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GLOBAL IN TIME STRICHARTZ ESTIMATES FOR THE FRACTIONAL
SCHRODINGER EQUATIONS ON ASYMPTOTICALLY EUCLIDEAN
MANIFOLDS

VAN DUONG DINH

ABSTRACT. In this paper, we prove global in time Strichartz estimates for the fractional Schrodinger
operators, namely e A9 with o € (0,00)\{1} and Ay := y/—Ay where Ay is the Laplace-Beltrami
operator on asymptotically Euclidean manifolds (R%, g). Let fo € C$°(R) be a smooth cutoff equal

1 near zero. We firstly show that the high frequency part (1 — fo)(P)e_itAg satisfies global in time

Strichartz estimates as on R? of dimension d > 2 inside a compact set under non-trapping condition.
On the other hand, under the moderate trapping assumption (1.12), the high frequency part also

satisfies the global in time Strichartz estimates outside a compact set. We next prove that the low
frequency part fo(P)eﬂtAg satisfies global in time Strichartz estimates as on R? of dimension d > 3

without using any geometric assumption on g. As a byproduct, we prove global in time Strichartz
estimates for the fractional Schrodinger and wave equations on (]Rd,g),d > 3 under non-trapping
condition.

1. INTRODUCTION

Let (M, g) be a d-dimensional Riemannian manifold. We consider the time dependent fractional
Schrodinger equation on (M, g), namely

i0u — Agu =0, U= = uo, (1.1)

with o € (0,00)\{1}, Ay = \/—A, where A, is the Laplace-Beltrami operator associated to the metric
g. The fractional Schrodinger equation (1.1) arises in many physical contexts. When o € (0,2)\{1},
the fractional Schrédinger equation was discovered by N. Laskin (see [27], [28]) as a result of extending
the Feynman path integral, from the Brownian-like to Lévy-like quantum mechanical paths. This type
of equation also appears in the water wave models (see [22], [32]). When o = 2, it corresponds to
the well-known Schrédinger equation. In the case o = 4, it is the fourth-order Schrédinger equation
introduced by Karpman [24] and Karpman and Shagalov [25] to take into account the role of small
fourth-order dispersion terms in the propagation of intense laser beams in a bulk medium with Kerr
nonlinearity.

When M = R?% and g = Id, i.e. the flat Euclidean space, the solution to (1.1) enjoys the following
global in time Strichartz estimates (see [16]),

HUHLP(R,Lq(Rd)) S ”uO”HVp‘q(]Rd)’

where (p, ) satisfies the fractional admissible condition, i.e.

IN
N

pE [2700]7 q € [2,00), (p,q,d) 7é (2700,2)7

[SHESH

(1.2)
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with
d
Ypg==—— —— ) 1.3
P . (1.3)

Remark that one also has global in time Strichartz estimates for ¢ = oo, but one has to replace the
Lebesgue norm L>*(R%) by a corresponding Besov norm due to the Littlewood-Paley theorem. We
refer the reader to [16] for more details.

When M is a compact Riemannian manifold without boundary and g is smooth, we also have (see
[17]) Strichartz estimates but only local in time,

[l o o,11,20ary) S ol rr7(ar)-

In the case o € (0,1), we have the same (local in time) Strichartz estimates as in (R4, Id), i.e. v = 7,4
In the case o € (1,00), there is a “loss” of derivatives (¢ — 1)/p comparing to the one on (R%,1d), i.e.
Y =Yp,qg + (0 —1)/p.

When M is a non-compact Riemannian manifold, global in time Strichartz estimates for the
Schrodinger equation (i.e. o = 2) have been studied intensively. In [8], Bouclet-Tzvetkov estab-
lished global in time Strichartz estimates on asymptotically Euclidean manifold, i.e. R? equipped
with a long range perturbation metric g (see (1.5)) with a low frequency cutoff under non-trapping
condition. The first breakthrough on this topic was done by Tataru in [45] where the author consid-
ered long range and globally small perturbations of the Euclidean metric with C? and time dependent
coefficients. In this setting, no trapping could occur. Later, Marzuola-Metcalfe-Tataru in [29] im-
proved the results considering more general perturbations in a compact set, including some weak
trapping. Afterward, Hassell-Zhang in [21] extended those results for general geometric framework of
asymptotically conic manifolds and including very short range potentials with non-trapping condition.
Recently, Bouclet-Mizutani in [5] established global in time Strichartz estimates for a more general
class of asymptotically conic manifolds including all usual smooth long range perturbations of the
Euclidean metric.

In order to prove Strichartz estimates on curved backgrounds, one uses the Littlewood-Paley decom-
position to localize the solution in frequency. One then uses microlocal techniques to derive dispersive
estimates and obtain Strichartz estimates for each spectrally localized components. By summing over
all frequency pieces, one gets Strichartz estimates for the solution. For local in time Strichartz es-
timates, this usual scheme works very well. However, for global in time Strichartz estimates, one
has to face a difficulty arising at low frequency. Due to the uncertainty principle, one can only use
microlocal techniques for data supported outside compact sets at low frequency. Therefore, one has
to use another technique for data supported inside compact sets. Note also that on R?, one can use
the scaling technique to reduce the analysis at low frequency to the study at frequency one, but this
technique does not work on manifolds in general.

The goal of this paper is to study global in time Strichartz estimates for the fractional Schrodinger
equation on asymptotically Euclidean manifolds. In the case of Schrédinger equation, it can be seen
as a completion of those in [8] of spatial dimensions greater than or equal to 3. In order to achieve this
goal, we will use the techniques of [5] combined with the analysis of [8]. Note that since we consider
a larger range of admissible condition comparing to the sharp Schrédinger admissible condition (i.e.
the inequality in (1.2) is replaced by the equality) of [5], we have to be more careful in order to apply
the techniques of [5].

Before giving the main results, let us introduce some notations. Let g(z) = (ij(ﬂi))?,k:l be a

metric on R d > 2, and denote G(x) = (¢ (x)) =, := g~ ' (2). We consider the Laplace-Beltrami
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operator associated to g, i.e.

d
=D lg(@)| 710, (6" (2)lg()10s,) .

k=1
where |g(x)] := y/det g(z). Throughout the paper, we assume that g satisfies the following assump-
tions.

(1) There exists C > 0 such that for all z,¢ € R,

CeP < Z gF (@)€6 < Cle. (1.4)

J,k=1

(2) There exists p > 0 such that for all & € N%, there exists C,, > 0 such that for all z € R9,
0% (67" () = dj1) | < Clo () 77100 (1.5)

The elliptic assumption (1.4) implies that |g(x)| is bounded from below and above by positive con-
stants. Thus for 1 < g < oo, the spaces LY(R¢, d,z) where dyo = |g(x)|dz and LI(R?) coincide and
have equivalent norms. In the sequel, we will use the same notation L(R%). It is well-known that
—A, is essentially self-adjoint on C§°(R?) under the assumptions (1.4) and (1.5). We denote the
unique self-adjoint extension on L?(R%) by P. Note that the principal symbol of P is

p(z,€) =Gz g—Zgﬂ’“ )&k (1.6)

J.k=1

Now let v € R and ¢ € [1,00]. The inhomogeneous Sobolev space W-4(R%) associated to P is
defined as a closure of the Schwartz space .#(R?) under the norm

||u||W_;”q(Rd) = | <Ag>ﬂyu”Lq(Rd)-

It is very useful to recall that for all v € R and ¢ € (1, 00), there exists C' > 1 such that
c (M) || paray < [ullwyagay < C (M) ul| paray, (1.7)

with (A) = v/1— A where A is the free Laplace operator on RY. This fact follows from the L9-
boundedness of zero order pseudo-differential operators (see e.g [41, Theorem 3.1.6]). The estimates
(1.7) allow us to use the Sobolev embedding as on R. For the homogeneous Sobolev space associated
to P, one should be careful since the Schwartz space is not a good candidate due to the singularity
at 0 of A = |A|”. Recall that (see [18, Appendix], [47, chapter 5] and [1, Chapter 6]) on R? the
homogeneous Sobolev space W74(R%) is the closure of .Z(R%) under the norm

[l virreagay = 1{A) wll Lagray,
where
LR :={u e .Z[RY) | D*4(0) =0, Yo € N*}.

Here * is the spatial Fourier transform. Since there is no Fourier transform on manifolds, we need to
use the spectral theory instead. We denote

Zy(RY) = {p(P)u | u e S (R?),p € C5°((0,00)) } . (1.8)
We define the homogeneous Sobolev space Wg”y 4(RY) associated to P as the closure of %, (R?) under
the norm

HUHWQV"I(]Rd) = ||Agu||m(nw)-
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When ¢ = 2, we use H?(R?), H?(RY), H} (R?) and H)(R?) instead of W2(R%), W72(R?), W72(RY)
and Hg (R?) respectively. Thanks to the equivalence (1.7), we will only use the usual notation H7(R?)
in the sequel. It is important to note (see [4, Proposition 2.3] or [43, Lemma 2.4]) that for d > 2,

(Agu, Agu) = (u, Pu) = ||Vul|Z2 gy = [[ull3 (1.9)

Il ey = H (R

By the Stone theorem, the solution to (1.1) is given by u(t) = e "5 ug. Let fo € C3°(R) be such
that fo =1 on [—1,1]. We split
u(t) = wow(t) + nign (1),
where

Ulow (1) == fO(P)eﬂ'tAguo, Unigh (t) = (1 — fo)(P)e*“Aguo. (1.10)

We see that uiow(t) and unign(t) correspond to the low and high frequencies respectively. By the
Littlewood-Paley decomposition which is very similar to the one given in [5, Subsection 4.2] (see
Subsection 3.1), we split the high frequency term into two parts: inside and outside a compact set.
Our first result concerns the global in time Strichartz estimates for the high frequency term inside a
compact set.

Theorem 1.1. Consider R, d > 2 equipped with a smooth metric g satisfying (1.4), (1.5) and assume
that the geodesic flow associated to g is non-trapping. Then for all x € C§°(R?) and all (p, q) fractional
admissible, there exists C > 0 such that for all ug € £,(R?),

Ixtnigh || L (2,29 (m)) < Clluoll gyeo gay- (1.11)

The proof of Theorem 1.1 is based on local in time Strichartz estimates and global L? integrability
estimates of the fractional Schrodinger operator. This strategy was first used in [44] for the Schrédinger
equation. We will make use of dispersive estimates given in [17] to get Strichartz estimates with a
high frequency spectral cutoff on a small time interval. Thanks to global L? integrability estimates,
we can upgrade these local in time Strichartz estimates in to global in time Strichartz estimates. This
strategy depends heavily on the non-trapping condition. We believe that one can improve this result
to allow some weak trapped condition such as hyperbolic trapping in [11]. We hope to come back this
interesting question in a future work.

Our next result is the following global in time Strichartz estimates for the high frequency term
outside a compact set.

Theorem 1.2. Consider R, d > 2 equipped with a smooth metric g satisfying (1.4), (1.5) and assume
that there exists M > 0 large enough such that for all x € C§°(R?),

IX(P = A£i0) "Xl zr2®ay Sx AY, A= 1 (1.12)

Then there exists R > 0 large enough such that for all (p,q) fractional admissible, there exists C > 0
such that for all ug € Z,(R%),

141> Ry unigh | Lr (&, Lo re)) < Clluoll gr.a (ray- (1.13)

The assumption (1.12) is known to hold in certain trapping situations (see e.g. [14], [33] or [11])
as well as in the non-trapping case (see [36] or [48]). We remark that under the trapping condition of
[14], [33] or [11], we have

IX(P = A£30) "Xl cz2may Sx A2 logh, A >1,
and under non-trapping condition, we have (see e.g. [10], [36]) that

IX(P =X £i0) "Xl cerzmayy Sx A2, A1
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The proof of Theorem 1.2 relies on the so called Isozaki-Kitada parametrix (see [8]) and resolvent
estimates given in [5] using (1.12). Recall that the Isozaki-Kitada parametrix was first introduced on
R? to study the scattering theory of Schrédinger operators with long range potentials [23]. Tt was
then modified and successfully used to show the Strichartz estimates for Schrédinger equation outside
a compact set in many papers (see e.g. [7], [8], [9], [30], [31] or [5]).

The low frequency term in (1.10) enjoys the following global in time Strichartz estimates.

Theorem 1.3. Consider R, d > 3 equipped with a smooth metric g satisfying (1.4), (1.5). Then for
all (p,q) fractional admissible, there exists C > 0 such that for all ug € £,(R?),

||Ulow||Lv(R,Lq(1R<d)) < CHUOHH;”"?(Rd)' (1.14)

As mentioned earlier, since we consider a larger range of admissible condition than the one studied
in [5], we can not apply directly the low frequency Littlewood-Paley decomposition given in [5]. We
thus need a “refined” version of Littlewood-Paley decomposition. To do so, we will take the advantage
of heat kernel estimates (see Subsection 3.1). As a result, we split the low frequency term into two
parts: one supported outside a compact set and another one localized in a weak sense, i.e. by means
of a spatial decay weight. The term with a spatial decay weight is treated easily by using global L?
integrability estimates of the fractional Schrédinger operator at low frequency. Note that this type of
global L? integrability estimate relies on the low frequency resolvent estimates of [6] which is available
for spatial dimensions d > 3. We expect that global in time Strichartz estimates for the fractional
Schrodinger equation at low frequency may hold in dimension d = 2 as well. However, we do not
know how to prove it at the moment. For the term outside a compact set, we make use of microlocal
techniques and a low frequency version of the Isozaki-Kitada parametrix. We refer the reader to
Section 5 for more details.

Combining Theorem 1.1, Theorem 1.2 and Theorem 1.3, we have the following result.

Theorem 1.4. Consider R, d > 3 equipped with a smooth metric g satisfying (1.4), (1.5) and assume
that the geodesic flow associated to g is non-trapping. Let u be a weak solution to (1.1). Then for all
(p,q) fractional admissible, there exists C > 0 such that for all ug € £,(R?),

lull Lo (R, Lo (Re)) < CHUOHH;”"Q(Rd)' (1.15)

Using the homogeneous Strichartz estimate (1.15) and the Christ-Kiselev Lemma, we get the fol-
lowing inhomogeneous Strichartz estimates.

Proposition 1.5. Consider R% d > 3 equipped with a smooth metric g satisfying (1.4),(1.5) and
assume that the geodesic flow associated to g is non-trapping. Let o € (0,00)\{1} and u be a weak
solution to the Cauchy problem
i0pu(t,r) — Agu(t,r) F(t,z), (t,z) € Rx R4,
uw(0,z) = wug(z), z€RY
with data ug € £y and F € C(R,%,). Then for all (p,q) and (a,b) fractional admissible, there exists
C > 0 such that

(1.16)

[ull e ®, Lo ®ay) + 1wl poo (g, 7P (ma)) < C(HUOHH_;M(W) + HFHLG/(R,LV(RUZ)))V (1.17)

provided that (p,a) # (2,2) and
Tp.a = Ya' by T O (1.18)
Remark 1.6. 1. The homogeneous Strichartz estimates (1.15) and the Minkowski inequality

imply
lull Lo (&, Laray) < C(HuOllH;p’q(Rd) + ||F||L1(R,H;p’q(Rd)))' (1.19)
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2. When o € (0,2)\{1}, we always have , , > 0 for any fractional admissible pair (p, q) except
(p,q) = (00,2). Thus, condition (1.18) implies that (p,a) # (2,2), and (1.17) includes the
endpoint case. When o > 2, the estimates (1.17) do not include the endpoint estimate.

3. In the case o € (0,2]\{1}, we can replace the homogeneous Sobolev norms in (1.17) and (1.19)
by the inhomogeneous ones.

Proposition 1.7. Consider R, d > 3 equipped with a smooth metric g satisfying (1.4),(1.5) and
assume that the geodesic flow associated to g is non-trapping. Let o € (0,00)\{1} and v be a weak
solution to the Cauchy problem

{ DPu(t,x) + A27u(t,z) = F(t,x), (t,x)€RxRY,
v(0,x) = vo(x), 0(0,2) = vi(z), = €R?

with data vo,v1 € £ and F € C(R,.Z,). Then for all (p,q) and (a,b) fractional admissible, there
ezists C' > 0 such that

V]| o (&, aray) + (|l ]HLM(R,H;M(W)) <C (H[U](O)”HZEQ(W) + HF”LG/(R,LV(Rd))> ) (1.21)
where [v](t) := (v(t), Ov(t)) and

(1.20)

”[U]HLw(R,H;P’q(Rd)) = ”UHLOO(]R,HJP’Q(]Rd)) + ||8t/UHLoo(]R7H‘;’P1q*”(Rd))
provided that (p,a) # (2,2) and
Yp.q = Var b + 20 (1.22)
Remark 1.8. As in Remark 1.6, we have

||UHLP(]R,L‘1(]R’1)) < C(”[’U](O)HH;F"?(Rd) + ||F||L1(R,H;p'qia(]Rd)))' (123)

We finally emphasize that this paper is only devoted to study global in time Strichartz estimates.
We refer the reader to [16] for applications of Strichartz estimates to the local well-posedness of the
nonlinear fractional Schrodinger and wave equations.

