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A Spherical Cap Preserving Parameterization for Spherical Distributions

JONATHAN DUPUY, ERIC HEITZ, and LAURENT BELCOUR, Unity Technologies

Real-time: analytic spherical-cap integration
Joint MIS (ours)

64spp

MIS (previous)

64spp

O�ine: joint BRDF/spherical-cap sampling

Fig. 1. Real-time application (le�). We approximate BRDFs with our distributions and shade with sphere lights in real-time using their analytic spherical-cap
integral. The scene is rendered at 1080p and runs at 60fps on an NVIDIA 980 GTX. O�line application (right). We compute the reference image with the exact
BRDFs using importance sampling techniques. We use our distribution as a proxy for the BRDF and generate be�er samples that are distributed jointly inside
the lights and close to the BRDFs. This joint sampling scheme is unbiased and has lower variance than multiple importance sampling with separate BRDF and
light sampling.

We introduce a novel parameterization for spherical distributions that is
based on a point located inside the sphere, which we call a pivot. The pivot
serves as the center of a straight-line projection that maps solid angles onto
the opposite side of the sphere. By transforming spherical distributions in this
way, we derive novel parametric spherical distributions that can be evaluated
and importance-sampled from the original distributions using simple, closed-
form expressions. Moreover, we prove that if the original distribution can be
sampled and/or integrated over a spherical cap, then so can the transformed
distribution. We exploit the properties of our parameterization to derive
e�cient spherical lighting techniques for both real-time and o�ine rendering.
Our techniques are robust, fast, easy to implement, and achieve quality that
is superior to previous work.
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1 INTRODUCTION
Spherical integration problems arise in many di�erent areas of com-
puter graphics. Because the current set of mathematical tools pos-
sessing closed-form solutions under spherical integrals is currently
limited, solving such problems remains a computationally intensive
task. In this paper, we focus on the problem of integrating spherical

© 2017 ACM. This is the author’s version of the work. It is posted here for your personal
use. Not for redistribution. The de�nitive Version of Record was published in ACM
Transactions on Graphics, https://doi.org/http://dx.doi.org/10.1145/3072959.3073694.

distributions over spherical caps. Such integrals arise when spheres
are used in rendering techniques, typically in the case of sphere
lighting.

A sphere light is a light source of spherical shape. Traditionally,
such light models have been approximated by in�nitesimal point
and/or directional lights, depending on their location in 3D scenes.
While in�nitesimal light sources are much cheaper to simulate than
sphere lights, they tend to produce unrealistic behaviors: since they
do not have an area, they cannot be directly observed nor re�ected
by specular surfaces. For this reason, the o�ine rendering industry
has started to discourage their use in favor of area lights (see for
instance Pixar’s Renderman documentation [2016]), and we expect
the point and directional lighting models to be respectively replaced
by sphere and spherical-cap light sources in the near future. The
real-time rendering community is also engaging in this transition,
but at a much slower pace. This is due to the lack of su�ciently
fast and robust solutions to the problem of integrating spherical
distributions over spherical caps, as acknowledged by game-engine
developers [Karis 2013; Lagarde and De Rousiers 2014].

In order to overcome this problem, we introduce a novel family
of spherical distributions that have speci�c analytic properties for
spherical caps, which we call Spherical Pivot Transformed Distribu-
tions (SPTDs). We obtained the properties of SPTDs by looking for
transformations that have an invariance property over spheres, and
found the family of 4D Möbius transformations. Our theoretical
contributions are:

• In Section 3, we identify a restricted set of 4D Möbius trans-
formations that map the 3D unit sphere onto itself. We
provide an intuitive 3D geometric interpretation for this
subset of transformations and show that it preserves spher-
ical caps.
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• In Section 4, we show how to use the Jacobian of this trans-
formation to create novel parametric spherical distributions
that have speci�c properties for spherical caps, such as in-
tegration and sampling.

We believe that SPTDs provide useful mathematical properties that
have been missing from the rendering toolbox. Indeed, besides deter-
mining the solid angle covered by two intersecting cones [Oat and
Sander 2007], it currently seems that there are no parametric distri-
butions for which the integral over a spherical cap can be computed
practically. SPTDs o�er a new way of solving this problem and bring
new possibilities for rendering. To support this idea, we demonstrate
the bene�ts they bring to important rendering problems:

• In Section 5, we leverage the analytic integration of SPTDs
against spherical caps to improve the quality of real-time
sphere-light shading; Figure 1 (left) shows a real-time ren-
dering of a complex scene illuminated by sphere lights that
relies on our technique.

• In Section 6, we leverage the sampling properties of SPTDs
against spherical caps to improve the convergence of Monte
Carlo sphere-lighting techniques; Figure 1 (right) compares
the convergence of an importance sampling technique we
introduce against a state-of-the-art multiple importance
sampling technique.

2 RELATED WORK
Spherical Distributions. Several spherical distributions have been

used for rendering purposes, such as von Mises-Fisher lobes [Fisher
1953] or Anisotropic Spherical Gaussians [Xu et al. 2013]. Unfor-
tunately, none of these distributions can be analytically integrated
over spherical caps. Actually, we have found only two distributions
with analytic solutions to spherical cap integrals, namely the uni-
form distribution and the clamped-cosine lobe [Snyder 1996]. Note
that solutions exist for Phong lobes [Snyder 1996], but they are
expressed in terms of power series, which makes them impractical
to compute and importance sample. Due to this very limited set,
some authors have looked into basis functions such as spherical
harmonics [Kautz et al. 2002], but these approaches are limited to
low frequency behaviors. In contrast, our distributions can have
arbitrary frequencies and be integrated against spherical caps with
exact analytic forms.

