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Abstract

This paper focuses on Generalized Impedance Boundary Conditions (GIBC) with second
order derivatives in the context of linear elasticity and general curved interfaces. A condition
of the Wentzell type modeling thin layer coatings on some elastic structure is obtained through
an asymptotic analysis of order one of the transmission problem at the thin layer interfaces
with respect to the thickness parameter. We prove the well-posedness of the approximate
problem and the theoretical quadratic accuracy of the boundary conditions. Then we perform
a shape sensitivity analysis of the GIBC model in order to study a shape optimization/optimal
design problem. We prove the existence and characterize the first shape derivative of this
model. A comparison with the asymptotic expansion of the first shape derivative associated
to the original thin layer transmission problem shows that we can interchange the asymptotic
and shape derivative analysis. Finally we apply these results to the compliance minimization
problem. We compute the shape derivative of the compliance in this context and present some
numerical simulations.

Keywords: asymptotic analysis, generalized impedance boundary conditions, Wentzell conditions,
shape calculus, shape sensitivity analysis, compliance minimization, linear elasticity.

AMS Classification: 35C20, 49Q10, 49Q12, 74B05, 74P05

1 Introduction and main results

1.1 Introduction and general notations

This paper deals with the mathematical analysis and the shape optimization of some elastic struc-
tures coated with a very thin layer of constant thickness. Our objective is first to construct a
model problem where the thin layer effects are characterized by perturbed boundary conditions
with second order derivatives called boundary condition of the Wentzell type. Then we aim to make
a shape sensitivity analysis for this reduced problem using shape calculus tools. These subjects
find applications in various area such as elastographic imaging and structural optimal design.

On the one hand, the theoretical and numerical analysis of a thin structure could be a very
complex work. Hence, in order to overcome this difficulty, a classical strategy is to approximate an
original structure with a thin layer (see, e.g., [10, B0, 46, [16]) or a rough boundary (see, e.g., |36} 1])
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by another domain with new boundary conditions, called Generalized Impedance Boundary Condi-
tions (GIBC). The GIBC contain some informations on the geometry and the material characteris-
tics of the thin structure. For exterior problems, artificial (or approximate) conditions are another
example (see, e.g., [25] 29]). These boundary conditions are generally simple differential conditions
obtained from an asymptotic analysis of the full elliptic equations in the thin layer with respect to
a characteristic length: the thickness of the layer, the scale of the roughness, the diameter of the
artificial boundary, for the previous three examples, respectively. In linear elasticity, it deserves
to mention the book of Ciarlet [2I], where a local representation of the GIBC is proposed, and
others works [20 [IT] in the context of thin elastic plates or shells. The construction of GIBC is
also treated for example by Antoine et al [9], by Poignard [44] or by Haddar et al [31, B2 [I§] in
acoustics and electromagnetism for general three-dimensional surfaces.

On the other hand, the problem of finding an optimal shape for physical issues described by
elliptic boundary value problems is widely studied from many years. In linear elasticity, the idea
is to study the influence of the shape of a structure on its behavior as for example its rigidity. To
this end, several methods can be employed as the classical geometrical shape optimization approach
(see, e.g., the work of Murat et al. [39]), the homogenization method (see, e.g., the work of Al-
laire et al. [5]), the topological shape optimization approach (see, e.g., the work of Garreau et al. [28])
or the so-called level-set method (see, e.g., the works of Allaire et al. [7]). Several works deal about
the problem of minimizing the compliance of the structure where standard boundary conditions
are imposed on the free boundary. We can here mention the recent works of Allaire et al. [6],
Amstutz et al. [§], Novotny et al. [41] and Dambrine et al. [24]. This list of references is far from
being exhaustive and we also refer to the books of Sokolowski et al. [45], of Henrot et al. [35], of
Allaire [3} 4] and of Haslinger et al. [33] for background notions about shape optimization methods.

Finally, more recently, one can find new advances on the computation of shape derivatives
and/or the solution of shape optimization and inverse obstacle scattering problems when a GIBC
of the first and second orders are imposed on the unknown boundary. For example, we can men-
tion the works of Cakoni et al. [I5, [14] and Caubet et al. [I7] for the Laplace’s equation, of
Bourgeois et al. [12] and Kateb et al. [37] for the Helmholtz equation and of Chaulet et al. [19] for
the Maxwell’s equations.

The present paper is dedicated to the shape sensitivity analysis when first-order GIBC are
imposed on the free boundary of some elastic structures.

General notations. For a smooth bounded open set w of R? (d > 2) with a boundary T, we
denote by H*(w) and H*(T") the standard complex valued, Hilbert-Sobolev spaces of order s € R
defined on w and T respectively (with the convention HY = L?). Spaces of vector functions will be
denoted by boldface letters, thus H® = (H*)?. Moreover the tangential gradient is denoted by Vr
and the surface divergence is denoted by divp. For any vector field w, Vru is the matrix whose
the j-th column is the tangential gradient of the j-th component of w. For any matrix-valued
function F, divp F is the vector whose the j-th component is the surface divergence of the j-th
column of F. We denote by I; the d x d identity matrix. Finally, notice that for two matrices A
and B, we denote by A: B the matrix scalar product between A and B.

1.2 Setting of the problem, main results and organization of the paper

Introduction of the two considered problems. Let € be a Lipschitz bounded open set of R?,
where d > 2 is an integer representing the dimension. We assume that the solid €2 consists of an
isotropic material with a linear behavior. The boundary of 2 is such that 02 =: I'p UI' y where I'p
and I'y are two non-empty open sets of Q2 and [I'p| > 0. Let § > 0 be a fixed (small) real number
and let us define the following set of admissible shapes:

Os = {w CC Q be a smooth (at least C?) open set such that d(z,9€) > § for all 7 € w

and such that Q\w is connected}. (1.1)

Let us consider a (nonempty) inclusion w € Os with boundary dw =: I'. Then Q\@ represents a
reference configuration of an elastic solid assumed to be built on I'p. We denote by n the unit



normal vector to 92 and T' directed outward to Q\w. Moreover, H represents the mean curvature
of I and b is the signed distance.
We denote by Aey¢ the Hooke’s law defined, for any symmetric matrix &, by

Aext 5 =2 Hext 5 + )\ext Tr(g) Ida

where piext > 0 and Aext > 0 are two positive constants which represent the Lamé coefficients of
the material making up the solid and we introduce, for any u € HI(Q), the symmetrized gradient

1
e(u) := 3 (Vu +'Vu).
Let € > 0. We consider that I" has an interior thin layer with thickness € surrounding w defined by
wip i ={r+sn(x)|xeTland 0 < s <e}.

We recall that the normal vector n is directed inward the inclusion w. We set w® := w\wf, and
we denote its boundary by I'*. We also denote by n® the inward unit normal vector to I'*. In
the sequel, we use the lower index e for all quantities related to Q\@w and the lower index ¢ for all
quantities related to wi .

We introduce the following Sobolev space

H%D(Q\D) ={ve H'(2\@); v=0o0n Ip}.

Let f € L2(Q\w) be some exterior forces and a load g € H™Y/2(I'y). We are concerned with the
following transmission problem

—div Aexee(us) = f in Q\w
—div Ajpce(us) = 0 in wt,
u; = 0 onI'p
(Aexte(us))n = g on 'y (1.2)
(Ame(iNn = (Aeie(us)n onT
u; u; onI’
Ainge(ui)n® = 0 on I'e,

where A;,; represents the Hooke’s law associated to wf, with Lamé coefficients pi,, > 0 and
Aint > 0. The solution of such a problem exists, is unique and belongs to H% (NwUws,) thanks
to the Lax-Milgram theorem and the Korn’s inequality.