The paper is organized as follows. In Section 2, we recall some properties of the semi-classical and

rescaled pseudo-differential operators, and prove some propagation estimates related to our problem.
We then prove a “refined” version of the Littlewood-Paley decomposition at low frequency and give
a reduction of global in time Strichartz estimates in Section 3. In Section 4, we prove global in time
Strichartz estimates inside compact sets at high frequency. Section 5 is devoted to the construction of
the Isozaki-Kitada parametrix for the fractional Schrédinger operator both at high and low frequencies
and to the proofs of Strichartz estimates outside compact sets. Finally, we give in Section 6 the proofs
for the inhomogeneous Strichartz estimates due to the Christ-Kiselev Lemma.
Notation. In this paper the constant may change from line to line and will be denoted by the same
C. The constants with a subscript Cp,C5,... will be used when we need to compare them to one
another. The notation A <p B means that there exists a universal constant C' > 0 depending on D
such that A < CB. For Banach spaces X and Y, the notation [ - || z(x,y) denotes the operator norm
from X to Y and || - [|z(x) := || - lz(x,x). The one T' = O x,y)(A) means that there exists C' > 0
such that ||T]|z(x,y) < CA. In order to simplify the presentation, we shall drop the notation R and
only write L9,., %, W4, W4, HY H].

2. FUNCTIONAL CALCULUS AND PROPAGATION ESTIMATES

In this section, we recall some well-known results on pseudo-differential operators and prove some
propagation estimates related to our problem.
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2.1. Pseudo-differential operators. Let u, m € R. We consider the symbol class S(u, m) the space
of smooth functions a on R?? satisfying

8;"85&(33,{)‘ < Cap <x>u—|a\ <£>m—|/3\ )

In practice, we mainly use S(u, —00) := NyperS (1, m).
For a € S(u,m) and h € (0,1], we consider the semi-classical pseudo-differential operator
Op"(a) which is defined by

Oph(a)u(a?) = (27Th)_d //R?d eihfl(x_y)éa(:c,f)u(y)dydf. (2.1)

By the long range assumption (1.5), we see that h?P = Op"(p) + hOp"(p;) with p € S(0,2) given

in (1.6) and p; € S(—p —1,1) C S(—1,1). We recall that for a € S(p1,m1) and b € S(uz, m2), the
composition Op”"(a)Op"(b) is given by

N—

op" W Op" ((a#b);) + hN Op" (r§ (1)), (2:2)

Jj=0

>_|

where (a#b); = >, _; a,@“aD“b € S(p1 + p2 — j,m1 + mo — j) and (TN(h))he(o,l] is a bounded
family in S(py + p2 — N,my + mg — N). The adjoint with respect to the Lebesgue measure Op"(a)*
is given by
N—-1
K Op"(a}) + KN Op" (1} (h)), (2.3)
7=0
where af = 37, _; a,@“D a € S(p1 —j,m1 —j) and (r3(h))ne(o,1) is a bounded family in S(u1 —
]\/v7 mq — N)
We next recall the definition of rescaled pseudo-differential operator which is essentially given in [5].
This type of operator is very useful for the analysis at low frequency. Let a € S(u, m) and € € (0, 1].
The rescaled pseudo-differential operator Op.(a) is defined by

Opc(ayu(e) = (2m)* [ e afer, T euty)apds.

Setting Deu(z) := ¢¥2u(ex). Tt is easy to see that D, is a unitary map on L? and
Op.(a) = D.Op(a)D;*, (2.4)

where D 'u(z) = e ¥2u(e~'z) and Op(a) := Op*(a), i.e. h =1 in (2.1). Thanks to (2.2),(2.3) and
(2.4), the composition Op.(a)Op.(b) and the adjoint with respect to the Lebesgue measure Op,(a)*
with @ € S(u1,m1) and b € S(u2, ma) are given by

Ope(a)Ope(b) Zope (a#b);) + Opc (%),  Opc(a Zope ) + Ope(ryy)-

7=0 7=0

2.2. Functional calculus. In this subsection, we will recall the approximations for ¢(h?P) and
((ex)p(e~2P) in terms of semi-classical and rescaled pseudo-differential operators respectively where
¢ € C°(R) and ¢ € C>(R?) is supported outside B(0, 1) and equal to 1 near infinity. Here B(0,1) is
the open unit ball in R%.

We firstly recall the following £(L?, L")-bound of pseudo-differential operators (see e.g. [7, Propo-
sition 2.4]).
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Proposition 2.1. Let m > d and a be a continuous function on R?*? smooth with respect to the second
variable satisfying for all B € N?, there exists Cp > 0 such that for all x,& € R,

|0¢a(z, &)l < Cs ().
Then for 1 < q <r < oo, there exists C > 0 such that for all h € (0,1],
10p"™(a)| £(pa,pry < CRYT4/1,

The following proposition gives an approximation of ¢(h?P) in terms of semi-classical pseudo-
differential operators (see e.g. [7] or [35]).

Proposition 2.2. Consider R? equipped with a smooth metric g satisfying (1.4) and (1.5). Then
for a given ¢ € Cg°(R), there exist a sequence of symbols q; € S(—j, —o0) satisfying qo = ¢ o p and
supp(q;) C supp(¢ o p) such that for all N > 1,

N-1
¢(h*P) =Y W Op"(q;) + W™ R (h),
=0

and form >0 and 1 < g <r < oo, there exists C > 0 such that for all h € (0,1],
R () (@)™ || o pry < CRYT=41,
IR (h) (@)™ || pegr=m pmy < CRT2™.

Combining Proposition 2.1 and Proposition 2.2, one has the following result (see e.g. [7, Proposition
2.9]).

Proposition 2.3. Consider R? equipped with a smooth metric g satisfying (1.4) and (1.5). Let
¢ € C§°(R). Then for 1 < q<r < oo, there exists C > 0 such that for all h € (0,1],

I¢(h*P)|| g (a1 < Ch¥/r=d/a,

It is also known (see [5]) that the rescaled pseudo-differential operator is very useful to approximate
the low frequency localization of P, i.e. operators of the form ¢(e~2P). By the uncertainty principle,
one can only expect to get such approximation whenever |z| is large, typically |x| > e 1.

Remark 2.4. Let 4 < 0,m € R and a € S(u, m). If we set
ac(z,€) = e'a(e”'x,£),

then for all a, B € N?, there exists Cqp > 0 such that for all || > 1,€ € R?,

090F ac(z, )] < Cas (™!, Ve e (0.1]

We next rewrite e 2P as D (D' (e "2P)D.)D;*. A direct computation gives

D' (e P)De = Op(pe) + Op(pea) =: P,

where pe(z,€) = p(e 'z, &) and pe1(z, &) = e 'p1(e1z,£). We thus obtain
€ 2P = Ope(pe) + Ope(pe,1)- (2.5)

Using the fact that p € S(0,2),p; € S(—1,1), Remark 2.4 allows us to construct the parametrix for
the resolvent ((ex)(e 2P — z)~% with ¢ € C>°(R?) supported outside B(0,1) and equal to 1 near
infinity. Indeed, by writing ((ex)(e 2P —2)~% = D, [C(a:)(Pe - z)*k] D!, we can apply the standard
elliptic parametrix for ((x)(P. — 2) ™% and we have (see e.g. [7] or [5]) the following result.
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Proposition 2.5. Let ¢, 5,5 € C>(R4) be supported outside B(0,1) and equal to 1 near infinity such

that ¢ = 1 near supp(¢) and ¢ = 1 near supp(C). Then for all k,N > 1 integers and z € C\[0, +00),
we have for e € (0,1],

C(ex) (2P —2)” Z C(€)Ope(be,j(2))C(ex) + Ry (2, €),

where (be j(2))ec(0,1] s a bounded family in S(—j, —2k — j) which is a linear combination of de(p.
2)7F 7 with (deg)ee(o,1) @ bounded family in S(—j,2l — j) and
Ry (2,€) = ((ex)Ope(rn (2, €))C(ex) (e 2P — 2) 7"

where TN (z,€) € S(—N,—N) has seminorms growing polynomially in 1/dist(z, R") uniformly in € €
(0,1] as long as z belongs to a bounded set of C\[0,+0c0).

A first application of Proposition 2.5 is the following result.

Proposition 2.6. Using the notations given in Proposition 2.5, let k > d/2 and 2 < g < oco. Then
there exists C > 0 such that for all e € (0,1],

I¢(ex) (2P + 1) ¥ g(r2,0) < Ce¥/24, (2.6)

Proof. We apply Proposition 2.5 with N > d, we see that
-1

Cex)(e?P+1)” Z Cex)Ope(be; (—1))(ex) + C(ex)Ope(riv (—1, €){(ex) (2P + 1) 7
7=0

2

-1

D {¢(@)0p(bes (~1))C(@) + (@) Oplrn (1, ))l(@)(P. +1) 7} D1,

(=)

where (b ;(—1))ee(0,1]; ("N (—1,€))ec(o0,1) are bounded in S(—j, —2k — j) and S(—N, —N) respectively.
The result then follows from Proposition 2.1 with h = 1 and that

IDelleczay = €749, 1D 2y = 1.
We also use that [|(Pe + 1)7’6”5([12) < 1 for the remainder term. 0

<.

Another application of Proposition 2.5 is the following approximation of ((ex)¢(¢~2P) in terms of
rescaled pseudo-differential operators.

Proposition 2.7. Consider R? equipped with a smooth metric g satisfying (1.4) and (1.5). Let

¢ € C§°(R) and ¢, 5,5 be as in Proposition 2.5. Then there exists a sequence of bounded families of

symbols (Ge,j)ec(0,1] € S(—J, —00) with qeo = ¢ o pe and supp(ge,;) C supp(¢ o pe) such that for all
N >1,

N—1
Clex)d C(ex)Ope(ge,;)¢(ex) + Ry (€). (2.7
7=0
Moreover, for any m > 0, there exists C > 0 such that for all € € (0,1],
(2P +1)™ R (e) {ex)" || 12y < C. (2.8)

Proof. By using Proposition 2.5 with k£ = 1 and the Helffer-Sjostrand formula (see [15]) namely

o 2P) =~ [ B 2P =o)L,
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where q~5 is an almost analytic extension of ¢, the Cauchy formula gives (2.7) with
/8¢ (ex)Opc(rn(z, e))E(ex)(efQP —2)7YL(2). (2.9)

Here (rn(2,€))ee(0,1) is bounded in S(—N, —N) and has semi-norms growing polynomially in [Im z|~!
which is harmless since d¢(z) = O(|Im z|°°). The left hand side of (2.8) is bounded by

= [ B3NP + )" Cea)Opelrn (. )i 2P =27 () lewaydL(2)

By choosing ¢; € C*(R?) supported outside B(0, 1) such that ¢; = 1 near supp(g), we can write
(€ 2P —2)" = (2P —2)7' 1 = ¢)(ex) + (2P — 2) "¢ (ex).

We note that (1 — ¢;)(ex) (ex)” is of size Or(12)(1) due to the compact support in ez, and (e 2P +
1)(e P —2z)~ " is of size Og(r2)(/Im z|~!) by functional calculus. Moreover, using (2.5) and the same
process as in the proof of Proposition 2.6, there exists 7(m) € N such that

1(e™2P + 1)™(ex)Ope (ru (2, €))C (ex) (¢ 2P + D)7 gz2) < CJlm 2[~70™
This shows that
1P + 1) Ra(e)(1 — Go)(ea) {ea)™ [ oiee) < C. (2.10)

For the term (¢ 2P + 1)™ Ry (€)¢1(ex) (ex)”, using Proposition 2.5 (by taking the adjoint), we see

that
N’'—1

(672P* z 1C1 e:v Z Cl €x Ope (Z))C1(€I) + RN,(Z7E)’
where (b, §(2))ec(0,1] is a bounded family in S(—j, -2 — j) and

Ry (2,€) = (€72P = 2) 711 (ex) Ope(Fav (2, €)) G ex),

where 7x/(2,€) € S(—N’, —N') has seminorms growing polynomially in [Im z|~! uniformly in € € (0, 1].
By the same argument as above, we obtain

|(e72P 4 1)™ Ry (€)¢1 (ex) (ea:}N llz2y < C. (2.11)
Combining (2.10) and (2.11), we prove (2.8). O
As a consequence of Proposition 2.7, we have the following result.

Corollary 2.8. Let ¢ € C§°(R). Then for 2 < q < r < oo, there exists C > 0 such that for all
€ (0,1],

¢ (ex)d(e > P)ll g(ra,pry < Cet/ T, (2.12)
Proof. By (2.7) and (2.8) (see also (2.9)), we can write for any N > 1 and any m > 0,

N-1
C(ex)o Z C(ex)Ope( qE])CN(ez) + Rn(e),
7=0

where

Ry (e) = {(ex)(e 2P +1) "™ B, (ex) "
with Be = Og(r2)(1) uniformly in € € (0,1]. The main terms can be estimated by using Proposition
2.1 (see also the proof of Proposition 2.6). It remains to treat the remainder term. We firstly note that
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(ex) ™ N = Or(ra,12)(e¥/774/2) provided N > d(%if). Using this bound together with B, = O (r2)(1)
and (2.6), we see that

IRN ()l ecra,rry S IC(ex) (€2 P + 1) "™ || cerz, oy | Bell eeray |l (€)™ Il e, n2y
< 6d/27d/r€d/q7d/2 < ed/qfd/r.

This proves (2.12). O
Another consequence of Proposition 2.7 is the following estimate.
Corollary 2.9. Let ¢ € C°(R). For m > 0, there exists C' > 0 such that for all e € (0,1],
[ {ex) ™™ ¢(e72P) {e)™ |l £(r2) < C. (2.13)

Proof. By choosing ¢ € C*(R%) supported outside B(0,1) and equal to 1 near infinity, we can write
(ex) ™™ ¢p(e2P) (ex)™ as

()" p(e2P)((ex) (ex)™ + (ex) ™™ ¢(e *P)(1 = )(ex) (ex)™
The L£(L?)-boundedness of the first term follows from the parametrix of ¢(e=2P)((ex) which is ob-
tained by taking the adjoint of (2.7). The second term follows from the fact that (1 — ¢)(ex) (ex)™ is
bounded in £(L?) since 1 — ¢ vanishes outside a compact set. ]

2.3. Propagation estimates. In this subsection, we recall some results on resolvent estimates and
prove some propagation estimates both at high and low frequencies. Let us start with the following
result.

Proposition 2.10. 1. Consider R, d > 2 equipped with a smooth metric g satisfying (1.4), (1.5)
and suppose that the assumption (1.12) holds. Then for k > 0, there exist C > 0 and non-
decreasing Ny, € N such that for all h € (0,1] and all X belongs to a relatively compact interval
of (0, 400),

[ (@)™ 7 (2P = AFi0) 1R (@) T F || ey < CATN (2.14)
2. Consider R d > 3 equipped with a smooth metric g satisfying (1.4),(1.5). Then for k > 0,

there exists C' > 0 such that for all € € (0,1] and all X\ belongs to a relatively compact interval
of (0, +00),
[ {ex) ™ F (2P = A Fi0) "1 F (ear) T F | £pey < O (2.15)
The high frequency resolvent estimates (2.14) are given in [5, Proposition 7.5] and the low frequency
resolvent estimates (2.15) are given in [6, Theorem 1.2]. Note that under the non-trapping condition,
the estimates (2.14) hold with N = k+1 (see e.g. [37, Theorem 2.8]). We next use the resolvent esti-
mates given in Proposition 2.10 to have the following resolvent estimates for the fractional Schréodinger
operator.
Proposition 2.11. Let o € (0,00).

1. Consider R, d > 2 equipped with a smooth metric g satisfying (1.4),(1.5) and suppose that
the assumption (1.12) holds. Then for k > 0, there exist C > 0 and non-decreasing N € N
such that for all h € (0,1] and all pp € I € (0,400),

(@)™ (hhg)” — ¥ 10) ™ (&) ey < OB, (2.16)

2. Consider R d > 3 equipped with a smooth metric g satisfying (1.4),(1.5). Then for k > 0,
there exists C > 0 such that for all € € (0,1] and all p € I € (0, +00),

I (ex) ™ " (€7 Ag)7 = Fi0) ™ F (er) T T pey < €. (2.17)
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Proof. We only give the proof for (2.16), the one for (2.17) is similar using (2.13). We firstly note
that the estimates (2.16) are equivalent to

@)™ (hA)7 = uF 10) (2 P) (@) L oqany < ORI,
where ¢ € C5°((0, +00)) satisfying ¢ = 1 near I. Note that here A, = v/P. Next, we write u = \7/2
with A lied in a relatively compact interval of (0,400). By functional calculus, we write
(hAg)” — pFi0 = (W*P = AFi0)Q(h*P, ),
where Q(-, ) is smooth and non vanishing on the support of ¢. This implies for all k¥ > 0,
((hAg)” — pFi0) 1 *¢(h*P) = (B*P — AFi0) "' *Q(h*P, ),

where Q(R?P, 1) = ¢(h?P)Q'~%(h?P, ). This allows us to approximate Q(h%P,u) by pseudo-
differential operators by means of Proposition 2.2. Thus, we have that ()™ Q(h2P, p) (z) ™% is

of size Oz (z2)(1) uniformly in p € I € (0,+00) and h € (0,1]. Therefore, (2.16) follows from (2.14).
The proof is complete. O

We now give an application of resolvent estimates given in Proposition 2.11 when k£ = 0 and obtain
the following global L? integrability estimates for the fractional Schrédinger operators both at high
and low frequencies.