Real-Time Sphere-Light Shading. Sphere lights have been desired
for a long time in the �eld of real-time rendering. Since no analytic
solutions are known in the general case, some authors employ ad
hoc techniques such as the most representative point [Drobot 2014].
Unfortunately, such approaches can result in visual artifacts [La-
garde and De Rousiers 2014]. Another solution could consist of
tessellating the sphere into polygons and rely on a polygonal-light
shading technique [Arvo 1995; Heitz et al. 2016; Lecocq et al. 2016].
However, the complexity of such techniques scales at least propor-
tionally to the number of edges produced by the tessellation, leading
to unreasonable computation times. In order to avoid this limitation,
Lecocq et al. [2016] propose an ad hoc technique to mimic the e�ects
of sphere lighting using a single polygon, but admit it exhibits arti-
facts. In contrast, our real-time sphere-lighting technique is robust
and of reasonable computational cost.

Material-Light Joint Sampling. Importance sampling the product
distribution (or joint distribution) of the scattering distribution and
the light is a longstanding problem in graphics. However, we are
not aware of a practical formulation of the joint distribution, even
in speci�c cases such as ours. Indeed, existing work focuses on the
joint sampling of BRDFs and environment lights through basis pro-
jections [Clarberg et al. 2005], hierarchical data structures [Cline
and Egbert 2006; Rousselle et al. 2008], or dense rejection sam-
pling [Burke et al. 2005]. We restrict ourselves to spherical lights
but provide a lightweight and practical method to generate samples
for both surface shading and volumetric integration.

Linearly Transformed Spherical Distributions. Heitz et al. [2016]
recently introduced a family of parametric distributions that have
closed-form solutions under spherical polygon integrals. They de-
rive their distributions by exploiting the Jacobian of a transformation
with an invariance property with respect to spherical polygons. Our
approach is similar to theirs in the sense that we also exploit the
Jacobian of a transformation with an invariance property. For this
reason, we chose to follow the layout of their exposition in Section 4.

3 GEOMETRY OF THE PIVOT TRANSFORMATION
In this section, we introduce the sphere-invariant transformation
that we exploit to parameterize our spherical distributions. Since
our transformation is a special case of the quaternionic Möbius
transformation, we start by providing a self-contained mathemat-
ical background on quaternions and Möbius transformations in
Section 3.1. We then focus on the derivation and properties of our
transformation in Section 3.2 and prove that it is invariant with
respect to spherical caps in Section 3.3.

3.1 �aternionic Möbius Transformations
De�nition. A Möbius transformation—also called linear fractional

transformation or bilinear transformation—is mostly known as a
circle-preserving, bijective map for complex numbers; it is practi-
cal for describing geometric transformations of the 2D plane with
compact algebraic expressions [Yaglom 2014]. In this paper, we con-
sider a generalization of the complex Möbius transformation to the
space of quaternions, i.e., 4D space. A quaternion is a 4D vector
q = (wq ,rq ), wq ∈ R, rq ∈ R3, to which is assigned a noncom-
mutative multiplication rule p ? q, an inner product p · q, and a
conjugation rule q̄, respectively de�ned as [Hanson 2006]

p ?q = (wpwq − rp · rq ,wprq +wqrp + rp × rq ),

p · q = wpwq + rp · rq (⇒ q · q = w2
q + |rq |

2),

q̄ = (wq ,−rq ) (⇒ q ? q̄ = (q · q,0)).

A quaternionic Möbius transformation д is then any transformation
of the form

д(q;a,b,c,d ) = (a ?q + b) ? (c ?q + d )−1, (1)

where q,a,b,c,d are quaternions, and q−1 = q̄ ? ((q · q)−1,0). Equa-
tion (1) combines several 4D transformations, including transla-
tions, uniform scalings, rotations, re�ections, and spherical inver-
sions [Hertrich-Jeromin 2003]; the displacement are controlled by
the quaternion parameters a,b,c and d .
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Fig. 2. Geometric properties of our pivot transformation. (1) We define a pivot transformation as a straight-line projection through a 3D point rp that maps any
point ω located on the unit sphere S2 onto another point д (ω ), also located on S2. Our pivot transformation is also spherical- and spherical-cap invariant: it
transforms (2) spheres into spheres and (3) spherical caps into spherical caps. In this paper, we parameterize a spherical cap C with (4) a direction ωc ∈ S

2

and an aperture angle ψc ∈ (0, π ].
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Fig. 3. Determining the properties of a spherical cap a�er performing a pivot transformation (the red cap is transformed into the green cap). (1) We work on the
plane (drawn in gray) that intersects the red and green cap direction vectors ωc and ω′c , and the pivot point rp . (2) This plane intersects the boundary of
the red cap at two points ω1 and ω2. (3) We project these points through the pivot point rp to retrieve two new points д (ω1) and д (ω2), which lie at the
boundary of the new cap. (4) We determine the parameters ω′c and ψ ′c of the transformed cap from these two points.

Sphere-Invariance Property. Quaternionic Möbius transformations
are bijective mappings that preserve spheres1 [Hertrich-Jeromin
2003; Wilker 1993]. Intuitively, this means that a quaternionic Möbius
transformation maps any set of points located on the surface of a
(4D) hypersphere embedded in 4D space onto the surface of an-
other hypersphere, also embedded in the same 4D space. This prop-
erty also holds for spheres of lower dimensions embedded in 4D
space, i.e., (3D) spheres and (2D) circles. This is the key property
that we leverage to derive novel spherical distributions that can be
integrated and importance sampled analytically against arbitrary
spherical caps.