We introduce the following Hilbert space

V() = {¢ € L*(I) ; e, (¥) € L*(I)},

_ 1/2
endowed with the graph norm [[4[[3, .y == (”",b”%z(l—\) +|ler (1/’)”%,2(1“)) where

e (V) = %Hd (Vr’l/) + tVr’Lb) II; and Ilz:=1;—n®n. (1.3)

We denote its dual space by V'(T). Then, we set
H(Q\D) := {v e Hf_ (Q\w); v € V(I)}.

1/2
The space H(Q2\w) endowed with the graph norm ||| 0\z) := <||UHH1 @@ T H’UH%(F)) is a
Hilbert space.
We prove below (see Proposition that the solution of the transmission problem (1.2]) can be
approximated using an asymptotic analysis by the solution w € H(2\w) of the following problem
with Generalized Impedance Boundary Conditions (GIBC) on I':

—div (Aexs e(u)) = (]: in glz\w
(Aext e(u)) n - g on Ff, (1.4)
(Aexi e(w))n — edivp(o,(w) = 0  onT.



Here, we have used the following notations:

op(u) = Aine(divrw)g + 2pine e, (u) = Ainger (w) (1.5)
Aint 5 = 2 Hint g + )\int T\I‘(E) Hda .
where i,y and Aint 1= % are the modified Lamé constants of the thin layer. The well-

posedness of this problem is studied in Appendix [A] (see Proposition [A.1)).

Remark 1.1. (i) The negative Wentzell-type operator 1 — —divr(o. (1)) is a positive symmet-
ric operator bounded from V(T') to V/(T'). Indeed we have

(=divr (0. (), @)v' (), v ) Axint(divo)(divF¢)d5 + 2fint /FeF () s en(p)

(¥, =divr (o (@) v ), v/ (r)-

(i) For any ¢ € L*(T'), let set ¢, := v -n and ¥, := 1 — P n. Then we get the following
inclusion {3 € L*(I"); 4, € HY(T } C V(T') thanks to the equality

er(w) =é€r (¢t) + ¢n[D2b] .

Moreover, using the formulas given in [21, page 88], one can check that the operator 1 €
V(T)  e.(¢) € L*(T') corresponds to the operator yas defined in [21, Theorem 2.7.1].
Using an atlas for the boundary T', one can derive an inequality of Korn-type on 2-dimensional
compact manifolds without boundary from [21, Theorem 2.7.1] ensuring that there exists a
constant cg > 0 depending on I such that

1/2
(1eellas oy + IallEry) < colllvery.
In other words, the two spaces coincide, 1i.e.
{v €eL?(); 9, e H'(I)} = V(D).

We summarize the notations concerning the domains in Figure [I| below.

(a) (b)

Figure 1: Notations for the thin layer model (left) and the obtained GIBC model (right).



Main aims and results of the paper. The first aim of this work is to derive the GIBC
on I' given in Problem . To do this, we perform an asymptotic analysis on the transmission
problem with respect to the thickness of the layer. We then obtain the following main result
of this paper which gives the rate of convergence of this analysis. This part is treated in Section [2]
and uses asymptotic results given in Appendix

Theorem 1.2. If f € H!/? (Q\w), then there exists a constant C, depending only on the domains €2
and w, such that

[~ ug g o\m) < O,

where u € H(OQ\W) is the solution of Problem (1.4) and uS € HllﬂD (Q\w) is defined by Prob-
lem (1.2)).

The second main aim is to make a shape sensitivity analysis of this problem. Hence we prove the
existence of shape derivatives with respect to the shape w and characterize the shape derivative

of Problem (1.4) (we refer to Section for some reminders about the definition of the shape
derivative). Then we obtain the following second main result.

Theorem 1.3. Let V € {6 € C*> = C* N W>>(R?); supp(0) C Qs; [|0]|2,00 < min (,1)} and
let u € H(N\W) the solution of Problem (L4). The shape derivative w' of w, which belongs
to L2(Q\@), exists. Moreover, if w € H(T), then u' € H(Q\@) is the only solution of the
following boundary value problem

v (Aecew)) = 0 0o
u = 0 onT
(At e(uw))n = 0 oanf (1.6)
(Aexc () m— edivr(o, (u)) = &(u.Va)  onT,

with
5(“’7 Vn) = ‘/Ilf + diVF <V;1Hd (Aexte(u)) Hd) - €diVF (Vn([D2b] —H Hd)O'F (u))
— edivr (Vn (At g (5 (D?6)Vru + ([D?0]Vrw))) 1y) ) + edivr (0. (VaOnu))

+e ([D2] + ndivpTly) (dive (Vao, (w)) ) +edive (m (3 ([Vrun® VrVi + ViV @ [Vruln)) )
(1.7)

where V, :==V - n, where H is the mean curvature of I' and b is the signed distance.

We also provide an asymptotic analysis on the shape derivatives for the transmission problem
and compare it with the shape derivatives of Problem . This analysis concerning the shape
calculus is done in Section [Bl

We conclude this paper with an example of application of this work concerning the minimization
of the compliance in Section d] We compute the shape derivative of the compliance through the
introduction of an adjoint problem and make some numerical simulations in the two-dimensional
case in order to illustrate and validate our theoretical results. Thus, defining the compliance of the
structure Q\w as

J(Q\w) := . Aexte(u) @ e(u),

where u € H(Q\w) solves Problem (1.4), we obtain the following expression of the shape gradient
of this cost functional.

Theorem 1.4. Let V € {8 € C*™ = C* N W>>®(R%); supp(8) C Qys; [|0]|2,00 < min (2,0} If
u € H*(I'), then the shape derivative of the cost functional can be written as

VJ(Q\E)~V:/FVH§*(u,p+u)ds+/FVn (Aexce(u) : e(w)) (1.8)



where u € H(Q\W) is the solution of Problem (1.4)) and where

& (u,v) := — (g (Aexse(w)) I1y) : Vrv + 5{ (([D?b) = HIlg)o.(u)) : Vrv + ([D*]Vru) 1o, (v)
+ (Gnw)divr (0, (v) + o, (w): (Vr ([Vro]n)) + divr (o, (v)[Vruln) } + v

and p € H(Q\W) is solution to the following adjoint problem

p =0 onT
(Aext €(p)) n = g on F]I\Df (19)
(Ao @)1 — 2dive(o, (7)) = 2(Aoxe(wn) o T,

with Vi, :==V -n and b denoting the signed distance.

Remark 1.5. We are confident that the regularity assumption w € H?*(T') made in the two previous
theorems is useless since automatically satisfied. Unfortunately, up to our knowledge, the arguments
to obtain it are not trivial and we postpone this study to a forthcoming work.

2 Derivation of the GIBC model and convergence analysis

This section is devoted to the derivation of the GIBC model (1.4]) analyzed in this paper and to
the proof of Theorem To do this, we make an asymptotic analysis with respect to the thin
layer of the transmission problem (1.2)).

2.1 Asymptotic analysis of the transmission problem

Let N € N. We want to approximate the solution u € Hy. L, (2\W) of the transmission problem ([1.2))
by the solution v‘[EN] of some boundary value problems of the form

—div Aexte(va]) f in Q\w
v[EN] = 0 onIp
(Aext e('u[EN])) n g only (2.1)
C (5, Aexte(va])n, v[gN]) = 0 onT,

where [[ug — vy lla Q@) = O(eN*tl) and C (s,Aexte(v[gN])n, va]> is a so-called Generalized
Impedance Boundary Condition (GIBC). To do so, we follow the procedure described for example
in [46l 37]. For any x € T" and s > 0, we set u(z + sn(z)) =: u(z,s) and we use the change of
variables y = x + sn(z) = ¢ + eSn(x) with S € [0, 1]. We set u(z, s) = u(z,eS) =: U(z, 5).
Firstly we obtain the following asymptotic expansion when ¢ — 0 (see Appendix [Bffor details):

1
div Ainge(u)(z + eSn(z)) = = NoO% +eM10s + Z e"Ap | U(z, S), (2.2)
n>2
where
Ao = (Nint + 2ine)n @ 0+ ping(Is —n @ n),
MU = pingHU + (Aing + ,uint)(n divpU + V(U - n)),
AU = AQ,QU + SA2,185U,
with
A2 U = —pin Tr([D*0]*)U — (Aint + ptint) (n(Tr([D?*6]VrU)) + [D*]Vr(U - n)),
AQ)QU = ()\int + Mint)VFdin‘U + MintAFU — )\intn(TI'([D2b}VFU)) — ,U/int([DQb]VFU])n.



