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Abstract

We have already constructed solutions to the Kadomtsev-Petviashvili
equation (KPI) in terms of Fredholm determinants and wronskians of or-
der 2N. These solutions have been called solutions of order N and they
depend on 2N — 1 parameters. We construct here N-order rational solu-
tions. We prove that they can be written as a quotient of 2 polynomials
of degree 2N(N + 1) in z, y and ¢t depending on 2N — 2 parameters. We
explicitly construct the expressions of the rational solutions of order 4 de-
pending on 6 real parameters and we study the patterns of their modulus
in the plane (z,y) and their evolution according to time and parameters
ai, a2, as, b1, bz, b3.

PACS numbers :
33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd

1 Introduction

We consider the Kadomtsev-Petviashvili equation (KP) which can be written
in the form
(dus — 6Uly + Ugzg )z — Uy = 0, (1)



subscripts x, y and ¢ denoting partial derivatives.

Kadomtsev and Petviashvili [1] first proposed that equation in 1970. That equa-
tion is considered as a model, for example, for surface and internal water waves
[2], and in nonlinear optics [3]. In 1974 Dryuma showed how the KP equation
could be written in Lax form [4]. The inverse scattering transform (IST)for the
KPI equation is due to Manakov [5].

The first rational solutions were found in 1977 by Manakov, Zakharov, Bordag
and Matveev [6].

From the end of the seventies, a lot of methods have been carried out to solve
that equation. Dubrovin constructed for the first time in 1981 [7] the solutions
to KPI given in terms of Riemann theta functions in the frame of algebraic
geometry.

Various researches were conducted and more general rational solutions of the
KPI equation were obtained. We can mention the following studies of Krichever
in 1978 [8, 9], Satsuma and Ablowitz in 1979 [10], Matveev in 1979 [11], Free-
man and Nimmo in 1983 [12, 13|, Pelinovsky and Stepanyants in 1993 [14],
Pelinovsky in 1994 [15], Ablowitz and Villarroel [16, 17] in 1997-1999, Biondini
and Kodama [18, 19, 20] in 2003-2007.

In particular in 1999, the inverse scattering method has been applied by Prinari
to obtain solutions to the KPI and KPII equations [21].

In the following, we recall the results of the author about the representations
of solutions to the KPI equation. We have expressed the solutions in terms of
Fredholm determinants of order 2N depending on 2N — 1 parameters. We
have also given another representation in terms of wronskians of order 2N with
2N — 1 parameters. These representations allow to obtain an infinite hierarchy
of solutions to the KPI equation, depending on 2N — 1 real parameters .

We have used these results to build rational solutions to the KPI equation,
making a parameter to 0 tend to 0.

Here we construct rational solutions of order N depending on 2N —2 parameters
without the presence of a limit. That gives a new method to build rational
solutions.

We prove that these families depending on 2N —2 parameters for the N-th order
can be written as a ratio of two polynomials of x, y and ¢ of degree 2N (N + 1).
That provides an effective method to build an infinite hierarchy of rational
solutions of order N depending on 2N — 2 real parameters. We present here
only the explicit rational solutions of order 4, depending on 6 real parameters,
and the representations of their modulus in the plane of the coordinates (z,y)
according to the real parameters a1, by, as, ba, ag, by and time t.



2 Rational solutions to KPI equation of order
N depending on 2N — 2 parameters
2.1 Families of rational solutions of order N depending on
2N — 2 parameters

We need to define some notations. First one defines real numbers A; such that
1< A, <1l,v=1,...,2N depending on a parameter ¢ which will be intended
to tend towards O; they can be written as

Aj=1-2¢%% Anyy=-);, 1<j<N, (2)

The terms k,, 0., vy, 7» and z,, are functions of A,, 1 < v < 2N; they are
defined by the formulas :

1-2; .
/Q]:Qﬂ, 5j:K.7>\.77 VJ:\/;)\J”
Ly g = (r — 1) In XIZ, r=1,3, Tj = _121')\?\/1_7)\?_ 4i(1 N )\i)ﬂ’ (3)

— — . J— -1
KEN+j = Kjs  ON4j = =05, YN+ =7 »
Ty, N+j = —Zrj,, TN+j =Tj J:1u7N

e, 1 <v < 2N are defined in the following way :

. 2M-1 . k ~1/2M-1 . k
ej =21 leq/:l ag(je)* " i k/:1 bc(je)* +1) 5
exey = 2 (S k(o) DAY G ) 1< <N, ()
ap,bp €eR, 1<k<N-—1.