3.2 Pivot Transformations
Mathematical De�nition. We specialize the quaternionic Möbius

transformation in order to create a transformation that maps S2,
the unit 3D sphere located at the origin, onto itself. Mathematically,
our transformation translates into constraints for the parameters
of Equation (1): we e�ectively set a = (1,0), b = (0,rp ), c = b̄, and

1Möbius transformations also map restricted sets of spheres to planes. Since we do not
have to deal with such sets in this work, we assume here, without loss of generality,
that spheres are preserved under Möbius transformations.

d = (−1,0). By expanding Equation (1) with our parameter con-
straints, we can express the transformation occurring within the
3D subset of quaternionic 4D space with 3D vector algebra:

д(r; rp ) =
(r · rp − 1) (r − rp ) − (r − rp ) × (r × rp )

(r · rp − 1)2 + |r × rp |2
. (2)

Note that since this transformation is a special case of the quater-
nionic Möbius transformation, it is de�ned for—and e�ectively
a�ects—any point located in 4D space.

Intuitive De�nition. Our transformation has an intuitive interpre-
tation on the sphere S2, which is shown in Figure 2 (1): it consists of
mapping the points at the surface of the sphere onto its opposite side
with respect to a 3D point rp ∈ R3 located inside the sphere. Hence,
we refer to this class of transformation as a pivot transformation,
parameterized by a 3D pivot point rp located inside the sphere S2,
i.e., |rp | < 1.

Double Composition. Our geometric interpretation for the pivot
transformation makes it clear that our transformation cancels on
the sphere S2 when applied twice. This property also holds for any
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other point in 3D space:

r = д(д(r)) ⇒ д−1 = д ◦ д. (3)

Sphere-Invariance Property. Since the quaternionic Möbius trans-
formation preserves spheres, our mapping does too as we derived
it as a special case; Figure 2 shows how our pivot transformation
a�ects a sphere di�erent from S2 but located in the same 3D space.
While the location and scale ofS2 remains una�ected after applying
a pivot transformation, the same observation cannot be made for
other spheres. This is because the pivot interpretation we propose
only holds for S2, which is su�cient for deriving our spherical
distributions (Section 4).

Jacobian. The Jacobian of the pivot transformation restricted to
the sphere S2 de�nes the parameterization of our spherical distri-
butions presented in Section 4. As we show in Appendix A, the
expression of this Jacobian for any direction ω ∈ S2 is

∂д(ω)

∂ω
= *
,

1 − |rp |2

|ω − rp |2
+
-

2

. (4)

Figure 2 (3) shows the deformation produced by the pivot transfor-
mation at the surface of S2.

3.3 Pivot Spherical-Cap Invariance
Spherical Caps. We de�ne a spherical cap on S2 as the portion of

S2 that is cut o� by a right cone whose apex is located at the origin of
3D space; Figure 2 (4) shows the geometry of this parameterization.
Under this interpretation, any spherical cap C ⊆ S2 is described by
the two parameters of the right cone, namely its direction ωc ∈ S

2

and aperture angleψc ∈ (0,π ]. Note that the solid angleAc ∈ (0,4π ]
of a spherical cap is

Ac = 2π (1 − cosψc ). (5)

Invariance Property. We prove that spherical caps are preserved
under the pivot transformation in two steps. First, we know that, by
construction of the pivot transformation, the intersection between
S2 and the cone that parameterizes the spherical cap maps to S2.
Second, we know that the pivot transformation—because it is a
Möbius transformation—maps circles to circles. Hence, a spherical
cap, whose boundary is a circle on S2, is mapped onto another
spherical cap, whose boundary is another circle on S2.

Parameter Determination. Figure 3 (4) shows the three points
(drawn in green) that we compute to determine the parameters of
a pivot transformed cap. We denote д(C ) ⊆ S2 the spherical cap
obtained after applying a pivot transformation to an input spherical
cap C . Let ωc ,ω ′c ∈ S

2 respectively denote the direction of C and
д(C ). We observe that the points rp , ωc and ω ′c always lie on the
same plane; Figure 3 (1) illustrates this property. The input cap’s
boundary intersects this plane at two points, which we denote by
ω1 and ω2; Figure 3 (2) illustrates this property. We project these
two points through the pivot and onto the opposite side of S2,
obtaining two new points д(ω1) and д(ω2); Figure 3 (3) illustrates
this operation. Then, the direction of the new cap д(C ) is oriented
towards the mean direction between the two pointsд(ω1) andд(ω2),

i.e.,

ω ′c =
д(ω1) + д(ω2)

|д(ω1) + д(ω2) |
. (6)

In addition, we determine the aperture angleψ ′c of the pivot-transformed
spherical cap д(C ) with a dot product

ψ ′c = cos−1 (ω ′c · д(ω1))

= cos−1 (ω ′c · д(ω2)). (7)

4 SPHERICAL PIVOT TRANSFORMED DISTRIBUTIONS
In this section, we introduce Spherical Pivot Transformed Distri-
butions (SPTDs), a new set of spherical distributions with speci�c
analytic properties over spherical caps. A SPTD is a variant of an
input spherical distribution whose direction vectors have undergone
a pivot transformation. We de�ne the new distributions obtained in
this way, and discuss their properties.