Moreover the traction trace operator is defined on I', i.e. for S =0, by
1
Ainte(U) = ngasU 4+ AintndiveU + ping [VFU]H
and it admits the following expansion on the surface I'°, i.e. for S = 1, (see also Appendix [B]| for

details):
Apme(Us(- 1)) = éAoasUi(-, 1)+ BIU( 1) + Y eBIUL (-, 1),
>1
with
B)U = \undivrU + pine[Vr U] n,
B!U - (/\intn(Tr([Dzb]Vp U)) + ptine ([D2B] V- U)n) :

Secondly we set ui(x) := > "ul(z) in N\w and ui(z,s) := Ui(z,S) = > e"UP(z,S)
n>0 n>0
in " x [0, 1]. Hence the transmission problem (1.2 can be rewritten as follows:

— 3 endiv Aexie(u?) = f in Q\w
" ngo enOZNUY = — ; e"A1 05U — ; e"A U2 — ... inT x (0,1)
Se"u? = 0 onI'p
2>:o en (Aextnez('(;?)) n =g on 'y
ngnl_s"(Aext e(u” H)n = n;() e"0gAoUP + n2>:1 e"BYUT! on I' x {0}
nZ>:0 e"Nul? = nz>:0 e"AoU?Y on I' x {0}
ngo 95U = — n; e"BYUT! — n% e"BiUM 2 +...  onTl x{1}.

Then we prove the following result.

Proposition 2.1. The GIBC, defined on I, modeling the interior thin layer effects of the inclu-
sion w for N = 0,1, are given by

C (E,Aexte(va])n, va]) = (Aexte(va])n> + CE’NUfN],

where C=0 := 0 and C*'v := —edivr (Ainee, (v)) -

Proof. The rank n = 0 allows us to compute UY only. The solution U? is characterized by

0Z2A,UY = 0 in T x (0,1)
asAoU? = 0 on I' x {1}
AU? = Agu? onT x{0}.

We deduce AgU?(z, S) = Agug ().
When n = 1, we obtain the two systems

8§A0U11 = 7A185U? =0 inI'x (0, ].)
IsAoU} = -BYU? = —Bgug‘F onI' x {1}
AUl = Agul on I' x {0}
and
—div Aexe(u?) = f in Q\w
(Aexte(ud))n = g on I'y (23)
(Aexte(ud))n = 9sA U} + BIUY onT.



We obtain AgU}(x,S) = —SB?uSlF(x) + Aoué‘r(ac) and
(Aext e(ul))n = 9sA U} (+,0) + B{UY(-,0) = 0. (2.4)

In this case we approximate ug by the function v, = u? and then (Aey e(u —vj;))n =0=0(e).
When n = 2, we obtain the two systems

02A0U? = —A0sU} — AU in T x (0,1)
dsAoU? = -BYU! - B/UY onI'x {1}
AU?2 = Agu? on T x {0}
and
—div Aexe(ul) = 0 in Q\w
ul = 0 onIp
(Aexte(ul))n = 0 on I'y (2:5)
(Aexte(ul))n = 9sA UZ + BIU! onT.

We compute 0%AU%(x, S) = AlAngtouglr(x) - A2$2uglr(x) and we obtain

S? —
AU2(-,8) = (2 B S) (A18g "B — Az2) ugyr

+S(BYA Biuyp — Blug p — Biudip) + Agul)p
and
(Aexi e(ug))n = dsAgUZ (-, 0) + BYU;(-,0) = — (AiAG' B} — Ay s — BYA'BY + B;) uf .
We find

BIAG'BY = (Nmdive - (91 In) (2% ndive - +[7r]n )
= )m)f%mHndin + Ainen(n - Ap) + AinenTr([D20] V- )
%Vrdivr — Hint (D?B] V- ),
MAG'BY = Ay (Aint)in;uimndivr' +[Vp.]n>

= AineHdive + pine H[Vr: 0+ (Aing + ping)n(n - Ar)

)\in >\in in .
Aime Qw4 100) G G4 (g + i Tr([D2E] V),

>\int + 2,U/int
AMA'BY —BYA'BY + B = A\wenHdive + ping H[Ve: In + pigen(n - Ar)
2
+ﬁn;’umt (Vr‘diVF — Hl’ldiVF) — (/\th — ,uint)nTr([DQb]Vp- )
We finally use
Vrdive — Hndive = divp ((divr )14 —n® n)),

H[Vr-Jn+n(n-Ar) + nTr([D?*]Vr:) + ([D?]Vr)n = divp (n® [Vr-]n + [Vr-Jn®n)

to get
2N\ 14
1 T int lint . 0 . 0 t 0
(Aext e(ul))n = divp (Aim (v + pinaTLa ([Vrul] + [vpuc])nd> . (26)

In this case we approximate the solution ug by the function vf; that satisfies Problem (2.1) with
the following boundary condition on I'

2Aint,uint

o e — edivg [ 2Nmthn
(Aext e(vy))m — edivr (Aint+2uint

(diVF'U[El])Hd + ,uintHd ([VFUE]] + t[V[‘UE]])Hd) =0.



Setting u[al] = ul +eul, we deduce the following estimate which permits to prove Theorem
below.

Lemma 2.2. We have
(Aext e(ufl] - 0[61]))11 + Cs’l(ufl] - ”[81])

2 int Mint . 1 . 1 t 1 _ 2
=€ leF <)\int ¥ 2,LLint (leFue)Hd + ,ulntHd ([vrue] + [Vrue])nd> O(E ) (27)

2.2 Convergence analysis (Proof of Theorem [1.2)

We focus now on the remainder iy, := viy) — u¢ for N = 0,1. We obtain the following result
which proves Theorem [T.2]

Theorem 2.3. Let N =0,1. If f € H1/2(Q\w), then there erists a constant Co\g independent
on € such that

N+1
“rfN]“Hl(Q\U) < Cawe™™.

Proof. We follow the procedure described in the proof of [23] Theorem 4.1]. The idea is to de-
compose the remainder, for N = 0,1, as ’I“[EN] = ’U[EN] — 'u,[EN] + u‘[sN] — uf, where 'u,[so] = ul
and uf) = uf + cu.

and Ré\{i the restriction of RY

e

N
Firstly we set RY := u® — Zs"u” and we denote by RY
n=0

respectively to Q\@ and to wS,. It is straightforward to show that RY = (RY,, RY,) is a solution

ext- £,e’ £,1
of the following system

—div Aexie(RY,) = 0 in Q\w
—div Aie(RY;)) = O@ENTY) in W,
Ré\; =0 onlp
Aoyt e(Ré\;) =0 on I'y
Aext e(Ré\fe)n = A 6(R£{i)n +0@EN) onTl
Ay Rge = Ay Rgi onl
Aing e(Rgi)n = 0(N) on I'®.