€y, 1 <v < 2N are real numbers defined by :
Ejzl, EN+j=O 1S]§N (5)

Let I be the unit matrix and D, = (d;jx)1<jk<2n the matrix defined by :

= (0 T (2222 Y expliv 2+t s e, (9
e N T e

Then we recall the following result! :

Theorem 2.1 The function v defined by

Iyl
v(z,y,t) = =2 W (7)
where
n(x,y,t) = det(I + Ds(x,y,t)), (8)

LThe proof of this result has been given by the author (50, 53]



d(z,y,t) = det(I + D1(z,y,t)), 9)

and DT = (djk)lgj,k§2N the matriz

dy, = (=1)% H (W) exp(ik, @ — 20,y + Tt + Trp + €,). (10)
n#p R

is a solution to the KPI equation (1), dependent on 2N — 1 parameters ay, by,
1<k<N-1ande.

We recall a second result on the solutions to KPI equation obtained recently
by the author in terms of wronskians. We need to define the following notations

¢rp =5in0,,, 1<v<N, ¢, =cos0,,, N+1<v<2N, r=13, (11)

with the arguments

Oy = B2 +i0,y — i — it +yw—i%, 1<v<2N. (12)

We denote W,.(w) the wronskian of the functions @1, ..., ¢ on defined by

Wr(w) = det[(ag;_l(br,u)u, nelL,..., 2N]] (13)

We consider the matrix D, = (dyu)y, uef,...,2n] defined in (10). Then we have
the following statement?

Theorem 2.2 The function v defined by

9 [Wa(d3.1, - - d3.285)(0)]
(Wi(¢1,1,- -+ d1,07)(0))°

s a solution to the KPI equation depending on 2N — 1 real parameters ay, by
1<k <N -1 ande, with ¢, defined by

v(x,y,t) =

Grp(w) = sin(%5% + by — %5~ —iZt+yw—i%), 1<v <N,
Grp(w) = cos(55E +id,y — i

Kys Ou, Ty, Yo, € being defined in(3), (2) and (4).

From those two preceding results, we construct rational solutions to the KPI
equation as a quotient of two determinants.
We use the following notations :
Ry X . LT3 Ty €y
+ 0,y —i—— —i—t—i—
2 vty T T
2The proof of this result has been given [50, 53].

X, =

- —iFt+ypw—i%), N+1<v<2N, r=13,



AWV Tut €y

2 Oy —imm —ig iy

for 1 <v < 2N, with &, d,, ., defined in (3) and parameters e, defined by
(4).

We define the following functions :

Y, =

45—-1 . 45
Oajr1e =V, sinXp,  @ajron =7 cos Xy, 14
_ 4G+ Gy _ 4542 X (14)
Paj+3,k = — Vi SN Ak, Paj+a,k = Vg COS Ak,
for 1 <k <N, and
2N —45—2 X _ AIN-4j=3 o x
P4j+1,N+k = Vg COS AN+, P4j+2,N+k = — Vg S ANk, 15
2N —4j—4 X IN—4j—5 X (15)
P4j+3,N+k = — Vg COS AN+E;, Paj+4,N+k = Vg sin Xy 1,

for1<k<N.
We define the functions v, for 1 < j < 2N, 1 < k < 2N in the same way, the
term X is only replaced by Y.

VYajt1h = vﬁj;l slin Yio  Yajeok = CZSYQIW (16)
Yajrane =~ T sinYi,  ajran =~ cos Yy,
for 1 <k < N, and
Va1, N+k = WiN -2 COS YNik, Vajpo Ntk = —VEN 4]_ sin Yy 4k, (17)
ajranek = —Vo o T eos Yven,  Yajranir =700 70 sin Yy,
for 1 <k <N.
The following ratio
W35(0)
q(z,t
(1) W1(0)
can be written as
A det(p; k)4
gty = 28 _ (@35.k)j, kel1,2N] (18)

Ay  det(¥)k);, ke[1,2N]

The terms \; depending on € are defined by A\; = 1 — 2j€2. All the functions
®jk and %,k and their derivatives depend on €. They can all be prolonged by
continuity when € = 0.