Dstd SPTD Variants

Fig. 6. Examples of SPTDs. The top and bo�om SPTDs are created for various
pivot points from a uniform and clamped-cosine spherical distribution,
respectively.

4.1 Definition
Original Distribution. We use Dstd to denote the original input

distribution that we wish to parameterize with a pivot. The shape of
Dstd drives the shape of the transformed distribution; Figure 6 illus-
trates a few pivot transformed variants of a set of simple spherical
distributions.

Pivot Transformation. We create a new distribution D by applying
the pivot transformation that we introduced in Section 3, i.e., by
applying Equation (2) to the directions that constitute the original
distribution. The pivot can be seen as a concentration parameter
of intensity |rp | towards the direction of rp ; Figure 6 illustrates
this e�ect. Note that we can recover the original distribution via
the double composition property of the pivot transformation, i.e.,
ωi = д(д(ωi )).

Closed-Form Expression. The magnitude of a SPTD is the magni-
tude of the original distribution Dstd towards the original direction
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(1)

pdf[Dstd]

(2)

ωi ∼ Dstd

(3) ωi 7→ д (ωi ) (4)
pdf[D]

Fig. 4. Geometric construction of a SPTD. Given (1) an input spherical distribution associated with (2) a set of direction vectors, we create a pivot transformed
distribution by (3) applying our pivot transformation to the set of direction vectors of the original distribution, resulting in (4) a novel distribution with specific
analytic properties over spherical caps.

(1)

C

(2)

д (C )

(3) (4)

Fig. 5. Integrating and sampling a SPTD over a spherical cap. (1) Integrating a SPTD D over a spherical cap C is equivalent to (2) integrating the original
distribution Dstd over the spherical cap д (C ). It follows that if we can (3) importance sample Dstd over a spherical cap д (C ), then we can also (4) importance
sample D over the spherical cap C by applying the pivot transformation to the samples from D .

ωi weighted by the change of solid angle measure due to the distor-
tion produced by the pivot. Using Equation (4), we obtain

D (ω)
def
= Dstd (ωi )

∂ωi
∂ω

= Dstd (д(ω))
∂д(ω)

∂ω

= Dstd (д(ω)) *
,

1 − |rp |2

|ω − rp |2
+
-

2

. (8)

Hence, if Dstd has an analytic expression, then so do its pivot-
transformed variants.

4.2 Properties
Normalization. The norm of a SPTD D is the norm of its original

distribution Dstd. Using Equation (8) we have∫
S2

D (ω)dω =

∫
S2

Dstd (ωi )
∂ωi
∂ω

dω

=

∫
S2

Dstd (ωi ) dωi . (9)

Integration over Spherical Caps. The integral of a SPTD over a
spherical cap is the integral of the original distribution over this

spherical cap transformed by the pivot∫
C
D (ω) dω =

∫
д (C )

Dstd (ωi ) dωi . (10)

Figure 5 (1, 2) provides a geometric interpretation of this result.

Integration over Sets of Spherical Caps. The integral of a SPTD
over a spherical domain D ⊆ S2 composed of complementary sets,
unions, and intersections of spherical caps is the integral of the
original distribution over this spherical domain transformed by the
pivot ∫

D
D (ω) dω =

∫
д (D )

Dstd (ωi ) dωi . (11)

Importance Sampling. If Dstd can be importance sampled on S2,
then its SPTD variants can be importance sampled straightforwardly:
it su�ces to generate a random directionωi fromDstd and transform
it with the pivot to get the �nal sample ω = д(ωi ); Figure 4 (2, 3)
illustrates this operation geometrically.

Importance Sampling over Spherical Caps. If Dstd can be impor-
tance sampled over any spherical cap C , then its SPTD variants
can be importance sampled straightforwardly: it su�ces to gener-
ate a random direction ωi from Dstd over the spherical cap д(C )
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and transform it with the pivot to get the �nal sample ω = д(ωi );
Figure 5 (3, 4) illustrates this operation geometrically.

Importance Sampling over Sets of Spherical Caps. If Dstd can be
importance sampled over a set of spherical caps D , then its SPTD
variants can be importance sampled straightforwardly: it su�ces
to generate a random direction ωi from Dstd over the spherical
set д(D ) and transform it with the pivot to get the �nal sample
ω = д(ωi ).

5 SPTDs FOR REAL-TIME SPHERE LIGHTS
In this section, we leverage the properties of SPTDs to derive a novel
sphere light shading technique for real-time renderers.

5.1 Mathematical Framework
Rendering Equation. We consider a surface illuminated by a sphere

light with a di�use emissive pro�le. The radiance Lo ≥ 0 emitted
by the surface towards direction ωo ∈ S

2 is given by a spherical
integral of the surface’s BRDF [Kajiya 1986]. Letting fr denote the
BRDF of the surface, and fr⊥ its projection onto the unit disk, we
have

Lo = L

∫
C

fr⊥ (ω,ωo ) dω, (12)

where C is the solid angle covered by the light, whose geometry is
a spherical cap, and

fr⊥ (ω,ωo ) = fr (ω,ωo ) max(0,cosθ ). (13)

Note that for an illuminated surface element located at position
rs ∈ R3, the parameters of the spherical cap C are [Shirley et al.
1996]

ωc =
rl − rs
|rl − rs |

, θc = sin−1
(

R

|rl − rs |

)
,

where rl ∈ R3 and R > 0 respectively denote the sphere light’s
center position and radius.