Proposition 2.12. Let o € (0,00) and f € C§°((0, +0)).
1. Consider R, d > 2 equipped with a smooth metric g satisfying (1.4), (1.5) and suppose that the
assumption (1.12) holds. Then there exists C > 0 such that for all ug € L* and all h € (0,1],
I ()™t F(R2P)e T A g e 12y < CRO=NO2 g . (2.18)

2. Consider R, d > 3 equipped with a smooth metric g satisfying (1.4),(1.5). Then there exists
C > 0 such that for all ug € L* and all € € (0, 1],

I (ex) ™ (€2 P)e e A g | o 12y < C 2 g (2.19)

Remark 2.13. 1. By interpolating between L?(R) and L>(R), we get the following L? integra-
bility estimates

I <x>71 f(hQP)e_“hfl(hAg)Guo||LP(R7L2) < ChRI=NO/P |y 1o (2.20)

| (ex) ™" fe2P)e ™ 2y | o ronay < Ce P |lug)| 2 (2.21)

2. Thanks to the fact that P is non-negative, these estimates are still true for f € C§°(R\{0}).
Moreover, we can replace [lug||zz in the right hand side of (2.18) and (2.20) (resp. (2.19) and
(2.21)) by [ f(h*P)ug| 1> (vesp. ||f(e"*>P)uol|r2). Indeed, we choose f € C5°(R\0) such that

f = 1 near supp(f) and write f(h2P) = f(h?P)f(h?*P). We apply (2.18) and (2.20) with f
instead of f. Similarly for the low frequency case.

Proof of Proposition 2.12. We again only consider the high frequency case, the low frequency one
is completely similar. By the limiting absorption principle (see [34, Theorem XIII.25]), we see that
|| <(E>71 f(hQP)e—it(hAg)UuoHiz(R L?) is bounded by

2msup || ()" f(R*P)((hAg)” — p—ie) ™ f(R*P) (@) " || e ol 72

HER
>0

By functional calculus and the holomorphy of the resolvent, it suffices to bound || (z) ™" f (h2P)((hAg)°"—
@ —i0)~Lf(h2P) (z) " | £(z2y, uniformly with respect to 4 € R. As a function of hA,, the operator
f(R?P)((hAg)7 — p—1i0)~1 f(h2P) reads f(A?)(A7 —pn—140)~! f(A?). Assume that supp(f) C [1/¢?, %
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for some ¢ > 1,80 A € [1/¢,].
In the case g > 2¢% or A < 1/2¢?, we have that u — A% > ¢ or A2 — u > 1/2¢°. The functional
calculus gives

If(R*P)((RAg)” — = i0) " F(R*P) £ (r2) < 2¢7 || FII T e ) -
Thus we can assume that p € [1/2¢%,2¢%]. Using (2.16) with & = 0, we have
() ™" (hAg)” — T 80) ™ (@)™ [l oy < CRN.
On the other hand, (z) ™" f(h2P) (z) is bounded in £(L?) by pseudo-differential calculus. This implies
[ (z)~ f(h2P)€7it(hAg)dUOHLZ(R,N) < Ch N2 g | 2.

By scaling in time, this gives the result. O
Another application of the resolvent estimates given in Proposition 2.11 is the following local energy
decays for the fractional Schrédinger operators both at high and low frequencies.

Proposition 2.14. Let o € (0,00) and f € C5°(R\{0}).
1. Consider R, d > 2 equipped with a smooth metric g satisfying (1.4), (1.5) and suppose that
the assumption (1.12) holds. Then for k > 0, there exists C > 0 such that for all t € R and
all b € (0,1],

|| <x>—1—k €7ith71(hAg)Uf(h2P) <x>—1—k ||£(L2) S ChiNk <th71>_ (222)

2. Consider R d > 3 equipped with a smooth metric g satisfying (1.4),(1.5). Then for k > 0,
there exists C > 0 such that for all t € R and all € € (0,1],

| ()~ R el TN £(e72P) (e) T N || ppzy < C let)TE (2.23)

k

Proof. As above, we only give the proof for the high frequency case. Using the Stone formula, the
operator e~ *("2)7 £(h2 P) reads
1

gim J. T == i0) T = (hAg)7 = u+i0) ™ )dp.

We use the same trick as in [§]. By multiplying to above equality with (it)*¥ and using integration
by parts in the weighted spaces (z) "% L2, we see that (it)ke~#("40)” f(h2P) is a linear combination
with [ +n = k of terms of the form

/Re’it"ai(f(u””))(((hf\g)” — = i0) 7" = ((hhAg)7 = p+i0) " T ")dp.
The compact support of f implies that p is bounded from above and below. The resolvent estimates
(2.16) then imply
[ ) ™R e AT (B2 P) () T ey < CRTV ()R
Here we use that NN, is non-decreasing with respect to m. By scaling in time, we have (2.22). The

proof is complete. O

3. REDUCTION OF THE PROBLEM

3.1. The Littlewood-Paley theorems. In this subsection, we recall some Littlewood-Paley type
estimates which are essentially given in [5]. Let us introduce f(\) = fo(A) — fo(2)), where fy given
as in (1.10). We have f € C§°(R\{0}) and

o0

Zf = (L= f)N), D F@N) =TI\ fo(N), AeR.

k=0
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The Spectral Theorem implies that

(1= fo)(P)=>_f@27*P), fo(P wa. (3.1)

k=1

In the second sum, we use the fact that 0 is not an eigenvalue of P (see e.g. [46]).

Theorem 3.1. 1. Let N > 1 and x € C°(R?). Then for q € [2,00), there exists C > 0 such
that
1/2
100~ )Pyl <c( Y| *Ppolfd, + BV )Y 0PE) L (32
h2=2-k

for all v € Z(R?), where k € N\{0}. The same estimates hold for x in place of 1 — x
2. Let x € C°(R?) be such that x(x) = 1 for |x| < 1. Then for q € (2,00), there exists C > 0
such that for all v € L?,

IfoPle < (3 11 = x)(ex) F(2 Pyl + €27 () fe2PyolZ) . (33)

e—2=92k
Here we use in the sum that k € N.

Note that the Littlewood-Paley theorem at low frequency is slightly different from the one in [5,
Theorem 4.1]. In [5], Bouclet-Mizutani considered the sharp Schrédinger admissible condition. This
allows to interpolate between the trivial Strichartz estimate for (co,2) and the endpoint Strichartz
estimate for the endpoint pair (2,2*). The proof of the low frequency Littlewood-Paley theorem given
in [5] makes use of the homogeneous Sobolev embedding

lollzas < CliAgollze, 2 = 2. (3.4)
Since we consider a larger range of admissible condition (1.2), we can not apply this interpolation
technique. To overcome this difficulty, we will take the advantage of heat kernel estimates. Our
estimate (3.3) is robust and can be applied for another types of dispersive equations such as the wave
or Klein-Gordon equations.

Let K (t,z,y) be the kernel of the heat operator e *F, ¢ > 0, i.e.

eftpu(z) = K(t,z,y)u(y)dy.
Rd

We recall some properties (see e.g. [12], [19]) of the heat kernel on arbitrary Riemannian manifold.

Lemma 3.2. Let (M, g) be an arbitrary Riemannian manifold. Then the heat kernel K satisfies the
following properties:

(i) K is a strictly positive C*° function on (0,00) x M x M.
(ii) K is symmetric in the space components.

(iii) (Mazimum principle)
M

| KKy ) = Ks+ 0.2,

(iv) (Semi-group property)
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In order to obtain the heat kernel estimate, we will make use of the Nash inequality (see e.g. [39,
Theorem 3.2.1]), namely

2 —d_
lullz2 < Cllull 2 [Vl £2*. (3.5)

Note that the Nash inequality on R is valid for any d > 1. Thanks to (1.9), we have for d > 2,

d_
lulle < Cllull 7 | Agullzz*. (3.6)
Using (3.6), we have the following upper bound for the heat kernel.
Theorem 3.3. There exists C > 0 such that for all z,y € R? and all t > 0 such that

K(t,z,z) < Ct=? (3.7)
12
K(t,z,y) < Ct™¥2exp ( - u) (3.8)
Ct
In particular,
e_tP L(LY Lo < Ct_d/2, t > 0. 3.9
(L1,L>°)

Proof. The proof is similar to the one given in [19, Theorem 6.1] where the author shows how to get
(3.7) from the homogeneous Sobolev embedding (3.4). For the reader’s convenience, we give a sketch
of the proof. Fix x € R? and denote v(t,y) = K (t,y,r) and

J(t) = [lv(®)]|Z:-
Using the fact that d,v(t,y) = —Puv(t,y), we have
J'(t) = 2 (u(t), 0v(t)) = =2 (v(t), Po(t)) = =2[[Agu(t)||Z--

This implies that J(t) is non-increasing. On the other hand, the maximum principle (see also [19])
shows that

ol = [ Koy <1
This together with (3.6) yield

2 e _a
lv®)1Z> < Clo@IIET IAgu(®)I 72 < ClAgu(B)] 737
We thus get
/ o2 a+2
J(t) < =Cllo@)ll s =-CJ#) .
Integrating between 0 and ¢ with the fact that the non-increasing property of J(t), we obtain
J(t) < 92,
The estimate (3.7) then follows by the symmetric property of K (¢, z,y), i.e. J(t) = K(2t,x,x). Using
(3.7), the off-diagonal argument (see also [19]) implies the following upper bound for the heat kernel

d2
K(t,z,y) < Ct=? exp ( — %), Va,y e R4 ¢ >0,
where d(z,y) is the geodesic distance from x to y. Thanks to the elliptic condition (1.4) of the metric
g, it is easy to see that
d(z,y) ~ |z —yl.
This shows (3.8) and the proof is complete. O

We now give some applications of the upper bound (3.8). A first application is the following
homogeneous Sobolev embedding.
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Lemma 3.4. Let q € (2,00) and o =
there exists C > 0 such that

g g. Then the operator Ay ® maps L? to L9. In particular,
[ullze < CllAGu] L2 (3.10)
Proof. We firstly recall the following version of Hardy-Littlewood-Sobolev theorem.

Theorem 3.5 ([20, 40]). Letl <p <g< oo,y = d—i—g—% and K (z) := |z|~7. Then the convolution

operator T, := f x K, maps L? to L9. In particular, there exists C > 0 such that
1T ulle < Cllullz-

Now let I'(z) := [ t*'e~'dt,Re () > 0 be the Gamma function. The spectral theory with the fact
Ay = VP gives

1 oo
AT — P—a/2 — / _tpta/z_ldt.
’ (/2 Jo

Let [A,“](z,y) be the kernel of A_*. By (3.8),

> z—y|?
|[A;a]<x7y)| < / t_d/Qe—‘ Ctl ta/Q_ldt.
‘ 0

C
T(a/2)

A change of variable shows

_ C (d e Ca/2-1 CT(d/2 — «a/2) L
a < _ (d—a) d/2—a/2—-1 —t 34 _ (d oz).
451 < g rgsle =l [ et = b oy

The result follows by applying Theorem 3.5 with v =d — a and p = 2. O

Another application of the heat kernel upper bound (3.8) is the following L? — L"-bound of the
heat operator.

Lemma 3.6. Let 1 < ¢ <r < oo. The heat operator e *F',t > 0 maps L9 to L". In particular, there
exists C' > 0 such that for all t > 0,

a(1

le™ || zqpa.ry < Ct2GF),

Proof. By the symmetric and maximal principle properties of the heat kernel, the Schur’s Lemma
yields

le™ |l ey < C, t>0. (3.11)
Interpolating between (3.9) and (3.11), we have the result. O

Corollary 3.7. Let f € C§°(R\{0}) and q € [2,00]. Then there exists C > 0 such that for all
e € (0,1],
(€2 P) || g2 Lay < Ce/?=40,
Proof. By writing
F(e2P)=e < P(e P f(e72P)),
and using Proposition 3.6 with ¢t = €72, we get

— —e2 e 2 — —
1F (€ 2P)lecrznoy < lle™ Plleenlles P F(e2P)||gpey < Ce/?=4/4.

Here, using the compactly supported property of f and spectral theorem, we have e P f(e72P) is of
size Op(r2)(1). This gives the result. O
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We now are able to prove Theorem 3.1. We only give the proof for the low frequency case. The
high frequency one is essentially given in [5, Theorem 4.6].
Proof of Theorem 3.1. By the second term of (3.1), we have

M
[ fo(P)v[lra = W [(w, fo(P)v)| = P, A}@WZ(waﬂe*P)v) ; (3.12)
Wiipe' = Wipe' = k=0

where €72 = 2F and (-,-) is the inner product on L?. By choosing f € C3°(R\{0}) satisfying f = 1
near supp(f), we use Proposition 2.7 to write (1 — x)(ex)f(e"2P) = Q(€) + R(¢), where

Q(e) = (1= X)(ex)Ope(f o pe)¢(ex), R(e) = (ew)(e *P+1)""B(e) (ex) ",
with ¢ € C*°(R?) supported outside B(0,1) and equal to 1 near supp(1 — x) and B(e) = O(12)(1)
uniformly in € € (0,1]. We next write

F(€2P) = QU1 = )(€@)f(72P) + Afe)e™ (ex) ™" f(*P),
with @ = d/2 — d/q and
Ale) = e (1= x)(e@) F(e 2P)x(ex) + R(e)(1 = x)(ex) + x(ex) f(e 2P) ) {ex).

‘We now bound

M

> (w s 2Pw)| 5|
k=0

M M

> (@@, (=) (@) 2P)0) |+l | 30 A @)™ Fe72P)e|
k=0 k=0

=: (I) 4 (II). (3.13)

We use the Cauchy-Schwarz inequality in k and the Holder inequality in space to have

@) < 1Sawl Lo 1Sarv] Lo,

M

M
(,Q() (1 = )(€@) (e 2PY) | + | S (w, Ale)e™ () ™" f(e72P))|
k=0

k=0

A

La

where
1/2

S - 2\ /2 - 2 2
Swwi= (1@ ul?) 7, Swei= (10— (e fle 2Pyl
k=0 k=0
We now make use of the following estimate (see [5, Proposition 4.3]).
Proposition 3.8. For r € (1,2, there exists C > 0 such that for all M > 0 and all w € /' (R?),
1Sarw]r < Cllwzr.

We thus get

M
/
0) £ vl zollwll e < (310 e 2PYl) o (3.14)
k=0

For the second term in (3.13), we use the homogeneous Sobolev embedding (3.10) to have

L2

M M
H ZA(E)Ea (ex) ™ f(e_2P)vHLq < H ZA;‘A(G)GO‘ (ex) ™ f(e_QP)v‘
k=0 k=0

We next write

AYA(e) = (72 P)*/*(e 7P +1)"*D(e), (3.15)
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with D(e) = O (z2y(1) uniformly in € € (0,1]. It is easy to have (3.15) from the first two terms in
A(€) by using Proposition 2.7. The less obvious contribution in (3.14) is the uniform L? boundedness
of (€72P +1)*x(ex) f(e 2P) (ex). By the functional calculus, it is enough to show for N large enough
the uniform L? boundedness of (e72P + 1) x(ex) f(e 2 P) (ex). To see it, we write

(€ 2P+ 1) x(ex) f(e 2P) {ex) = x(ex)(e *P + )N (e 2P) (ex) + [(e P+ )N, x(ex)] f(e > P) (ex),

where [-,-] is the commutator. The L? boundedness of y(ex)(e 2P + 1)N f(¢~2P) (ex) follows as in
(2.13). On the other hand, note that the commutator [(e 2P + 1)V, x(ex)] can be written as a sum
of rescaled pseudo-differential operators vanishing outside the support of ((ez) for some ¢ € C>(R?)
supported outside B(0,1) and equal to 1 near infinity. This allows to use Proposition 2.7, and the
L? boundedness of [(e 2P + 1)V, x(ex)]f(e 2P) (ex) follows. We next need to recall the following
well-known discrete Schur estimate.

