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Laurent Veysseire

May 13, 2017

Abstract

In this paper, we prove a semigroup version of the Ahlswede-Daykin
four functions theorem on the discrete hypercube, and of its general-
ization to 2n functions.

Introduction

The Ahlshwede—Daykin four function theorem is an inequality from
which the more classical FKG inequality[3] can be easily derived. It
tells that if four nonnegative functions «, 3,7, d on the discrete hyper-
cube satisfy the Ahlshwede-Daykin condition

ax)B(y) < v(zVy)d(z Ay)

then we have [« [ < [~ [J, where the integrals are taken with
respect to the counting measure on the discrete hypercube.

In this paper, we prove the stability of the Ahlshwede-Daykin con-
dition under the heat flow. The stability of this condition under disjoint
convolution has been proved in [4].

The Ahlshwede—Daykin four function theorem has been generalized
to 2n functions, independently by Aharoni and Keich in [1] and Rinott
and Saks in [6]. We show that the generalized Ahlshwede-Daykin
condition appearing in this 2n functions theorem is also preserved by
the heat flow.

The original four functions theorem and 2n functions theorem easily
follow from the stability of the generalized Ahlshwede-Daykin condi-
tion under the heat flow, by taking the limit of those inequalities when
the time tends to +oo.



1 The four functions theorem

We will denote by H,, := {0,1}197=1 the discrete hypercube of di-
mension n. For any two elements x and y of H,,, we define z V y and
x Ay in the following way:

Vi€ [|0,n — 1], (x Vy); := max(z;,y;) and (z Ay); := min(z;, y;).

We consider the following set of 4-tuples of functions on H,:

A= {800 € (B oy € Hosa()5(0) < 2o vd(o A}

The Ahlswede-Daykin four functions theorem [2] is the following
statement.

Theorem 1 Let (a,3,7,9) € A,,. Then we have:

Jefo=]]o

where [ f =737 ¢y f(x) for any real function f on H,.

Remark 2 Theorem 1 also holds if we integrate with respect to a mea-
sure whose density p with respect to the counting measure has the fol-
lowing form:

p(‘r) = H (]lfq',:lp’i + ]lxi,zo%‘)v
i€[|o,n—1]]

where the p;’s and q;’s are nonnegative numbers. This kind of measure
on H,, is the product of n measures on the two point space.
Indeed, such p satisfy

Yo,y € Hp, p(@)p(y) = p(z V y)p(z Ay).

Thus, (o, B,7,6) € A, implies (ap, Bp,yp,0p) € A, too, so we can
apply Theorem 1 to this latter one 4-tuple of functions.

Now we introduce a Markov semigroup on ..
For any element z of H,,, and any i € [|0,n — 1|], we denote by Z;
the element of H,, defined by

~N . l’j lf]#’t
(1) { 1—a; ifi=j.

For any i € [|0,n — 1], we denote by L; the following operator
acting on real-valued functions on H,,:

Ly f(x) = f(Z:) — f ().



We define the Markov semigroup (P)ier, by P! = €', where the
generator L of the semigroup takes the following form:

L= > \Lq,

1€[|0,n—1]]

with A; > 0 the jumping rate in the direction <.
Now, we can state our semigroup version of the four functions the-
orem.

Theorem 3 Let (o, 3,7,0) € Ay, then we have
vVt >0, (P'a, P'B, P'y, P'6) € A,.

Remark 4 Since the uniform measure on H,, is the unique reversible
measure of (P?), taking the limit when t tends to +o0o gives back The-
orem 1.

Corollary 5 Let f be a log-supermodular function on H, and g be a
nonincreasing log-modular function on H,,, then fxg is log-supermodular,
where * is the usual convolution operator on H,, ~ (Z/2Z)™.

Proof: Log-supermodular functions on H,, are nonnegative functions
f that satisfy f(z)f(y) < f(zx Vy)f(x Ay) for all x,y € H,, which
is equivalent to (f, f, f, f) € A,. Log-modular functions on H,, are
nonnegative functions g that satisfy g(x)g(y) = g(z V y)g(z A y) for
all z,y € H,. Log-modular functions can be written as a product of
functions: g(x) = H?:_Ol gi(x;) where the g;’s are nonegative functions
of {0,1}.

