N

N
N

HAL

open science

Estimating the Reach of a Manifold
Eddie Aamari, Jisu Kim, Frédéric Chazal, Bertrand Michel, Alessandro

Rinaldo, Larry Wasserman

» To cite this version:

Eddie Aamari, Jisu Kim, Frédéric Chazal, Bertrand Michel, Alessandro Rinaldo, et al.. Estimating
the Reach of a Manifold. 2018. hal-01521955v2

HAL Id: hal-01521955
https://hal.science/hal-01521955v2

Preprint submitted on 31 Jan 2018 (v2), last revised 19 Mar 2019 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01521955v2
https://hal.archives-ouvertes.fr

Estimating the Reach of a Manifold

Eddie Aamari ** Jisu Kim 51
University of California, San Diego Carnegie Mellon University
Frédéric Chazal*f Bertrand Michel*'
Inria Saclay Ecole Centrale Nantes
Alessandro Rinaldo® Larry Wasserman
Carnegie Mellon University Carnegie Mellon University
Abstract

Various problems in manifold estimation make use of a quantity called the
reach, denoted by 7p7, which is a measure of the regularity of the manifold.
This paper is the first investigation into the problem of how to estimate the
reach. First, we study the geometry of the reach through an approximation
perspective. We derive new geometric results on the reach for submanifolds
without boundary. An estimator 7 of 7, is proposed in a framework where
tangent spaces are known, and bounds assessing its efficiency are derived. In
the case of i.i.d. random point cloud X,,, 7(X,,) is showed to achieve uniform
expected loss bounds over a C3-like model. Finally, we obtain upper and
lower bounds on the minimax rate for estimating the reach.

1 Introduction

1.1 Background and Related Work

Manifold estimation has become an increasingly important problem in statistics
and machine learning. There is now a large literature on methods and theory for
estimating manifolds. See, for example, [29, 24, 23, 10, 31, 8, 25].

Estimating a manifold, or functionals of a manifold, requires regularity con-
ditions. In nonparametric function estimation, regularity conditions often take
the form of smoothness constraints. In manifold estimation problems, a common
assumption is that the reach 74 of the manifold M is non-zero.

First introduced by Federer [21], the reach 73 of a set M C R” is the largest
number such that any point at distance less than 7ps from M has a unique nearest
point on M. If a set has its reach greater than 7,,;, > 0, then one can roll freely
a ball of radius 7., around it [14]. The reach is affected by two factors: the
curvature of the manifold and the width of the narrowest bottleneck-like structure
of M, which quantifies how close M is from being self-intersecting.
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Positive reach is the minimal regularity assumption on sets in geometric mea-
sure theory and integral geometry [22, 33]. Sets with positive reach exhibit a
structure that is close to being differential — the so-called tangent and normal
cones. The value of the reach itself quantifies the degree of regularity of a set,
with larger values associated to more regular sets. The positive reach assumption
is routinely imposed in the statistical analysis of geometric structures in order to
ensure good statistical properties [14] and to derive theoretical guarantees. For
example, in manifold reconstruction, the reach helps formalize minimax rates
[24, 29]. The optimal manifold estimators of [1] implicitly use reach as a scale
parameter in their construction. In homology inference [31, 7], the reach drives
the minimal sample size required to consistently estimate topological invariants.
It is used in [15] as a regularity parameter in the estimation of the Minkowski
boundary lengths and surface areas. The reach has also been explicitly used as
a regularity parameter in geometric inference, such as in volume estimation [4]
and manifold clustering [5]. Finally, the reach often plays the role of a scale
parameter in dimension reduction techniques such as vector diffusions maps [32].
Problems in computational geometry such as manifold reconstruction also rely
on assumptions on the reach [10].

In this paper we study the problem of estimating reach. To do so, we first
provide new geometric results on the reach. We also give the first bounds on the
minimax rate for estimating reach.

There are very few papers on this problem. When the embedding dimension
is 3, the estimation of the local feature size (a localized version of the reach) was
tackled in a deterministic way in [18]. To some extent, the estimation of the
medial axis (the set of points that have strictly more than one nearest point on
M) and its generalizations [16, 6] can be viewed as an indirect way to estimate
the reach. A test procedure designed to validate whether data actually comes
from a smooth manifold satisfying a condition on the reach was developed in [23].
The authors derived a consistent test procedure, but the results do not permit
any inference bound on the reach.

1.2 Outline

In Section 2 we provide some differential geometric background and define the
statistical problem at hand. New geometric properties of the reach are derived in
Section 3, and their consequences for its inference follow in Section 4 in a setting
where tangent spaces are known. We study minimax rates in Section 5. An
extension to a model where tangent spaces are unknown is discussed in Section
6, and we conclude with some open questions in Section 7. For sake of readability,
the proofs are given in the Appendix.

2 Framework

2.1 Notions of Differential Geometry

In what follows, D > 2 and R is endowed with the Euclidean inner product (-, -)
and the associated norm ||-||. The associated closed ball of radius r and center z is
denoted by B(z,r). We will consider compact connected submanifolds M of R”
of fixed dimension 1 < d < D and without boundary [19]. For every point p in



M, the tangent space of M at p is denoted by T}, M: it is the d-dimensional linear
subspace of R” composed of the directions that M spans in the neighborhood of
p. Besides the Euclidean structure given by RP 5 M, a submanifold is endowed
with an intrinsic distance induced by the ambient Euclidean one, and called the
geodesic distance. Given a smooth path ¢ : [a,b] — M, the length of ¢ is defined
as Length(c) = fab | (t)|| dt. One can show [19] that there exists a path 7,4 of
minimal length joining p and ¢. Such an arc is called geodesic, and the geodesic
distance between p and ¢ is given by das(p, q) = Length(vp—q). We let Bas(p, s)
denote the closed geodesic ball of center p € M and of radius s. A geodesic ~y
such that ||7/(¢)|| = 1 for all ¢ is called arc-length parametrized. Unless stated
otherwise, we always assume that geodesics are parametrized by arc-length. For
all p € M and all unit vectors v € T,M, we denote by ~,, the unique arc-
length parametrized geodesic of M such that 7,,(0) = p and 7, ,(0) = v. The
exponential map is defined as exp,,(vt) = 7,,,(t). Note that from the compactness
of M, exp, : T,M — M is defined globally on T, M. For any two nonzero vectors
u,v € RP, we let Z(u,v) = dsD—l(% mor) be the angle between u and wv.

ull” o]l

2.2 Reach

First introduced by Federer [21], the reach regularity parameter is defined as
follows. Given a closed subset A C R”, the medial axis Med(A) of A is the
subset of R consisting of the points that have at least two nearest neighbors on
A. Namely, denoting by d(z, A) = inf,c 4 ||p — z|| the distance function to A,

Med(A)={z€RP[Fp#qec A |p— 2| =llq—zl| =d(z,A)}. (2.1)
The reach of A is then defined as the minimal distance from A to Med(A).

Definition 2.1. The reach of a closed subset A C RP is defined as

= inf d(p, Med(A)) = inf d(z,A). 2.2
74 = inf (p, Med(A)) el (z,4) (2.2)

Some authors refer to Tzl as the condition number [31, 32]. From the defini-
tion of the medial axis in (2.1), the projection m4(z) = argmin,c4 ||p — x| onto
A is well defined outside Med(A). The reach is the largest distance p > 0 such
that 74 is well defined on the p-offset {z € RP|d(z, A) < p}. Hence, the reach
condition can be seen as a generalization of convexity, since a set A C RP is
convex if and only if 74 = oco.

In the case of submanifolds, one can reformulate the definition of the reach
in the following manner.

Theorem 2.2 (Theorem 4.18 in [21]). For all submanifolds M C RP,

2
= inf lg = pll

L o\ 2.3
g#peM 2d(q — p, T,M) (23)

This formulation has the advantage of involving only points on M and its
tangent spaces, while (2.2) uses the distance to the medial axis Med(M), which
is a global quantity. The formula (2.3) will be the starting point of the estimator
proposed in this paper (see Section 4).



la—pl? | W
saaprn a2l

p+1T,M

Figure 1: Geometric interpretation of quantities involved in (2.3).