Lemma 3.9. Let 8§ > 0 and (1}); be a sequence of linear operators on a Hilbert space H. If
1T Tell cony S 2-0k=ll then there exits C' > 0 such that for all sequence (vy,)x of H,

/2
13 Zeonle < 0 (X lhoeliz)

Now let Ty, = (€, 2P)*/?(¢, 2P + 1)~ D(ey) with ¢, % = 2%. We see that

a(l+k)

TTy =2"2 D*()(2'P+ 1)"*P*(2"P + 1) “D(ey).
Note that [ 4+ k = —|k — | + 2k for k >l and | + k = —|k — I| + 21 for [ > k. Thus for k > I,

alk alk—1]

=1
T | D) (2'P + 1) (28 P) (2P + 1) D(ep) | err) S 277

1Ty Tl o2y = 27

Similarly for I > k. Therefore, we can apply Lemma 3.9 for Ty = (&, 2P)*/?(¢;, 2P + 1)~“D(e,) with
er 2 =2F M =1L%and 6 = /2 to get

cup | 3 A3 A0 ()12 5 (et e pple) @)
k=0

k>0
Collecting (3.12), (3.13),(3.14) and (3.16), we prove (3.3). The proof of Theorem 3.1 is now complete.
(|

3.2. Reduction of the high frequency problem. Let us now consider the high frequency case.
For a given y € C5°(R?), we write Uhigh = XUhigh + (1 — X)Unign. Using (3.2) and Minkowski inequality
with p,q > 2, we have

(1 = X)unign |l Lo (&, L) < C( >0 =) F(REPYe 5 ug 1 0 g 1y
h2=2—k

B e 1/2
FRY ) P02 P)e N g By )) - (317)

The same estimate holds for ||xunign||z»(r,ze) With x in place of 1 — x. We can apply the Item 2 of
Remark 2.13 with scaling in time for the second term in the right hand side of above quantity to get

W2 (z) N F(R2P)e™ N5 ug | o m, 2y < CRN/FHEN/P| £(R2 Pug]| 2. (3.18)

By taking N large enough, this term is bounded by h~=7r4|| f(h?2P)ug| r2. Thus we have the following
reduction.
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Proposition 3.10. 1. Consider RY,d > 2 equipped with a smooth metric g satisfying (1.4), (1.5)
and suppose that the geodesic flow associated to g is non-trapping. If for all x € C$*(RY) and
all (p,q) fractional admissible, there exists C > 0 such that for all ug € £, and all h € (0,1],

lxe™ "5 f(h® Puol| o (,pay < Ch™ 74| f(h2P)ug|| 2, (3.19)
then
[Ixtunignll e ®,Lay < Clluoll v, (3.20)

i.e. Theorem 1.1 holds true.

2. Consider R?, d > 2 equipped with a smooth metric g satisfying (1.4),(1.5) and suppose that
(1.12) is satisfied. If there exists R > 0 large enough such that for all (p,q) fractional admis-
sible and all x € C$°(RY) satisfying x = 1 for |x| < R, there exists C > 0 such that for all
ug € %y and all h € (0,1],

(1= x)e ™" F(h* PYuol| oz, ay < Ch™2 | f(h* P)uo]| 2, (3:21)
then
I(1 = X)unignl| L @,ze) < Clluoll gra, (3.22)

i.e. Theorem 1.2 holds true.
Moreover, combining (3.20) and (3.22), we have

||UhithLp(R,Lq) < CHUOHH;I%G-
Proof. We only consider the case 1 — y, for x it is similar. By using (3.18) and (3.21), we see that
(3.17) implies

1/2
10 = gl owany < O[3 h2wallf (2 Phuoll32) < Cllul jm-
h2=2—k
Here we use the almost orthogonality and the support property of f to obtain the last inequality. This
proves (3.22). O

3.3. Reduction of the low frequency problem. Let us consider the low frequency case. We only
treat the case ¢ € (2,00) since the Strichartz estimate for (p,q) = (00,2) is trivial. We apply the
Littlewood-Paley estimates (3.3) and Minkowski inequality with p > 2 to have

| wow || Lr (&, Lay < C( Z (1 - X)(Ex)f(€72p)€7imgUO”%p(R,Lq)

e—2=9k
d/2—d/ =1 g —2p\ —itA% |12 1/2
let2 010 () fe 2 P)e N o2 sy )
We use global LP integrability estimates (2.21) with rescaling in time to bound the second term in
the right hand side as
le?/274/% (ex) ™ f(e2P)e™ N Lo (r,12) < C™ | f(€P)uol| - (3.23)
Here we recall that v, = d/2 — d/q — o/p. This leads to the following reduction.

Proposition 3.11. Consider R%,d > 3 equipped with a smooth metric g satisfying (1.4), (1.5). If for
all x € C°(R?) satisfying x(z) = 1 for |z| < 1 and all (p,q) fractional admissible, there exists C > 0
such that for all ug € £, and all e € (0,1],
(1 = x)(ex) f(e > P)e™ " ug|| o 0y < CE™ | f (e Phug] 2, (3.24)
then
[towe [l Lo, 9y < Clluoll 7.4
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Proof. Indeed, if the estimates (3.24) hold true, then the Littlewood-Paley estimates (3.3) and (3.23)
give

1/2
o lzoe, ey < OS2 | f(e2Pyuol3:)

672:2]“
Note that
|| f(e 2 Pugll 2 < €| f(e > PYA; || popay || f(€ 2 P)AJ g 2,

where f € Cg°(R\{0}) satisfies f = 1 near supp(f). By functional calculus, the first factor in the
right hand side is bounded by

fle)| _

‘ e l=®)
Tp.q

B (e/c)ipe = Tl -

AER

Here ¢ 2\ € supp(f) hence |\| € [¢/c, ec] for some constant ¢ > 1. Thus we have
PR 5, \1/2
ol < O3 12 PIAFru0]3) " < Clulgme.
e~2=2k

the last inequality follows from the almost orthogonality. This completes the proof. O

4. STRICHARTZ ESTIMATES INSIDE COMPACT SETS

In this section, we will give the proof of (3.19). Our main tools are the local in time Strichartz
estimates which are proved by the WKB method (see [17]) and the L? integrability estimate at high
frequency given in Proposition 2.12.

4.1. The WKB approximations. Let us start with the following result which is given in [17,
Theorem 2.7].

Theorem 4.1. Let o € (0,00)\{1} and q be a smooth function on R?? compactly support in & away
from zero and satisfying for all a, B € N¢, there exists Cop > 0 such that for all z,& € R,

10507 g(2,)| < Cagp-

Then there exist tg > 0 small enough, a function S € C™([~tg,to] x R?*?) and a sequence of smooth

functions a;(t,z,&) compactly supported in & away from zero uniformly in t € [—to,to] such that for
all N > 1,

et AT Oph (q)ug = Ty (E)ug + Ruv (£)uo,

where
g —1 N-l .
JN(t)’U,Q(QT) = (27Th)_d // ezh (S(t,z,8)—yé) Z hjaj(t,x7§)uo(y)dyd£,
R2d =0

Jn(0) = Op"(q) and the remainder Ry (t) satisfies for all t € [—to,to] and all h € (0,1],
RN ()]l o2y < CAN Y,
Moreover, there exists a constant C > 0 such that for all t € [—tg,to] and all h € (0,1],

[ In ()l eerr pey < ChTHL+ [¢[R™1) =42,
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In [17], we consider the smooth bounded metric, i.e. for all a € N, there exists C,, > 0 such that
for all z € R?,

10%g7% (2)| < Co, j,k € {1,...d}. (4.1)

It is obvious to see that the assumption (1.5) implies (4.1). This theorem and the parametrix given
in Proposition 2.2 give the following dispersive estimates for the fractional Schrodinger equations (see
also [17, Remark 2.8]).

Proposition 4.2. Let 0 € (0,00)\{1} and ¢ € C§°(R\{0}). Then there exists to > 0 small enough
and C > 0 such that for all ug € L*(R?) and all h € (0,1],

e~ A" (W2 Pug | oo < CR™H(1+ [HR ™)~ Juo |11, (4.2)
for all t € [—to,to].
Next, we recall the following version of TT*-criterion of Keel and Tao (see [50], [26] or [49]).

Proposition 4.3. Let I C R be an interval and (T(t))ier a family of linear operators satisfying for
some constant C' > 0 and §,7,h > 0,

1Tl 2y < O,
IT(OT ()| 2(rr Ly < Ch2(L+ [t —s]h™1) 77,
for allt,s € 1. Then for all (p,q) satisfying

peRodl aellxl GanE@on. <r(z-1).

we have
IT0|| Lo (1,00 < Ch™"||v]| L2,
where k = §(1/2 —1/q) — 1/p.
Proposition 4.3 together with energy estimate and dispersive estimate (4.2) give the following result.

Corollary 4.4. Let 0 € (0,00)\{1},p € C°(R\{0}) and to be as in Theorem 4.1. Denote I =
[—to,to]. Then for all (p,q) fractional admissible, there exists C > 0 such that

lp(h? P)e= """ 80y L pay < Ch™ v o], (4.5)
where kp g =d/2 —d/q—1/p. Moreover,

< Ch™ " ||G| L, L2)- (4.6)

t
202 Ple—ilt=9)h" (A7 (3(g)d ’
| [ aepse O .-

Proof. The homogeneous estimates (4.5) follow directly from Proposition 4.2 and Proposition 4.3 with
T(t) = go(th)e*“h_l(hAg)a. It remains to prove the inhomogeneous estimates (4.6). Let us set

Un(t) := hiragp(h? P)e = th ™ (#40)7,

Using the homogeneous Strichartz estimates (4.5), we see that Uy (¢) is a bounded operator from L?
to LP(I,L9). Similarly, we have Up(s) = <p(h2P)e*iSh_l(hAy)a is a bounded operator from L? to
L>(I, L?). Here we use the fact that (0o, 2) is fractional admissible with k. o = 0. Thus the adjoint
U (s)*, namely

Un(s)*: G e LY(I,L?) — /w(h2p)ei8h’l<hAa>"G(s)ds cr?
I
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is also a bounded operator. This implies U, (t)Up(s)* is a bounded operator from L!(I,L?) to
LP(I,L9). In particular, we have

H / hbp.a @2(hQP)e*i(tfs)hil(hAg)gG(S)dSH S C”GHLl(LLQ)'
I Lr(I,L9)
The Christ-Kiselev Lemma (see Lemma 6.1) implies that for all (p, ¢) fractional admissible,

< Ohi’ip’q ||GHL1(I7L2)~

t
20,2 Ple—it=9)h " (hA0)7 (2(s)d ’
| [ #02pye OL I

This completes the proof. O

4.2. From local Strichartz estimates to global Strichartz estimates. We now show how to
upgrade the local in time Strichartz estimates given in Corollary 4.4 to the global in time ones (3.19).
We emphasize that the non-trapping assumption is supposed here.

Let us set v(t) = (z) " f(h2P)e~ " ("A)7 o By choosing f; € C3°(R\{0}) with f; = 1 near
supp(f), we see that the study of ||v||pr(r,z4) is reduced to the one of || f1(h?P)v||1r(r,1e)- Indeed, we
can write

v(t) = fu(R*P)o(t) + (1 = f1)(R*P)o(t),
where the term (1 — f1)(h?P)v(t) can be written as
(1= P)(BP) @)~ i P) () )" F(2P)e 7 040 g,

with f; € C5°(R\{0}) such that f; = 1 near supp(f;) and f; = 1 near supp(f). By pseudo-differential
calculus, we have

(1= f)(W*P) ()~" fi(B*P) (@) = Op(r2,10) (h™),
for all ¢ > 2. This implies that there exists C' > 0 such that for all N > 1,
lo = fi(B2 PYoll oe.coy < CRY [ ()" f(h2P)e™ " M89) g | 1y s 1)
< ChN|[ f(B*P)ug||z2 < Ch™"r| f (h® P)uo|| 2 (4.7)
provided that N is taken large enough. Here we use (2.20) with Ny = 1 due to the non-trapping

condition.
We next write

o(t) = (&) f(R2P)e Tt VP

where ¥(A) = f(A)VA with f € C3°(R\{0}) and f = 1 near supp(f). Now, let to > 0 be as in
Corollary 4.4. We next choose 6 € C§°(R, [0, 1]) satisfying § = 1 near 0 and supp(f) C (—1,1) such
that 3, ., 0(t—Fk) =1, forall t € R. We then write v(t) = >, o, vx(t), where v (t) = 0((t—ty)/to)v(t)
with ¢ = tok. By the Duhamel formula, we have

t
'Uk(t) :e—ithflw(hZP)vk(O) +ih_1/ e—i(t—s)h*1¢(h2p)(hDS +w(h2P))vk(s)ds
0

For k # 0, we compute the action of hD, + 1(h?P) on vx(s) and get
(hDs + b (h*P))ur(s) = h(ito) 10" ((s — tr) /to)v(s)
+0((s — ) /to) [V (2 P), ()| J(2P)e™ 0 Py —; wl(s) + vi(s).

Due to the support property of 6, we have v (0) = 0. Now, we have for k # 0,

A2 Pyoy(t) = ih™! / eI ) £ (12 P) (0l () + vE(s))ds.
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We remark that both ¢, s belong to I, = (tx — to,tx + to). Up to a translation in time ¢ — ¢ — ¢},
and the same for s, we can apply the inhomogeneous Strichartz estimates given in Corollary 4.4 with
©? = f1 and obtain

11 (A PYvk || Lo, 0y = | F1 (B2 Pvel Loz, 1)
< Ch™"m o= (logllpacay, p2) + 1Rl n, 22y ) -
Here &, 4 is given in Corollary 4.4. We have
4\ — —ish ™! 7
Vgl Lt 222y = 10(ito) 16" ((s = ti) /to) (@)~ F(B2P)e™ " "4 g | Ly g, 12y
. — - —18 B
< [|(ito) "0 (s — ta) /to)l| 2 | (@) F (WP P)e ™" A g 12, p2)
< O (@)™ J(R2P)e " 0 g a1,
where we use Cauchy Schwarz inequality to go from the first to the second line. Similarly
_ _ith—! o
103l L1 (1,22) < [(RPP), () f(h2P)ethT (M) uo |l L2 (14,22
—1 o
< Ch||(z) " f(RPP)e™ ™ PN g 1oy, 1),

where we use the fact that [o(h2P), (z) '] fi(h?P) () is of size Oz (12)(h) by pseudo-differential cal-
culus. This implies that for k # 0,

| £1(h* P)vk| Lo (1, Loy < Ch™"ra]| () ™" f(hQP)e_ithil(hAg)ouo||L2(Ik,L2)~
For k = 0, we have
a1 -
[ f1(B?P)vo|| Lo g, pay < C||f(R2P)e™ ™ 89y || 1o pay < Ch™ || f (B2 P)ug)| 2

Here the first inequality follows from the facts that 0(t/to) and fy(h2P) (z)”" are bounded in £(LP(R))
and L£(L7) respectively. The second inequality follows from homogeneous Strichartz estimates (4.5).
By almost orthogonality in time and the fact that p > 2, we have

1/2
1A 2P oy < C(X 122 PYorlo, o))
kEZ
—K -1 2 —ith™Y(hA,) 2p 1/2
< onrna (3 @) (W2 P)e o221 1) + IF (R PYuol 32 )

kEZ\O
< Ch™*va <|| ()" F(h2P)e™ " M) g | o oy + ||f(h2P)U0||L2)
< Ch™"a| f(h*P)ug| L2,
the last inequality comes from Proposition 2.12 with Ny = 1. By using (4.7), we obtain
) =t F B2 PYe R g | Loy < CH 0| (12 Puo | 2.
This implies that for all x € C§°(R?),

< Ch™" | f(h* P)uo| 2

-1 -
fo(h2p)efzth (hAg) UO‘
LP(R,L7)

Therefore, by scaling in time, we get

2Py g < Ch™w | f (2 PYuo | 2.

LP(R,L9)

The proof of (3.19) is now complete. O
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5. STRICHARTZ ESTIMATES OUTSIDE COMPACT SETS

5.1. The Isozaki-Kitada parametrix.

Notations and the Hamilton-Jacobi equations. For any J € (0,+00) an open interval, any
R >0, any 7 € (—1,1), we define the outgoing region I't (R, J, 7) and the incoming region I'" (R, J, T)
by

PR, 1) i= {(2,6) € R¥, Jo] > R, J¢* € 7 i‘ H£| >}
Let o € (0,00)!. We will use the so called Isozaki-Kitada parametrix to give an approximation at
high frequency of the form
T TVIEPIOph (yE) = JiE (@ (R))e T PN EWE ()" + R (h), (5.1)

with A = +/—A where A is the free Laplacian operator on R? and ¢(-) = f(-)v/~" € Cg°(R\{0}) for
some f € C5°(R\{0}) satisfying f = 1 near supp(f). The functions x* are supported in T*(R*, Jy, 74)
(see Proposition 5.6 for the choice of Jy and 74) and

Y Wt
j=1
where
T (@ ula) = @)~ [ RO @ ut)dyds, e 7R,

The amplitude functions aj are supported in T'F (R, J;,71) (see Proposition 5.1) and the phase func-
tions S5 := SfR will be described later. The same notation for Ji¥(b*(h)) is used with by in place
of af

The Isozaki-Kitada parametrix at low frequency is of the form

7ztew P)Op (Xe )C( ) _ jéj: (aét)efiteAU jéj:(bét)* + R%(t’ 6), (52)

where 1 is as above and ¢ € C°°(R?) supported outside B(0,1) and equal to 1 near infinity. The
functions x* are supported in T*(R*, Jy, 74) and

N
DI
j=1
where

JE(a) = DJE(a), JZ(b)* == JE(b)*D. ", (5.3)
with D, as in (2.4),

JE(a)u(z) == (2W)’d// GSER@O=1) g (1 e )u(y)dyde,
R2d
and
J}(b)*u(x) = (27T)_d// ei(z'g_siﬁ(y’a)b(y,f)u(y)dydg.
R2d
+

€J
described in the next proposition. The same notation for 7= (bF) will be used with bF in place of af

The amplitude functions a>. are supported in I'*(R,J;,7;) and the phase functions S R will be

IThe construction of the Isozaki-Kitada parametrix we present here works well for the (half) wave equation, i.e.
o=1.
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Proposition 5.1. Fiz J; € (0,+00) and 71 € (—1,1). Then there exists two families of smooth
functions (S:R)R>>1 satisfying the following Hamilton-Jacobi equation

pe(m7sz:R(x7€)) = |€|27 (54)

for all (x,&) € T*(R,J1, 1), where p. is given in (2.5). Moreover, for all o, 3 € N¢, there exists
Cag > 0 such that

0207 (SE4(2,6) = )| < Cagmin { R=r7lel ()1 mr7lel |, (5.5)
for all x,& € R4, all e € (0,1] and R > 1.