We use the following expansions

N—-1
1 0%,
Pir(@,yt6) = 3 GmenlIEe + OEN),  pialll = —55 (@.5,,0),
1=0 ’

00l = ¢j1(z,y,t,0), 1<j<2N, 1<k<N, 1<I<N-1,

N-1

1 82l .
Par ey = 3 il EH0EY),  piaall] = = Z5E (@y,1,0),

Oe2l
=0



pin+1[0] = @jne(ey,1,0), 1<j<2N, 1<k<N, l<I<N-L
We have the same expansions for the functions ;.
N-1

1 9?1,
w] k(T y7t 6 Z T 7,1 kQZ 2 + O( QN)’ 1/)];1[1] = angg’l (xay7ta0)a
=0

7/’3,1[0]:7%,1(3?7%7570)7 1SJS2N7 1§kSN7 1SZSN_17

N-1

1
Vinek(Tte) = i iR +0(EN), gy vl =
1=0

0% N 41
He2l
’(/}],N+1[0]:¢],N+1(x;t70)7 1§]§2N7 1SkSN7 N+1§k§2N
Then we get the following result :
Theorem 2.3 The function v defined by

| det((n
det((d

jk)j,ke[l,ZN])P

’U((E,y,t) = -

jk)j,ke[1,21\r])2
is a rational solution to the KPI equation (1).
(dup — 6uly + Upgs)s — SUyy = 0,

where
) 922, |
njlz@j,l(wvyat,()%lS]SQN njkzm(x yat 0)
. 8?
NjiN4+1 = cpj,NJrl(x,yvta 0)7 1< ] < 2N NiN+k = %(xvyvtao)’

2k—2 ;.
djn = ja(2,,1,0), 1 <G <2N - dji = T (2, ,1,0), (20)
o)

din+1 =VjN+1(2,9,1,0), 1 <j <2N  djnyk = #(%y,tﬂ),
9<k<N, 1<j<2N

The functions ¢ and 1 are defined in (14),(15), (16), (17).

Remark 2.1 In general solutions of KPI have the form

2
0X?

for some function F(X,Y,T), due to the formulation of solutions through the
inverse scattering method.

It is clear that the formulation given in this article is different from those given
by (21). If it were the case, then necessarily, F should be of degree 20 in X ,and
an elementary calculation proves that the expression of u would be the quotient
of a polynomial of degree 38 in X on a polynomial of degree 40 in X in the case
of order 4 of the article, what is not the case.

u(X,Y,T) = -2 n F(X,Y,T) (21)

(x’ y? t? 0)7



Proof : In each column k (and N +k) of the determinants appearing in ¢(z, t),
we successively eliminate the powers of € strictly inferior to 2(k — 1); then each
common term in the numerator and denominator is factorized and simplified;
in the end, we take the limit when e goes to 0.

First, the components j of the columns 1 and N +1 are respectively equal by def-
inition to ¢;1[0] +0(¢) for C1, ¢jn4+1[0]+0(¢) for Cn41 of Ag, and ;1 [0] +0(e)
for C1, ¥jn11[0] +0(e) for Oy, of Ay,

At the the first step of the reduction, we replace the columns Cy by Cy — Cy
and Cyir by Cnix — Cnyr for 2 < k < N, for As; the same changes for

A, are made. Each component j of the column C} of Ajz can be rewritten as
N-1

=1 ﬁ@jal [1](k*'—1)€% and the column Cy 1, replaced by Zfi}l ﬁ(pﬂvﬂ [1](k*—

1)e2 for 2 < k < N. For A;, we make the same reductions, each component
j of the column Cj can be rewritten as Zﬁ;l ﬁwﬂ[l](k‘m — 1)e? and the

column CY . replaced by leizl ﬁij“[l](km —1)e? for2<k < N.

The term k22—1€2 for 2 < k < N can be factorized in Az and A; in each column
k and N + k , and so those common terms can be simplified in the numerator
and denominator.

If we restrict the developments at order 1 in columns 2 and N+2, we respectively
get ¢;1[1] + 0(e) for the component j of Cs, ¢,n+1[1] 4+ 0(¢) for the component
j of Cnyo of Asg, and 1;1[1] + 0(e) for the component j of C3, ¢;n11[1] + 0(e)
for the component j of C'y, 5 of A;. We can continue this algorithm up to the
columns Cy, Can of Az and CY, Chy of Ag.