The ratio appearing in 2.3 can be interpreted geometrically, as suggested in
Figure 1. This ratio is the radius of an ambient ball, tangent to M at p and
passing through ¢q. Hence, at a differential level, the reach gives a lower bound on
the radii of curvature of M. Equivalently, TA}l is an upper bound on the curvature
of M.

Proposition 2.3 (Proposition 6.1 in [31]). Let M C RP be a submanifold, and
Ypw @n arc-length parametrized geodesic of M. Then for all t,

v, ()] < 1/7ar-

In analogy with function spaces, the class {M C RP |T0r > Tonin > 0} can be
interpreted as the H older space C2(1/Tyin ). In addition, as illustrated in Figure
2, the condition 7p; > Ty > 0 also prevents bottleneck structures where M is
nearly self-intersecting. This idea will be made rigorous in Section 3.

Figure 2: A narrow bottleneck structure yields a small reach 7.

2.3 Statistical Model and Loss

Let us now describe the regularity assumptions we will use throughout. To avoid
arbitrarily irregular shapes, we consider submanifolds M with their reach lower
bounded by Ty, > 0. Since the parameter of interest 737 is a C2-like quantity,
it is natural — and actually necessary, as we shall see in Proposition 2.9 — to
require an extra degree of smoothness. For example, by imposing an upper bound
on the third order derivatives of geodesics.

Definition 2.4. We let ./\/lf;n[jn 1, denote the set of compact connected d-dimensional

submanifolds M C RP without boundary such that 7a; > Tyin, and for which
every arc-length parametrized geodesic v, ,, is C? and satisfies

1 (O] < L.
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It is important to note that any compact d-dimensional C3-submanifold M C
RP belongs to such a class Mffﬂ 1, provided that 7,5, < 737 and that L is large
enough. Note also that since the third order condition ||4,,(0)|| < L needs to
hold for all (p,v), we have in particular that H'Vzlaﬁv(t)H < L for all t € R. To our
knowledge, such a quantitative C3 assumption on the geodesic trajectories has
not been considered in the computational geometry literature.

Any submanifold M C RP of dimension d inherits a natural measure volys
from the d-dimensional Hausdorff measure H?¢ on R [22, p. 171]. We will con-
sider distributions () that have densities with respect to voly; that are bounded
away from zero.

Definition 2.5. We let Qﬁfn Lo foin denote the set of distributions ) having sup-

port M € ./\/li’gn ;, and with a Hausdorff density f = dng satisfying inf,cps f(x) >
fmin >0on M.

In order to focus on the geometric aspects of the reach, we will first consider
the case where tangent spaces are observed at all the sample points. We let G
denote the Grassmanian of dimension d of R”, that is the set of all d-dimensional
linear subspaces of RP.

Definition 2.6. For any distribution Q € Qi’fn Lo foin with support M we asso-

ciate the distribution P of the random variable (X, Tx M) on RP x G4, where
X has distribution ). We let pdP Lo foin denote the set of all such distributions.

Tmin,

Formally, one can write P(dxdT) = 7,0 (dT)Q(dz), where §. denotes the
Dirac measure. An i.i.d. n-sample of P is of the form (X1,T}),...,(Xn,Ty) €
RP x G4P, where X;,..., X, is an i.i.d. n-sample of Q and T; = Tx,M with
M = supp(Q). For a distribution @ with support M and associated distribution
P on RP x G4P | we will write 7p = TQ = Tm, with a slight abuse of notation.

Note that the model does not explicitly impose an upper bound on 7p7. Such
an upper bound would be redundant, since the lower bound on f,,;, does impose
such an upper bound, as we now state in the following result. The proof relies
on a volume argument (Lemma A.2 in the Appendix, leading to a bound on the
diameter of M, and on a topological argument (Lemma A.5 in the Appendix to
link the reach and the diameter.

Proposition 2.7. Let M C RP be a connected closed d-dimensional manifold,
and let QQ be a probability distribution with support M. Assume that Q has a
density f with respect to the Hausdorff measure on M such that inf,cps f(x) >

fmin > 0. Then,
Td < Ca
M= fmin’

for some constant Cy > 0 depending only on d.

To simplify the statements and the proofs, we focus on a loss involving the
condition number. Namely, we measure the error with the loss

p
. p>1. (2.4)

In other words, we will consider the estimation of the condition number 7']\7[1
instead of the reach 7).



Remark 2.8. For a distribution P € PP Lo foin? Proposition 2.7 asserts that

Tmin
Tmin < TP < Tmaz = (Cg/ fmm)l/ 4 Therefore, in an inference set-up, we can
always restrict to estimators 7 within the bounds 7ipin < 7 < Timaz. Consequently,

1 1 1P 1

2p =

|tp — 7P < -
Tmazx P

so that the estimation of the reach 7p is equivalent to the estimation of the
condition number TEl, up to constants.

With the statistical framework developed above, we can now see explicitly
why the third order condition ||[7"”|| < L < oo is necessary. Indeed, the following
Proposition 2.9 demonstrates that relaxing this constraint — 4.e. setting L = oo
— renders the problem of reach estimation intractable. Its proof is to be found
in Section D.3 of the Appendix. Below, o4 stands for the volume of the d-
dimensional unit sphere S

Proposition 2.9. Given Ty, > 0, provided that frmin < (2d+17'7‘fmad)_1, we
have for allm > 1,

) 1 11? c
inf sup Epn|— ——| > pp > 0,
n d,D TP Tn T s
PE,PTm'Ln’L:OO’fmin mn
where the infimum is taken over the estimators 7p, = Tp (X1, 11, ..., Xn, Tp).

Thus, one cannot expect to derive consistent uniform approximation bounds
for the reach solely under the condition 7p; > Tyi,. This result is natural, since
the problem at stake is to estimate a differential quantity of order two. Therefore,
some notion of uniform C? regularity is needed.

3 Geometry of the Reach

In this section, we give a precise geometric description of how the reach arises. In
particular, below we will show that the reach is determined either by a bottleneck
structure or an area of high curvature (Theorem 3.4). These two cases are referred
to as global reach and local reach, respectively. All the proofs for this section are
to be found in Section B of the Appendix.

Consider the formulation (2.2) of the reach as the infimum of the distance
between M and its medial axis Med(M). By definition of the medial axis (2.1),
if the infimum is attained it corresponds to a point zp in Med(M) at distance Tas
from M, which we call an axis point. Since zg belongs to the medial axis of M,
it has at least two nearest neighbors q1, g2 on M, which we call a reach attaining
pair (see Figure 3b). By definition, ¢; and g2 belong to B(zp, 7ps) and cannot be
farther than 27y, from each other. We say that (qi1,q2) is a bottleneck of M in
the extremal case ||g2 — ¢1]| = 27as of antipodal points of B(zo, 7ar) (see Figure
3a). Note that the ball B(zg, 7as) meets M only on its boundary 0B(zo, 7ar)-

Definition 3.1. Let M C R? be a submanifold with reach 73; > 0.

e A pair of points (g1,q2) in M is called reach attaining if there exists zy €
Med(M) such that g1, g2 € B(z0, 7ar). We call zg the axis point of (q1,q2),
and ||g1 — g2|| € (0, 27p] its size.



e A reach attaining pair (q1,q2) € M? is said to be a bottleneck of M if its
size is 27y, that is ||q1 — q2|| = 27

As stated in the following Lemma 3.2, if a reach attaining pair is not a bot-
tleneck — that is ||¢g1 — ¢2|] < 27a7, as in Figure 3b —, then M contains an arc
of a circle of radius 7j7. In this sense, this “semi-local” case — when ||¢1 — ¢2||
can be arbitrarily small — is not generic. Though, we do not exclude this case
in the analysis.

Lemma 3.2. Let M C RP be a compact submanifold with reach thy > 0. Assume
that M has a reach attaining pair (q1,q2) € M? with size ||q1 — qa|| < 27ar. Let
20 € Med(M) be their associated azxis point, and write c;,(q1,q2) for the arc of
the circle with center zy and endpoints as q1 and qo.

Then c.,(q1,q2) C M, and this arc (which has constant curvature 1/7pr) is
the geodesic joining q1 and qo.