The remainders are considered as distributions in H™!(ws,, ), H™/2(I") and H™/2(I') respectively.
Taking the variational form for the transmission problem, one can prove the uniform coercivity with
respect to ¢ of the associated bilinear form and the continuity of the bilinear and linear forms. We
get, thanks to the Lax-Milgram theorem and the Korn’s inequality, that there exists a constant C,
depending on N but independent on ¢, such that

N
€,e

H'(Q\w)
To improve the precision of the remainder, we write

N _ pN+2 N+1, N+1 N+2, N+2
Re,e—Ra,e +e U, +e u,

and get the estimation

N
€,e

<CeNtL (2.8)
HY(Q\w)

Hui B u[EN]HHl(Q\D) - H

Secondly let us focus on djyj := qu] — va]. For N = 0, we have u‘[fo} =ul = ”fo]v i.e. djg) = 0.
Hence, thanks to the previous estimate (2.8)), there exists a positive constant Cj, independent of ¢,
such that

Hrfo] HHl(Q\D) < Coe-



For N =1,dp = u‘[gl] — 'U[El] satisfies the following system

—div Aexte(d[l]) =0 in Q\w
dm =0 on FD
Aext G(dm)n 0 on FN
(Aexe e(dp))n+ C='(dp)) = e*dive(o(uw})) onT.

Let us notice that the last equality comes from Lemma [2.2 and the right hand side is considered as
a distribution in V'(T'). Writing the variational form, we deduce, thanks to Proposition and
Remark that there exist two positive constants C,C’ > 0 such that
il < Clldive (o (u)l vy < C'e2ut v

Moreover, thanks to the condition f € H/ 2(0\@), the local regularity in a neighborhood of w
ensures that the solution u? of Problem (2.3]) (with the boundary condition given by (2.4))) belongs
to H*?(Q5\w) for some smooth open set Q5 such that w CC Qs cC Q\w. Then ul|. € HY(I)
and divy(o.(u?))|p € L*(T). Using the local regularity of the solution w! of Problem (2.5) with
the Neumann boundary condition (2.6, we obtain that there exists C”" > 0 such that

||Ui||H3/2(95\w) < C"[|divp (o, (Ug))HLZ(w

Finally, using the continuity of the trace operator and the continuous embedding H'(I') ¢ V(T'),
we obtain that there exists C" > 0

Hd[l] Hq-L(Q\w) <C"e? ||diVF(‘7r(ug))HL2(F)-
Using the triangular inequality and inequality (2.8]), we conclude that there exists a positive con-
stant C4, independent of ¢, such that
2.

HTE]HHI(Q\J) < Cre

O

Remark 2.4. The regularity results used in the above proof can be found for example in [{3,
Chapter 4] or in [13, Theorems 9.25 and 9.26, and Remark 24] (notice that the mentioned results
in [I3] concern global regularity results but the local regularity results are then classically deduced
using a cut-off function).

3 Shape sensitivity analysis

This section is devoted to the proof of the existence of the shape derivative of the state u, solution
of Problem . This step is done following the general method exposed for example in [35]
Chapter 5] which consists in using a change of variable and the implicit function theorem. Then
we prove the characterization of the shape derivative v’ claimed in Theorem We conclude this
section with an asymptotic analysis for the shape derivatives of the transmission problem
which shows that we can interchange the asymptotic and shape sensitivity analysis.

We have first to introduce some notations. Let us define €25 an open set with a C'*° boundary
such that

{r € Q; d(x,00) >§/2} C Qs C {x € Q; d(z,00) > §/3}.

Then, in order to make a shape sensitivity analysis, we define
— )
U= {9 € C*>™ = C*NW>*(RY); supp(0) C Q5 and [|0]|2,00 < min (3 1)} (3.1)

as the space of admissible deformations. This space enables us to perturb only the object w and
not the fixed domain (2.

10



3.1 Existence of the shape derivatives for the GIBC model

In this section, we prove that the solution w € H(Q\w) of the GIBC Problem (1.4)) is differentiable
with respect to the shape w. Notice that if 8 € U, then (I + ) is a diffeomorphism. For such a
0 € U and w € O, we check that Q@ = (I+ 6)(2) and we define the perturbed domain

wp == I+ 0)(w) € Os.
First we need to introduce the following Piola transform and prove the following result.

Proposition 3.1. Let @ € U. The adjoint Piola transform of (I+ )~ defined by

PO HO\®) — HOQ\T)
u — ((Id+v0)‘1u)o(1+0)—1

is an isomorphism and we denote by P~*(0) its inverse.

Proof. The only point is to prove that P*(0)1 belongs to H(2\wy) for all ¥ € H(Q\w). Firstly,
for ¢» € H(Q\w), it is obvious that P*(0)1 belongs to H' (Q\ws) and that ¢ = 0 on I'p. Sec-
ondly, the restriction of (I; + V8) ™" to the boundary I' maps {pe H'(T); 4 -n= 0} into H'(T).
Moreover, we have [35, Proposition 5.4.14]

1y P*(0)n

= T @l (3.2)

Then P*(0) is an isomorphism from V(T') to V(Iy) (i.e. the tangential component remains
in {3 € H'(Ty); ¥ - ng = 0}). O

Let 8 € U. In what follows, Vr, and divr, are respectively the tangential gradient and surface
divergence operators according to the boundary I'y. Let consider the solution ug € H(Q\wg) of
the following perturbed problem

—div (Aexse(ug)) = f in Q\wg
Uy = 0 on FD
(Aexte(ug))n = g on 'y (3:3)
(Aext er, (ue)) ng —edivr, (o, (ug)) = 0 on Ty,

where ngy represents the exterior unit normal to Iy given by (3.2), where

1
€r, (’u,g) = §Hd79 (Vre’u,g + theug) Hd,a and Hdﬂ =145 — ng ® ny,

and where 7
o, (ug) := Aint(divr, we)g o + 2pting er, (up).

Then uy € H(Q\wy) is the solution of

/ Aexve(ug) :e(py) —/ g - Py +5/ Or, (ug): V09 = I e0,
Q\wg I'n Ty Q\we

Vo € H(Q\wg). (3.4)

We will apply the general method exposed in [35] Chapter 5] and [27, Section 3.1] using the
adjoint Piola transform and the implicit function theorem on

u? =P (0)uy € H(O\D).

11



Lemma 3.2. For @ € U, u® € H(O\W) satisfies for all p € H(Q\w)
Ao | o (PaO): T D1(O0) (D1(0): T (D1(0)p)
i [ o (PLOVPO) : POV (Di(0)¢) + ‘Pu(OT(P1(0)0))
- /F Ng @+ ENing /F we ("D2(8) : Vr(D1(8)u?)) ("D2(6) : Vi (D1(0)))
- / wo (Da(8)Vr (D1 (8)u”)) : (Da(6)Vr (D (8)u’) + *(Da(6)Vr(Dy (B)u’)))
— & pting /F we (D2(6)Vr(D1(8)u’)n’) - (D2(8)Vr (D1 ()p)n’) = /Q . (fo(I+6))-Di(0)¢ Jo,

where n% ;= ng o (I+ @) and where

Jo = det(I;+V8) € Whe (R,

we = det(Iy+ V) Ht(lﬁve)*ln\ e Whee (RY),
Di(0) = (Iq+VO) el (R, Maq),
Dy(0) = (Ig+Vr0) ' € CH (I, Mya).

Proof. Let ¢ € H(Q\w). We define ¢g := P*(0)p € H(Q2\wg). Thus, using g as a test function
in the variational formulation (3.4)), we obtain

Aext / _ (div(P*(0)u”)) (div (P(8)9)) + 2pext [ V(P (0)u’):e(P*(8)p)
Q\wg Q\wg

—/F g- (P*(0)¢) +eXins | (dive, (P*(0)u’)) (divr, (P*(0)#))

Ty

2t | Vi, (P(O)U) e, (P (0) ) = / £ (P (0)p).

Ty Q \m

Hence, using the change of variables = (I + 0)(y) in the integrand and the following formulas

Viwo(I+0) o(I+6) = Di(6)Vo,
div(vo(I+0) Ho(I+80) = Tr[V(wo(I+80)1)]o(I+86)= '"Di(0): Vv,
Vi, (vo(I+0) " )o(I+80) = Dy(0)Vrw,
divp,(vo(I+60) ™ )o(I+0) = Tr[Vr,(vo(I+0) Ho(I+80)= "Dy6):Vrv,
Vi, (uo) rep, (9g) = 5Vr,(ue): (Vr, () +'Vr,(9)) = 5(Vr, (uo)ne) - (Vr, (¢g)ne),
(P*(G)LP)\FN = Py
we obtain the announced result. O

Lemma 3.3. The function
0cU— u’ e H(O\D)

1s differentiable in a neighborhood of 0.