One can rewrite it g(z) = Cl_[?z_ol pi (1 — p;)t=% where C is a

nonnegative constant and p; the p;’s are well defined

— g:(1) (
9:(0)+g:(1)
except in the trivial case where g = 0). If g is nonincreasing, then

all the p;’s are smaller than 1o1f Vi, pi < %, we set \; = —%ln(l —

2
2p;), and we have, for P! the Markov semigroup generated by L =

ZiEHO,nfl\] AiL iy,
fxg=CP'f,

so according to Theorem 3, (P'f, P1f P'f Plf) € A,, thus P'f is
log-supermodular and so is f * g.

The case where some of the p;’s are equal to % can be deduced from
above by a convergence argument.[]

The fact that P? is a Markov semigroup implies that for any non-
negative function f, P!f is a nonnegative function too. So to prove
Theorem 3, it only remains to check that

Vr,y € Hy, Pta(x)Ptﬁ(y) < Pt'y(x Vv y)Pté(x AY).

We first prove the theorem in the case n = 1.



In order to simplify the notations, and to spare parentheses and
the ink needed for printing them, we will write «, instead of a(x), and
likewise for the other functions. We also define the following quantities,
which are nonnegative if (o, 8,7,9) € A;:

Ago =000 — aofo  Ao1 := 7100 — o
Aqg =700 —a1fo A1 =761 — a1

The quantities Agg(t), Ao1(t), A1o(t) and Aqq(t) are defined on a
similar way, by replacing the functions «, 3, v and 6 with Pta, P83,
Pty and Pt6.

The following lemma is a key argument.

Lemma 6 If (o, 3,7,9) € Ay, then we have

agf + a1Bo < Y061 + Y10.

Proof of Lemma 6: If v15y = 0, then we have apf81 = o189 = 0
because Ap; and Ajg are nonnegative (o and 8 are nonnegative t00),
so we have to prove 7pd; > 0, which is true.

If 7169 > 0, then we can write vy > O‘gf‘) because Agg > 0, and

01 > “;—’fl because A1 > 0. So we get:

apai o
7100

Ap1Aqg >
Y100

Y001+v100—ap B —a1 B > +v100—apfr1—a1 By = 0.0d

Now we prove Theorem 3 by two different ways.
First proof of Theorem 3: In the case n = 1, we have

Pt — etL — e)\[)tL(O) — I + %(1 _ e*2)\gt)L(0).

—2xgt
2

P'f(0) = (1 —p)fo+pfi, and P f(1) = pfo+ (1 —p) fi.

Then we have

—e

So for a fixed t > 0, we set p = 1 € [0, %), and we have

Ago(t) = (1 = p)ro +p11)((1 = p)do + pd1) — (1 — p)ao + paa)((1 — p)Bo + pB1)
= (1= p)*Ag0 + p*A11 +p(1 = p) (3001 + 71100 — @B — a1 fo) > 0,
where we used Lemma 6 to get the nonnegativity of the last term. We

have Aj;1(¢) > 0 with the same proof, by swapping p and 1 — p. We
also have

Ap1(t) = (pyo + (1 = p)71)((1 = p)do + pd1) — (1 — p)ag + pa)(pBo + (1 —p)B1)
=p(1 = p)(Aoo + A11) + p* (Y001 + 71180 — @0 B1 — a180) + (1 — 2p)Ag1 > 0,



where we used Lemma 6 to lower bound the second term. The proof
of the nonnegativity of A1g(t) is similar. So we are done for the case
n=1.

Now we assume n > 2. We can remark that the L;) commute with
each other, so we have P! = HieHO,n—]H eritLG) where the order of
the terms in the product does not matter, because they commute with
each other. So to prove Theorem 3, it suffices to prove that for each
i € [|0,n — 1], the operator ei*L() stabilizes A,,.