In particular, in this “semi-local” situation, since T]\_41 is the norm of the second
derivative of a geodesic of M (the exhibited arc of the circle of radius 7p/), the
reach can be viewed as arising from directional curvature.

Now consider the case where the infimum (2.2) is not attained. In this case,
the following Lemma 3.3 asserts that 7p; is created by curvature.

Lemma 3.3. Let M C RP be a compact submanifold with reach Tay > 0. Assume
that for all z € Med(M), d(z, M) > Tar. Then there exists qo € M and a geodesic
Yo such that 4o(0) = go and || (0)|| = -

™

To summarize, there are three distinct geometric instances in which the reach
may be realized:

e (See Figure 3a) M has a bottleneck: by definition, 7); originates from a
structure having scale 27;;.

e (See Figure 3b) M has a reach attaining pair but no bottleneck: then M
contains an arc of a circle of radius 75 (Lemma 3.2), so that M actually
contains a zone with radius of curvature 7.

e (See Figure 3c) M does not have a reach attaining pair: then 757 comes
from a curvature-attaining point (Lemma 3.3), that is a point with radius
of curvature 7.

From now on, we will treat the first case separately from the other two. We are
now in a position to state the main result of this section. It is a straightforward
consequence of Lemma 3.2 and Lemma 3.3.

Theorem 3.4. Let M C RP be a compact submanifold with reach Ty > 0. At
least one of the following two assertions holds.

e (Global Case) M has a bottleneck (q1,q2) € M?, that is, there eists zg €
Med(M) such that q1,q2 € OB(z0,Tar) and |1 — q2|| = 27as.

e (Local Case) There exists qo € M and an arc-length parametrized geodesic

Yo such that v0(0) = go and |75 (0)| = =

TM




lar — g2l < 27as

(b) A non-bottleneck reach attaining pair. (¢) Curvature-attaining point.

Figure 3: The different ways for the reach to be attained (Lemma 3.2 and Lemma
3.3).



Let us emphasize the fact that the global case and the local case of Theorem
3.4 are not mutually exclusive. Theorem 3.4 provides a description of the reach
as arising from global and local geometric structures that, to the best of our
knowledge, is new. Such a distinction is especially important in our problem.
Indeed, the global and local cases may yield different approximation properties
and require different statistical analyses. However, since one does not know a
priori whether the reach arises from a global or a local structure, an estimator of
Tar should be able to handle both cases simultaneously.

4 Reach Estimator and its Analysis

In this section, we propose an estimator 7(-) for the reach and demonstrate its
properties and rate of consistency under the loss (2.4). For the sake of clarity in
the analysis, we assume the tangent spaces to be known at every sample point.
This assumption will be relaxed in Section 6.

We rely on the formulation of the reach given in (2.3) (see also Figure 1), and
define 7 as a plugin estimator as follows: given a point cloud X C M,

) . ly — =||”
X) = inf
TR = I iy — e D)

. (4.1)

In particular, we have 7(M) = 7ps. Since the infimum (4.1) is taken over a set
X smaller than M, 7(X) always overestimates 7ps. In fact, 7(X) is decreasing in
the number of distinct points in X, a useful property that we formalize in the
following result, whose proof is immediate.

Corollary 4.1. Let M be a submanifold with reach Tpy andY C X C M be two
nested subsets. Then 7(Y) > 7(X) > 7.

We now derive the rate of convergence of 7. We analyze the global case
(Section 4.1) and the local case (Section 4.2) separately. In both cases, we first
determine the performance of the estimator in a deterministic framework, and
then derive an expected loss bounds when 7 is applied to a random sample.

Respectively, the proofs for Section 4.1 and Section 4.2 are to be found in
Section C.1 and Section C.2 of the Appendix.

4.1 Global Case

Consider the global case, that is, M has a bottleneck structure (Theorem 3.4).
Then the infimum (2.3) is achieved at a bottleneck pair (q1,¢2) € M2. When X
contains points that are close to g1 and g2, one may expect that the infimum over
the sample points should also be close to (2.3): that is, that 7(X) should be close
to .

Proposition 4.2. Let M C RP be a submanifold with reach Tp;y > 0 that has a
bottleneck (q1,q2) € M? (see Definition 3.1), and X C M. If there exist v,y € X
with ||q1 — z|| < Tar and ||q2 — y|| < Tar, then

1 1 1 1

S TR S ) 3 ) ).




The error made by 7(X) decreases linearly in the maximum of the distances
to the critical points ¢; and ¢s. In other words, the radius of the tangent sphere
in Figure 1 grows at most linearly in £ when we perturb by ¢t < 7 its basis point
p = ¢ and the point ¢ = ¢ it passes through.

Based on the deterministic bound in Pr0p031t10n 4. 2 we can now give an
upper bound on the expected loss under the model 73 S We recall that,
throughout the paper, X,, = {Xy,...,X,} is an i.id. sample with common
distribution @ associated to P (see Definition 2.6).

Proposition 4.3. Let P € "P o L fog, 000 M= supp(P). Assume that M has
a bottleneck (q1,q2) € M? (see Definition 3.1). Then,

1 1
™ T(Xp)

p
:| < vadvT]vafminn )

s

where Cp g 1y, foin depends only on p,d,mar and fuin, and is a decreasing function
of Tar.

Proposition 4.3 follows straightforwardly from Proposition 4.2 combined with
the fact that with high probability, the balls centered at the bottleneck points ¢1
and gy with radii O(n~/4) both contain a sample point of X,,.

4.2 Local Case

Consider now the local case, that is, there exists go € M and vy € T,,M such
that the geodesic 79 = g9, has second derivative || (0)|| = 1/7as (Theorem
3.4). Estimating 7ps boils down to estimating the curvature of M at g in the
direction wvyg.

We first relate directional curvature to the increment % involved in
the estimator 7 (4.1). Indeed, since the latter quantity is the radius of a sphere
tangent at z and passing through y (Figure 1), it approximates the radius of
curvature in the direction y — x when z and y are close. For z,y € M, we
let v;_, denote the arc-length parametrized geodesic joining = and y, with the
convention vz, (0) = .

Lemma 4.4. Let M ¢ M®P 1 with reach Ty and X C M be a subset. Let

Tlnlrn
z,y € X with dy(z,y) < wrar. Then,
1 1 1 1 1
0 — o< < — Ld
S T St Awgd) S MOl ghduey)

Let us now state how directional curvatures are stable with respect to per-
turbations of the base point and the direction. We let x, denote the maximal
directional curvature of M at p € M, that is,

fop = 17 O] -
UGBTPNI (0 1
Lemma 4.5. Let M € M® {Dn 1 with reach Ty and qo,z,y € M be such that

z,y € Bar (qo, T5L
Write

). Letyo be a geodesic such that v9(0) = qo and ||[4((0)]| = kqp-

00 := Z£(76(0), 79 2(0)), Oy = Z(76(0), 7404 (0));

10



and suppose that |0, — 0, > 5. Then,

(el
1 .
> Kqo — \/i 1 (’%ﬂﬁ — Kgo t+ \/5(3"4’110 + Hw) Sln2<‘9$ - ey’) + \@LdM(QOax)) .
In particular, geodesics in a neighborhood of gy with directions close to vg
have curvature close to TTIM A point cloud X sampled densely enough in M
would contain points in this neighborhood. Hence combining Lemma 4.4 and

Lemma 4.5 yields the following deterministic bound in the local case.

Proposition 4.6. Under the same conditions as Lemma 4.5,

o<ttt 1

v X)) T v F({z,y})
< 4v/25in?(|0, — 6,)) V2
(V2 - 1)1y V2 -1

In other words, since the reach boils down to directional curvature in the
local case, 7 performs well if it is given as input a pair of points x,y which are
close to the point ¢ realizing the reach, and almost aligned with the direction
of interest vg. Note that the error bound in the local case (Proposition 4.6) is
very similar to that of the global case (Proposition 4.2) with an extra alignment
term sin?(|0, — 0,]) . This alignment term appears since, in the local case, the
reach arises from directional curvature 7as = ||74r ,,(0)| (Theorem 3.4). Hence,
it is natural that the accuracy of 7(X) depends on how precisely X samples the
neighborhood of gg in the particular direction vyg.