12



Proof. Let us consider the application F : U x H(Q\@) — L*(2) defined for all ¢ € H(Q\@) by
(F(0,v), ) = )‘ext/ Jo ("D1(6):V(D1(8)v)) ("D1(8): V(D1(0)9))
oO\w

+ Hext o Jo (D1(0)V(D1(0)v)) : (D1(0)V(D1(0)p) + "(D1(0)V(D1(0)¢)))

— A g + sxint \/F we (tDQ(H) : VF(Dl(O)’U)) (tDQ(O) : VF(Dl (0)4‘0))

+5uint/Fw9 (D2(0)Vr(D1(0)v)) : (D2(0)Vr(D1(0)v) + “(D2(0)Vr(D1(0)v)))

fsuint/wg (D2(0)Vr (D1 (0)v)n’) - (D2(8)Vr(D1(8)p)n?) 7/ (fo(I+8))-Di(0)p o
T QN\w

We have, for 8 = 0, F(0,u’) = F(0,u) = 0. Moreover, we prove analogously to what is done in
[35, Proof of Theorem 5.3.2] that the application F is C1. Finally, we compute for all w, @ € H(f2),

D, F(0,u)(w) -w = /Q\ Aexte(w) s e(w) + s/rar (w): Vpw.

Thus, D, F(0,u) is an isomorphism.

Hence, the implicit function theorem applies and then there exists a C! function 8 € U —
v(0) € H(Q\W) such that F(0,v(0)) = 0 in a neighborhood of 0. Using the uniqueness of the
solution of such a problem, we obtain that @ € U — u? € H(Q\w) is CL. O

Lemma 3.4. There exists ug an extension in R? of ug such that
0 c U — up € L*(RY)
1s differentiable at 0.

Proof. For 8 € U, ug = P*(0)u’ € H(Q\wg) € H' (Q\@g). According to the differentiability
of @ — uf (see Lemma and Stein’s extension theorem (see, e.g., [2, Theorem 5.24|), there
exists TLQ, an extension of w’, such that 8 € U — e Hl(Rd) is differentiable at 0. Moreover,

OclUU— (1+60)"'—I1eCYRY) and OeclU— (I+VO) ' e CH(RY
are differentiable at 0. Thus,
Vi@l ((Id vl (1ot - 1) e H'(RY) x C*(RY)
is differentiable at 0. We apply [35, Lemma 5.3.9] to get that
Vs : (h,pu) € H(RY) x CH*°(R?Y) — ho (I+ u) € L*(RY)
is C'. By composition, 8 € U — ug := Vo 0 V1(0) € L*(R?) is differentiable at 0. O

Using the Fréchet differentiability given by this lemma, we obtain the Gateaux differentiability
in the direction V' € U: there exists @, extension in R? of u; such that the function ¢ € [0,T)
w; € L*(RY) is differentiable at 0 by composition. Hence, we prove the following result.

Lemma 3.5. The solution u of Problem (1.4)) is differentiable with respect to the domain w € Os.
We denote by u' its derivative at 0.
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3.2 Shape derivatives for the GIBC problem (Proof of Theorem [1.3))

Since we proved in the previous section the differentiability with respect to the domain, we can
now compute the shape derivatives of the state. For the reader’s convenience, let us recall the
definition of the shape derivative in our situation (see [35] for details).

e If the mapping 6 € U — ug o (I + 6) € L*(Q\@) is Fréchet differentiable at 0, we say that
0 — wuy possesses a total first variation (or derivative) at 0. In such a case, this total first
derivative at 0 in the direction 6 is denoted by ug.

o If, for every 2 CC Q\w, the mapping @ € U — ug |y € L?(2) is Fréchet differentiable at 0,
we say that @ — wuy possesses a local first variation (or derivative) at 0. In such a case, this
local first derivative at 0 in the direction € is denoted by wuy, is called shape derivative and
is well defined in the whole domain Q\w:

I

Uy = %(uw\_@) li—o in each 7 CC Q\w.
In the following, for V' € U, we denote by u’ the local first variation uf, which is referred as the
shape derivative of the state. We also use the notation
Vo=V n.
Let T > 0. For a given perturbation V € Y and t € [0,T'), we define
wy = I4+tV)(w)

with boundary I'; and we consider the solution u, € H(Q\@;) of the following perturbed GIBC
problem:

—div (Aext e(ut)) = f in Q\Ut
uy = 0 on FD
(Aexte(ug))n = g on 'y (3.5)
(Aext e(ut)) n; — Edin‘t (O'Ft (ut)) = 0 on Ft,

where n; represents the exterior unit normal to I';, where
1
€Ft (ut) = indvt (vr‘t’UIt + tVFtU/t) Hdﬂg and Hd,t = Id —n; X n;,

and where B
UFt (Uf) = >\int (dintut)H,“ + 2Nint 6Ft (ut)

Proof of Theorem[I.3 For t € [0,T), we consider Problem (3.5). By differentiating with respect
to the shape at t = 0, we classically obtain (see, e.g., [42, Theorem 3.3| or also [35, Chapter 5])

—div (Aexte(u’)) = 0 in Q\w
u = 0 onI'p
(Aexte(u’))n = 0 on I'y.

Let us now compute the shape derivative of the GIBC (Aext e(ut)) ny—divr, (o, (ut)) = 0 on I'y.
We define by 7; the transformation that maps the restriction of u; to I'; onto the restriction of
ugo(I+tV) to I'. Since we know that the shape derivative depends only on the normal component
of the variations V' (see, e.g., [35, Theorem 5.9.2]), we compute the material derivatives in the
direction V' = V,n. We first recall that we have [35, Corrolaire 5.2.5]

d /
dt { tutL:O = uw + Vadou.
Then, we get
% [(TtAext e(ut))(rtnt)] L, = (Aee(w)n = (Ao e(u) VeVa + Vada(Aexs e(u))n
= (Aext e(u'))n (Aext e(u))Vr Vi + Vi (div —divy ) (Aexs e(u))
(Aext e(u'))n — (Aexs e(w))VrVy — Vi f — Vadive (Aexe e(u))
= (Aexte(u))n — Vo f — divp (Vy Aexs e(w)).



Since (Aext e(u))n = divp(o.(u)), we have

d

ST A ew))(mmy)| = (Ao e(@))n = Vaf = dive (Valla(Aex () ILy)

—VaH(Aext e(u))n — divp (VoIlg(Aext e(u))n @ n).
Moreover, we have (see [22], Theorem 5.4])

d
< [rtvm;l} u = —V,[D2Vru] + n® ([Vru]VrVi)
dt t=0

and (see [22, Theorem 5.6])

—V, Tr[D?bVru] + [Vru|n - ViV,

d . _
e {Tt divr, 7y 1] t:Ou

—V, (divp(D?b — HIlg)u + HdivrIlgu 4+ Tr[(D?0)*](u - n))
+Vr(u-n) - ViV, — [D?u - VrV,.

Then,

&l rdive] ot =

—V, (divr (D2 — HIly)o, (w)) + Hdivp (o, (u))) — Y([D*bo (w))ViVe.

We have

o, (u) = Aint (Tedive, 77 'w) (I — 7ne ® 7ny)
+ 24t (T = 7oy @ 7my) (3 ([ Ve t] + Ve, 1 ta]) ) (T - 7ng © Timy)

and

%[(I—Ttnt ®Ttnt)i| = n®VFVn +VFVn ®n.

