical program with vanishing constraint

/@)

s.t. g(z) <0, h(z) =0, (MPVC)
H(z) >0,
Gz(x)Hl(l‘) < 07 =1, y 45

with f : R" - R, h: R* - R™, g : R" — RP and G,H : R" — R?. This problem was first proposed
by Achtziger in [4] motivated by applications in topology design and in mechanical structures problems.
This problem can be reformulated as an (MPCC]|), however this runs at some constraint qualifications issues

explaining why we need to propose specific numerical methods even so they are very close to methods for
(IMPCC). The feasible set of the vanishing constraint is given on Figure

Relaxation methods from previous sections can be adapted to this case by considering the parametric
non-linear program

Recent literature extend relaxation methods for to the problem . [5, 41] deal with the
smooth method by Scheel & Scholtes, [3] consider a nonsmooth reformulation, [37] uses the local regu-
larization from Steffensen & Ulbrich and finally [38] adapt the new paradigm of relaxation method with
convergence to M-stationary point in particular the method by Kanzow & Schwartz.

Following the same path, we can extend the Butterfly relaxation method for MPVC :

@577”)1,(;10) = G,(z)(Hi(z) —t0,.(Gi(2))), i=1,...,q

where 6 is defined as before.

In order to validate this approach we run the method on an application of MPVC to truss topology
optimization that was described in depth in chapter 9 of the monograph [36].
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sovler x* f(x*) | last value of ¢
SNOPT | (0,5)T 10 0,5
IPOPT | (0,0)T 0 4,67.107%
MINOS | (0,0)" 0 0,5

Table 7: Butterfly (MPVC)) relaxation with ¢ = r3/2 on Example [5.3| with initial point (6,6).

Example 5.3.
min 4z + 2x9
z€R?
1 20, 22 >0,

(5v2 — 1 — x9)x1 <0,
(5 — X1 — :L‘Q).’L'Q S 0.

The feasible set of this example is given in Figure[8] As the geometry indicates, numerical methods based
on feasible descent concepts generally converge to the point & = (0,5v/2)”. The unique global solution to
the problem is the point #* = (0,0)7". In practical application this point must be excluded by an additional
constraint, and then the unique optimal solution to the problem is the point z = (0,5)7.

We run butterfly relaxation tailored to on Example using an initial point inside the feasible
domain z° = (6,6)”. Results are presented in Table Iﬂ with solvers SNOPT, IPOPT and MINOS. In two
cases the butterfly method manages to converge to the global optimum and in the third case it converges to
the point (0,5) which is a local minimum.

6 Concluding Remarks

This paper proposes a new family of relaxation schemes for the mathematical program with complementarity
constraints. We prove that these methods have the same theoretical properties as the best-known methods
of [48] and [46] in the literature while extending them.

Convergence of the method is proved under the new and weak MPCC-CRSC condition. This new
definition is also completed by the characterization of approximate stationary sequences that are proved to
be bounded under this condition.

We provide a complete numerical study with remarks regarding the implementation as well as a numerical
comparison with existing methods in the literature. These numerical experiments show that the new butterfly
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schemes are very competitive. We also provide an example that illustrates some of the pitfalls that solvers
may encounter while solving those degenerate non-linear programs.

The mathematical program with vanishing constraint is also a difficult non-linear program that need
special care to handle. It appears as we shown that the butterfly schemes can also be adapted to this class
of problems.

Further research, may focus on the two main difficulties regarding relaxation schemes that are the conver-
gence of approximate stationary sequences and the existence of Lagrange multipliers. A discussion regarding
the former problem a been initiated in [50] and appeal further discussion.
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