Pivot Approximation. In general, the integrand of Equation (12)
does not have an analytic solution under spherical cap integrals.
In order to solve this spherical integral under real-time rendering
constraints, we approximate the integrand of Equation (12) with a
SPTD, i.e., we set

fr⊥ ≈ D. (14)

Using Equation (10), we get

Lo = L

∫
C
D (ω) dω

= L

∫
д (C )

Dstd (ωi ) dωi , (15)

which we can solve analytically if we choose a distribution Dstd that
can be integrated analytically against spherical caps. In other words,
we reformulate the problem of solving Equation (12) into that of
�nding a pivot parameter rp that accurately �ts the integrand of
Equation (12) given an incident direction ωo and an input distribu-
tion Dstd. We describe how we solve this new problem in the next
subsection.

GGX SPTD SPTD LTC
uniform di�use Heitz [2016]

Fig. 7. Fi�ing a GGX BRDF with SPTDs. The roughness of the BRDF is
α = 0.10 and the incident angles are (top) θo = 0◦ and (bo�om) θo = 75◦.

5.2 Shading Pipeline
Fitting Procedure. In our rendering examples, we approximate the

GGX microfacet BRDF parameterized by an isotropic roughness
coe�cient α ∈ [0,1]; this was motivated by the fact that it it is
the most widespread BRDF used in the industry [McAuley and
Hill 2016]. We adapted the code provided by Heitz et al. [2016] to
compute the pivot parameter that produced the best approximation
for Equation (14) given a speci�c input spherical distribution. Since
an isotropic GGX material only depends on the elevation angle of the
incident direction θo and the roughness parameter α , we only had
to �t two parameters for the pivot, namely its elevation angle and
its norm. Figure 7 illustrates some �tting results for both a uniform
and di�use input distribution compared to the GGX BRDF as well as
the �ts from Heitz et al. [2016] using a linearly transformed cosine
distribution.

Representation and Storage. We precompute our �ts inside a 64×64
texture parameterized by roughness α and incident angle θ , fetched
with linear interpolation. Our texture stores three coe�cients: the
pivot elevation angle and its norm, as well as the norm of the �tted
GGX BRDF. The size of the texture is 48KB. At runtime, we only
need to fetch this texture using the roughness of the material and
θo and evaluate the analytic integration of the input distribution
Dstd over the spherical cap д(C ), as given in Equation (15).

Choosing the Input Distribution. We experimented with both the
uniform and clamped-cosine distributions to �t isotropic GGX ma-
terials. We preferred the former over the latter as its tails matched
the input BRDFs better, i.e., we use

Dstd =
1

4π
. (16)

Note that since the uniform distribution is de�ned over the entire
sphere S2, our �ts can lead to pivot transformed distributions that
leak light under the surface. Fortunately, we can avoid this leaking
entirely by restricting the uniform pivot transformed distribution
to the hemisphere with an additional spherical cap, as shown in
Figure 8. We rewrite Equation (15) into

Lo = L

∫
D
D (ω) dω, (17)
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D D clipped (hemisphere) Sphere-light cap

D D clipped (visibility) Sphere-light cap

Fig. 8. Two-cap integration. Uniform pivot transformed distributions can be
analytically integrated over the intersection of two spherical caps. We use
this to prevent (top row) light leaking below the hemisphere and (bo�om
row) specular occlusion with a spherical cap that represents the visibility.

where D = C ∩H denotes the solid angle formed by the intersec-
tion of C and H , the spherical cap oriented towards the normal of
the surface and with aperture angle π/2. Thanks to the spherical
cap invariance properties of SPTDs, our sphere light integration
problem reduces to that of determining the solid angle covered by
the intersection of the two caps

Lo = L

∫
д (D )

Dstd (ωi ) dωi (18)

= L
1

4π

∫
д (D )

dωi . (19)

Computing this solid angle can be done analytically using the for-
mula of Oat and Sander [2007], which we provide in Appendix B;
Figure 9 shows the result with and without clipping.

5.3 Results
Game Engine Integration. Our technique is easy to integrate into

an existing real-time rendering pipeline. Figure 1 shows a scene
in which the sphere lights are simulated with our technique in a
video-game engine. The scene contains 4 sphere lights and the total
rendering time per frame is 16ms at 1920 × 1080 on an NVIDIA

GGX Uniform SPTD Uniform SPTD
without clipping with clipping

Fig. 9. Avoiding light leaking. We prevent light leaking below the hemisphere
by clamping the distribution with the spherical cap associated with the
upper hemisphere.

GGX Uniform SPTD

Fig. 10. Comparison of our technique against ground truth.

Geforce GTX 980 GPU. Note that we also provide animated render-
ings in our supplemental video that were all rendered in less than
20ms with the same hardware.

Performance. We benchmarked our shader by rasterizing a fullscreen
quad covering 1920 × 1080 pixels on an NVIDIA Geforce GTX 980
GPU. For a single sphere light source, the shading time is 0.57ms
and is independent of the roughness α of the GGX BRDFs we ap-
proximate. By adding an additional sphere light, the shading time
goes to 1.17ms. This is expected since our algorithm scales linearly
with the number of sphere lights.