Similarly to the analysis of the global case, the deterministic bound in Propo-
sition 4.6 yields a bound on the risk of 7(X,,) when X,, = {X, ..., X,,} is random.

+L <§dM(w,y) + dM(qux)) -

Proposition 4.7. Let P € pdD Lo And M = supp(P). Suppose there exists

Tmin,

qo € M and a geodesic vy with v0(0) = qo and ||v§(0)| = i Then,

1 1 P .
Epn |: E B %(X ) S CTIIliIHdezfminypn Sd_l,
n
where Cr . d.L frim.p depends only on Twin, d, L, fmin and p.

This statement follows from Proposition 4.6 together with the estimate of the
probability of two points being drawn in a neighborhood of ¢y and subject to an
alignment constraint.

Proposition 4.3 and 4.7 yield a convergence rate of 7(X,,) which is slower in
the local case than in the global case. Recall that from Theorem 3.4, the reach
pertains to the size of a bottleneck structure in the global case, and to maxi-
mum directional curvature in the local case. To estimate the size of a bottleneck,
observing two points close to each point in the bottleneck gives a good approx-
imation. However, for approximating maximal directional curvature, observing
two points close to the curvature attaining point is not enough, but they should
also be aligned with the highly curved direction. Hence, estimating the reach may
be more difficult in the local case, and the difference in the convergence rates of
Proposition 4.3 and 4.7 accords with this intuition.

Finally, let us point out that in both cases, neither the convergence rates nor
the constants depend on the ambient dimension D.

11



5 Minimax Estimates

In this section we derlve bounds on the minimax risk R,, of the estimation of the
reach over the class 77 oL fonin? that is

. 1 1P
R, = inf sup Epn |— — — (5.1)
Tn PG'Pd D Ly TP Tn
where the infimum ranges over all estimators 7, ((X1,Tx, ), - . ., (Xn, Tx,)) based

on an i.i.d. sample of size n with the knowledge of the tangent spaces at sample
points.

The rate of convergence of the plugin estimator 7(X,,) studied in the previous
section leads to an upper bound on R,, which we state here for completeness.

Theorem 5.1. For alln > 1,

— 2
R < CTmnnd L:fmitnpn gt

for some constant C;

min;

d,L, foin,p depending only on Tyin,d, L, fmin and p.

We now focus on deriving a lower bound on the minimax risk R,,. The method
relies on an application of Le Cam’s Lemma [34]. In what follows, let

(P, P) / AP — dP'|

denote the total variation distance between P and P’, where dP,dP’ denote
the respective densities of P, P’ with respect to any dominating measure. Since

|z — z|P+ |z —y|P > 217P|z —y|P | the following version of Le Cam’s lemma results
from Lemma 1 in [34] and (1 — TV(P™, P™)) > (1 =TV (P, P"))™.

Lemma 5.2 (Le Cam’s Lemma). Let P, P’ € Pifn Lo fonin with respective supports
M and M'. Then for alln > 1,

p

1 1 (1-TV(P,P")"

™ ™'

Lemma 5.2 implies that in order to derive a lower bound on R,, one needs
to consider distributions (hypotheses) in the model that are stochastically close
to each other — i.e. with small total variation distance — but for which the
associated reaches are as different as possible. A lower bound on the minimax
risk over PT oL fomin requires the hypotheses to belong to the class. Luckily, in
our problem it will be enough to construct hypotheses from the simpler class

Qi’fﬂ L fmm‘ Indeed, we have the following isometry result between Qi’fn L forin

and P& for the total variation distance, as proved in Section D.2 in the

TmznaL fmzn
Appendix.
Lemma 5.3. In accordance with the notation of Definition 2.6, let Q,Q" €
Qi’fm Lo fonin be distributions on RY with associated distributions P P c melz] L fonin

on RP x GP. Then,
TV (P,P) =TV (Q,Q).

12



In order to construct hypotheses in Q Lofos WE take advantage of the fact

that the class MTmm ; has good stablhty properties, which we now describe.
Here, since submanifolds do not have natural parametrizations, the notion of
perturbation can be well formalized using diffeomorphisms of the ambient space
RP 5 M. Given a smooth map ® : R” — R”, we denote by d.® its differential
of order i at z. Given a tensor field A between Euclidean spaces, let [|A|,, =
sup, || Az, where [[Az][,, is the operator norm induced by the Euclidean norm.
The next result states, informally, that the reach and geodesics third derivatives
of a submanifold that is perturbed by a diffeomorphism that is C3-close to the
identity map do not change much. The proof of Proposition 5.4 can be found in
Section D.3 of the Appendix.

Proposition 5.4. Let M € /\/l 1 be fized, and let ® : RP — RP be a global
C3-diffeomorphism. If||ID d<I>H d2CI>H and Hd3<I>HOp are small enough, then

M =d(M) e MED

ol

Tmrn 2L

Figure 4: Hypotheses of Proposition 5.5.

Now we construct the two hypotheses @, Q" as follows (see Figure 4). Take
M to be a d-dimensional sphere and () to be the uniform distribution on it. Let
M' = ®(M), where ® is a bump-like diffeomorphism having the curvature of
M’ to be different of that of M in some small neighborhood. Finally, let Q' be
the uniform distribution on M’. The proof of Proposition 5.5 is to be found in
Section D.3 of the Appendix.
Proposition 5.5. Assume that L > (272, )" and fom < (24179, 04)7 L.
Then for £ > 0 small enough, there exist Q,Q" € o*P

Tenins Ly Frmin with respective
supports M and M’ such that

1 1

TM TM!

0 ¢\
> Cd— and TV(Q,Q’)SlQ <2 > .

min Tmin

Hence, applying Lemma 5.2 with the hypotheses P, P" associated to @, Q" of
Proposition 5.5, and taking 12 (£/27,n:,)® = 1/n, together with Lemma 5.3, yields
the following lower bound.

Proposition 5.6. Assume that L > (272, )71 and fom < (27174, og)7L
Then for n large enough,
O
min

where cqp depends only on d and p.

13



Here, the assumptions on the parameters L and f,,;, are necessary for the
model to be rich enough. Roughly speaking, they ensure at least that a sphere
of radius 27,,;, belongs to the model.

From Proposition 5.6, the plugin estimation 7(X,,) provably achieves the op-
timal rate in the global case (Theorem 4.3) up to numerical constants. In the
local case (Theorem 4.7) the rate obtained presents a gap, yielding a gap in the
overall rate. As explained above (Section 4.2), the slower rate in the local case
is a consequence of the alignment required in order to estimate directional cur-
vature. Though, let us note that in the one-dimensional case d = 1, the rate of
Proposition 5.6 matches the convergence rate of 7(X,,) (Theorem 5.1). Indeed, for
curves, the alignment requirement is always fulfilled. Hence, the rate is exactly
n~P for d =1, and 7(X,,) is minimax optimal.

Here, again, neither the convergence rate nor the constant depend on the
ambient dimension D.

6 Towards Unknown Tangent Spaces

So far, in our analysis we have used the key assumption that both the point cloud
and the tangent spaces were jointly observed. We now focus on the more realistic
framework where only points are observed. We once again rely on the formulation
of the reach given in Theorem 2.3 and consider a new plug-in estimator in which
the true tangent spaces are replaced by estimated ones. Namely, given a point
cloud X ¢ R” and a family T = {T}},ex of linear subspaces of R” indexed by
X, the estimator is defined as

2
FX,T) = inf vl

—_—. 6.1
a2yex 2d(y — x,Ty) (6-1)

In particular, 7(X) = 7(X, Tx M), where TxM = {T, M },cx. Adding uncertainty
on tangent spaces in (6.1) does not change drastically the estimator as the formula
is stable with respect to 1. We state this result quantitatively in the following
Proposition 6.1, the proof of which can be found in Section E of the Appendix. In
what follows, the distance between two linear subspaces U, V € G%P is measured
with their principal angle ||7y — v ||,

Proposition 6.1. Let X C RP and T = {Ty}pex, T = {Ty }aex be two families
of linear subspaces of R indexed by X. Assume X to be 6-sparse, T and T to be
0-close, in the sense that

inf |ly—z||>6 and sup| Ty — Tullop < siné.
rAyeX zeX

Then,

1 1 <2$in0
X, T) #X,T)|~ 0

In other words, the map T + 7(X,T)~! is smooth, provided that the basis
point cloud X contains no zone of accumulation at a too small scale § > 0. As a
consequence, under the assumptions of Proposition 6.1, the bounds on ‘%(X)_l —
TM_l} of Proposition 4.2 and Proposition 4.6 still hold with an extra error term

2sin /4 if we replace 7(X) by 7(X,T).