Remark 5.2. From (5.5), we see that for R > 0 large enough, the phase functions satisfy for all
r,& € RY and all € € (0,1],

Hv VSt (w,€) — Idga (5.6)

1
2

and for all |« > 1 and all |8] > 1,
1020¢ 52, €)| < Cap. (5.7)

The estimates (5.6) and (5.7) are useful in the construction of Isozaki-Kitada parametrix as well as
the L2-boundedness of Fourier integral operators.

Proof of Proposition 5.1. We firstly note that the case e = 1 is given in [7, Proposition 3.1]. Let
Ji € Jg € (0,400) and —1 < 79 < 71 < 1. By using Lemma 2.4, in the region I'*(R/2, Jy, 70) which
implies that || > 1, we see that the function p(x, &) satisfies for all a, 3 € N¥, there exists Cpp > 0
such that for all (z,&) € T*(R/2, Jy, 7o) and all € € (0, 1],

1020¢ pe(w, )| < Cup (€)1

Thanks to this uniform bound, by using the argument given in [37, Proposition 4.1], we can solve (for
R > 0 large enough) the Hamilton-Jacobi equation (5.4) in T*(R/2, Jy, 70) uniformly with respect to

€ (0,1). We denote such solutions by S*. Next, by choosing a special cutoff (see [7], see also (5.9))
X% € S(0,—00) such that x5 (z,&) = 1 for (z,€) € T*(R, Jy,m) and supp(xg) C [F(R/2,Jo,70),
then the functions

SEr(2:€) = X(2,€)5F (2.6 + (1= X) (#.€) (.€)

satisfy the properties of Proposition 5.1, where (x,&) = - €. O
Construction of the parametrix. Let us firstly consider the high frequency case (5.1). The con-
struction in the low frequeny case (5.2) is similar up to some modifications (see after Theorem 5.8).
We only treat the outgoing case (+), the incoming one is similar. We start with the following Duhamel
formula

e—ith’ P (h P)J}Jlr(a+(h)) — J}:L(a-&-(h))e—ith* (hA)7
t
- z’h‘l/ e~ it=9)h™ w(h?P) (¢(h2P)J,j(a+(h)) - J,j(a+(h))(hA)‘f)e—ish’1<hA>"ds. (5.8)
0

We want the term ¢(h%P)J;  (a*(h)) — J;F (a*(h))(hA)° to have a small contribution. To do so, we
firstly introduce a special cutoff. For any J» € J; € (0,+00) and —1 < 71 < 72 < 1, we define

a0 ©) = (1) sl (+ 225, 6:9)
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where k € C*°(R) is non-decreasing such that

[ 1 whent>1/2
K(t){ 0 whent<1/4"’

and p1_2 € C*°(R) is non-decreasing such that py_,5 = 1 near Ja, supported in J; and 6;_,2 € C§°(R)
such that

|1 whent>m—¢
O12(t) = { 0 whent<mt +¢’

with € € (0,72 — 71). We see that x; ,, € S(0, —o0) and for R > 1,

supp(xi o) CTH(R, J1,71), Xi.,,=1near I'T(R? Jp, 7).
Proposition 5.3. Let SE = Sfr’R be the solution of (5.4) given as in Proposition 5.1. Let Jo be an
arbitrary open interval such that Jo € J1 € (0,400) and T2 be an arbitrary real number such that

—1 <7 <7 <1. Then for R > 0 large enough, we can find a sequence of symbols aj' € S(—j,—00)
supported in T (R, J1,71) such that for all N > 1,

DR P)Jyf (a* (h)) = Jif (a* () (AA) = kY Ry (h)J;y (a™ (h)) + WY T (r () + Ji (6™ (R)), (5.10)

sup  |ag (2,6)] 2 1, (5.11)
F+(R,J1,7’1)

where at(h) = Z;V:_Ol hjaj+ and (1 (h))ne(o,1) is bounded in S(—N,—o00), Ry (h) is as in Proposition

2.2, (@ (h))ne(o,1) s bounded in S(0,—o00) and is a finite sum depending on N of the form
at(h) = Y ax (Mo, (5.12)
jal>1
with (G5 (h))he(o,] bounded in S(0,—00) and x{_,, given in (5.9).
Proof. We firstly use the parametrix of ¥ (h2P) given in Proposition 2.2 and get
Y(h?P) = Op"(q(h)) + h™ Ry (h), (5.13)
where g(h) = S0 h*qy, and gx € S(~k,—00),k = 0,..., N — 1. Note that go(z,&) = 9(p(z,£)) =

flp(x,8)) p(x,f)(7 and supp(gx) C supp(¥ o p). Up to remainder term, we consider the action of
Op"(q(h)) on J;f (a*(h)). To do this, we need the following action of a pseudo-differential operator
on a Fourier integral operator (see e.g. [35, Theorem IV-19], [2, Appendix] or [38]).
Proposition 5.4. Let a € S(u1, —o0) and b € S(pa, —o0) and S satisfy (5.6) and (5.7). Then

N-1
Op"(a) o Jn(S,b) = > W Jn(S, (a<b)j) + KN Ju(S,rn(h)),

j=0
where (a<b); is an universal linear combination of
B B—a ai o
817 a(x, vl?S('Ta f))aw b(.l?, 5)61 S(l‘, g) e 8a: kS(x7 f)a

with a < Bya1 +-ar = a and |oq| > 2 for alll = 1,..,k and |B| = j. The maps (a,b) —
(a<b); and (a,b) — ry(h) are continuous from S(ui,—00) x S(uz, —00) to S(u1 + pe — j, —00) and
S(p1 + p2 — N, —00) respectively. In particular, we have

(a<b)o(x, &) = a(x, Vo S(x, £))b(x,E),
i(a<b)i(z,§) = Vya(z, Vi S(x,§)) - Vab(z,§) + %tr (mea(a?, ViS(x,8)) - VixS(x,f)) b(x,§).
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Using this result, we have
N—-1
Op"(a()Jif (@t () = Y BT (g 9a) o) + BN T (% ().
k+j+1=0
On the other hand, we have
Ty (@ () (hA)7 = Ji (a* (R)[€]7).
Thus we get

N-1
URP)I; () — T @ )y = SS i [0 (g aly - at el
r=0 k+j+l=r

RN T () + B Ry (h) 3 (a* ().

In order to make the left hand side of (5.10) small, we need to find aj-' € S(—j, —o0) supported in
I'*(R, Jy,71) such that
Z (qk <1a;')l —al€”=0, r=0,..,N—1
ktjti=r
In particular,
(q0(w, VS (,€)) — €]7) ag (z,€) = 0.

By noting that if p(x,£) € supp(f) (see after (5.1)), then go(z,&) = \/p(x,f)o. Thus in the region
where the Hamilton-Jacobi equation (5.4) with e = 1 is satisfied, we need to show the following

transport equations

(40 <ag )1 + (g1 9ag )o =0 (5.14)
(@<ah+(@<a o=~ > (<af), r=1,..,N-1 (5.15)
k+j;rz:r+1
j<r—1

Here (go <a™)1 + (q1 <a™)o can be written as

d
i (@0 <@ (@) + (@ 90 o(@,6)| = YV (@,0,,a% (@) + pi (@, )a* (2,€),

j=1
where
Vi (2,€) = (9¢;90) (%, VuSg (2, 6)),
. 1
P (@,€) = a1 (2, VoS (2, ) + 5tr [Viqo(, VoS (2,€) - V2 (2, 6)].
We now consider the flow X (¢, z,€) associated to V' = (VF)4_, as
Xt(t) = VHXT(@),6),
{ XH0) = (5-16)
We have the following result (see [3, Proposition 3.2] or [2, Appendix]).

Proposition 5.5. Let o € (0,00), J;1 € (0,+00) and —1 < 71 < 1. There exists R > 0 large enough
and e; > 0 small enough such that for all (x,€) € TT(R, Ji,71), the solution X (t,x,£) to (5.16) is
defined for all t > 0 and satisfies

| XT(t,2,8)] > er(t +|x]), (5.17)
(X*(t,2,8),8) e TH(R, J1, 7). (5.18)
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Moreover, for all a, 3 € N%, there exists Cop > 0 such that for all t > 0 and all h € (0,1],
0202 (X T (t,2,€) — o — t€]€]72)] < Cap (t) ()71, (5.19)
for all (z,&) e TN (R, J1,71).

Now, we can define for (z,£) € I (R, J1,71) the functions
+oo
Ao =ew( [ p T (Ee0.0a).
+oo t
Ao = [ e . 9en ([ (0 0.0 0ds)ar

forr=1,...,N — 1, where
pr@ =i Y (g9A(,9).

kdjl=r+1
j<r—1

Using (5.17) and the fact that p € S(—=1—p—r, —oc) for r =0, ..., N — 1, we see that p,/ (X T (t,z,&))
are integrable with respect to ¢t. Hence A (xz,&) are well-defined. Moreover, we have (see e.g. |3,
Proposition 3.1]) that for all (z,£) € TH(R, J1,71),

020 (AT (2,€) — 1)] < Cag ()7, (5.20)
0207 Af (2,€)| < Cag ()11

We also have that A, A} forr = 1,..., N—1 solve (5.14) and (5.15) respectively in 't (R, J1,71). Now,
by setting a;” = x4} (see (5.9)), we see that a;' are globally defined on R?? and a," € S(—r, —00).
It is easy to see (5.11) from (5.20). We next insert a™(h) = Z;V 11 hja into the left hand side of
(5.10) and get

N—
(W P)J (@t (h) = L@t () (hA)7 = DR D (ak <xie A i — X a AT €7
k+j+l=r

FN T (% (h)) + B Ry () J3f (a* (h).
Using the expression of (a <b); given in Proposition 5.4, we see that
(qx < X1~>2A )= X1 a(qk < A )i + terms in which derivatives fall into x; .
This gives (5.10) with @™ (h) as in (5.12). The proof is complete. O
We now are able to construct the symbols b:, for k=0,...,N —1.

Proposition 5.6. Let Js, Jy and 13,74 be such that J4 @ J3 @ Jo and —1 < 1 <13 <7y < 1. Then
for R > 0 large enough and all x+ supported in TT(R*, Jy,74), there exists a sequence of symbols
b'k" € S(—k,—o0), for k=0,..., N — 1, supported in T+ (R3, J3,73) such that

T (a® ()i (0% (h)" = Op" (x*) + KN Op" (7 (h)), (5.21)

where at(h) = Z;V 01 hia} is given in Proposition 5.3 and b*(h) = Q!ol R*b) and (7 (R))he(o]
is bounded in S(—N, oo)

Before giving the proof, we need the following result (see [2, Appendix] or [3, Lemma 3.3]).
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Lemma 5.7. Let SE = SiR be as in Proposition 5.1. For x,y,£ € R, we define

1
0 (Roa,y, €) = /0 VaSh(y + A — y), €)dA. (5.22)

Then for R > 0 large enough, we have the following properties.
i. For all z,y € R%, the map & — nt (R, z,y,€) is a diffeomorphism from R? onto itself. Let
n EY(R,z,y,n) be its inverse.
ii. There exists C > 1 such that for all z,y,n € RY,
C ) < (€ (R,z.y,m) < C ().
iii. For all a,a’, B € N¢, there exists Coarp > 0 such that for all x,y,n € R and all k < |af, k' <
o],

1020598 (€7 (R, 2, y,m) — 1) | < Caarp (2) " () 77" (x — )P

Proof of Proposition 5.6. We firstly consider the general term Jh+ (a™)J ,j (b™)* and write its kernel as

K (2,y) = (%h)_d/ e (SR @O=SEWO) o+ (2, )bF (3, €)de.
Rd
By Taylor’s formula, we have
Sg(xag) - Sg(yvg) = <'r - y7n+(R7xaya§)> )
where T given in (5.22). By change of variable £ — £1(R, z,y,7), the kernel becomes

K (z,y) = (2mh) ¢ /Rd e EmINGt (2 €8 (R, 2y, )b (g, €7 (R, 2, 9, m))| det 8,67 (R, x, y, m)|dn.

Now, using Lemma (5.7), the symbolic calculus gives
N-1
T (@) T o) = Y hop"((a® > %)) + RN Op" (i (h),
1=0
where (at >b"); € S(—1, —00) is of the form
agy Dyt (,y,m))|

a!

y=x
)

(at b)) (z,n) = Z

|| =1

for/ =0,...,N — 1 with

cH@,y,n) = a’ (@, (R, 2y, )T (y, £ (R, 2, y,m)| det 0, (R, z, 9. m)]
and (74 (h))ne(0,1) is bounded in S(—N, —00). We have now

T @ ()T () = W) g0
ik

N—1
= > WHHOpM((af abf)) + BN Op" ().
j+k+1=0
Compare with (5.21), the result follows if we solve the following equations:
(ag <bg)o = xT,

(ag <bDo=— > (af abf), r=1,.,N-1L

Jtk+i=r
k<r—1
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We can define b7, ..., b}, iteratively by

-1
b (2,6) = x* (@0 (Ry,,0)) (o (0,€) |det 0,6 (R, ot (Row, 3, )] )

B8 =~ 3 (] bt (Rox,2,)(af (2,6) [det 0,6(R 2,207 (R, 2,6)] )

j+ktl=r
k<r—1

for r = 1,..., N — 1. Note that by (5.11) and Lemma 5.7, the term in (---)~! cannot vanish on the
support of xT (-, (R, -,-,-)). Thus the above functions are well-defined. Moreover, by choosing R > 0
large enough with the fact

77+(Raxax7€) = stg(xag) = 5 + O(min{Ripa <z>*p})7

we see that the support of x*(z,n"(R,x,z,£)) is contained in I't(R3,.J3,73). This completes the
proof of Proposition 5.6. O

By (5.8), Proposition 5.3 and Proposition 5.6, we are able to state the Isozaki-Kitada parametrix
for the fractional Schrédinger equation at high frequency.

Theorem 5.8. Let o € (0,00). Fiz Jy € (0,+00) open interval and —1 < 74 < 1. Choose arbitrary
open intervals Ji, Ja, J3 such that Jy € J3 € Jo € J; € (0,400) and arbitrary 11,72, 73 such that
—1<7 <1 <13<T14<1. Then for R > 0 large enough, we can find sequences of symbols

a;t € S(—j, —0), supp(a?c) CTH(R,Jy, ),
such that for all

xT € 5(0,—00), supp(xF) € TH(RY, Jy, 1),
there exist sequences of symbols

b € S(—k,—o0), supp(bi) C TH(R3, J3,73),
such that for all N > 1, for all h € (0,1] and all £t > 0,

TP Oph (3 F) = JiE (a* (h))e T N E B ()" + R (L h),
where the phase functions SE = SfR are as in Proposition 5.1 and the remainder terms
RE(t,h) = RE(N,t,h) + RE(N,t,h) + RE(N,t,h) + R (N, t, h),
with
RE(N,t,h) = —hN"lem R Oph (5 (),

t
RE(N,t,h) = —ikN ! / e = WP B () JE (0 (h))e 0T (T TE (E (h))*ds,
0

t
RE(N,t,h) = —ihN ! / e~ =T R (REP) ok (ot () e mish T (RA) Tk (4 () * s,
0

t
RE(N,t,h) = —z’h_l/ eIt WER) T (3 (p))e~ish T N TE (5 () *ds.
0
Here (f]j\[,(h))he(m], Tﬁ(h))he(o,u are bounded in S(—N,—o0), Ry (h) is as in (5.13), (&i(h))he(o,l]
are bounded in S(0,—00) and are finite sums depending on N of the form
i (h) = Y ax(h)ogxise, (5.23)
la|>1

where (6% (h))ne(,1) are bounded in S(0, —o0) and X o are given in (5.9).
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We now give the main steps for the construction of the Isozaki-Kitada parametrix at low frequency.
For simplicity, we omit the 4 sign. Let us start with the following Duhamel formula

t
e—itew(efzp)je(ae) — k76(0/6)e—it5A‘7 _ 26/ e—i(t—s)ew(sfzp) (1/}(6_2P>j€(a6) _ Z(ae)Aa)e_iseAadS.