Then we take the limit when e tends to 0, and ¢(z,y,t) can be replaced by
Q(x,y,t) defined by :

e11[0] ... ea[N=1]  oin41[0] ... o1 Ny [N 1]
02100] ... war[N—1]  @an41[0] ... @aNy1[N —1]
. 9021\;,1[0] SDZN,I[N —1] ¢2N,1;7+1[0] 902N,N+i[N —1]
Q(z,y,t) ==
Y1a0] ... Y1a[N =1 1 n41[0] Y141 [N —1]
P21[0] ... [N —1] o n41[0] o N1 [N — 1]
1#21\;,1[0} 1/J2N,1[N — 1] 1/)2N,J;7+1[0] sz,N+;[N — 1]

So the solution to the KPI equation takes the form :

v(x,y,t) = —2Q(z,y,t)

and we get the result. O

(22)



2.2 The structure of the families of rational solutions of
order N depending on 2N — 2 parameters
Here, we give a theorem which states, in this representation, the structure of

the rational solutions to the KPI equation. In this section we use the notations
defined in the previous sections. The functions ¢ and v are defined in (14),

(15), (16), (17).
Theorem 2.4 The function v defined by

2
det((njk)j,ke[l,zzv] )

det((djk)j,ke[l,2N] ))2

v(x,y,t) = 2 (23)

is a rational solution to the KPI equation (1) quotient of two polynomials n(x,y,t)
and d(x,y,t) depending on 2N — 2 real parameters a; and b;, 1 <j < N — 1.
n and d are polynomials of degrees 2N(N + 1) in z, y and t.

The terms nji, and d;, are defined by (20) and the functions ¢ and v are defined

in (14), (15), (16), (17).

Proof : From the previous result (22), we have to analyze the functions ¢y, 1,
Y1 and @i N+1, Yr,N+1. The functions ¢y, ; and 9y, ; differ only by the term of
the argument x3 x, so only the study of functions ¢y, ; will be carried out. Then
we study functions 1y ; and it can be easily deduced from the analysis of ¢y, ;.
We study the expansions of those functions in e. We denote (Ix;),je[1,2n the
matrix defined by

a2j72 32j72
lj = Dezi—z kL lj+n = De2i 2 PRIHN 1<j<N,1<k<2N,

83—;)90 meaning ¢. Each coefficient of the matrix (Ix;j)i je1,2n] must be eval-
uated, the power of x, y and t in the coefficient of €2(™~1 for the column
m € [1,2N]. We remark that with those notations, the matrix (Ix;) je[1,2n
evaluated in e = 0 is exactly (nx;)x je[1,2n) defined in (20). There are four cases
to study depending on the parity of k.

1. Case lg for k odd, k = 2s + 1.

Loy = (—1)% sin(2e(1—€?) 2 w+4ie(1—€2) 2 (1—2€2)y— (12¢(1—€2) 2 (1—2€%)2+16¢3 (1—€2) 2 )t

1+ie(1—€?)~3 _
) a0 ZE( <) j —ep) x "1 — 62)7¥
1—ie(l—e€2)"2
p p p p (1 _ 62)_2l;1
— _1 S a3 21 2 21 1_2 2 h 2lt 2 _1 1 .21
(=1)%sin E(Z Co€” T+ 220216 (1—2€ )y-i-z 206 t+ Z( )e 7(21 1)
1=0 1=0 1=0 1=0
-1 N-1_ r
- Z ae? +i Z bie? + O(eP 1)) x ek_2(z g + O(e™))
1=1 =1 1=1



P

(=1)%sin 6(2(021z+d21y+h21t+f21—|—O(ep+1))621) X ekfz(z gl +O (€M)
1=0 =1

q I+s.21 P r
-1 €
= E ((21) ol (E (62n$+d2ny+h21t+f2n+0(€p+1))62n)2l+1Xﬁk_l(E 921621+O(er+1))
T on=0 =1

- Z (_I);(Z Py (xz,y,t)e¥™)2 1 x F1 ngezz + O(€")

=1

q T
k1 = Z e Z Bag,...,ap Po(@,y, 1) ... Py(w,y, t)or 2lart2antpay) (28 292l62l+0(€t)
=0 ap+...fap=204+1 =1

q r
_ Zeﬂ Z Qamm’ap(x’y7t)62(a1+2a2+pap) « 62s Zgzleﬂ + O(Et),

=0 ag+...+ap=20+1 =1

where Qa.....a, (7, ¥,t) is a polynomial of order 2/ + 1 in z, y and t.