14



For an i.i.d. point cloud X,, asymptotic rates of tangent space estimation
derived in C3-like models can be found in [13, 32, 2], yielding bounds on sin 6.
In that case, the typical scale of minimum interpoint distance is ¢ = n=2/d,
as stated in the asymptotic result Theorem 2.1 in [27] for the flat case of R?.
However, the typical covering scale of M used in the global case (Theorem 4.3)
is € =< (1/n)Y/?. It appears that we can sparsify the point cloud X,, — that is,
removing accumulation points — while preserving the covering property at scale
e =20 =< (log n/n)l/d. This can be performed using the farthest point sampling
algorithm [1, Section 3.3]. Such a sparsification pre-processing allows to lessen
the possible instability of 7#(X,,-)~!. Though, whether the alignment property
used in the local case (Theorem 4.7) is preserved under sparsification remains to
be investigated.

7 Conclusion and Open Questions

In the present work, we gave new insights on the geometry of the reach. Inference
results were derived in both deterministic and random frameworks. For i.i.d.
samples, non-asymptotic minimax upper and lower bounds were derived under
assumptions on the third order derivative of geodesic trajectories. Let us conclude
with some open questions.

e The minimax upper and lower bounds given in Theorem 5.1 and Theorem
5.6 do not match. They are yet to be sharpened.

e In practice, since large reach ensures regularity, one may be interested with
having a lower bound on the reach 7y;. Giving the limiting distribution of
the statistic 7(X,,) would allow to derive asymptotic confidence intervals
for 7.

e Other regularity parameters such as local feature size [10] and A-reach [12]
could be relevant to estimate, as they are used as tuning parameters in
computational geometry techniques.
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Table of Notation

Ca,ﬁ; CO(,,H) C

D

d

T.M

TM 5 TQ, TP
Tmin

L

fHd

vol s

f

fmin

AM
d,D

Toin, L

d,.b
Q

TminyLyfmin

Q,Q

d,D

TminsLy fmin
PP
Supp(-)
IR
<'7 >
B(x,r)
Vp,v
Yy
dM(', )
BM(p7 S)
M
Med(-)
d:P - h
A2, d3d

H'Hop

8 c, P Constant depending on the parameters a, 3

Ambient dimension

Manifold dimension

Tangent space of M at x

Reach of M = Supp(Q) = Supp(P)

Prescribed lower bound on 7,4

Prescribed third order derivative bound on geodesics
d-dimensional Hausdorff measure on R”

Volume measure of M C RP

Density with respect to the volume measure
Prescribed lower bound on f

Uniform probability distribution on M, i.e. f = H(M)™"

Geometric model
Statistical Model with unknown tangent spaces
Element of Qd’D

TminvL:fmin

Statistical Model with known tangent spaces

Element of Pf_i;i“ Lofonin
Support of a distribution

Euclidean norm

Euclidean inner product

Closed Euclidean ball

Geodesic passing through p with direction v
Geodesic joining z to y with v,,,(0) =«
Geodesic distance

Closed Geodesic ball

Distance to a subset A C RP

Projection map onto M

Medial axis

Differential at z in the direction h

Higher order differentials

Operator norm

A Some Technical Results on the Model

A.1 Metric Properties

This section garners geometric lemmas on embedded manifolds in the Euclidean
space that are related to the reach, and that will be used several times in the

proofs.

Proposition A.1. Let M C RP be a submanifold with reach Tp; > 0.

(i) For allp € M, we let 11, denote the second fundamental form of M at x.

Then for all unit vector v € TyM, ||I1y(v,v)|| < %

(i) The injectivity radius of M is at least 7Tps.

(iii) The sectional curvatures k of M satisfy ——2 < k < =&

2 2
T Ty
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(iv) For all p € M, the map exp, : Z§Tp (0, 77ar) — By (0, 77ar) is a diffeo-

morphism. Moreover, for all ||v|| < gf% and w € T,M,

(1 ol )lel < |y exp, ] < <1+ ] )n H

(v) For allp € M and r < %, given any Borel set A C Br,a(0,7) C T,M
we have

r2

<1 — 6:;) HU(A) < H(exp,(A)) < <1 +

) HA(A).

M

(vi) Let ~y be a geodesic at p € M, and P, the parallel transport operator along
v. Then for all t < wmpr and v € T,M,

Z(Fi(v),v) < —

Proof of Proposition A.1. (i) is stated in Proposition 2.1 in [31], yielding (ii) from
Corollary 1.4 in [3]. (iii) follows using (i) again and the Gauss equation [19, p.
130]. (iv) is derived from (iii) by a direct application of Lemma 8 in [20]. (v)
follows from (iv) and Lemma 6 in [5]. All that remain to be showed is (vi).

For this, assume without loss of generality that |Jv|| = 1. Let g : [0,#] — S}
be defined by g(s) = Ps(v). Let u € RP be a unit vector and denoting by V the
ambient derivative. We may write

<g’(8),u> = <vy(s)Ps(w),u> = (I1(v/(s), Ps(w)), u) .

Hence [|g/(s)[| < 7~ for all s € [0,¢]. Since g is a curve on S9=1, this implies

™

L(Pi(v),0) = dsas (4(£),7(0)) < /O g/ (s)] ds < =

A.2 Comparing Reach and Diameter

Let us prove Proposition 2.7. For this aim, we first state the following analogous
bound on the (Euclidean) diameter.

Lemma A.2 (Lemma 2 in [1]). Let M C R be a connected closed d-dimensional
manifold, and let Q) be a probability distribution having support M with a density
f > fmin with respect to the Hausdorff measure on M. Then,

Ca
d—1 ’
s fmzn

for some constant Cyq > 0 depending only on d.

diam(M) <

Proposition A.3. If K C RP is not homotopy equivalent to a point,

D

mdiam([().

TK <
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Proof of Proposition A.3. Follows from a straightforward combination of Lemma
A .4 and Lemma A.5. O

We recall that for two compact subsets A, B C R, the Hausdorff distance
[11, p. 252] between them is defined by

du (A, B) = max{supd(a, B),supd(b, A)}.
acA beB

We denote by conv(-) the closed convex hull of a set.

Lemma A.4. For all K C R?, dy (K, conv(K)) < %diam(ff).

Proof of Lemma A.J. It is a straightforward corollary of Jung’s Theorem 2.10.41
in [22], which states that K is contained in a (unique) closed ball with (minimal)

radius at most ,/ﬁdiam(lf). O

Lemma A.5. If K C R is not homotopy equivalent to a point, T < dg (K, conv(K)).

Proof of Lemma A.5. Let us prove the contrapositive. For this, assume that
Ti > dp (K, conv(K)). Then,

conv(K) C U B(z,dy (K, conv(K))) C U é(l‘,TK) C Med(K)°.
zeK zeK

Therefore, the map 7x : conv(K) — K is well defined and continuous, so that
K is a retract of conv(K) (see Chapter 0 in [26]). Therefore, K is homotopy
equivalent to a point, since the convex set conv(K) is. ]

We are now in position to prove Proposition 2.7.

Proof of Proposition 2.7. From Theorem 3.26 in [26], M has a non trivial homol-
ogy group of dimension d over Z/2Z, so that it cannot be homotopy equivalent
to a point. Therefore, Proposition A.3 yields 73y < diam(M ), and we conclude
by applying the bound diam(M) < Cy/ (T]ﬁljl fmin) given by Lemma A.2. O

B Geometry of the Reach

For M c RP,a € M, and v € RP a non-zero vector, we define the local directional
reach by

Ty (@, v) = inf {d(m,M)|§c € Med(M) with = a + tv for some ¢t > O} ,

with the convention 7ps(a,v) = oo if Med(M) N {a + tv|t > 0} = 0.