Comparison Against Ground Truths. We provide rendering com-
parisons against ground-truth results in Figure 1, and Figure 10 (we
also provide a more extensive set of comparisons in our supple-
mental document). We compute the ground truth by importance
sampling the GGX microfacet BRDF and we raytrace the sphere
lights. At normal incidence, our �ts result in materials very similar
to the target GGX lobes. At grazing angles however, our �ts fail to
reproduce the elongated highlights of glossy GGX materials. This
error is not due to our �tting method, it is a fundamental limitation
of SPTDs: since SPTDs are spherically invariant, we cannot expect
them to produce more complex isocontours. This limitation is also
clearly visible from the BRDF plots shown in Figure 7. In general,
most of the deviations with respect to ground truths will be due
to this limitation. Thus, we believe that any future contribution
towards extending the behavior of SPTDs to more complex shapes
could bene�t real-time sphere light shading.

5.4 Specular Occlusion with Bent Cones
In this section, we show how to use SPTDs to incorporate a pre-
computed representation of visibility within the shading integral
known as bent cones [Landis 2002].

General Concept. Whenever distant occlusion is involved in shad-
ing, the integrand of the rendering equation writes as a triple prod-
uct, i.e.,

Lo =

∫
S2

fr⊥ (ω,ωo )V (ω) L(ω) dω, (20)

where V ∈ {0,1} is the directional visibility at the shading point.
Specular occlusion consists in representing the visibility function
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BRDF

sphere light

bent cone

(a) Specular occlusion setting (b) Without spec. occl. (c) With spec. occl. (d) Shadow leaking (e) Light leaking

Fig. 11. Specular occlusion incorporates (c) a rough estimate of visibility for surface shading: (a) the bent cone (drawn in red) modulates the product of the light
(drawn in yellow) and the BRDF (drawn in green). Separate integration neglects the correlation between the elements of the shading integral and can lead to
(d) shadow leaking or (e) shadow leaking. We show that (c) uniform SPTDs can be used to avoid such artifacts in the case of spherical lights.

by a bent cone, which is a spherical-cap de�ned by a principal direc-
tion (the bent normal) and a spherical area (the ambient occlusion);
Figure 11 illustrates the geometry of Equation (23) in the context
of specular occlusion. Note that the bent cone representation for
visibility was �rst introduced for interactive rendering [Iwasaki
et al. 2012; Klehm et al. 2011; Wang et al. 2009], and is experiencing
a renewed interest—under the name of specular occlusion—in the
video game industry for shiny surface shading [El Garawany 2016;
Jiménez 2016].

Existing Approach with Separability Assumptions. Since the triple-
product integral of Equation (23) cannot be solved analytically, previ-
ous methods approximate this integral by simpler product integrals,
for instance:

Lo ≈
1
f̄

(∫
S2

V (ω) fr⊥ (ω,ωo ) dω

)
×

(∫
S2

L(ω) fr⊥ (ω,ωo ) dω

)
=
Vf

f̄
× Lf , (21)

where

f̄ =

∫
S2

fr⊥ (ω,ωo ) dω. (22)

Intuitively, Vf/f̄ yields the percentage of the BRDF that is not shad-
owed by occluders, where Vf is usually computed with the inter-
section of two spherical caps by approximating the BRDF with a
spherical cap. The other term Lf is the integral of the BRDF over
the unoccluded lighting. For instance, in the case of environmental
lighting, Lf is usually evaluated with a texture fetch in a pre�ltered
environment map [El Garawany 2016; Jiménez 2016]. In this work,
we set Lf to the sphere-light shading integral that we computed in
the previous section using Equation (15).

Limitations of the Separability Assumptions. In the approximate
formulation of Equation (21), both the correlations between the
BRDF and the visibility and between the BRDF and the lighting are
accounted for. However, the correlation between the visibility and
the lighting is neglected, which can result in shadow leaking arti-
facts; Figure 11 (d) illustrates shows an example of shadow leaking
artifact. Note that, alternatively to Equation (21), the triple product

integral of Equation (23) can also be separated into the integral of the
product of light and visibility and the integral of the product of light
and the BRDF. However, this separation neglects the correlation
of the light and the BRDF, which can result in light leaking; Fig-
ure 11 (e) shows an example of light leaking artifact. Using SPTDs,
we show that we can account for the triple product correlations in
the case of spherical lights.

Triple-Product Integration with SPTDs. Since a bent cone de�nes
a spherical cap, we can improve the computations of specular oc-
clusion in the case of sphere lighting with uniform SPTDs. Indeed,
by approximating the projected BRDF term fr⊥ with a uniform
SPTD in Equation (23) and exploiting the spherical-cap invariance
of SPTDs we obtain:

Lo ≈

∫
S2

D (ω)V (ω) L(ω) dω

=

∫
D
D (ω) dω

=
1

4π

∫
д (D )

dωi , (23)

where D is the intersection of the spherical cap associated with the
visibility and the spherical cap associated with the sphere light. This
integral has the same form as hemispherical clipping we described
in Equation (19). Thus, we can reuse the double-cap integral of Oat
and Sander [2007] to compute it; the bottom row of Figure 8 illus-
trates our approach. Assuming that the bent-cone is the reference
representation of visibility, the only approximation introduced by
our formulation is the replacement of the BRDF with a uniform
SPTD. Hence, we account for the important correlations between
the three integrands, thus avoiding light and shadow leaks entirely.
Figure 12 shows a few renderings of specular occlusion with varying
lighting conditions.

6 SPTDs FOR MONTE CARLO SPHERE LIGHTS
In this section, we show how the spherical cap sampling property of
SPTDs can be used to reduce the variance of Monte Carlo renderings.
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Fig. 12. Renderings of specular occlusion under a sphere light of varying
size.