Let i € [|0,n — 1|]. For any = € H,,, we set Ty the element of H,,
whose coordinates are the same than the ones of x except the i*" which
is replaced with 0, and we define Z; = Zo; likewise. Let x and y be
two fixed points of H,,. We define the four functions o, 8’, v' and ¢’
on H; on the following way:

(T

Q

!
a,, .

SN~—"
L X
==

The fact that (o/, 8,7/, 8") € A; trivially follows from (a, 8,7, ) € A,.
We also have

et/\"'L“)a(x) — et)‘iL(f))O/(xi) etAiL(”ﬂ(y) — etAiL(O)ﬁl(yi)
eiliy(z v y) = eNitOy (2 vy) eNPOs(x Ay) = e O (5 Ay;)

So, applying Theorem 3 in the one dimensional case to (¢/, 58',7/,")
gives us

Mt a(z)eFO By) < N EO(x vyl tO§(z Ay).
This inequality being true for every z,y € H,, we have
(et)\iL(i)a, etAiL(i)ﬁy et)\iL(i),y, et}wL(i)é‘) 6 An~

Thus et L@ stabilizes A,, and so does Pt.0]

We also give a second proof of Theorem 3, which should be more
likely generalizable to semigroups with more compicated generators
than the first one.

Second proof of Theorem 3: Let A be the subset of A4,, in which
we have the strict inequalities

a(x)B(y) <v(xVy)d(z Ay).

To prove that P? stabilizes A, it suffices to prove that it stabilizes A,
because P! is continuous and A,, is the closure of A%. Let (, 3,7,d) €
A¥. Assume that at some time ¢, we have (P'a, P!, Plvy, P§) ¢
A%, Because of the continuity in ¢ of P!, there exists a first time

T > 0 for which (PTa, PTg,PTy,PT§) ¢ A%. So we have Vt <



T, (Pta, P'B, Ply, Pt§) € A: and there exists some z and y in H,
such that A, (T) = 0, with the notation

Agy(t) := P'y(z vV y)P'S(x Ay) — Pla(x)P'B(y).
We have for every t > 0

dAgy(t)

e LP'y(zVvy)P'§(xAy)+Py(xVvy) LP'§(xAy)— LP a(x) P'B(y)—P'a(x) LP B(y).
In the case n = 1, we have

dAg ()
dt

= o [(m —0)d0 +70(d1 — o) — (1 — @) Bo — ao(B1 — Bo)]
t=0

= Ao [—2A00 + 7180 + Y001 — @180 — apf1] = —2X0Aq0,

where we used Lemma 6 for the last inequality. Doing the same com-
putation, we get %;(t) > —2X0A11. We have
t=0

dAp (t)

I = o [(70 — 71)d0 + 71 (01 — do) — (a1 — ap)B1 — ao(Bo — P1)]

t=0
= )\0 [72A01 + AOO + Alﬂ > 72)\0A01.

And likewise, %@m > —2X0Aq0.
t=0

Now in the case when n > 2, using the same (o, 8',7/,9’) as in the
first proof, and the differential inequations obtained in the case n =1,
we get for every x,y € H,, and every i € [|0,n — 1]],

Liyy(zVvy)o(zAy)+y(xVvy) Lyd(zAy) =Ly o(z) B(y) —a() Ly B(y) = —204y.
Thus we have

dAgy
dt

tzozzie[‘o,n,lu A71[L(i)’Y(f'i\/y)<5(ﬂ3/\11)-0-’Y(f6V.U)L(¢)5(96/\11)—110)Oé(ﬂﬂ)ﬁ(y)—a(ﬂﬂ)L(i)5(11)]
>—2 EiGHO,nfl\] )‘iAwy'

So, setting A := 3=, (9,1 Ai» and replacing (o, 8,7, d) with (Pta, P'B, Ptvy, Ply),
we get for any 0 <t < T

M > —22A,, (1)

Integrating this inequality between 0 and T yields
Ay (T) > Ay (0)e™22T > 0.