Lemma B.1. (i) Forxz ¢ Med(M)UM, writing a = mp (), we have pr(a, —
a) >0, and for allbe M,

2
_lla=b[" [z =4

Caa—b) >
(z-aa=b 21y (a, x — a)

18



(i) Let 0 < r < q < oo be fivzed. Let x,y ¢ Med(M) U M be such that
d(x, M)V d(y, M) <r and

v (T (), 2 — mar () AT (mar(y), y — 7 (y)) > g

Then,
q

q—r

Proof of Lemma B.1. The proof of (i) follows that of Theorem 4.8 (7) in [21]. Let
v = qi=ay and S = {t|7ar (a +tv) = a}. As ||z —al| > 0 belongs to S, supS >0

and from [21, Theorem 4.8 (6)] we get sup S > 7ps(a, v). Moreover, for 0 <t € S,

lmar () = mar(y)l < [z =yl

|la + tv — bl > d(a+ tv, M) = t.
Developing and rearranging the square of previous inequality yields
la —b||* + 2t (v,a — b) + > > 2,
2t<’[},a7b> > - ||(I*b||27

2
_Nla =0l [l — afl
2t '

(x —a,a—b)y >

On the other hand, the proof of (i) follows that of Theorem 4.8 (8) in [21].
Writing a = mps(x) and b = mps(y), the previous point yields

2
_lla=0f"r

la = b)) r
> —
2q -

<a:—a,a—b>2 2(]

and (y—0b,b—a)

As a consequence,

[z =yl lla =bll = {z = y,a = b)
=({z—-a)+(a=b)+(-y)a-0

> Jla - | (1— ) |
q

hence the result.
O

Lemma B.2. Let M C RP be a submanifold with reach Ty; > 0 having a reach
attaining pair (q1,q2) € M? such that ||q1 — qa|| < 27ar. Write zo € Med(M) for
the associated azis point. Then there exists a sequence of curves {yn}nen of M
joining q1 and gz with

lim Length(v,) = marZ(q1 — 20,92 — 20)-

n—o0

Proof of Lemma B.2. Without loss of generality, assume that zy coincides with
the origin. Let c,,(q1, ¢2) be the circle arc of center zp with endpoints ¢; and g¢a,
and let v : [—to, to] — ¢4, (q1,q2) be its arc length parametrization with y(—tg) =
q1 and y(to) = g2. Let 0 := Z(q1 — 20,92 — 20)- Since [[q1 — 20]| = llg2 — 20l = 71,

2
we have tg = %TMQ. For all ¢ € [—to,to], let ry := /73, — qu_f””/cos (%),
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Figure 5: Layout of the proof of Lemma B.2.

and let 7 : [~to,to] — RY be §(t) = 7L~(t). Let us show that for all r € (0, 7]
and t € [—to, to], the following holds:

o

B <7_Z4’Y(t),7“> C é(’?(t)ﬂ“t) C é(Qlﬂ’M) U[;’(qQ,TM). (B.1)

The left-hand side inclusion of (B.1) being straightforward, we turn to the second
inclusion. First, note that by definition,
tan (i)
™

t
1 tan (a)
2tan <—t° ) -

6 =13 a5+
2 2tan<t0> 2
™ ™

for all t € [—to, to]. Hence,

tan (L
~ ~ ™
5 - 50) = — (s~ ), (B2)
2tan (—0>
and from tan ( > ”ql QQ” , we get ||3(t) — (0)|| = ro tan ( M) Now suppose
that:nEB( (t),r¢), then
lz = 3@)II* < rf. (B.3)

Then,
lz = 3@ = [l = 3(0)|* = 2 (x — 5(0),7() — 5(0)) + |7(t) = F(0)|1?,

and r? = r3 413 tan? (%) = r2+]5(t) — 7(0)||%, hence applying these and (B.2)
to (B.3) implies

(x —%(0),q2 — q1) < 72 (B.4)
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Now applying (—to) = q1 to (B.2) gives g1 — 7(0) = —3(q2 — q1), so
= arl? = 2 = 5O)* +2 {z = 3(0), &1 = 7(0)) + |l = 5(0)
=l = 3O)IP ~ {z ~7(0),02 — 1) + § o — 2
Similarly,
7~ gall® = llz = 5O + (&~ 3(0), 2 — ) + s — ol
and hence
min {|e - q1[*, o - .}

= |lz = 7(0)I* = [{z = 5(0), 42 — @1)| + i llgr — g2 (B.5)

Since ‘tan (T%)( }tan( )

. 2 2
min { o = a1l o — a2/}

applying (B.4) to (B.5) gives

- » 1
<o = O = — 8 @ =002~ @) + 7 s — e
tan (—)

1
< 7“34'1 ln — ao|* = 734,

which asserts the second inclusion in (B.1).
Now, by definition of the reach in (2.2), <l’>o’(q1, T ) U l%(qg, TM)> NMed(M) =
(0, hence (B.1) implies

o

B <7;J7(t), r> N Med(M) = 0.

For all n € N, let us now define hy,, v, : [—to,to] = M by (See Figure 5),

ha(t) = ——~ () and (1) = mar (hn(t)) -

i

Then for any fixed n € N and t1,t2 € [—to,to] such that |ty — ta] < 7as, from
B (hn(ti), %) N Med(M) = 0, we get

a1 (b)) = (1)) = d (o (83), M) + 72
> d(ha(t), M) A d(hn(t2), M) + -2,
and since d(hp(t;), M) < d(hn(t1), M) V d(hn(t2), M), Lemma B.1 (ii) yields
() = 3t = mas (o (t2)) = s ({22
(

< (d (7 (t1), M) A d (hn(t2), M) + 52) [ (t1) — hn(t2)]]
= d(ha(tr), M) Ad(hn(ta), M) + 7 = d (hn(t1), M) V d (hn(t2), M)
d (hn(t1), M) A d (hn(t2), M) +
M



Noticing furthermore that

Al (11), M) = (1 (t2). M| < [ln(t1) = ha(t2)]| € 2 12 o]

and
r
d(hn(ti), M) < d(zo, M) + [[hn(t:) — 20l < Tar + ;0
we get
v + 2% To
(1) = Yalt2) | < ot it — 1|

" m-M‘tl — to| nTs

™ + 272
=M T gy ).
Tar — |t — o

For any fixed k and 0 < j <k, set t;; = #to. The inequality above yields,

k
™ + 250
> lm(tig) =t 1)l < ——=2to,
™ — P
i=1 i

o
k
. 2’/“0
Lengthia) = timsup Y- 1 (0ns) g0l < (14 20 ) 2
[t ™M
Moreover, the 7,’s are curves joining q; to go with images v, ([~to,to]) € RP \

o

B(zo, Tar), so that their lengths are at most that of the arc of great circle ¢, (q1, g2),
that is

Length (’Vn) > Length (Czo (Q1,QQ)) = 2ip.

Hence,
lim Length(vyy,) = 2ty = Ta0.
n—oo

O

Lemma B.3. Let M be a compact manifold, and q1,q2 € M with q1 # q2. Let
(Yn)nen be a sequence of curves on M joining q1 and g2 such that sup,, Length(~y,) <
oo Then there exists a curve v on M joining q1 and qo such that

lirginf Length(vy,) < Length(y) < limsup Length(yy).

n—oo

Proof of Lemma B.3. Without loss of generality, we take the 7,’s to be arc length
parametrized. For all n € N, we let g, : [0,1] — M be the reparametrization
gn(t) = vn (Length(y,)t) . Notice that for all t € [0,1], the set (g,(t)), ey is
contained in the compact set M, so that it is bounded uniformly in ¢. Moreover,
writing K = sup,, Length(7y,) < 0o, we have that for all ¢;,ts € [0, 1],

|gn(t1) = gn(t2)|l = ||vn (Length(yn)t1) — yn (Length(yn)to) ||
< Length(vyy)|t1 — to]
< K’tl — tg‘.
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Hence, the sequence (g,),cy is pointwise bounded and equicontinuous. From
Arzela-Ascoli theorem [30, Theorem 45.4], there exists a curve 7 : [0, 1] — M and
subsequence (gn, );cy converging uniformly to ~.