0
Thanks to the support of a., we can write

(e 2P)Tc(ac) = Y(e *P)Gi(ex) Te(ac),
where ¢; € C°°(RY) is supported outside B(0,1) and satisfies (;(z) = 1 for |x| > R. Using the
parametrix of ¢ (e~2P)(; (ex) given in Proposition 2.7 (by taking the adjoint), we have
N-1

w(€72p)<1 (6.13) = Z <~1 (ex)Ope(QE,k)Cl (633) + RN(e)’

k=0
where g.o(x,£) = ¥(pe(x,€)) = F(pe(x,€)v/pe(@,€), supp(ge ) C supp(th o pe) and (R (€))ec(o]
satisfies (2.8). Here ¢(; € C*(R?) is supported outside B(0,1) and ¢; = 1 near supp(¢;). We want
to find a. = Zé\:ol ac,j so that the term (e 2P)J.(ac) — Je(ac)A° has a small contribution. By the

choice of cutoff functions and the action of pseudo-differential operators on Fourier integral operators
given in Proposition 5.4 with h = 1, we have

N-1

Y(eP)T(ac) = T(a)A” =D D Tel(Gen qacs)) = Te(ac,[€%)

r=0 \ k+jtl=r
+Rn(€)Te(ac) + Te(rn(e)), (5.24)

where (7 (€))ee(0,1] is bounded in S(—N, —oco). This implies that we need to find (ac,;)ce(o,1) bounded
in S(—j, —00) supported in I'(R, Jy, 1) such that

Z (Gee <ac;) —aer €l =0, r=0,..,N—1.

k+j+l=r

By noting that if p.(x,&) € supp(f), then gco(z,&) = pe(x,f)o. This leads to the following

Hamilton-Jacobi and transport equations,
pe(mzvxSE,R<xa§)> = ‘€|2a (525>
(@e,0 9ae0)1 + (ge,1 Qae0)o =0 (5.26)
(qe,O < ae,’r)l + (qe71 < ae,T)O = - Z (QQk < ae,j)la r= 17 ceey N -1 (527>

k+g:rl:r+1
j<r—1

We can solve (5.25) on I'*(R, Jy, 71 ) using Proposition 5.1. We then solve (5.26), (5.27) on '*(R, J1, 71)
and extend solutions globally on R??. We obtain

V(e P)Te(ac) = Te(ac)A” = Ry (€)Te(ae) + Te(rn(e)) + Te(ale)),
where (G(€))ee(o,1] is bounded in S(0, —o0) and is a finite sum depending on N of the form
a(e) = Z aa(€)07 X152,
|| >1

with (dq(€))ee(o,1) bounded in S(0, —oco) and x1-2 as in (5.9).
Next, we can find bounded families of symbols b, , € S(—k, —o0) for k =0, ..., N — 1 supported in
['(R3, J3,73) such that

Je(ae) Je(be)” = Ope(xe)C(€x) + Ope(7n (€))¢(ex),
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where b, = ,1:/:_01 be,x and (7 (€))ee(o,1) is bounded in S(—N, —oc). This is possible by writing for

R large enough J.(b.) = ((ex)T.(be) and taking the adjoint. We have the following Isozaki-Kitata
parametrix for the fractional Schrodinger equation at low frequency.

Theorem 5.9. Let o € (0,00), ¢ € C®(R?) be supported outside B(0,1) and equal to 1 near infinity.
Fiz Jy € (0,400) open interval and —1 < 14 < 1. Choose arbitrary open intervals Ji, Ja, J3 such that
Jy € J3 € Jo € J1 € (0,400) and arbitrary 11,72, T3 such that —1 < 171 < 72 < 13 < 74 < 1. Then for
R > 0 large enough, we can find bounded families of symbols

(a7 ))ee(o,1) € S(—j,—o0), supp(a’;) CTE(R, Ji,7),
such that for all

(X& )eeo € 8(0,—00),  supp(xc) € TF(RY, Ja, ma),
there exists families of symbols

(bik)ee(o,l] € S(—k,—00), supp(bik) C IE(R3, J3,73),
such that for all N > 1, for all € € (0,1] and all +t > 0,
N 0p () er) = T (aF)e N TEBE) + Ry (1 0),
where the phase functions Sei’R are given in Proposition 5.1 and the remainder terms
RL(t,e) = RE(N,t,€) + RE(N,t,€) + RE(N,t,e) + RE(N, t,e),
with
RE(N, 1,6) = ="V Op (i (€) ) ex),

t
RE(N, 1, €) = —ie / e INCTEP R () T (0 )e AT T (bE ) ds,
0

t
Rg: (N,t, 6) _ —iE/ 67i(t75)6¢(€_2P)‘7Ei (Tﬁ(&))eiiSEAgjei(bzt)*ds,
0

t
Rit (N,t, 6) — —ie/ e—z’(t—s)eq/;(e’zP)kZ:t(d:I:(6))e—iseA"k7€:|:(bél:)*dsl
0

Here (fﬁ(ﬁ))ee(o)l}, (rﬁ(e))ee(o’” are bounded in S(—N,—00), (RN(€))ecc(o,1] 5 given in Proposition
2.7, (a*(€))ee(0,1) are bounded in S(0,—occ) and are finite sums depending on N of the form

it(e) = Y 4 (05X,
la>1
where (4 (€))eec(0,1] are bounded in S(0, —oc) and X5 o are as in (5.9).

We have the following dispersive estimates for the main terms of the Isozaki-Kitada parametrix
both at high and low frequencies.

Proposition 5.10. Let o € (0,00)\{1}, S:R be as in Proposition 5.1 and (aZ)ce(0,1), (b )ee(0,1] be
bounded in S(0, —o0) compactly supported in & away from zero.
1. Then for R > 0 large enough, there exists C' > 0 such that for allt € R and all h € (0,1],

”Jhi(a:l:)efith*l(hA)oJhi(bj:)*Hﬁ(L17LOO) < Chid(l + ‘t|hfl)7d/27 (5.28)

where a* 1= aF_, b* == b .
2. Then for R > 0 large enough, there exists C > 0 such that for allt € R and all € € (0, 1],

|TE(aE)e N TEOE) | pirr p) < Ce(1+ €t]) "2 (5.29)
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Proof. 1. For simplicity, we drop the superscript +. The kernel of J, (a)e="" " ("N)7 J, (b)* reads

Kot 2,y) = (2mh)~ /R e O Snu U a )by, €)d.

The estimates (5.28) are in turn equivalent to
[Kn(t,@,y)l < Ch= (1 + [th™) =2, (5:30)

forallt e R,h € (0,1] and z,y € R?. We only consider ¢ > 0, the case t < 0 is similar. Let us denote
the compact support of the amplitude by K. Since a,b are bounded uniformly in z,y € R?, we have

| Kn(t,z,y)| < Ch™,
forallt e Rand all z,y € RL. If0 <t < hor 1+th™! <2, then
|Kp(t,2,y)| < Ch™% < Ch™4(1 + th™) %2,
So, we can assume that ¢ > h or (1 + th_l) < 2th~! and denote the phase function
(R, t,2,y,§) = (Sr(z,€) — Sr(y,€))/t — [¢]7,
and parameter A = th=1 > 1. We can rewrite

@(R,t,x,y,f) = <($L‘ - y)/tvn(Raxayvg» - |€|07

where .
WR25,6) = [ VaSuly+ Mo~ ). Oax
0
Using the properties of the phase functions Sg given in (5.5), we have that

n(R7 x’ y7 é-) = 5 + Q(R7 x’ y? 6)7
where Q(R, z,y, &) is a vector in R satisfying for R > 0 large enough,

0/ Q(R, 2,y,6)| < CsR™, (5.31)
for all z,y € R% and & € K. We have

VeB(R,t,2,y.€) =~ - (Idga + VeQ(R.2.9,)) — o€le]” .

If |(x — y)/t| > C for some constant C' > 0 large enough then for R > 0 large enough, there exists
C: >0,

1 —
VeB(R,t,2,9,6)] = 5| 2

> ).

Thus the phase is non-stationary. By using integration by parts with respect to £ together with the
fact

T —
|a?q)(th7xay’§)|§Cﬁ’Tyv ‘B|227

we have that for all N > 1,
[Kn(tz,y)| < Ch(th™)™N < Ch™*(1 +th™")~?,

provided N is taken bigger than d/2. The same result still holds for |(z — y)/t| < ¢ for some ¢ > 0
small enough.
Therefore, we can assume that ¢ < |x — y/t| < C. In this case, we write
ot

x_ —
v§¢(R’t7m’y’€) = Ty : VEQ(R,%%@ - 0|77‘U 2(Ide =+ (O' — 2)77‘77(; )
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Using the fact that o € (0,00)\{1} and

. mt
‘deta\n|"_2(Ide Y (o 2)’7|n|2 )‘ — oo — 124 > ¢

and (5.31), we see that for R > 0 large enough, the map { — V¢ ®(R,t,z,y,&) is a local diffeomor-
phism from a neighborhood of K to its range. Moreover, for all 3 € N? satisfying |3| > 1, we have
\0?@(]%, t,z,y,&)| < Cs. The stationary phase theorem then implies that for R > 0 large enough, all
t > h and all z,y € R? satisfying ¢ < |(z — y)/t| < C,

|Kp(t,z,y)] < Ch™IN"¥2 < Oh=¢(1 + th™1)~4/2,
This gives (5.30).

2. We are now in position to show (5.29). As above, we drop the superscript + for simplicity. We see
that up to a conjugation by D, the kernel of J.(ac)e™ "\ 7. (b)* reads

K (t,z,y) = (27T)—d/ ei(SE,R(w7£)_t€|£|a_Se,R(yxf))ae(x’g)be(yvf)dé'.
Rd

The dispersive estimates (5.29) follow from

|K(t,z,9)] < C(1 + e|t]) =42, (5.32)
for all + € R uniformly in x,y € R?, € € (0,1] and the fact that
IDelleqzoey = €2, D lery = €2,
The estimates (5.32) are proved by repeating the same line as above. The proof is complete. U

Micro-local propagation estimates. In this paragraph, we will prove some propagation estimates
which are useful for our purpose. To do this, we need the following result (see [8, Lemma 4.1]).
Lemma 5.11. Let 7,7 € (—1,1).
1. For all z,y,¢& € RA{0} satisfying +x - £/|z||€] > T+ and £t > 0, we have
(z+1t)-¢
|z + t€] [¢]
where cx = /T + 74+ /V/2.

2. If T +74 >0, then there exists ¢ = c(7_,7,) > 0 such that for all x,y,& € RIN\{0} satisfying
Fa - &/ |zl > 71 and —y - §/|yll€] > -, we have

|z =yl = c(lz| + [y))- (5.34)

> 71y and |z +t€] > cx(|z| + [E€]), (5.33)

We start with the following estimates.

Lemma 5.12. Let o € (0,00) and x € C°(R?) satisfying x(x) = 1 for |z| < 1.
1. Using the notations given in Theorem 5.8, if R > 0 is large enough, then for all m > 0, there
exists C > 0 such that for all £s > 0 and all h € (0, 1],

I (2 R2) T @ ())e ™ O @ (0)* (@)™ g sy < CH™ ()™ (5.35)
Moreover,

(@)™ (1= x) (/R?) Ty (@ (h))e " N7 LE = (h)* (@)™ |l eg—m amy < CH™ (s)™™ . (5.36)
In particular

I )™ T3t (@ ()™ O T () ()™ ey < CHT ()™ (5.37)
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2. Using the notations given in Theorem 5.9, if R > 0 is large enough, then for all m > 0, there
exists C > 0 such that for all £s > 0 and all € € (0,1],

IDxe(ex/ B2 TE(@*(e))e™ N TE () ()™ Nl gy < C les) ™™ (5.38)
Moreover,
I (ex)™ (1 = x)(e/R*) T2 (@ (€))e N TEWOE) (€)™ lleay < Cles)™™. (5.39)
In particular
I (ex)™ T (@* (€)e ™ TEBF)" (ea)™ [locrzy < C les) ™™ . (5.40)

Proof. 1. We firstly consider the high frequency case. The proof in this case is essentially given in
[8]. For reader’s convenience, we will give a sketch of the proof. The kernel of the operator in the left
hand side of (5.35) reads

K5 o) = () (o ) [ oSO O ) ()
Rd
where the phase ®*(R, s,x,y,&) = S&(z,£) — 5/€|7 — S (y,€). Using (5.5), we have
[Ve®™ (R, s,2,y,)| = o — 0s€[€]772 — y + O(1)] = |os¢[¢]7 2 +y| — |z + O(1),

where |z| < CR? and (y,€) € TH(R3, Js5,73). We then apply (5.33) with £y -¢/|y||¢] > 75 and
+t = 40s[£]772 > 0 to get

|os€l€l7 72 +yl = C(Is| + lyl), (5.41)
for all &5 > 0. We next use |y| > R? to control |z| < R? and obtain
V@™ (R 5,2,,€)| = C(L+ |s| + [2] + Jy)),

for all +s > 0. By integrations by part with respect to £ with remark that higher derivatives of 85<I>i
are controlled by |V¢®*|, we get for all N > 0,

/) |

Rd

¢ P Reew ) 5 (3, ) (B y@)d&‘ < ChN(1+|s| + || + [y) .

By choosing N large enough, we can dominate (y)”" and get
K (5,2, y)| < OPN (L + |s] + [a] + [y)) ™,

for all N large enough, therefore for all N > 0. We do the same for higher derivatives 8?85 Ky (s,z,y)
and the result follows. The kernel of the operator in the left hand side of (5.36) reads

K65 2,9) = (k) @)™ (= )@/ ) [T i 0 R, € 1)

Rd

We use the form of a*(h) given in (5.23). In the case derivatives fall on x(z/R?), we have that

|z] < CR? and we can proceed as above. Note that we have from (5.33) with £y - £/|y||¢| > o3 and
+t = +0s|€]772 > 0 that

(y + osElEl7?)8

|y + osgl€]72l¢]

In the case derivatives fall on 6,_,5, we have

> o3 and |y + 0s€|€]772 > ca(|s| + |y|).

Tl+s§ifé§Tgeor :FL.E>77_2+€>7T2+5/2.
x

(1] ~
By choosing € > 0 small enough such that 73 — 79 +¢/2 > 0, (5.34) gives

ly +os€le]7™% — 2| 2 e (ly + osgle] 77| + |2]) = C(ls] + || + [y]).
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Thus |Ve®*| > C(1 + |s| + |2| + |y|) for £s > 0 and (5.36) follows as above.
2. The proof for the low frequency case is the same as above up to the conjugation by the unitary
map D, in L?(R%). For instance, the kernel of the operator in the left hand side of (5.38) reads

KZE(s,z,y) = (2m)~x(z/R?) / P (R m v (¢ DE (y, €)de ()™,
]Rd

where the phase ®*(R, s, x,y,¢) = Si[R(x,ﬁ) —es|¢]” — SiR(y,f). O

Lemma 5.13. Let o € (0,00).

1. Under the notations of Theorem 5.8, for all m > 0 and all N large enough, there exists C > 0
such that for all s > 0 and all h € (0,1],

| @) TE s (R))e = O TE G () ()N | pm my < CR™I72 ()N (5.42)

2. Under the notations of Theorem 5.9, for all N large enough, there exists C > 0 such that for
all £s > 0 and all € € (0,1],

| ear) ™8 TE (5 (€))e N TEWBE)V (ear)V* || £(nzy < C (es)™ N1 (5.43)

Proof. We only give the proof for the high frequency case, the low frequency one is similar. The kernel
of the operator in the left hand side of (5.42) reads

Kff(s,x,y) = (27Th)_d/ eihil@i(R’s’m’y’f)Ai(mx,y,f)dﬁ,
R4

where the amplitude A*(h,z,y,£&) = (x)N/S rﬁ(h,x,{)bi(h,y,f) (y)N/4 and is compactly supported
in £. We have from Proposition 5.1 and (5.41) that V¢®* (R, s,2,9,&) = x — 0s€|€]772 —y + O(1)
and |os€|€]772 4+ y| > C(|s| + |y|) for all &5 > 0. By Peetre’s inequality, we see that

(Ver®) ™ < (2) (y+ o€lel”2) ™ < C o) () + ()7
We next write
1= x(Ved™) + (1 - x)(Ved™),
where y € C§°(R?) with x = 1 near 0. Then Kf(s, x,y) is split into two terms. For the first term

G 1lgd
I = (2mh) ™ /R T (V@) A (b .y, £)dE,
by using the fact that

X (Ved®)| < C(Ved®) < C ()™M ((y) + (s)) 73N/
< O ()M )TN (s) TV, (5.44)

—3N/4

and A*(h,2,y,&) = O(<x>77N/8 <y>N/4), it is bounded by Ch~¢ <x>7N/8 <y>7N/4 (s)fN/‘l. For the

second term

I = (2mh)™? / et TR0 (1 - \)(Ve %) AF (, 2,1, €)dE,
Rd

+
thanks to the support of (1 — x), we can integrate by parts with respect to £ := % o Ve to

get many negative powers of |[V¢®*| as we wish and estimate as in (5.44). Combine two terms and
Schur’s lemma, we have (5.42) for m = 0. For m > 1, we can do the same with 8;‘85[(2[(3, x,y) with
la| < m,|B] < m. This completes the proof. O

Combining Lemma 5.12 and Lemma 5.13, we have the following result.
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Proposition 5.14. 1. Using the notations given in Theorem 5.8, for all 0 < m < d+1 and all
N large enough, we can write for k = 2,3,4,

t
R (N, t,h) = hN/2/ e~ it= I P) () N/S B oy gy =N g
0

with
IB}(N, s, M cca-m mmy < C <S>_N/4, (5.45)
for all £s > 0 and h € (0,1].