Terms in € are obtained for [ = 0 in the two summations with ag = 1.

For the column m, we search the terms in €2™~2 with the maximal power in z,
y and t. It is obtained for 2l + k — 1 = 2m — 2, which gives [ =m — s — 1.

We get the following result

Proposition 2.1
deg(nost1,m) =2(m —s)—1 fors <m—1, nosyim =0 fors>m. (24)

2. Case ly for k even, k = 2s.

ler = (—1)%! cos(2e(1—€2) 2 a+4ie(1—€%) 2 (1—-2¢%)y—(12e(1—€2) 7 (1—-2¢2)?+ 166> (1—€2) 2 )t
1+ie(l—€?)~3 _
SNl N R USRI S
1—ide(l—e€2)72
1 _ 62)7%;—1
= (=1)*"tcose Zcme x+2220256 (1-2€2) y+z h2562lt+22 ) QITD
N-—1 N-— r
a2t Z b + 0 (Pt1)) x ekiQ(Z gore? + O(e"™hY)
=1 =1 =1
P T
= (—1)*" cose(D (cawtday+hayt+fau+O(er™))e ) x "2 (Y~ goie?+0(e 1))
=0 =1

q (_1)l+d+162l p r
= > g (o bt o tO(E ) (3 g O )
: n=0 =1



l+s+1 &2 p

q T
Z O Pa(w,y, )e™)* x 723 " goe® + O(€")
n=0

I= 1=1
where Pn(x, y, 1) is a polynomial of order 1 in z, y and ¢.

q 'r
k1 = Z e Z Bag,...,ap Po(@,y,1)* ... Py(w,y, t)or 2laat2antpap) (252 29216214—0(3)

=0 ao+...fap=21 =1

q T
= Z Y Qupea, (@ y, ORI 272N g O,

=0 ag+...fap=21 =1

where Qa,.....a, (%, y,t) is a polynomial of order 2/ in x, y and t.

Terms in € are obtained for { = 0 in the two summations with o = 1.

For the column m, we search the terms in €2™~2 with the maximal power in z
and ¢. It is obtained for 2] + k — 2 = 2m — 2, which gives | = m — s.

So we have :

Proposition 2.2
deg(nas.m) =2(m —s) for s <m, mngsm =0 fors>m. (25)

3. Case [ ) for k odd, k =25 + 1.

, 1+ (1 — €)~3
Lya g = (—1)° cos(2e(1—€?) 2z —die(1—€?) (1—-26%)y+iln Le)l—eﬂﬂ
2 1—ie(l—€2)"z 2
—(126(1 — €2)2 (1 — 22)2 + 1663 (1 — €2)3)t) x eMF1(1 — )= "2
)~
2 (1—2¢ hoye®'t—2 1)! 217
cose Zczle xr— 120216 € y+z 2l€ Z 20 1 1)
N-1 N 1~ r
=3 a0 b+ O(Pt) x MTEY T gue® + O(e)
=1 =1 =1

p T
COSE Z 02l$+d21y+h21t+f2[)621+O(6p+1))XGM_k_l(Z 92162l+0(67‘+1))
=0 =1
(_1)l+862l (zp:(c x_’_d +h t+f +O(€p+1))62n)2lX€M7k}71(i 62l+0(6’f+1))
7(20! 2n 2nYT21 2n g21

n=0 =1

l+s 21 P r
ZP z,y,t 2n+0(ep+1)) 6M72572(Zgﬂ€21+0(67‘+1))

=1

Ma 1M

l

Il
=

where P, (z,y,t) is a polynomial of order 1 in = and t.

q
lk,%-&-l = Z 62l Z ﬁao,“.,apPO(xa Y, t)ao
=

ag+...+ap=21

10



I
B Pp(l‘, v, t)ap€2(a1+2a2+pap) % 6M72572 Z 92l€2l + O(et)
=1

q T
Z Z Qoo o (2,9, t)EQ(a1+2a2+pap) w eM—2s—2 Z 921621+O(€t),

=0 ag+...+ap=21 =1
where Qa.....a, (%, ¥,t) is a polynomial of order 2/ in x, y and t.
The terms in € (column & + 1) are obtained for I = 0 in the two summations
with ag = 1.
For the column % +m, we search the terms in € with the maximal power in
x and t. It is obtained for 2{+2(N —s—1) = 2m —2, which gives | = m+s— N.
So we obtain the following result