But there must exist « and y such that A, (7") = 0, so our assumption
that P* does not stabilize A} was wrong.[]



2 generalization to 2n functions

Theorem 1 has been generalized to 2n functions, independently by
Aharoni and Keich [1], and Rinott and Saks [6]. The proof we present
here is widely inspired from the one of [1].

Definition 7 Let 0 < n € N, and z = (z1,...,2,) € (Hm)". Then
we set, for 1 <i < n:

piz):= /[ A=
sclitn)] \I€S
S| =i

A other way to say that is to set ¢;(x);, the j*® coordinate of ¢;(x),
to be 1 if at least ¢ x;, among the n have their j*" coordinate equal to
1, and to set ¢;(x); = 0 otherwise.

We also define the following set of 2n-tuples of functions:

By = {(fl,...,fmgh...,gm € B nfva € (Ho)" [ fila) < Hgiwi(x»}.
=1 =1

Then the 2n functions theorem is the following one:

Theorem 8 Let (f1,..., fn,g1,---,9n) € BY. Then we have:

H / Ji < H / 9i-
We will show the following semigroup version of this theorem:

Theorem 9 Let (fi,..., fns91,---,9n) € B?, and P! = el be the
Markov semigroup on the state space H,,, generated by L = Zje[‘07m_1|] ALy
Then we have, for all t > 0

(P'f1,...,P'f.,P'g1,..., Pg,) € B,

Proof : Like for Theorem 3, we first prove Theorem 9 in the one
dimensional case (m = 1).
Step 1: We first reduce the problem to simple cases.

We may assume that for each i € [|1,n|], fi(0), fi(1), ¢:(0) and
9i(1) are positive. Indeed, for € > 0, we may set f£(z) = max(e’, f;(x))

1

and ¢5(z) = max(e, g;(x)), where ¢/ = inf1<g<p (M%n,k)% with M =
sup; . fi(z).

Let us check that (ff,..., fs,95,...,95) € BY. Let z € {0,1}". If
for every 1 < i <, we have f;(x;) > &', then [] ff(x;) =[] fi(x:) <



[Tgi(pi(z)) <T1¢5(pi(z)). Otherwise, there exist k indexes i satisfy-
ing f;(z;) < &', where 1 < k < n, and we have [] f£(z;) < *M"F <
e < T1 6 (o1(2).

Furthermore, we have ¢’ < ¢ (just take k = n), so f¢ tends to f;
and g¢; tends to g; when ¢ tends to 0. Thus if Theorem 9 is true for f7
and g;, it also holds for f; and g; by making ¢ tend to 0.

We can also assume that []7_; fi(0) = [[i—; ¢;(0) = 1. Indeed, if
[T, f:(0) < T, 9i(0), we can set

5\ (2) g1(1) ife=1
g1\r) = I, f:(0) . _
Me@ H2=0

Then we have (f17"'7fna§17g27"',gn) S B1L7 and g1 Z §17 S0 Ptgl Z

Ptgy. Soif (P'fy,...,Ptf,, Ptg1, Ptgs,..., P'g,) belongs to B}, the

same is true for (P'fy,...,Ptf,, Ptg1,...,Ptg,). And we can as-

sume that [[;", f;(0) = 1 by dividing the functions f; and g; by
1

(ITizy £i(0)) ™
We set «; = In (?Eé%) and 8; = In (;%ég) We can assume that
a1 > az > ... > a, by changing the order of the f;’s, because
i(o.x) = p(x), where 0 € &, x € {0,1}" and o.x € {0,1}" is
defined by (0.7); = 2,3;)-
Step 2:We prove Theorem 9 in our simple case thanks to a lemma.
For a subset S C [|1,n]], and for 0 < k1 < kg < n, we set:

As gy ky = {C C |1, n|]|§C = ko, 4(C' N S) > k1 }.

The lemma at the core of the proof is the following one:
Lemma 10 Let S C [[1,n]], and 0 < k1 < ko < n. If (a;)ig),n) and
(Bi)ie(|1,n|) are two sequences such that o is nonincreasing and for all

1<i<n, Z;zl a; < Z;zl Bj, then the following inequality holds:

Z exp(z ;) < Z exp(z Bi)-

CEAs iy ky ieC CEA[1,851),k1 ko i€C

In [1], the same inequality was shown, but only for the sets Ay =
{C C S,4C = k}.