2. Using the notations given in Theorem 5.9 and for all N large enough, we can write for k =
2? 3) 4}

t
Rki(N,t, E) = e/ efi(tfs)“/’(EiZP) <€$>—N/8 Bﬁ(s, E) <€1‘>_N/4 dS,
0

with
1B (s, )l er2) < Cles) ™1, (5.46)
for all £s > 0 and all € € (0,1].

Proof. The cases k = 3,4 follow immediately from Lemma 5.12 and Lemma 5.13. It remains to show
the case k = 2. Let us consider the high frequency case. We can write Ry (h)ET(h) as

()8 (<x>N/8 R (h) <x>7N/8> ( @)V (@) BE () <g:>N/4) (z) =N,

where E*(h) := Jif(a*(h))e _iShfl(hA)UJi(bi(h))*. The first bracket is bounded in £(L?) using
Proposition 2.2. The second one is bounded in £(H "™, H™) using Lemma 5.13 with the fact that
(x >_N JiE(a*(h)) = JE (75 (h)) where 7% (h) are bounded in S(—N, —00). The low frequency case is
similar using Proposition 2.7. O

Next, we have the following micro-local propagation estimates both at high and low frequencies.
Proposition 5.15. Let o € (0,00), f € C§°(R\{0}), Js € (0,+00) be an open interval and —1 <

T4 < 1.

1. Consider R, d > 2 equipped with a smooth metric g satisfying (1.4), (1.5) and suppose that
(1.12) s satisfied. Then for R > 0 large enough and x* € S(0, —o0) supported in T (R*, Jy,74),
we have the following estimates.

i. For allm € N and all integer | large enough, there exists C' > 0 such that for all £t <0
and all h € (0,1],

|0p" (e A (12 P) ()™ | ey < CRT (1)1 (5.47)
ii. Forallm €N, all x € C°(R?) and all 1 > 1, there exists C > 0 such that for all £t <0
and all h € (0,1],
lOp" (xF) e~ M) f(h2 Pyx (2 /R?) || £z, mmy < OB ()" (5.48)
iii. For all xT € S(0,—00) supported in TT(R,J1,71) with —74 < 71 < 1 and Jy € Jy and
all 1 > 1, there exists C > 0 such that for all £t <0 and all h € (0,1],
09" (xF) e M) f (12 PYOP" (XF) | ey < OB (1) (5.49)

2. Consider R, d > 3 equipped with a smooth metric g satisfying (1.4),(1.5). Let ¢ € C®(R%)
be supported outside B(0,1) and equal to 1 near infinity. Then for R > 0 large enough and all
(Xét)ee(o,l] bounded families in S(0,—00) supported in TF(R*, Jy,74), we have the following
estimates.
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i. For allinteger [ large enough, there exists C > 0 such that for all =t <0 and alle € (0,1],

I¢(ex)Ope(xE) e« 2) f(e72P) (ex) ™ ppay < C (et) ™. (5.50)

ii. For all x € C°(R?) and all | > 1, there exists C > 0 such that for all £t < 0 and all
e € (0,1],

¢ (e)Ope () e~ el 87 £(e=2 P)x(ex/ R?)|| o2y < C (et) (5.51)

iii. For all ¢ € C®(RY) supported outside B(0,1) and equal to 1 near infinity and all
(X )ee(o,1) bounded families in S(0, —o00) supported in I'T(R, Jy,71) with —m4 < 71 < 1
and Jy € J1 and alll > 1, there exists C > 0 such that for all £t <0 and all € € (0,1],

. -1 o - ~ _
1€(€x)Ope (xE) e A7 £(e72P)Ope (X F)C(ex) || 2y < C {et) ™. (5.52)
Proof. We only give the proof for the low frequency case, the proof at high frequency is similar and
essentially given in [8, Proposition 4.5].
i. We only consider the case xI and ¢ < 0, the case x_ and ¢t > 0 is similar. By taking the adjoint,
(5.50) is equivalent to
-l - —ite(e™ ! 7 =3l
()™ f(e72P)e " 20" Op ()¢ (ew) | pireqmayy < Clet) ", >0, (5.53)

uniformly in € € (0, 1]. Thanks to the spectral localization, we can apply the Isozaki-Kitada parametrix
given in Theorem 5.9 and obtain

TR Op ()¢ (ew) = T (@ )e N TEBE) + R (L e).
The main term can be written as
()™ F(e72P) (ex)' (ex) ™" (ew)" ™ TH(ab)e TN TF(E) (ew)" ()"
By using Corollary 2.9, we have the terms (ex) ™" f(e 2P) (ez) and (ex)”" are bounded in £(L2). It
suffices to show for [ large enough,
[ Gex)" ™ T (ab)e N THEE) () [l equry < Clet) 1t 20,

uniformly in € € (0,1]. This expected estimate follows by using the same process as in Lemma 5.13.
We now study the remainders.
For k = 1, we have

I (ex) ™ Fe 2 PYRY (N8, ) ez = || (ex) ™ f(€72P)e*( 27 Ope (7 (€) )¢ (ex) | c(12)
< Clet) .
Here we insert (ez) ' (ex)' in the middle and use (2.23) and rescaled pseudo-differential calculus.
For k = 2, 3,4, Item 2 of Proposition 5.14 yields
t
(ex) ' f(e 2P)YRE (N, t,€) = € / (ex) ™! (e 2P)e =9l M) (eq) " NB B (5. €) (ex) TN dis.
0

Using again (2.23) and the fact that <ex>l_N/8 —N/4

and (5.46), we obtain

and (ex) are of size O (g2)(1) for N large enough

t

nmﬁﬂﬁm@mmmmmé&A@@%W4MWWMSM@H.

By choosing [ large enough such that [ — 1 > 3[/4, it shows (5.53).
ii. We do the same for (5.51), it is equivalent to show

| x(ex/R?) f(e*2p)e*“f<6‘“y>“ope(xj)g(ex)||L(L2(Rd)) <Clet)™h, t>0, (5.54)
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uniformly in € € (0,1]. We again use the Isozaki-Kitada parametrix. Let us firstly study remainder
terms. We write the first remainder term x(ex/R2)f(e 2P)R7 (N, t,¢) as

X(ex/R?) {ex)! (ex) ™! f(e72P)e™" 2" ()™ (em)! Ope (7 (€))C (ew).

Using (2.23) and the fact that y(ez/R2) (ez)' and (ez)' Op (7} (€))¢(ex) are bounded in £(L?) due to
the support property of x and rescaled pseudo-differential calculus given as in Proposition 2.7, we get
Ix(ex/R?) f(e > PYRE (N, £, €)|| 2y < C(et)' ™"

For k = 2, 3,4, we have

Ix(ex/R?) f(e 2 PYRL (N, t,€)]l 22y < Ce/o (et =)' ™ (es) MM ds < Cet)'

For the main term, we can write
X(ew/R?) (ex) (ex) ™" f(e72P) (ew)' (ew) ™" (ea)" ™" T (aF)e N TFO)* ()" (ex) ™"
Thanks to the L2-boundedness of x(ex/R2) (ex)', (ex) ' f(e 2P) (ex)', (ex) ™", it suffices to prove
I (ex)" ™" T (ab)e N T (bF)* (ex)” lezey <C (ety™', t>0,
uniformly in € € (0,1]. This expected estimate again follows from Lemma 5.12 by taking [ large
enough. This proves (5.54).
iii. For (5.52), we firstly use the Isozaki-Kitada parametrix for Y., namely
4
e Op (D) () = T (a7 )e TN I (D) + Y Ry (Nt e), (5.55)
k=1

where supp(a;) C F_(R1/4,j1/4,?1/4) and supp(i);) C F_(R3/4,j3/4,7~'3/4) with j3/4 S j1/4 small
neighborhood of J; and 7y /4, 73/4 can be chosen so that

1< —my <’7~'1/4 <’7‘3/4 <7<l

Multiplying ¢(ex)Op.(xF)* f(e72P) to the left of (5.55), the terms ((ex)Op.(xT)* f(e 2P)R;, (N, t,€)
for k = 1,2,3,4 satisfy the required estimate using the estimate (5.50), Lemma 5.12 and (5.46).
Therefore, it remains to show

I¢(ex)Ope () f(e )T (@ Je N T (0 ) ey < Clet) ™, £t <0,
uniformly in € € (0,1]. Thanks to the support of a_, we can write J. (a_) = (1(ex)J. (a.) with

(1 € C®(R%) supported outside B(0,1) such that ¢;(z) = 1 for |z| > RY*. The parametrix of
f(e72P)¢ (ex) given in Proposition 2.7 and symbolic calculus give

C(ex)Ope (XE) (e P (ex) = Ope(cd) + B (e) (ex) " ,
+

where (¢f)ee(o,1) € S(0,—00) with supp(cf) C supp(x;) and By (e) = Og(r2)(1) uniformly in € €
(0,1]. We treat the remainder term by using Lemma 5.13. For the main terms, we need to recall the
following version of Proposition 5.4 which is essentially ? given in [8, Lemma 4.6].

Lemma 5.16. Given J € (0,+0), —1 < 7 < 1 and the associated families of phase functions
(SfR)R>>1 as in Proposition 5.1. Let (ac)cc(0,1] and (cc)ee(o,1] be bounded families in S(0, —oc0). Then
forall N > 1,

N—1

Ope(c)TF(ac) = Y T (ees) + T (en(e),

Jj=0

2See (2.4), (5.3) and use Lemma 4.6 of [8] with h = 1.
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where (ecj)ec(0,1] and (en(€))ee(o,1) are bounded families in S(0,—00) and S(—N, —o0) respectively.
In particular, for all € > 0 small enough, by choosing R > 0 large enough, we have

supp(ce) C Fi(R, J,7) = supp(ec ;) C Fi(R, J+ (—e,8), 7 —¢)
since vxsij(x,g) =&+ O(R™P).

Using this lemma, we expand Op(cF)J (a. ) and treat the remainder terms using again Lemma
5.13. It remains to prove the required estimate for the general term, namely

1T (e)e ™A T (b )* || ney < Clet) ™, +t <0,

uniformly in € € (0,1], where (ef)ce(0,1] € S(0, —00) and supp(el) € I'M (R, Jy + (—¢,¢),74 —¢€). Up
to the conjugation by D, the kernel of the left hand side operator reads

Ke(t,,y) = (2m) 7 /R ROt (2, )b (y, €)de,

where @ (R, t,z,y,§) = S_ z(x,§) — €t|€]” — S_ z(y, ). Since supp(ef) C IH(RY, Jy+ (—¢e,8), 74 —€)

and supp(b;) € I~ (R3/4, j3/4,%3/4), we have
x-§ y-§
T >Ty—E —
|z[|€] €]
By choosing R > 0 large enough, we have that 74 — € + 73/4 > 0. Thus by Item 2 of Lemma 5.11, we
have

>7~'3/4.

[Ve®e| = C(L+ eft| + || + [y]).
Using the non-stationary phase argument as in the proof of Lemma 5.12, we have

1T (e)e™ N T () ey < Clet) ™, £t <0,

€

uniformly in € € (0, 1]. The proof of Proposition 5.15 is now complete. O

5.2. Strichartz estimates.
High frequencies. In this paragraph, we give the proof of (3.21). By scaling in time, it is in turn
equivalent to prove

(1= x)e™ " 8" £ PYug|| oo (g, 0y < Ch™ ]| £ (h* P)uol| 2,

where £, ¢ = d/2—d/q—1/p. By choosing fe C§°(R\0) such that f =1 near supp(f), we can write
for all [ € N,

N—1
(1= ) f(h*P) = h*Op"(ar)* + W By (h) (&)™,
k=0
where for ¢ > 2,
1By ()|l 2(z2,10) < Ch™ (2740, (5.56)

Thus (1 — x)e~ " (187 £(h2P)uy becomes
N-1
> HFOp" (ai)*e T A F(R2PYug + hN By (h) (@)~ e A7 £(R2P)ug,.
k=0

Using (5.56) and (2.20), || By (h) (z) " e~ (47 £(h2 PYug|| 1o (. 1ay is bounded by
Ch 2=/ || ()~ =007 (B2 Pug || o e, 2y < Ch™ (/2= OHA=N/2|| £(32 Py 2.

Hence, by taking N large enough, the remainder is bounded by Ch="».|| f(h?P)ug||z2. For the main
terms, by choosing xo € C§°(R?) such that xo = 1 for |z| < 2 and setting x(z) = xo(z/R*), we see
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that (1 — x) is supported in {z € R%, |z| > 2R* > R*}. For R > 0 large enough and supp(f) close
enough to supp(f) and J4 € (0, +00) any open interval containing supp(f), we have

supp(ar) C {(z,&) e R* |z| > R, [¢* € Ju}, k=0,..,N—1. (5.57)
We want to show

||oph(ak)*e—ith’1<hAg>”f(h2P)u0||LP(R,L4) < Ch™"va| f(h®P)ug|z2, k=0,..,N —1.

Let us consider a general term, namely Oph(a)*e~h" (M49)7 f(h2P)uy with a € S(0, —c0) satisfying
(5.57). Next, by choosing a suitable partition of unity = + 6% = 1 such that supp(0~) C (—o0, —74)
and supp(6™) C (74, +o0) and setting

X (2,€) = alz, )0+ (ilxxllfgl) ’

we have that y* € S(0, —o0), supp(x*) c I'H(R*, J4, 74) and
Op" (a)*e ™" )" f(h PYug = (Op" (x7)* + Op" (x*)")e " "4 £ (1 PYuq.
We only prove the estimate for xV, i.e.
lOp" (x ) e ™1 M) F(h2 PYuo|| o, 0y < Ch™"% | f(B*P)u| 2,

the one for x~ is similar. Since Op"(xT)*e~h" (M49)7 f(h2P) is bounded in £(L?) uniformly in
h € (0,1] and ¢ € R, by Proposition 4.3, it suffices to prove the dispersive estimates, i.e.

||Oph(X+)*€7ith_1(hAg)sz(h2P)Oph(X+)||£(L17Loo) < Chid(l + |t|h71)7d/2,
for all ¢ € R uniformly in h € (0, 1]. By taking the adjoint, it reduces to prove
1Op" (x )" M) (W2 PYOP" (X ¥ £(pr Ly < CRL+ [t]h™1) =42, (5.58)

for all ¢ < 0 uniformly in h € (0,1]. We now prove (5.58). By using the Isozaki-Kitada parametrix
with J; and 74 as above together with arbitrary open intervals Ji, Js, J3 such that J, € J3 € Jy €
J1 € (0,+00) and arbitrary real numbers 7y, 72, 73 satisfying —1 < 71 < 72 < 73 < 74 < 1, the operator
in the left hand side of (5.58) is written as

4
Op ()" 2 (h2P) (Jh*(a*(h))e-“h1<“)°‘J:<b+<h>>* +Y BRIV m) |
k=1
Using the fact that Op"(xT)* f2(h?P) is bounded in £(L°) and Proposition 5.10, we have
10p" ()" F2(R2P) i (a* ()™ PN JE T (B)* | £ noey < CR™H(L+ [t{h ™) ~/2,

for all t € R and h € (0,1]. It remains to study the remainder terms.
For k = 1, using the Sobolev embedding with m > d/2, (5.47) and the fact that (z)' Op" (75 (h)) is
of size O (g—m 12)(h~"™) by pseudo-differential calculus, we have

10" (X T)* F2 (B2 P)RF (N, £, B)|| (11 ooy < CAN 7172 (1) 734 < Op=d(1 4 [t|p=1) =9/,

for all ¢ <0 and all h € (0,1]. The last estimate follows by taking | = 2d/3 and N large enough.
For k = 2, by using (5.47) and the Sobolev embedding with m > d/2, we have for t — s <0,

0" (xF) e = AN f2(32 P) (2) 7 || £ 2 poey < CRT™ (t— 5) 724, (5.59)
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We also have that (z)' Ry (k) is bounded in £(L>°, L?) due to Proposition 2.2 provided N > I. Thus
for N and [ large enough, Proposition 5.10 implies that

109" (X*)* F2(R*P)RS (N t, 1)l 21, 1)

t
< Cthlfm*d/ (t— )1+ |s|h )" Y2ds < Ch™ (1 + [t|h~1) %2,
0

For k = 3, by inserting (z) ' ()" ()" and using the fact that (z)'"" = Ocr(ree,12)(1) for N
large enough, (5.59) and Proposition 5.10 with J;f (a*) = ()N JiF (r%(h)), we see that this remainder

term satisfies the required estimate as for the second one.
For k = 4, we rewrite Op"(xT)*f2(h?P)R; (N,t,h) as —ih~! times

/ op’( 2(h2P)e~ =T (AT (y (1 — X)) (/ R2) S (@t (R))e~h (N7 L (5 (h))*ds,

where y € C§°(RY) satisfying y(x) = 1 for |#| < 2. The first term can be treated similarly as the
second remainder using (5.48) instead of (5.47). For the second term, we need the following lemma
(see [8, Proposition 5.2]).
Lemma 5.17. Choose Ty such that —14 < Ty < —7o. If R > 0 is large enough, we may choose
~ € 5(0,—00) satisfying supp(x~) C T~ (R, J1,71) such that for all m large enough,
F(R*P)(1 =) (x/R?)Jif (@ (h)) = Op" (X ) Iy (€m(h)) + W™ R ()
where
Ron(h) = JiF (Fon(R)) + (@) ™2 R (R) (&)™ JF (@ (),
with (€, (h))ne,1] and (Fm(h))ne(o,1) bounded families in S(0, —o0) and S(—m, —o0) respectively and
Ry (h) = Or (1) (1) uniformly in h € (0,1].