2m—2

Proposition 2.3

M M
deg(n25+11m+%) =2m+2s— M for s> o5 T M Mstim = 0 for s < -5 —m (26)

4. Case Iy 1y m for k even, k = 2s.

1 ie(1 — 2y — 1
Ly = (=1)° Sin(26(1—62)%J}—4i6(1—62)%(1—262)y+i1n M— M
2 1—ide(l—e2)"2 2
—(12¢(1 — €2)7 (1 — 262)? + 1663(1 — €2)3)t) x M—F=1(1 — )~ =~
D D D 2),@
fl)ssine(z 02162l(£*2’iZCQl€2l(1*2€2)y+Z hojt— QZ l 2171
=0 =0 =0 =0 + )
N-1 N—l~ r
=D a0y e +0(rT)) x M ED gyt + 0(et)
=1 =1 =1
p r
= (—1)"sine(Y _(caztday+haut+fa)e” +O( ) xe (D" gue +0(e )
=0 =1
- l+s 2l - 1 2n\20+1 M— k 21 1
Z 21+ Z(cznm+d2ny+hglt+f2n+O(6p+ ))eX) 2 xe Zgglﬁ +0(e"™h)
=0 n=0 =1
q l+s 21 P r
Z Py(,y, )" +0(P ) x M2 (Y~ gy +0(e7))
=0 n=0 =1

where P, (z,y,t) is a polynomial of order 1 in z, y and ¢.

q
o=y ¢ >, Bao,...apPol@, y, )™

=0 ag+...fap=20+1

.
B Pp(x, v, t)ap€2(a1+2a2+pozp) « M—2s Zg2l€2l + O(€t)
=1

11



r
— Z€2l Z anw-7ap(x’y7t)€2(a1+2a2+poép)XeM*QS 292162l+0(6t)’

=0 ag+...+ap=20+1 =1

where Qa.....a, (%, ¥,t) is a polynomial of order 2/ + 1 in x,y and .

The terms in €” are obtained for [ = 0 in the two summations with ag = 1.
For the column 4 + m, we search the terms in €2™~2 with the maximal power
in z and ¢. It is obtained for 2l+ M —k = 2m —2, which gives | = m+s— N —1.
We get the following result

Proposition 2.4
deg(n2str ):2m+257 71f0r52%+1—M,
n23m+M—0f0rs< +1-m

These results can be rewritten in the following way

Proposition 2.5

deg(nj k) = 2k — j for j < 2k,

n;r =0 for j > 2k,

deg(nj k) =2k+j—2M —1 for j > 2M + 1 — 2k,
njr =0 for j <2M 41— 2k.

(28)

Now we can evaluate the degree of the determinant of the matrix (n;)x jeq1,2n-
From the previous analysis, x, y and ¢ have necessarily the same power in each
nij. The maximal power in z, y and ¢, is successively taken in each column. It
is realized by the following product

N N
H njj H NN +j,2N+1—j-
j=1  j=1

Applying the result given in (28) we get

N N

deg(det(nk; )k, jean) = Y deg(n; ;) + Y deg(nyijani1-j)
j=1 j=1

N N M
N2 UM A+1—§)—2M -1+ — 4+
;] J+;( +1—17) +5+

N
Z +ZN+1—; = N(N+1).
j=1 j=1
We have the same argument for the determinant det(dk;)r jen,2n), we have
deg(det(dy;)k jeq1,2n]) = N(N +1).
Thus the quotient
det((nkj)g kell, 2N])

det((dk] )i ke[l 2N])

12



defines a quotient of two polynomials, each of them of degree N(NN +1). As the

n(z,y,t)n" (z,y,t)
d(@,y,t)?

degrees of the polynomials |n|? and d?. So we obtain

expression of the solution v is given by , it gives the result on the

2
[det((n |

)i kell,2N] )
2
(det((dkj)j,keu,zzv] ))

is a quotient of two polynomials of degree 2N (N + 1).
]

3 Explicit expression of rational solutions of or-
der 4 depending on 6 parameters

In the following, we explicitly construct rational solutions to the KPI equation
of order 4 depending on 6 parameters.