Let us see how Lemma 10 implies Theorem 9.

In our simple case, we have [}, fi(zi) = exp(3;,,_; ;) and
[T, gi(z) = exp(zi‘g“:1 B;). For t > 0, we have for any f: {0,1} —

R, P'f(z) = (1 —p)f(z) + pf(1 —z) with p = p(t) = k%w <1



Let x € {0,1}™, we set S = {i|x; = 1} C [|1,n]]. Then we have:

n n
HPtfi(l“i) = Z Hfi(]lc(i))p”(CAS)(l _p)n—u(CAs)
i=1 cclli,nf] =1
= 3 en(S a1 s
cc(|1,n]] ieC
= 2 > exp(day)pttthe (1 — pyriS Rtk
0<k1<ke<n CC[|1,n[] ieC
§C=ks
$(CNS)=k1
— S [ T (S ety
0<k2<n \CE€As5,0,k, ieC

I Z Z exp(z i )phS a2k (1 _ pyn—tS—kat2ka () _(

1<k1<k2 CGAsylekz ieC

where C AS = (CUS)\ (CNS) is the symmetric difference of the
sets C' and S, and where we used an Abel transform to get the last
equality. We can rewrite this equation

[[Pfie) =" > PokikaRiskih
=1

0<k1<ks<n
with
Pg ko) ky = Z exp(z a;)
CEAs ky iy i€C
and
phothz(1 — pyn—tS—ke if b =0

RﬂsvklakQ = { (1 _ (7) )pﬁs-‘r/ﬂ le(l _p)n—ﬂs—kz-‘r?kl if kl > 1.

For 1 <14 < n, we have p;(x) = 1 if and only if 7 < #S. Thus, doing
as above, we get:

[[Pa(ei@) = D QiskikResii
i=1

0<k1<k2<n
with

Q45 ks *= > exp() _ Bi).

CEM1 15]],k1 k2 ieC

From Lemma 10, we get Ps i, r, < Q45,k: ke, and since 0 < p < %,
we have Rys i, x, > 0. Thus we get the desired inequality:

HPtfz i) gf[

=1

p

1-p

))

)



Step 3: We prove Theorem 9 in the general m-dimensional case. We
can repeat the argument of the first proof of Theorem 3. Again, we
only have to show that e *i!L@ stabilizes B?. Let i € [|0,m — 1]]
and x = (1,...,%n) € (Hm)". Let (fi,.., fn,91,---,90) € By,. We
set, for each 1 < j < n, and for u € {0,1}, f;(u) = f;(z;,) and
gj(u) = g;(v;(x),), where for any y € H,,, . denotes the element
of H,, whose coordinates are the same that the ones of y, except the
i-th, which is set to be u.
We have (fi,..., fnsJ1,---,0n) € BL, and for all 1 < j <n,

M fi(ay) = MO Fia;,)
M g (i) = O gi(p;(3)s).

Then, applying Theorem 9 in dimension 1 to (fi, ..., fn, G1;--->Jn)
shows that

n
He’\ L f () SH it g (0, (2)).
J=1 Jj=1

L., 0 “1 i\
Thus 'L stabilizes B, and so does P! = [[/2," e"*if® .0

Remark 11 One can also do as in the second proof of Theorem 8
to prove Theorem 9. We can show, using Lemma 10 with (ki,ke) =

(#S — 1,45) or (85,45 + 1), that

m—1
d
—A > 9 A
Re(t) =2 A

=0

with x € Hy" and

Hsz Qol HPtfz xz

It remains to prove Lemma 10. As in [1], we use a majorization
argument. We first recall some basic facts about majorization, which
can be found in [5].