For any fixed k and 1 < j <k, set ¢ ; = j/k. The (pointwise) convergence
of (gn,); towards  ensures that

k—1 k—1
> v (thjs1) — V()| = lggozo g (b j1) — Gna (b)) -
J= J]=

Furthermore, from the uniform convergence of (gy,); towards v on the compact
set [0, 1],
k—1
L th = li T — Y(Tk.
ength(7) kggojz_% It 1) = ()

k—1

= lim lim » lgn,(tk,j+1) = 9n, (i)l
k—o0 1—00 —
]7

= lim Length(gn,) = lim Length(vyy,),
1—00 1—00
hence the result. O

Proof of Lemma 3.2. Combining Lemma B.2 and Lemma B.3 provides the exis-
tence of a curve y C M joining ¢; and g2 such that Length(y) = Length(cs,(q1,42)).
But M C RP\ é(ZO,TM), and since (g1 — @2|| < 271, €4 (q1,¢2) is the unique
minimizing geodesic of 9B (zq, Tas) C RP \l”;'(zo, Tar) joining g1 and go. Therefore,
v = ¢x(q1,q2) C M, hence the result. ]

Lemma B.4. Let M € Miﬁn ;. be a submanifold with reach Tar. For allp € M,
let us denote

L,:= sup H’y;"v(O)H .
q€B (p,7: /2)
UGBTq]w(O,l)

Then for all r < Tpr/2,

2d(q — p, T,M
sup ||, (0)] = sup 2d(a = p, T,M) ! )
veT, M,|lv]|=1 ¢€Bprnm g =Dl

1
S 3 <2 +Lp) r.
™

To prove Lemma B.4 we need the following straightforward result.

Lemma B.5. Let U be a linear space and v € U, n € UL, Ifv=u+n+e, then
|d(v,U) = [lo—ul[| < [le]| -

Proof of Lemma B.4. First note that for all unit vector v € T,M, =y, ,(r) belongs
to B(p,r) N M and, whenever 0 < r < L, Proposition A.1 (ii) ensures that
Yp,o(7) # p. Therefore, it suffices to show that for all ¢ € B(p, )M, there exists
a unit tangent vector v € T, M such that

2d(q — p, T,M 1
gao - 220 <5 ()
llg — pll T
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Let ¢ € B(p,7) N M be different from p. Denoting ¢t = dps(p,q) > 0, we let
Y = Yp—q be the arc-length parametrized geodesic of minimal length such that
7(0) = p and «(t) = q. ~y exists from Proposition A.1 (ii) since r < ™ < 77y.
We will show that v = +/(0) provides the desired bound.

First, a Taylor expansion at zero of v yields,

q—0p t t?
L0 - g0 < 1,

t
Since 7”(0) € T,M~*, Lemma B.5 shows that
(152 5] =[] <
Therefore,

fa( L) - »w«»u\

¢ (j (5 mar) 52 v | [ v -]

2
< ngt.
This yields,
2d(q — p, T,M) 1" ‘ 1 1 2
2 =2 Ip M)y nio))l| < 2d(q - p, T, M) - L2
‘ Hq_pH2 H H p dM(p7q)2 2 3 p

Moreover, from ||q¢ — p|| < das(p, q) and Proposition 6.3 in [31], we derive
2
2lg —pl

lg —pl> < dm(p,g)®> <73 | 1—4/1—
™

(qupH>2
™
M
(1 _ 2||q—pu>3/2
™™

2

g — pl
llg—pl| ’
1=35

IA
\1
o

where the last two inequalities follow from elementary real analysis arguments.
Therefore, we get t < 2 ||¢g — p|| and

’ 1 1 3
dar(p, ) = murllg —pll
Finally, using (2.3) we derive,
2d(q — p, T,M) 3 4
V'O - = ——5—| < 2dg = p. T,M) ———— + 2 Lp g — |
lg =l mllg—pl 3
3

g — pl| + LHq |



Proof of Lemma 3.3. For r > 0, let A, := {(p,q) € M?||[p—q|| <r}, and A =
Nr>0A, denote the diagonal of M?. Consider the map ¢ : M2\ A — R defined
by @(p,q) = 2d(q — p, T,M)/|lq — p||*. From (2.3), if there exists p # ¢ € M such
that o(p,q) = Tar %, then there exists 2 € Med(M) with d(z, M) = 7;. Hence,
for all p # q € T,M, ¢(p,q) < Tﬂ}l, and by compactness of M?\A,, we have
supp2\a, ¢ < T]\}l. Since we have the decomposition

1
— = sup  ¢(p,q) = max sup  @(p,q), sup  @(p,q) ¢,
™  (pg)eM2\A (P, Q) EM>\A, (P,q)EANA

we get SUpp \A ¢ = TA}l. Moreover, Lemma B.4 implies that

1
sup . (O)f| = sup w(pg)| <3 <2 + L> r
peM (p,9)EAN\A TM
VET, M, ||v]|=1

for > 0 small enough. Letting r go to zero yields

1
" _
A IO
veT, M, ||v]|=1

Finally, the unit tangent bundle T(WM = {(p,v),p € M,v € T,M, |[v|| = 1} be-
ing compact, there exists (qo, vo) € 7™ M such that 7o = Yy, ., satisfies || (0)] =
TA}l, which concludes the proof. O

C Analysis of the Estimator
C.1 Global Case

To show Proposition 4.2, we show a stronger result (Proposition C.1) that applies
to a reach attaining pair with any size 2 (see Definition 3.1), meaning that it is
not necessarily a bottleneck.

Proof of Proposition 4.2. Follows by applying Proposition C.1 with A = 7p,. O

Proposition C.1. Let M C RP be a submanifold, and 0 < X\ < 1ps. Assume that
M has a reach attaining pair (q1,q2) € M? (see Definition 3.1) with ||q1 — q2| >
2X\. Let X C M. If there exists x,y € X with ||g1 — x| < X and ||g2 — y|| < A,
then

1 1 1 1
0<— < —— m < CTM,/\ maX{dM(%al‘)adM(QZay)}a

v TX) T oy
27']%4—‘1-67']\/[)\—‘1-)\2
272, 22
decreasing function of Tpr and A when the other parameter is fized.

where Cr,, \ = depends only on the parameters Tas, A\, and is a

Proof of Proposition C.1. The two left hand inequalities are a direct consequence
of Corollary 4.1, let us then focus on the third one.

Without loss of generality, assume that g1 — g2|| = 2X. We set ¢ to be equal
to max {dar(q1,),dn(q2,y)}, and 21 := = + (g2 — q1). We have ||z; —z| =
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llgz — g1l = 2X\ and ||y — g2|| , [[¢g1 — || < t. Therefore, from the definition of 7 in
(4.1) and the fact that the distance function to a linear space is 1-Lipschitz, we
get

1 S 2d(y — x, T, M)
{zyd) =y —a?
_2d((y—@)+ (1 —2) + (@ —2), T M)
Iy — @2) + (21 — 2) + (@1 — 2)|°
< d(zy —x, T, M) — 2t
= 2(\ + )2

Let now ¢ := Z(q2 — q1, Ty M) = minyer, m £(g2 — q1,v). Since 29 € Med(M),
with q1,q2 € B(20,7ar) and ||q1 — g2|| = 2, for any ¢’ such that v/ L zg — q1, we

2 _\2
have Z(g2—q1,v") > §—2(q2—q1, 20—q1). Hence, sin > % and cos @ < 7%\
Let v1 € Ty M be any point in T, M realizing this angle, in the sense that

Z(qg2 — q1,v1) = Z(g2 — q1, Ty, M). Then we have
L(z1 —x,01) = (g2 — q1,v1) = 0.