6.1 Sampling BRDFs
Joint Light Sampling with SPTDs. Figure 13 compares the classic

approach for integrating BRDFs over sphere lights against our im-
proved approach made possible thanks to our pivot transformed
distributions. The classic approach consists in sampling the BRDF
and the light separately and combine them with Multiple Importance
Sampling (MIS) [Veach 1998]: the samples are weighted proportion-
ally to the probability density function (PDF) used to generate them.
In the case of sphere lights, the best light sampling strategy is to
sample a uniform distribution over the spherical cap covered by the
light. We propose to improve the light sampling strategy with our
pivot approximation of the BRDF. Instead of sampling a uniform
distribution over the spherical cap, we sample the pivot transformed
distribution over the spherical cap. This produces samples that are
distributed closer to the BRDF, which thus results in lower variance.
However, these samples are not distributed perfectly according to
the BRDF inside the spherical cap since the pivot transformed distri-
bution is just an approximation of the BRDF. This is why we keep
the BRDF sampling strategy and combine both with MIS.

MIS (previous) Joint MIS (ours)
BRDF Light BRDF Pivot-Light

BRDF Pivot

Fig. 13. Joint light sampling with SPTDs. (Le�) Classic Multiple Impor-
tance Sampling combines samples generated with the BRDF and the light
separately. (Right) We approximate the BRDF with a pivot transformed
distribution and use it to improve the light sampling strategy.

Results. Figure 14 compares results obtained with these strategies.
We can see that using the pivot transformed distribution for improv-
ing light sampling results in noticeable variance reduction, even
though the pivot transformed distribution is just an approximation
of the BRDF.

Implementation Details. We noticed that in some con�gurations,
our pivot-light sampling is numerically unstable. The PDF of this

MIS (previous) Joint MIS (ours)

Fig. 14. Variance reduction with joint light sampling. We compare the results
obtained with the techniques described in Figure 13 using 32 samples per
pixel.

sampling technique is proportional to the inverse of the solid angle
of the pivoted spherical cap. If this solid angle is too small, we divide
by a value close to 0, which results in numerical instabilities. In our
implementation, we detect these con�gurations by checking if the
solid angle of the pivoted spherical cap is smaller than 10−3 and fall
back to classic MIS in this case. These con�gurations are precisely
the cases where the result is close to zero (outside the highlights)
where variance is low anyway.

6.2 Anisotropic Participating Media
Rendering Equation. Spherical integrals play a fundamental role

in the rendering of participating media. Here, we are interested in
the local in-scattering equation, which involves a spherical integral
of the medium’s phase function fp ≥ 0 against an incident radiance
distribution L ≥ 0

Lo =

∫
S2

L(ω) fp (µ ) dω, (24)

where µ = ωo ·ω ∈ [−1,1] is the elevation of the phase angle, which
measures the deviation of the incident ray ω from the direction ωo .
In general, this Equation (24) does not have a closed form and is
typically integrated with stochastic Monte Carlo. Next, we derive a
phase function from a SPTD that can be jointly importance sampled
with sphere light sources.

The Pivot Phase Function. We derive an anisotropic phase function
fp,pivot by transforming a uniform spherical distribution with a pivot
point aligned with the directionωo and with magnitudeдp ∈ (−1,1);
its expressions is

fp,pivot (µ ) =
1

4π
*
,

1 − д2
p

1 + д2
p − 2дpµ

+
-

2

. (25)

The magnitude of the pivot controls the scattering behavior of the
phase function, ranging from backscattering through isotropic to
forward scattering.
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Fitting the Henyey-Greenstein Phase Function. Our pivot phase
function has a very similar algebraic expression to that of the
Henyey-Greenstein phase function [1941], which is given by

fp,HG (µ ) =
1

4π
1 − д2

(1 + д2 − 2дµ )
3
2
, (26)

where the parameter д ∈ [−1,1] has the same in�uence on the scat-
tering behavior as our дp parameter. Since Equation (26) and Equa-
tion (25) have very close algebraic expressions, we were able to
create very similar renderings by �tting the pivot parameter дp
from д with a rational function

дp = sign(д)Q ( |д |), (27)

where

Q (u) =
0.7489u − 0.6121u2

1 − 0.8409u + 0.0223u2 . (28)

Figure 15 shows slices of the phase functions obtained with our �t.
Note that the slices do not contain the sinθ Jacobian of the spherical
parameterization. Hence, the values at the peaks have much less
weight than the side and the angular spread of the distribution is the
relevant quantity. Figure 16 shows that our pivot phase functions
produce appearances similar to the target Henyey-Greenstein phase
functions.

HG
pivot

Fig. 15. Polar plots of the Henyey-Greenstein and pivot phase functions.

д = −0.5 д = 0.3 д = 0.7

H
G

SP
TD

Fig. 16. Phase function comparison. Our approximation of the Henyey-
Greenstein phase function with SPTDs achieves similar appearance.

Joint Phase Function and Light Sampling. Since our pivot phase
function matches the behavior of the Henyey-Greenstein phase
function, we believe it can serve as a valuable rendering tool, es-
pecially given that its importance sampling is more e�cient with
sphere lights. In Figure 17 we show how we importance sample the
phase function over a sphere light. This can be done analytically

thanks to the properties of SPTDs. In contrast, with classic phase
functions, the phase functions and the lights are sampled separately
and combined with MIS. Figure 18 shows that this joint sampling
produces lower variance than MIS (more results are available in our
supplemental material).