Let Ne Nand z € RY. Then for 1 <i < N, we denote by Tp) the

h greatest coordinate of z. That is, T[;) = T,(;) for some permutation
o € Gy satisfying To(1) > Ty (2) > ... Lo(N)-

Definition 12 Let 2,y € RYN. We say that y majorizes x, and we
write it x <y, if for each 1 <i < N — 1, we have

1 [
Do <Yy
j=1 j=1

10



and
N N
Z T = Z Y-
j=1 j=1

We say that y weakly majorizes x, and we write it x < vy, if for
w
each 1 <1i < N, we have

DN
j=1 j=1

The following propostion gives another definition for majorization.

proposition 13 Let z,y € RN. Then x < y if and only if for any
convex function f: R — R, we have

N

N
Zf(ﬂ?i) < Zf(yi)-

i=1

We only need the following Lemma, which is a direct consequence of
this proposition.

Lemma 14 Let z,y € RN. If x <y, then we have
w

N N
E et < E eYi,
i=1 i=1

Proof of Lemma 14: Let M € R, we set ' = (21,...,2ny,—M) €
RN and y' = (y1,...,yn, —M — X0 (i — 2;)) € RVNFL Iz <y,

then for M large enough, we have 2’ < y’. Applying Proposition 13
to 2’ and 3/, with f = exp and making M tend to +oo gives us the
desired inequality.[]

Now we can prove Lemma 10.
Proof of Lemma 10: We first show that

S a3 e ),

CGAsylekz ieC CGA[\1,ﬁ5|]=k1,k2 ieC

so it is sufficient to prove Lemma 10 in the case where S = [|1,45]].
Let S C [|1,n]|]. For ny,ne,ns,ng € [|1,n|], we set P, ny.ngn, the
set of every C' C [|1,n|] satisfying

sCNSN[IL,85]) =m
H(CNSN[IES + 1,n]]) = ne
#H(C N SN[, 48]]) = ns
HCNSON[ES + 1)) = ma,

11



where S¢ = [|1,n[] \ S
Then we have

As ik, = |_| Pry no s,

ni+ne >k
ni+ne+nz+ns=*ka

and
A[‘lvusl]aklka = |_| Py nong g

ni+nz>ki
ni+nz+nz+ns=ka

Thus, we have

Z eXP(Z ;) — Z eXP(Z ;) =

CGAHl,ﬂSH,kl,/‘Q ieC CEAS,kl,kz ieC
E E exp( E ;) — E exp(E ;)
ni1+n2<ki CEPnl,HQ,n3,n4 i€C Cepnl,ng,nZ,n4 ieC
ni1+nz >k

ni1+na+nzg+ns=ka

Let ni,n9,n3,n4 € N such that ny + no < k1, n; + nz > k1 and
n1 + ns +n3 +ny. One trivially has ng > ny. We construct a bipartite
graph whose vertices are the elements of P, ny.ns.n4 U Pryng.no,ngs DY
putting an edge between C' € Py, nynamny ad C' € Py, gy nyon, (and
we write it C' ~ (") if and only if the following conditions are satisfied:

CNSNL4S]=C NSNS
CNSNES+1,n]c ¢’ NSNS + 1,1
CNSCN(L 48> NSC L, S]]

] =

CNSCN[ES+1,n]=0n8SCN[tS + 1,n|.

More simply said, we have C ~ C’ if and only if C’ can be obtained
from C by removing n3 — ng elements of C' NS¢ N[|1,4£S]] and adding
n3 — ny elements of C¢ NS N[4S + 1,n|], or symetrically if and only if
C can be obtained from C’ by removing n3 — ns elements of C' N.S'N
[[£S + 1,7n|] and adding nz — ny elements of C'C N S N [|1,£S]].

Since «; is nonincreasing, the sum of ng — ny ay;’s with ¢ < #S is
always greater than or equals to the sum of ng — no «;’s with ¢ > §5.
Thus, if C' € Py, nyngng a0d C' € Py 1y ny o, are such that C ~ C7,
then we have ), - a; > > ;.o a;. Furthermore, any vertex of the

graph has exactly N = ( s )(ﬁs_ﬁ(sm[‘l’ﬁsl])_”z) neighbors. Then,

ng—nsz ng—nsz

12



we have:

0< % > (exp(z a;) —exp( Y ai))

CEP711,712,713,714 ieC ieC’
C'€Ppny ng,ng,ng
c~C’
= E eXP(E @) — E exp( E ;).
CePny nyng.ng 1€C C'€Pry ng,ng,ny i€C’

Putting this inequality in (1) provides the desired inequality:

Z exp(z ;) — Z exp(z a;) > 0.