Hence we obtain

d

Sloe] () = Vi (e (B[[D?8] Vrw)) g + 2psi T [§ (([D?8]Vru] +1[[D?5)Vru]) ] 1)

+ Aint ([Vruln - VeV + Aine (divraw) (n QVrVh +Vrhh ® n)
+ 2Uint [% ([Vrun® ViV, + ViV, ® [Vpu]n)}
+ 2pine [ (0 ® (en (w) Ve Vi) + (ep (w)VrVy) @ ) |

and we deduce
_d
dwr& {Urt} t:O(U) -
— divr (vn (it (Tr{[D?8] Vraa] ) Ly + 2ptin T [4 (D] V] + H[[D26] V)] TH,) )

+ dive (N ([Vruln - VeVi)lla + 2 [3 (Vrun @ ViV + VeV @ [Veujn) ] )

+ (HIIq 4 [D?b] + ndivrIly) (o () VrVy).

We conclude using the chain and product rules that

d d . 1
X |:(TtAeXt e(ut))(Ttnt)] o + X {’TtleFtTt ]t:OUF (u)

+ din% [Urt} t:O(u) + divro,. (c?t [Ttut} t_0> =0.
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3.3 Asymptotic analysis for the shape derivative of the transmission
problem

This section focuses on the asymptotic analysis of the shape derivative of the solution to the thin
layer transmission problem . First we give a characterization of the shape derivative as a
solution to a new transmission problem with non-vanishing jumps. The existence of the shape
derivative follows from standard procedures (see, e.g., [42 Chapter 3.4]). Hence we claim the
following result which characterizes the shape derivative of the state (see, e.g., [42, Theorem 3.3]
and [38] for the jump formula).

Theorem 3.6. The thin layer transmission problem characterizing the first shape derivatives in
the direction V' is

—div Agxre(ulf) = 0 in Q\w

—div Ajpge(uf) = 0 in wi,

uf =0 onI'p

(Aexte(uf))n = 0 onI'y
Aexte(uf)n — mte( Fn = an + divFVanAexte(ui)Hd — divpVpIlgAince(us)Ily on T
uf —ulf = =V, (Ohus — Ohus) onT

Ainte(uf)ne = divir 1(Vn) (Ainges (uf)) on I'°.

(3.6)

Then, for N = 0, 1, we want to approximate the shape derivative u/¢, solution of Problem (3.6)),
by the solution w[EN] of some boundary value problems of the form

—div Aexte(wiy,) 0 in Q\w
wa] = 0 onlp
(Aext e('w[EN])> n = 0 only
C (5, Aexte('w[fN])n, wa] = h onT,

where C' (5, Acxte(wiy)n, wa]) is a so-called Generalized Impedance Boundary Condition (GIBC).

The following result gives the GIBC modeling an approximation up to O(e¥ 1) of u/* for N = 0, 1.
We recall that ufy, := u? and up) = ul + eul (see Section .

Proposition 3.7. The GIBC, defined on I', modeling the interior thin layer effects of the inclu-
ston w on the first shape derivative for N = 0,1, are given by C (E,Aexte(wa])n,wa]) =h
with

C (S,Aexte(w[em)n, wa]) = (Aexte(wa])n> £ O Ny,

where C&V := 0 and Co'w := —edivy (Zinter (w)), and with

h:=V,f +Fy"

where Fi’o = divp (Van (Aexte(ufo}» Hd> =divrV, (Zexter‘ (U‘[EO])) and

P o= dive (Vally (Aese(ufy) ) ) — edive (Va(ID%) = HTT) (e, (ufy) ) )
— edivy (V (Am { 1, ([[D*]Vrus,] + [[DQb]Vpusl]])HdD )
+edive (Ainer (Va(Onufy) = A7 Acwe(ufn) ) )
e ([D2] + ndivrIl,) divy (vn (ther (ufl])))

+ edivy (Am[ ([Vrufyln® VeVi + ViV ® [Vrufn )])
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Proof. We set ulf(z) = Y, e"ul(x) in Q\w and uj*(z,s) = > €"U(x,S) in T’ x [0,1]. Following

n>0 n>0
the computations given in Section [2] (see also [37]), we obtain
UI(8) = wl+ Vo (Guul + A7 (BYug — Aexee(u)n))
Ui(48) = —SAG'BYUL(,0) + SAG dive (Va (Aineer ()

+ul + Vi, (Ouul + Agt (BYul — Acge(ul)n)),

and
AU2,8) = (5 =) [ (AT BY — Aa2) U2.0) = Mg dive (1 (R 1) |
+ S[ (BYAy'BY — B;) UY(-,0) — BYA, 'dive (Vi (Aimser (ul)))
= dive (Vo (Aure, (Ag " BYuf —ul))) — dive (Va([D?8] ~ H1L) (Aure, (u?)) )

—Hdivr (Vn (Ainser (u?)) ) —divy (V (At [ 3104 ([[D?6]Vrul) + £[D26] V) T, ) ) _BlU(, 0)} .

For N =0, we have

Aoie(u)n = 9sAUj(z,0) + BYUY(z,0) 4 Voo f + dive VallgAexe(ud)Ily
—divp (Vn (Ainter (ug))) - 7)““2"_‘5;““ divr (V (n Aexte(u ) )Hd)

= an + diVFVanAexte<’u,2)Hd.

In this case we approximate u/° by u? and we obtain the GIBC satisfied by 'w[EO].
For N =1, we have

Acxie(ul)n = 9sAgU?(z,0) + BYU! (,0) + divp Vi ITgAexe(ul) Ty
—diVF (Vn (HdAinteF (ui)Hd)) - #’gﬂintdin (V (l’l Aexte( ) ) Hd)
= diveVallgdexpe(ug) g — 525 —divr (Va (n-Aexte( Dn) I,)

+divp (theF (ul + V“(aau — Ayt Acye(u )
+divr (Aiser (Vadg 'BYu?))) — divr (Vi Amter(
~divy (Va([D?] — HTLy) (Ainee, (u?) )

1BO O ))

F(ALAGT — BOAS! — HI,) divy (Vn (Aimser (u0)) )
—divy (V (Aing [A114([[D25]Vrul] + £[[D26]Vrul])T1,)) )
Moreover,
(MAg! = BYAg! —HIy) = ([D?] +ndivrlly) — x-34— (Hn®n - Vr(n-)),
n - divp (Vn (Zinter (ug)) )

Vnn-din< (Amte (u, ))) Van - Aee(u )n

Then
&divr (Vi (0 - Aere(ul)n) T1,)
>\int + Q,LLint n ext e
)\in ) -
+ oy (R @R = V() dive (Vo (e () ) = 0.
and

divp (Zinter (VnAalBgug)) — divr (Vnzinter (AleOuO))
= divr (Fe [§((Vrulln @ ViV + VeV @ [Vrudjn)]).

In this case we approximate u/® by u? + eu!l and we obtain the GIBC satisfied by 'w‘[el]. O
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We focus now on the remainder '{y; 1= v'[y] — wiy, for N = 0,1, where v'[y is the shape
derivative of the solution v[EN] of Problem . We obtain the following convergence result which
claims (as underlined in [37]) that one can interchange the asymptotic analysis and the shape
derivative calculus.

Theorem 3.8. Let N =0,1. There exists a constant C' independent on € such that
7' {n) 2@ < Ce™ T

Proof. The result is obvious for NV = 0. For N = 1, we recall that the shape derivative vﬁv] satisfies
the boundary condition:

i) gt 5.
where
Fy' = divp (vnnd (Aexte(vfl])) Hd) + edivr (Zinter (Vn (3nvf1])))
— edive (Vi (A [312([D20 9107 ] + (D% Veof )11 ) )
— edivy (V (D8] — HIL) (Ayee, (vfy)) ) ) + 2 ([D%8] + ndiveTly) dive (Vo (Aee, (05, ) )

+ edive (i |3 ([Vrofyln @ VeVe + VoVi @ [Vrofyln) | ).