MIS (previous) Joint MIS (ours)
Phase function Light Phase function-Light

Fig. 17. Joint pivot phase function and light sampling. (Le�) Classic Multiple
Importance Sampling combines samples generated with the phase function
and the light separately. (Right) We use our pivot transformed distribution
as a phase function and sample it over the light spherical cap.

MIS (previous) Joint MIS (ours) MIS (previous) Joint MIS (ours)

Fig. 18. Joint importance sampling of phase functions and sphere lights. In this
figure our pivot phase function matches Henyey-Greenstein with parameter
д = 0.9.

7 CONCLUSION AND FUTURE WORK
We introduced Spherical Pivot Transformed Distributions (SPTDs), a
new family of spherical distributions with speci�c analytic proper-
ties over spherical caps, such as closed-form expressions, normal-
ization, integration and importance sampling over spherical caps.
We applied SPTDs to improve existing sphere-light rendering tech-
niques in both real-time and o�ine scenarios. We believe that our
contributions open up several avenues worth exploring in future
work:

Coupling with LTSDs. Since our SPTDs produce radially symmet-
ric isocontours, we would like to investigate if it is possible to extend
them to support more complex behaviors. We believe combining
SPTDs with the linearly transformed spherical distributions (LTSDs)
introduced by Heitz et al. [2016] is possible, but �nding useful prop-
erties that lead to practical rendering techniques remains an open
question. Maybe we can �nd a more general transformation that
comprises both SPTDs and LTSDs as special cases.
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Other Operators. We do not know whether it is possible to de-
rive other analytic operators that could be useful for rendering
applications, such as the inner product or convolution.

Parametric Estimation. We would also like to investigate whether
it is possible to �t SPTDs to a target distribution by directly ex-
tracting a pivot rp instead of using non-linear optimization as we
currently do for physically based BRDFs. This was also mentioned
in the context of LTSDs, but our problem should be simpler since it
has fewer degrees of freedom.
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A JACOBIAN DERIVATION
Here, we derive the Jacobian of the pivot transformation that we
give in Equation (4). This Jacobian measures the rate of change of
an in�nitesimal solid angle ∂д(ω) on the pivot-tranformed sphere
д(S2) with respect to its associated in�nitesimal solid angle ∂ω
on the original sphere S2. Without loss of generality, we assume
that the geometry of ∂ω is an in�nitesimal disk of radius r1 ≥ 0.
Then, since—as a Möbius transformation—the pivot transformation
preserves disks, we know that ∂д(ω) is also a disk. Letting r2 ≥ 0
denote the radius of ∂д(ω), the Jacobian is then the ratio of the area
of these disks

∂д(ω)

∂ω
=
πr2

2
πr2

1

=

(
r2
r1

)2
. (29)

0
ω

ω′

rp
д (ω )

д (ω′)

∆ω

∆д (ω )

Fig. 19. Geometry for the derivation of the pivot Jacobian.

We can determine the ratio r2/r1 using Figure 19 as follows. Ac-
cording to the intersecting chords’ Theorem, the blue and red tri-
angles are similar, i.e., they are a scaled version of each other. As
a result, the ratio between the blue and red edge—which become
straight lines when ∆ becomes in�nitesimally small—is equal to
the ratio of two other similar edges. Thus, letting r2 = ∆д(ω) and
r1 = ∆ω, we have

r2
r1
=
|д(ω) − rp |
|ω − rp |

. (30)

Again, from Figure 19, we have

|д(ω) − rp | = |д(ω) −ω | − |ω − rp |. (31)
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The length |д(ω) − ω | can be found from the isosceles triangle
formed by the points 0, ω, and д(ω)

|д(ω) −ω | = 2ω ·
ω − rp
|ω − rp |

. (32)

Thus, by injecting Equation (32) into Equation (31) and using straight-
forward algebra, we �nd that

|д(ω) − rp | =
1 − |rp |2

|ω − rp |
, (33)

and hence, from Equation (30)

r2
r1
=

1 − |rp |2

|ω − rp |2
. (34)

Finally, we combine Equation (29) and Equation (34) to obtain Equa-
tion (4)

∂д(ω)

∂ω
= *
,

1 − |rp |2

|ω − rp |2
+
-

2

.

B INTERSECTING SPHERICAL CAPS
Exact Formula. The solid angle A ≥ 0 covered by the intersection

of two spherical caps C1 and C2 with respective orientations ω1 ∈
S2 and ω2 ∈ S2 and aperture angles ψ1 and ψ2 such that ψ1 ≤ ψ2
is [Oat and Sander 2007; Tovchigrechko and Vakser 2001]

A =




2π (1 − cosψ1) ifψ2 −ψ1 ≥ ψd
0 ifψ1 +ψ2 ≤ ψd
B otherwise

(35)

whereψd = cos−1 (ω1 ·ω2) and

B = 2π − 2π cosψ1 − 2π cosψ2

− 2 cos−1
(

cosψd − cosψ1 cosψ2
sinψ1 sinψ2

)
+ 2 cosψ1 cos−1

(
cosψ1 cosψd − cosψ2

sinψ1 sinψd

)
+ 2 cosψ2 cos−1

(
cosψ2 cosψd − cosψ1

sinψ2 sinψd

)
. (36)

Approximate Formula. In our real-time implementations, we use
an approximation of Equation (36) [Oat and Sander 2007]

B ≈ 2π (1 − cosψ1)P

(
ψ1 +ψ2 −ψd

2ψ1

)
(37)

where
P (x ) = 3x2 − 2x3. (38)
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