Using this lemma, the second term is written as —ih ™! times
/ Opl (x ) e = (MADT (Oph (37) T (Em(h)) + B Ry (h)) €0 N7 LE (5T (R))*ds.

The remainder terms are treated similarly as the second remainder term using (5.47). The term
involving Op"(X~)J;" (ém(h)) is studied by the same analysis as the second term using (5.49) instead
of (5.47). This completes the proof. O
Low frequencies. In this paragraph, we will prove (3.24). By scaling in time, it is equivalent to show

. -1 I
(1 = x)(ex) f(e 2 P)e A g | Lo g 10y < Cepa | (e Puo] 2,

where K, , = d/2 —d/q — 1/p. By choosing f € C§°(R\0) such that f = 1 near supp(f), we can
write (1 — x)(ex)f(e 2P) = (1 — X)(ex)f(672P)f(672P). Next, we choose ¢ € C*(R?) supported in
R\ B(0, 1) such that ¢ = 1 near supp(1 — x) and use Proposition 2.7 to have
B N-1
(1= x)(ex)f(e?P) = Y ((ex)Opc(ack)” + Rn(e),
k=0
where Ry(e) = C(ex)(e 2P + 1)"VBy(e) (ex) ™" with (BN (€))ee(0,1] bounded £(L?). Thus (1 —
Y)(ex) f(e 2 P)e= (¢ Aa)7 0 reads
N-1
Z C(ex)Ope(ae k)*e_i“(eflAg)gf(e_QP)uo + RN(e)e_ite(;lAg)

o

f(E_QP)'LL(].

We firstly cons1der the remainder term.
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Proposition 5.18. Let N > (d—1)/2+1. Then for all (p,q) fractional admissible, there exists C > 0
such that for all € € (0,1],
. —1 o
HRN(e)e—zte(e Ag) f(E_ZP)UOHLP(R,LQ) < CePra HUO||L2-

Proof. This result follows from the TT* criterion given in Proposition 4.3 with e~! in place of h and
T(t) = RN(e)e’”E(e_lAg)af(e’QP). The £(L?) bounds of T'(t) are obvious. Thus we need to prove
the dispersive estimates. Using (2.6) with ¢ = co and (2.23) with N > d/2 + 1, we have

IT@)T () |11 e < Cell ()™ e DT 007 £2(e72P) () ™ || 12y
< Cet(e(t — s))' N < Cel(1 + €t — s])~ 2.

O

This completes the proof.

For the main terms, by choosing xo € C§°(R?) such that o = 1 for |z| < 2 and setting x() =
Xo(z/R*), we see that (1—x) is supported in {z € R%, |z| > R*}. For R > 0 large enough and supp(f)
close enough to supp(f) and Jy € (0,400) any open interval containing supp(f), we have

supp(acx) C {(z,€) € R* |z| > R*|¢)P € Ju}, k=0,..,N—1. (5.60)
We want to show for £k =0,..., N — 1,
IC(ex)Ope(ac k) e~ 2) £(e 2 PYug|| Loz, Loy < Cea| (e P)ug|| 2

Let us consider the general term, namely C(ex)OpE(ae)*e*“f(e_lAg)af(e’QP)uo with (ac)eco,1] €
S(0, —o0) satisfying (5.60). Next, by choosing a suitable partition of unity = + 6+ = 1 such that
supp(f0~) C (—o0, —74) and supp(0™) C (74, +00) and setting

+ _ JiES x‘f)
09 = ao 0% (75,

we have that (Xei)eE(O,l] € 5(0, —0), Supp(xgc) C Fi(R‘l7 Jy4,74) and
C(ex)Opelac) e < 20" f(e2PYug = ((ex)(Ope(x7)* + Ope(x)*)e el " 40)
We only prove the estimate for x7, i.e.
IC(ex)Ope ()" e~ (< 2)7 (€72 PYug | poe, o) < Ceee| f(e 2 P)ug| 12,

the one for x is similar. By TT* criterion and that T(t) := ((ex)Opc(xF)*e < 20)7 f(e=2P) is
bounded in £(L?) for all t € R and all € € (0, 1], it suffices to prove dispersive estimates, i.e.

I¢(ex)Ope (x) e~ (< 29)7 f2(e72 P)Ope (X )¢ (€2) | 2z o)y < Cel(1 + elt)) ™2,
for all ¢ € R uniformly in € € (0,1]. By taking the adjoint, it reduces to prove
IC(ex)Ope (x5 )" e~ 4« 29)7 f2(e72 P)Ope (X )¢ (€2) | o)y < Cel(1 + elt)) ™2, (5.61)
for all ¢ < 0 uniformly in € € (0,1]. Let us prove (5.61). For simplicity, we set
AT = ((ex)Ope(xF)* f2 (72 P).

Using the Isozaki-Kitada parametrix given in Theorem 5.9, we see that

o

f(€_2P)U0.

4
AFe A" Op () (ex) = AF (f(abe—“ﬁ“f(bw +Y RE(Nt, e)) :

We firstly note that A} is bounded in £(L*°). Indeed, we write
¢(ex)Ope(xF)* f2(e72P) = ((ex)Ope(xT)*Culex) f2 (€72 P),
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where ¢; € C*(R?) is supported outside B(0,1) satisfying ¢;(z) = 1 for |x| > R*. This is possible
since Op.(x) = Ci(ex)Opc(x). The factors ((ex)Op.(xF)* and (i(ex)f?(e 2P) are bounded in
L(L*>) by the rescaled pseudo-differential operator and Corollary 2.8 respectively. Thanks to the
L(L*>)-bound of A} and (5.29), we have dispersive estimates for the main terms. It remains to prove
dispersive estimates for remainder terms. By rescaled pseudo-differential calculus, we can write for

1>d/2,

A =) 2P+ )7 (Ce)Op (R + B () (ea) ") 22 P),
where ¢ € C*°(R%) is supported outside B(0, 1) and equal to 1 near supp(¢) and (X&)ec(o,1) € S(0, —00)
satisfying supp(x) C supp(x}) and B, (e) = O (r2)(1) uniformly in € € (0,1]. This follows by

expanding (€~ 2P + 1)!¢(ex)Op.(xF)* by rescaled pseudo-differential calculus.
For k = 1, using the Proposition 2.7, we can write

R (N, t,€) = e~ 27 (e2) ™ B (e)(e 2P + 1) "N ((ex),

where By (€) = Og(z2)(1) uniformly in € € (0,1]. Then, using Proposition 2.6 with ¢ = co and (5.50),
we have

IC(e@) (€72 P + 1)~ (ex) Ope(XE)* 2 (€ 2PYRT (N, £, €)l|ur, poey < Ce (et) M
< Cel(1+eft]) /2,

for all ¢ < 0 and all € € (0,1] provided N is taken large enough. Moreover, using again Proposition
2.6 and (2.23), we also have

IC(ex) (2P + 1) "' Bi(e) (ex) ™ fA(e PPYRY (N, 1, €) | (i 10y < O (et)' ™
< Cel(1 + €lt)) =42,
for all ¢ <0 and all € € (0, 1] provided I and N are taken large enough. This implies
IATRY (N1, €)ooty < Ce¥(1+€lt) =2,

for all t <0 and all € € (0, 1].
Next, thanks to the support of b, we can write

T = TG (€72 P + 1) NG (ea), (5.62)

where (B+)ee(0,1] € 5(0,—o0), supp(b) C TT(R3, J5,03) and ¢; € C®(R?) is supported outside

€

B(0,1) such that ¢y (z) = 1 for [z > R®. Indeed, we write for (1 € C*=(R?) supported outside B(0,1)
and ¢; = 1 in supp(G1),

T =T Gle)(e P+ DN ((€72P + 1) Vi(ex)) .

1 .
For k = 2, using (2.6) and its adjoint, (5.50), (5.62), (ex)' Ry (¢) (ex)V " = O (12)(1) and estimating
as in Lemma 5.13, we have

||C~(ex)(e_2P + 1) (ex)Ope (XF)* f2 (e 2P)YRS (N, t, Ner,n=)

t
< C’ede/ (e(t — 8)) 2/ (es) N ds < Cet(1 + €ft]) =%/,
0



GLOBAL STRICHARTZ FRACTIONAL SCHRODINGER EQUATION 45

for ¢ < 0 provided that [ and N are taken large enough. Moreover, using (2.23) instead of (5.50), we
have

() (2P +1) 7' By(e) ()~ f2(e *P)YRE (N, £, €) | £t 1)
t
< Cede/ (e(t — ) 7 (es) N ds < Ced(1 + €elt]) "2,
0

for all t <0 and all € € (0,1]. This implies
HA:_R;(N?tv 6)H.C(Ll,LOO) < Cﬁd(l + 6|t|)_d/27 Vi<0,e€ (07 1]

The third remainder term is treated similarly as the second one. It remains to study the last
remainder term. To do so, we split

t
AFRIN, ) = =i [ AZe 9T (o (1= ) e BT )™ 70,
0

where x € C5°(R?) satisfying x(z) = 1 for |x| < 2. The first term can be treated similarly as the
second remainder using (5.51) instead of (5.50) and Lemma 5.12. For the second term, we need the
following lemma (see [8, Proposition 5.2]).

Lemma 5.19. Choose 71 such that —74 < 71 < —72. If R > 0 is large enough, we may choose a
bounded family of symbols X € S(0,—o0) satisfying supp(X;) C I'"(R,J1,71) and (2 € C>(R%)
supported outside B(0,1) satisfying (o = 1 on supp(l — x) such that for all m large enough,

F€2P)(1 = x)(ex/R?)TH(a* (€)) = Ope(Xc ) o (e) TF (Em(€)) + R (e),
where
Rin(€) = TH (Fa(€)) + (ex) ™% R (©) (e) ™" T (@7 (e)),
with (Em(€))ee(0,1] and (Tm(€))ee(o,1) bounded families in S(0,—o0) and S(—m,—o0) respectively and
Ry (€) = Or(12)(1) uniformly in € € (0,1].
We set
Al = (A + Aiz)f(€_2p)a

where

Al = {(ex)(e72P + 1) (ex)Ope (W) (72 P),

AL, = ((ex) (€ 2P + 1) By(e) (ex) ™ f(e72P).
Using Lemma 5.19, we firstly consider

t
—ihil/ Azlefi(tfs)e(e—mg)” (Ops(f(;)fg(ex)Jj(ém(e)) + Rm(e)) efiseA"‘Z+(b:r)*dS'
0

The remainder terms are treated similarly as the second remainder term using (5.50) and Lemma
5.13. The term involving Op (Y. )C2(ex) T (€ (€)) is studied by the same analysis as the second term
using (5.52) instead of (5.47). For the term

t
—ih_l/ AL AT (Op (77)Cale@) T (Em(€)) + Run(€)) €N T (b5 ds,
0

the required estimate follows by using (2.23) and Lemma 5.13. This completes the proof. (|
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6. INHOMOGENEOUS STRICHARTZ ESTIMATES

In this section, we will give the proofs of Proposition 1.5 and Proposition 1.7. The main tool is the
homogeneous Strichartz estimates (1.15) and the so called Christ-Kiselev Lemma. To do so, we recall
the following result (see [13] or [42]).

Lemma 6.1. Let X and Y be Banach spaces and assume that K(t, s) is a continuous function taking
its values in the bounded operators from'Y to X. Suppose that —oo < ¢ < d < o0, and set

d
Af0) = [ K(t.5)(s)ds,
Assume that
IAf | La(e,a1,x) < Cllf L (e,a,y)-
Define the operator A as
t
At = [ K5
Then for 1 < p < q < oo, there exists C > 0 such that
IAfI Lagedx) < CNFllLw e, y)-

We are now able to prove the inhomogeneous Strichartz estimates (1.17) and (1.21).
Inhomogeneous Strichartz estimates for fractional Schrédinger equation. We give the proof
of Proposition 1.5 by following a standard argument (see e.g. [50]). Let u be the solution to (1.1). By
Duhamel formula, we have

¢
u(t) = e Mauy — Z/ e I B (s)ds =: unom () + inn (£).
0

Using (1.15), we have
[thom || Lr (&, L) < Clluoll e

It remains to prove the inhomogeneous part, namely

¢
H/ eI P (s)ds
0

where (p, ¢), (a, b) are fractional admissible pairs satisfying (p, a) # (2,2) and the gap condition (1.18).
By the Christ-Kiselev Lemma, it suffices to prove

7i(t75)A; , ,
| [ermip@as,, . < ClPl . (6.1)

for all fractional admissible pairs satisfying (1.18) excluding the case p = o’ = 2. We now prove (6.1).
Define

< ’ ’
iy < ONFl oy,

T,, ., uo € Ly A mae oy € LP(R, L7).

Thanks to (1.15), we see that T,  is a bounded operator. Similar result holds for T’,, ,. Next, we
take the adjoint for T, , and obtain a bounded operator

T :FeL”(RLY)w /RA;%”’eiSAZF(s)ds €.,

a,b

where .7 is the dual space of .Z;. Using (1.18) or vap = —Ya’,pr — 0 = —7p,q, We have

H/e‘i(t_s)AZF(s)ds’
i

Lo(R,L) = ||Tvp,qT;a,bF||LP(R,Lq) < C”F”LGI(R,Lb’)v
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and (6.1) follows.
Next, we prove

el e gy < C (ol zoa + IF) o 2))-

By using the homogeneous Strichartz estimate for a fractional admissible pair (0o, 2) with Y02 = 0

and that ||'U;||LOQ(R7H;VP,¢1) = HAgp’qU”Loc(R)LQ), we have
t
. P,q pa p—t(t—=8)A]
il ey < C (I8 oolzs + | [ Agree= = pyas] Y.
Using the Christ-Kiselev Lemma, it suffices to prove
Yp,q p—t(t—8)AT , ,
H /RAQP ‘e gF(S)dSHLw(R,H) < CIF| por (g, 10y

Using the above notation, we have

Apa 7i(t75)AZF d H = ||ToT> F||1
H/R gte | o 1) = T Fllny
<C|T3,  Fllrz < CIF || por m, 1oy

This completes the proof of Proposition 1.5. O
Inhomogeneous Strichartz estimates for fractional wave equation. We give the proof of
Proposition 1.7. Let v be the solution to (1.20). By Duhamel formula, we have

sintA? t sin(t — s)A%
T
0

Ag Ag

v(t) = costAgug +

F(s)ds = Uhom (t) + 'Uinh(t)7
where vpom is the sum of first two terms and vy, is the last one. We firstly prove

[ollzoce 2oy < C(leollznn + orll mas + NFlpor ez )
By observing that
CitAS | o—itA] QAT _ —ith]

tA = — ———— intA? = ——
costAy 5 ;  sintAy % ,

and using (1.15), we have

lonomllzo o) < € (loll gon + ol goma-s )-

Let us prove the inhomogeneous part which is in turn equivalent to

t gilt—s)AT
—_— < ’ ’
|/ w7 PO, S Ol gy, (6.2)

where (p, q), (a,b) are fractional admissible satisfying the gap condition (1.22). We define the operator
T,, ., uo € Ly — A mae oy € LP(R, L7).

Thanks to (1.15), we see that T, is a bounded operator. Next, we take the adjoint for T,
obtain a bounded operator

. and

T F e LR o [ A R s < 2

Using (1.22) or Va5 = —Yar,pr — 0 = —Yp,q + 0, We have

| [ Fa
_F S S’
R AJ

Lo(R.L1) 17,15, ,Flle@ Loy < ClIF | por =, o7y
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As in the proof of the inhomogeneous Strichartz estimates for the fractional Schrédinger equations,
the Christ-Kiselev Lemma implies (6.2) for all fractional admissible pairs satisfying the gap condition
(1.22) excluding the case p = a’ = 2.

Next, we prove

HU”Loo(R,H;P"I) < C(H%Hg;m + ||U1||H;p,q*“ + ||F||La’(1R,Lb')>-

By using the homogeneous Strichartz estimate for a fractional admissible pair (0o, 2) with Ys0,2 = 0
and that ”U”LOO(R,H;”"?) = [|Ag” || oo (R, 12), We have

[0 Lo (g, 1720y < C<||AZP’”’O||L2 + lAgP o]l e

t
A=) sin (¢ — §)AZF(s)d H )
+ H /0 g sin (t — s)Ag F'(s)ds o
Using the Christ-Kiselev Lemma, it suffices to prove
('Vp,qfo') 7i(t75)AZ ’ ’
H /RAg e s F(s)ds Lo (R < O||F||ze (R, LY )"
Using the above notation, we have
(Vp.q—0) g—i(t—s)Ag —
H /RAg%)q e i(t—s QF(S)dSHLm(R)LZ) = ||TOT»¢aYbF||L°C(R,L2)
< CIT3, ,Fll> < ClIF || per ,vy-
We repeat the same process for d;v and obtain
1960 g sz, < € (oll s + 01l yomae + 1F o g )
This completes the proof of Proposition 1.7. (|
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