We easily obtain ngl — Fi’l = edivp (ther (VnAg lAexte(vfI])n» and using the GIBC satisfied

by vf;;, we conclude FS' —F' = O(£?). The estimate results from Lax-Milgram theorem and the
Korn’s inequality. O

Remark 3.9. For N =1, we have v[fl] =u and vﬁ] =u'. Thus the above theorem claims that
| u' = why Lz < Ce

One can also notice that, in the previous proof, Fg’l = &(u, Vi) where £(u, Vy) is given in Theo-

rem[.3

4 Minimization of the compliance

This part aims to show an application of the previous analysis on the classical problem of the
minimization of the compliance of an elastic structure. We recall that the compliance of a structure
is the work of the exterior forces which is here given by

J(Q\w) := /Q\ Aexte(u) @ e(u),

where u € H(Q\w) solves Problem (1.4). We want to minimize the compliance (that is to say
maximise the rigidity of the structure) adding a penalization on the total mass of the structure.
Hence we want to minimize the following functional

J(N\w) = J(Q\w) + £|N\w|

on the admissible sets Og, where £ > 0 is a given constant of penalization. In other words, §2 is
fixed and known and we want to find the best hole w:
w* € argmin J(Q\W).
w€e0s
To do this, we will use the geometric shape optimization method and make some numerical recon-
struction using a classical shape gradient algorithm. Hence we first prove the characterization of

the shape gradient of J given in Theorem and then perform some numerical simulations using
Freefem++ (see [34]).
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4.1 Shape derivative of the compliance (Proof of Theorem [1.4)

Using the variational formulation of Problem (1.4]) with u as a test function, we obtain the following
more convenient expression of the objective function:

TO\D) = /

0w

f-u—i—/FNg~u+/F(Aexte(u)n)-u.

Then we can prove Theorem

Proof of Theorem[I.]} In a first step, we compute the shape derivative of the cost functional. We
have (see [35, Eq. (5.4)] and [35, Eq. (5.44)])

VIQ\w) -V = fou+ / Vof -u+ / g-u + / ((Aexte(u)n) - u' 4+ u - (Aexte(u’)n))
o\ r I'n r
—|—/ (—u - (Aexte(w)VrVy) + ViOn (1 - (Aexte(u)n)) + HVju - (Aexie(u)n))
r
g s [ gews [ ((eetum) w s u (Auelam)
_ / w - (Awae(w)VrVa) + / Vo ((0nt0) - (Aesee(w)n) + 1 - O (Ause(w))n)
r r
—|—/FHVH(Aexte(u)n) - u,
noticing that d,n = 0 (see, e.g., [35, Eq. (5.66)]). We use the following equality (see, e.g., [35]

Proposition 5.4.9]) On(Aexte(w))n = div (Aexte(u)) — divy (I (Aexte(w))) — H (Aexse(u)n) and
obtain

VI(N\w) -V = Q\Uf-u +/Fan-U+/FNg'u +/F<(Aexte<u)n) w4 u - (Aexre(u')n))
- [ e FrV) + [ Va0) - (Aesselupm)
r r
+ /F Vau - (div (Aexee(u)) — divy (I (Aexse(w))))
= /Q\wf cu’ + /FN g -u + /F ((Aexte(u)n) - u' + u - (Aexse(u')n))
+ /F Va(Onu) - (Aexte(u)n) + /F Va([Vru] : g (Aexte(u)))
= Q\wf cu' + /FN g-u + /F ((Aexte(u)n) - u' + u - (Aexre(u')n))

+/FVH (e(u) : Aexte(u)) .

In a second step, we introduce the solution p of the adjoint problem (1.9) to spare us the
computation of u’. Let set

T:= fou+ / g-u + / ((Aexse(u)n) - u’ + u - (Aexre(u')n)) .
Q\w I'n r
Using the following second Green’s formula (see, e.g., [4, Theorem 2.6])

/Q\w ((div Agxre(u')) - p —u - (div Aexe(p))) = /

(Auxce(u')n) - p— / W' - (Awee(p)n),
A(Q\w) o(2\w)
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and using the characterization ([1.6) of u’, we get

o

oO\w

- [ i uelp) o
QN\w
= /(Q\w)p- (Aexce(u’ )n)—/ u - (Aexee(p)n)

A(Q\®)

= /Fp-(Aexte(U')n) / /F“ Aexce(p)n)

/Fp- (E(u, Vi) + edivro,. (u')) — /FN o / " (Aexie(p)n)

/Fp-f(u, Vn)—/ Fu’ (Aexte(p)n — edivro, (p)) -
Then
7 - / pE(u, Vi) - / o - (Aexee(p)n — edivro, (p))
n / (Aexee(un) - o' + - (Auyre(')n))
_ / pE(u, Vi) + / (—(Aexee(w)n) - o + - (Agye(t)n))
I I
_ /Fp-£<u,vn)+/ru~f<u,vn>.

Finally, coming back to the cost function, we obtain
T(OQ\D) -V = z+/vn (e(w) : Aexee(u)) = /(p+u) PO +/vn (e(u) : Auge(w)).
r r r

Let set v := p+u. Then we use the following integration by part formula to compute the L2-adjoint
operator £* with respect to the second variable of ¢ and write

/F v Eu,Vy) = / Vi (u, ).

More precisely, we use the well-known results [35, Eq (5.51)]: for a scalar density ¢; and a tangential

vector density ¢, we have
—/(Vrsﬁl)"Pz =/<P1diVF<P2~
r r

Then, for every terms of {(u,v), we obtain successively:
[ aive (Vi (Aewe(@) ) -0 = = [ (Valla (Acwew) 1) : (Vi)
_ / dive (Va([D%] ~ HILg)o (u)) v = /F (ValID] ~ HILg)o () : (Vo).
/ler‘ Aint (Tr[[D b]Vpu])Hd)) = /FVH([D%]VPU): (Aint (divro)Iy) .
Moreover

_ /FdiVF (vn (2pine g [3 ([[D?6]Vru] + [[D?6]Vru])] I,)

~—
<

_ /F Vi ([D*8 V) © (2ptincer (v))
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and

/FdivF (0.(Vabnu)) v = Va(Onw) - divr (0. (v)),

/F ([D?b] + ndivrIly) (dive (Voo (w)) v = Voo (uw): (Vr ([Vrojn)),

S— 55—

/ diVF (Xint([Vpu]n . VFVH)Hd) v = Vndin (Xint (divrv)[Vpu]n)
r

and finally

/F divr (zuim [L ((Vruln® ViV, + ViVs @ [Vpu]n)D o= /F Vadive (2ptimse,. (v)[Vruln) .

We conclude by summing all the right-hand sides. O

4.2 Numerical simulations for a 2D-cantilever

For the numerical simulations presented in this section, we consider the case where we optimize
a part of the boundary of the solid which is not necessarily an inclusion. Hence we consider an
elastic solid with a reference configuration €2, a bounded open set of R?, built on a part I'p of its
boundary and subjected to a load g on another part I'y. We consider here that I" := 0\ (I'p UT'y)
is a nonempty set and is the only part of I" which can be optimized (see Figure . We assume
that f = 0, then the displacement u € H(2) of the structure is the solution of

—div (Aexte(u)) = 0 in Q
u = 0 on I'p
(Aexte(u))n = g on 'y
(Aext e(u))n — edivp(on(u)) = 0 onT.

We want to minimize the compliance adding a penalization on the total mass of the structure.
Hence, as in the previous section, we consider the functional

J(@Q) = T(Q) +£]0] = /Q Ausee(u) - e(w) + £]Q]

According to Proposition and taking into account of the shape derivative of the volume, the
shape derivative of the cost functional J can be written in the form

VIV = [ Vi (€t Uaselw) efw) +1). (4.1)

where V' is an admissible deformation and where £* and the adjoint state p are defined similarly
as in Proposition

Figure 2: A cantilever.