CeAHLﬁSH,klka e CEAS,kl,kQ e

Remark 15 Using the marriage Lemma, or the fact that the extremal
points of the set of bistochastic matrices are permutation matrices (%
times the adjascence matriz of our graph is trivially a bistochastic ma-
triz), one can show that there exists a bijection f between Pp, ny ng g
and Py, ng.nyn, such that C ~ f(C). Thus there also exists a bijection
g from A1 ss)) kb, t0 Ak ky Such that 3o, oo > 370,00y, and

this implies that X Kk XA“1 4511,k kg ? where the notation X, s
Jo1iky FEDRTS

explained just below.

For A € P([|]1,n]]), we set X5 and Y, the vectors of R* whose
coordinates are (Xa)o = D ,cc i and (Ya)o = > ;e Bi, for C € A.

Let us prove that XA“1 45 < YA[ . We enumerate
’ w

yk1,ko [1,8S1],k1 kg

the elements (Ci)izl___ﬁj\m'us‘ of Afj1,45)),k1,k, I such a way that

lik1,ko
(X jec: ¥ 2jecs 277) is a decreasing sequence (indexed by ), for the
lexicographic order, which means that for 1 <1y <12 < #A[1 457k, ko>
we have Zjecil aj > Z:J’ECiz aj, and in case of equality, we have
furthermore Zjecil 277 > Zjeci2 277 (well note that C C [|1,n|] —
djec 277 is injective).

Let 1 <k < 8A[149)), k0 ke For 1 < j < n, we set ax(j) = #{i €
[|11,k|],7 € Ci}, and we set ax(n+1) = 0.

We show that ag(j) is nonincreasing in j. Let 1 < j; < jo < n, then
ak(jl) - ak(jQ) = ﬂ{l € H]-vkna]l € Ci, j2 ¢ Cz} - H{Z € [|17k”a]2 €
Ci,j1 ¢ Ci}. Let i € [|1,k]|] be such that jo € C; and j1 ¢ C;. We
set Cf = (C; U{j1}) \ {j2}. We have §C] = 4C; = ko and £(C)) N
[11,45]] > 4(Ci) N [|1,8S]] > k1, so Cf € Apj1ss),k1,k.- We also have
Zjecg o — Zjeci a; =, —aj, >0 and Zjecg 2=J — Zjeci 92=J —
2771 — 2792 > 0, so there exists i < i such that C/ = Cy. Thus
i — i’ is an injective function from {i € [|1,k]|],j2 € Cy,51 ¢ C;} to
{i € [[Lkl],j1 € Ci,j2 & Ci}. Then g{i € [|Lk[],j1 € Ci,j2 ¢ Ci} 2
#i € |11, k], j2 € Ci, 51 ¢ Ci}, and ax(j1) — ar(j2) = 0.

13



So we have

k k n
Z(XAul,usu,kl,kz)H Z Q= Zak

i=1 i=1jeC; Jj=1

J
(ap(j) —ar(j +1) Z ) (Abel transformation)
J

k
ar(NB; =D B

IN
™= T
/—\ —

|

=
M

+
=
M
v
NE

j=1 =1 j=1 i=1j€C;
k k
= Z<YAH1 511k k) Z YA si.0y.05) )
i=1 i=1

where the last inequality occurs because the sum of any k& coordinates
of the vector Yy, ,q is always smaller than the sum of the k
greatest ones.

Thus we have XA[u,usu,kl,kg —5; YA[u,usn,kl,kg as announced. Then we

Iik1,k2

apply Lemma 14 and get

Z eXp(Z a;) < Z eXP(Z Bi)-

CEA[1,4511,k1 ko i€C CEA[1,451].k1 ko i€l

So Lemma 10 is proved.[d
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