Because of the length of the expression, it cannot be given in that paper. We
only give the expression without parameters in the appendix.

We give patterns of the modulus of the solutions in the plane (z, y) of coordinates
in function of the parameters a1, as, as, by, ba, bz, and time t.

When at least one parameter is not equal to 0, we observe the presence of ten
peaks. The maximum of modulus of those solutions is checked equal in this case
N =4t02(2N +1)2 =2x9? = 162.

Figure 1. Solution of order 4 to KPI, on the left for ¢ = 0; in the center for
t = 0,01; on the right for ¢t = 0, 1; all the parameters to equal to 0.
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Figure 2. Solution of order 4 to KPI, on the left for ¢t = 0, 2; in the center for
t = 10; on the right for t = 50; all the parameters to equal to 0.
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Figure 3. Solution of order 4 to KPI for ¢t = 0, on the left for a; = 103; in the
center for b; = 10%; on the right for ay = 10°%; all the other parameters to equal
to 0.

Figure 4. Solution of order 4 to KPI for ¢t = 0, on the left for by = 105; in the
center for az = 10%; on the right for b3 = 10%; all the other parameters to equal
to 0.
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4 Conclusion

From the previous representations of the solutions to the KPI equation given by
the author in terms of Fredholm determinants of order 2N depending on 2N —1
real parameters and in terms of wronskians of order 2N depending on 2N — 1
real parameters, we succeed in obtaining rational solutions to the KPI equation
depending on 2N —2 real parameters. These solutions can be expressed in terms
of a ratio of two polynomials of degree 2N (N + 1) in «, y and t. That gives a
new approach to find explicit solutions for higher orders and try to describe the
structure of those rational solutions.

In the (x,y) plane of coordinates, different structures appear. For a given t,
when one parameter grows and the other ones are equal to 0 we obtain triangles
or rings; for a; # 0 or b; # 0 and the other parameters equal to zero, we obtain
a triangle with 10 peaks; for ag # 0 or by # 0, and other parameters equal to
zero, we obtain two concentric rings of 5 peaks on each of them; in the last case,
when ag # 0 or by # 0, and the other parameters equal to zero, we obtain one
ring with 7 peaks.

It will be relevant to go on this study for higher orders to try to understand the
structure of those rational solutions.
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Appendix : Because of the length of the complete expression, we only give in
this appendix the explicit expression of the rational solution of order 4 to KPI
equation without parameters. They can be written as

t 2
L)

1}4(1‘, Y, t) = |
(d4(£L’, Y, t))2
with )
n4(:c, Y, t) _ F4(2.T, 4ya 4t> B ,LH4(2"E7 4y7 4t)
d4($,y,t) Q4(2l‘,4y,4t)
with
20 k
F4(X7 Y7 T) = Zk:() fk(K T)X B}
20 k
H4(X, K T) = Zéqozo hk(Y’ T)X )
— k
Qu(XY, T) =3 o (Y, T) X",
fag = 1, f1g = —60T, f1g = 171072 + 10Y2 — 30, f1; = —30780 T3 + (—540Y?2 4 2340)T, f14 =
392445 T4 + 45 Y4 4 (13770 Y2 — 78030)T2 — 1850 Y2 — 675, f15 = —3767472 TO + (—220320 Y2 4 1542240)T5 +
(—2160 Y4 + 67680 Y2 + 23760)T, f14 = 2825604076 + 120 Y S + (2478600 Y2 — 20655000)T% — 9000 Y4 +
(48600 Y4 — 1587600 Y2 —210600)T2+16200 Y2 — 19800, fi13 = —169536240 T7 4 (—20820240 Y 2 +201262320)T° +

(—680400 Y4 +23133600 Y 2 —3402000) T3 + (—5040 Y 6 4378000 Y4 — 680400 Y2 +831600)T, f5 = 826489170 TS+

210 Y8 + (135331560 Y2 — 1488647160)T0 — 27720 Y 6 + (6633900 Y4 — 234397800 Y 2 + 112776300) T4 + 224700 Y4 +
(98280 Y6 —7371000 Y4 4+14175000 Y 2 —18937800)T2+163800 Y2 —330750, f11 = —3305956680 T9+(—695990880 Y2+
8583887520)T 7 + (—47764080 Y4 41751349600 Y2 —1512529200)T° + (—1179360 Y 6 4+ 88452000 Y+ — 191872800 Y2 +
297410400)T3 + (—7560 Y8 4 977760 Y6 — 7182000 Y4 — 4989600 Y2 + 12209400)T, f1o = 10909657044 T10 4