For the numerical simulations, we use Freefem++ (see [34]) and the following parameters:

e =0.05 g = (_01>7 ¢ = 0.05 (the penalization of the volume), ¥ = 15 (the Young Modulus),
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v = 0.35 (the Poisson Ratio), A = Y x Ttz 2nd p = ﬁ (the Lamé Moduli).

Moreover, we define the initial shape €y as follows:
e I'p:={x=0; y=[-1,-05U[0.5,1]}
o I'y:={z=4; y=[-0.1,0.1]}
e [ is given by joining the ends of the segments by straight lines,

and we define a big box D as the rectangle formed by the points (—0.5,2), (—0.5,—2), (4.5, —2)
and (4.5,2). We then follow the classical above algorithm.

Algorithm

1. We initialize the algorithm with a shape )¢ contained in a big box D.
2. We solve the problem on the current shape £2;.
3. We define V € I:l, where

i{;:{v;: (V’C)eHl(D); V=0onl'y,V,=0onlp,
Vy

V. =0 on the left and the right side of D, V', =0 on the top and the bottom of D},
such that for all W € ljl,
/D Ae(V):e(W)+VJ(Q) - W =0. (4.2)
4. We defined the convected set of €2; along the field 8 during a “small” time 0t

Qi+1 = Xi(Qiy 5t)

where X; : R? x R — R? is the application such that

agii (z,t) = V(Xi(z,t)) for all (z,t) € R x R.

{ X, = = for all € R?

5. If V is small, we stop, else we return to the step 2.

We obtain the following result exposed in Figure [3]
We also make a simulation adding a hole (with the generalized boundary conditions) in the
initial shape. We obtain the following result exposed in Figure [

A Well-posedness of the GIBC problem

This section claims the well-posedness of the GIBC model (1.4]) for non-vanishing boundary con-
ditions on I'. Hence we focus on the following problem for some given f, g and h:

—div (Aext e(u)) = f in Q\w
u = 0 onl'p
(Aexte(u))n = g on I'y (A1)
(Aext e(u))n — edivp(o.(u)) = h on I

In the following, the dual space of H%D (Q\w) is denoted by ﬁ;; ().

~ 1
Proposition A.1. Under the assumptions f € Hp (Q\@), g € H Y2(T'y) and h € V/(I),
Problem (A.1) admits a unique solution u € H(Q\W). Moreover we have the following estimate,
for some positive constant C > 0,

[ulla@\@) < C(H.f”ﬁ;;(g\w) + lglla-1/2y) + 1Rlvey) -
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Figure 3: Minimization of the compliance for a 2d-cantilever: initial shape (left) and final
shape (right).

Tl e, Con ectiosl=d 915 Fial S, Cost foctinaled 365966

Figure 4: Minimization of the compliance for a 2d-cantilever with a hole: initial shape (left) and
final shape (right).

Proof. Since |I'p| > 0, we can use the second Korn’s inequality (see, e.g., [20, Theorem 6.3-4]) to
get the existence of a positive constant Cg\z 1)), Which depends only on Q\& and I'p, such that

Ciowrpllula@m < le(lizoe < Cianermllulla @@
We then obtain the following weak formulation associated to Problem (A.I): u € H(Q\@) solves
a(u,v) =£L(v), Yve H(Q\D)
where
a(u,v) =\ (divau) (dive) + 2,u/ e(u) : e(v)
o\w oO\w

+ sth/ (divruw) (divpo) + 2£,uint/ e (u) :e.(v),
r r

and

L(v) = f~'v+/ g-v+/h-v.
Q\w I'n T

Notice that the above integrals can be understood as duality products. Since the constants A, p,

Aint and pine are positive, the symmetric bilinear form a is continuous and coercive on H(Q\@).
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Indeed, since the trace operator is continuous and since divu = Tr(e(u)) and divru = Tr(e. (u)),
then there exist two positive constants ¢; and cp such that, for any u, v € H(Q\w),

la(u,v)] < calle(w)llizw)lle@)lluz@w) + celler (w)llLzm)ller (v)llLzr)
< (e + ee) max(L, Ci ) lullaa) [0l \a)-

Then, there exists a positive constant c3 := min(2uCo\z,rp), 26tins) such that

2
a(u,u) > 2ulle(w)||g2g\g) + 2epintller (w)lIEa iy > csllullzyom)-

The linear form £ is also continuous on H(Q\w). Then the Lax-Milgram theorem ensures the
existence and uniqueness of the solution u € H(Q\W). O

B Asymptotics in the thin layer

This appendix is devoted to the derivation of the asymptotic expansion of the Lamé operator in the
thin layer and the traction operator on the boundary with respect to the thickness parameter e — 0.
Recall that the thin layer coating the interior of Q\@ is defined by:

wip i ={rz+sn(x) |z eTand 0 < s < e}.

For any smooth scalar function u defined in wf; and 0 < s < &, we set up, (z + sn(z)) = u(z, s)
and, for N € N*, we have (see [40, Eqgs (2.5.182) and (2.5.208)])

N
(Vu)(z + sn(z)) = n(z)0su(x, s) + Vru(z, s) + Z s' (=1 [D%)* Vra(z, s) + O(sV ).
=1

We also have, for N € N* and for any smooth vector function u defined in wg,, (see [37), Section 2]),

N
(divu)(x + sn(z)) = n(z) - dsu(z, s) + divru(z, s) + Z s'(—1)' D a(x, s) + O(sV 1),
=1

with
D'u = Tr[[D?0]) V@] = divr([D?] — H)lga + HdivrIlz@ + (H? — 2G)(n - @),

where H = Tr[D?b] is the mean curvature and G is the gaussian curvature. We use the following
change of variable y = z+sn(z) = z+eSn(z) with S € [0;1]. We set u(z, s) = u(x,eS) =: U(x, S)
and we obtain the following asymptotic expansions when ¢ — 0

N
(Vu)(x + sn(z)) = %n(:r)@sU(% S)+VrU(z,S) + > 'S/ (1) D] VrU(z, S) + O(eN ),
=1

N
(divu)(x + sn(z)) = %n(x) -05U(x, S) + divrU(z, S) + Z e'SH(-1)!DU(x, 8) + O(eN ).
=1

Combining the last two equalities, we obtain

Aimse(w)(z + Sn(z)) = é (Aim (- 05Uy + print (0 ® 95U + 05U @ n))
+ (Aint (diveU)1g + pine ([VrU] + [V U]) )

+3 (-1)ets’ (Aim(D‘U)Id + it ([D20]°V U] + t[[DZb]‘fva])) .
>1

Using the following formulas
[VrUln = Vr(n - U) — [D?)U, divr(n ® U) = HU, divr (U ® n) = ndivr U + [D?b]U,
Tr[[D?0)Vr(n ® U)] = Tr[[D?h)?]U, and Tr[[D?]Vr(U ® n)] = nTr[[D?b]Vr U] + [D?4]?U,
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) we finally obtain (2.2)). Notice that we have

A272U = divr ()\int (diVFU)Id + Uint ([VFU} + t[VFU])) — )\iml’l(DlU) — Mint[[DQb]VFU]n
= (Aint + Mirlt)deiVFU + ,uintAFU - Aintnr[lr[[])Qb]vl—“[J-] - ,U'intHDQb]VFU]n7
A2’1V = *)\intn(DIV) - ,uint[[DQb]VpV]n — _D1 ()\int (Il . V) I+ Mint (Il RV +V® 1'1))

= —pintTr[[D?0)?]V — (Aint + pine) (n(Tx[[D20]VE V]) + [D?6]Vp(n-V)).
Moreover the traction trace operator defined on the surface I's := {z +eSn(x) | x € I'} is given,
for any 0 < S <1, by
1
Ainie(U) = —AodsU + B{U + ) £‘S'B{U,
1

where BYU := A\iyyndivrU + iyt [VrUJn and for £ > 1,

B/U = (—1)€(Aimn(D‘fU) + ,uint[[DQb]éVpU}n> .
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