252 Y10 4 (2870962380 Y2 — 39236485860)T% — 49140 Y& + (262702440 Y4 — 9982692720 Y2 + 12872419560)T% +
768600 YO+ (9729720 Y6 — 729720000 Y4 41852389000 Y2 —3381701400) T4 — 37800 Y4 4 (124740 ¥ 8 — 15800400 v +
106255800 Y4 — 14288400 Y2 —247268700) T2 +4517100 Y 245953500, fg = —29753610120 T11 4 (—9569874600 Y2+
143548119000)T9 + (—1125867600 Y4 4 44284125600 Y2 — 77684864400)T7 + (—58378320 Y6 4 4378374000 Y4 —
13269841200 Y 2428193734800) 7% 4 (— 1247400 Y8 +154677600 ¥ 6 —967302000 Y4 +1756188000 Y 2+3847095000) T3 +
(—7560 Y10 4 1423800 Y8 — 18824400 Y6 4 39942000 Y4 — 114345000 Y2 — 353241000)T, fg = 66945622770 T12 4

210 Y124 (25838661420 Y2 —422031469860)T10 54180 ¥ 104 (3799803150 Y4 — 154525328100 Y 2 +348315288750) TS+
1086750 Y8 + (262702440 Y0 — 19702683000 Y4 + 71839013400 Y2 — 174023526600)T® — 9991800 Y6 + (8419950 Y8 —
1021620600 ¥ 6 46070018500 Y4 — 25969167000 Y2 — 43117373250)T* 4 16584750 Y+ + (102060 Y 10 — 18540900 Y& +
201511800 Y6 —995085000 Y4 —579190500 Y 2 +8419099500)T2 4196465500 Y 236713250, f7 = —123591918960 T 13+
(—56375261280 Y 24+995962949280) T 11 4 (— 10132808400 Y4 +425577952800 ¥ 2 —1185538582800) 79 +(—900694080 v 6 +
67552056000 Y4 — 206189784000 Y2 + 801733204800)T7 + (—40415760 Y8 + 4796003520 Y — 27813391200 Y4 +
202397227200 Y 24326806326000)T° +(—816480 Y 104142884000 v'8 —1227441600 ¥ 6 4+11498760000 Y4 +23249268000 Y2 —
113429484000)T3 + (—5040 Y12 4 1239840 Y10 — 17917200 v'8 + 205329600 Y6 + 445662000 Y4 — 7613676000 Y2 —
1166886000)T, fg = 185387878440 T14 4120 v 144 (98656707240 Y2 —1874477437560)T 12 —37800 Y124 (21278897640 Y4 —
922085564400 Y2 4 3085440157800)T10 4 550200 Y10 4 (2364321960 Y6 — 177324147000 Y + 930269755800 Y2 —
2766559811400)T8 — 11428200 Y8 + (141455160 Y8 — 16408798560 Y0 + 95803722000 Y4 — 996272978400 Y2 —
1664434283400)T6 —61651800 ¥ 0+ (4286520 v 10 —721564200 Y8 +4615153200 Y6 —80658018000 Y4 —184165569000 Y 2+
1033444251000) T4 +1215837000 Y4+ (52920 Y12 -12383280 v 104106936200 Y8 —2327421600 Y6 — 11188611000 Y+ +
112283010000 Y 2 + 14967099000) T2 — 662823000 Y 2 + 178605000, f5 = —222465454128 T15 4 (136601594640 Y2 +
2777565757680) T 13 4 (—34820014320 Y4 41555203972960 Y2 —6116715848880)T 11 4 (—4728643920 Y 6 4354648294000 Y4 —
2209731678000 Y 2 +7123883936400) T +(—363741840 Y 8441224075200 Y © —250320520800 Y4 +3293296574400 Y 2 4
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46461114000)T3 + (—2160 Y 14 + 640080 Y12 — 1920240 v 10 4 265582800 Y8 + 2820106800 ¥ 6 — 30077082000 Y4 —
9787554000 Y2 — 6453594000)T, f4 = 208561363245 T16 4 45 y16 | (146358851400 Y2 — 3171108447000)T14 —
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