Let v € T, M be the parallel transport of v; along the geodesic between ¢; and
x. Since M has reach 1), Proposition A.1 (vi) gives
du(@,q1) _ t

Z(v1,01) <
™ ™

Hence the angle /(21 — 2, T, M) can be lower bounded as

Lz —x, T, M) > Z(z — x,71)
> (21— w,0) = L(v,01)
>0 L
™

And0< A — L <g— % < ZL(z1—2, T, M) < 7, so the inequality is preserved

L TM TM
by the sine function, i.e.

d(z1 — 2, T, M) = ||z1 — z||sin(L(z1 — x, T, M))

> 2\ sin <9 — t>
™

t t
=2\ (Sin9cos — — cosfsin >
™ ™
2)\2 t 2)\\/7’1%/1—)\2 t
= —C0§— — ————sin —.
™ ™ ™ ™

Combining the previous bounds yields,

1 1 1 d(z —a, T, M) — 2t
™ T({x,y}) T i 2(\ + )2
1 t A et t
<L_ECOSE— 7’?5{)\ Slna—v.
™ (1+4%)°
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Using again that t < A < 7, the latter right-hand side term is itself upper
bounded by,

1 L, =AM 2
™ ™ 271%/[ TN T A2 A

A YA\ B
27']:\34 T]%4)\ + A2 * AT t
273 + 20T /T — N2+ ATE A+ A3
- 273, A2 !
which is the announced result. O

As for Proposition 4.2, we tackle the proof of Proposition 4.3 by showing
the following stronger one, Proposition C.2 that contains an extra parameter
0< A<y

Proof of Proposition 4.3. Follows by applying Proposition C.2 with A = 7p,. O

Proposition C.2. Let P € Pgr;iLfmm’ M = supp(P) and 0 < X\ < 7p. As-

sume that M has a reach attaining pair (q1,q2) € M? (see Definition 5.1) with
llg1 — q2|| = 2X. Then

1 1
™ T(Xp)

als

p
:| S CT]M)Mfminydvpn_ )

where Cryy A frvin dyp depends only on Tar, N, fmin d, p, and is a decreasing function
of v and A when other parameters are fixed.

Proof of Proposition C.2. Let @ be the distribution on R associated to P. Let

1 o 272 46717 A2 . . ayd
s < a, CTAI7)\ = NIQTT’ andt - CTM,)\S S 27’M/9 Let Wd — H (BRd(O, 1))

be the volume of the d-dimensional unit ball. Then note that from Proposition
Al (v), forallge M,

Q (Bu(p,1)) = frmin " (Bur(p, t))

£ %)
defmin (1 - <6’T]\/[> > td

d
728
> Wdfm'in (729) td-

1 1

Moreover, Proposition 4.2 asserts that A

’ > s implies that either
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Bar(q1,t) N Xy, =0 or By(ge, t) N X, = 0. Hence,

"

1 1
™ T(Xp)

> S) <P (Bum(qi,t) N Xy =0) + P (Bu(ge, t) N X, = 0)
728\¢ \"
<2(1- min | —on t
= ( waf (729) )
728\ 4 4
< 2exp (—nwdfmm (729) CTM’)\S ) .
The integration of the above bound gives
P - 1 1P
= MP|— — = > s> ds
] /0 < ™ T(Xn)
> 28\ ¢ a
< 2/0 exp (—nwdfmm <;2§> C;;jyksi) ds

729 P
— 2 (728) d CTNZ),)\ /m$5_1€_$dﬂf
(nwdfmin) 0

1 1
™ T(Xp)

Epn |:

_pr
= Oyt A fnin dop™0 4

where C7,; x, f.in.d,p depends only on 7ar, A, fiin, d, p, and is a decreasing function

of 73y and A when other parameters are fixed. ]

C.2 Local Case

Lemma C.3. Let M be a submanifold and p € M. Let vo,v1 € T,M be a unit
tangent vector, and let § = Z(vg,v1). Let v, be the arc length parametrized
geodesic starting from p with velocity v, and write v; = Ypu,for ¢ = 0,1. Let
Kp = MaXyeBp,1(0,1) H'Y;/),,U(O)H' Then,

O 2 ) - 50 (s, + O] -

(5~ PO,
(C.1)
and

77O = [[76 (0| = sin*6 (5, + [ (0)])

_ cos Osin 0] kpy/rip — [Ing (O] o0,
(V2—1) [ 0]l <||’76/(0)|| + 1> . (C.2)

Proof of Lemma C.3. Let w € T,M be a unit vector satisfying w L wvg and
v1 = cosBug + sinfw. For t € R, let v(t) := (cost)vg + (sint)w € T,M, so that
v1 = v(0). Then

Hdo exp,(v(t),v )| = HC082 td? exp,,(vo, vo) + 2 cost sin td? exp,,(vo, w)
+ sin? td3 exp,(w, w H
> |cost| Hcos td? exp,,(vo, vo) + 2sin td? exp,,(vo, w)H
—sin?t Hd% exp,(w,w)||- (C.3)
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Now, note that when x € [~1,1], V1 + 2 > 1+ f(z), where f(z) = min{x, (v/2 —
1)x}. Hence for any v',v” € T, M,

o+ = \/||v'u+uv"\/ IOV
o || AT
2 (o, 0")
o2 + o2 (1 Ly ())
o+ o2

2 <Ul, 1)")

= [Vl + £
o[ + o

Applying the latter inequality to (C.3) and using d? exp,,(vo,vo) = 75 (0) together
with ||d3 expp(w,w)H < kp gives

(L expp(v(t),v(t))|
> cos®t Hdo expp(vo,vo)H — sin® ¢ ||dj exp,(w,w)||

4 costsint (dgyexp,(vg, vy), do exp, (vg, w
+leost]f (do exp,,(vo, vo), do exp,(vo, w))

\/COSQtHdoepr (vo, vo H + 4 sin? tHdOexpp vy, W H
> cos’ t 176 (0)]] = sin? ¢
4 costsint (7((0),do exp,(vo, w))

+ | cost|f
\/costhfy (0)]|? + 4sin? t||d3 exp,,(vo, w H

Now, note that f(z) > —|z| for = € [—1, 1], so applying this with ¢ = 6 gives

)] = Hdoexpp v v
> cos? 6 H'y H — sin® Okp
4 ‘cos2 0sin 6 (7 (0), do exp,,(vo, w )>‘

\/C0829 [74(0)||” + 4sin? 6 |2 epr(vo,w)H2

(C.4)

We now focus on the third term of the right-hand side. For this, note that either
tsint(yy(0), do exp,(vo, w)) > 0,
or
cos(—t) sin(—t) (75 (0), do exp,(vo, w)) > 0,
so that
Kp > maX{Hd%expp(v(—t),v(—t)) H}
4(v2 1) |cos tsint <70( ) do exp,,(vo, w >’
\/COS2 t17¢(0)||” + 4sin®¢ ||d3 exp, (vo, w )H2

> cos® t ny(’)’(O)H +

)
— sin t/ip.
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As a consequence,
|0052 tsint (7{/(0),do exp,, (vo, w)>‘

\/cos2t|]'y (0)]|* + 4sin? t ||d3 exp, (vo, w H

< s (s sy —cos?t [ 0)])
_ 4(\/51_1) (cos2t (i — |4 (0)||) + 2sin® t,) .
First, setting t = 0, we derive
47(0)]]
> cos?0 |1(0)] - (1 b Jin i, - s o0 (s - [3(0) )

= %Ol - 7

sm 0(/£p+ H’y )H) —

— (5o~ O

Ihé ]

Furthermore, let tg be defined by sin®ty = 1 — + € for € > 0 small enough.

Then \/0052 to |7 (0)||* + 4sin’ to || exp,, (vo, w H < Kp, yielding

(76 (0), do exp, (vo, w))|
< VEp
~ 4(v/2 — 1) cos? tg| sin |

(cos® tg (rp — |[76(0)]|) + 2sin® torky)

s L Il oy /1 - Is@f
— K/p Kp + Kp
02D | [ o, BT
P
Sending € — 0, we obtain
rp — 6 O [ 2k
60, doepylo ) <=z Ugon )

Using the previous bound together with
cos? @ nyg(O)H2 + 4sin” 0 Hd% exp,,(vo, w)H2 > |cos b Hy(')'(O)H ,
we finally obtain

PO 2 [l (0] = sin®8 (5, + |46 (0)]])

_ |cosOsin 6] kp/rp — (|75 (0)]] < 2K, +1>
(V2 =1) [l (0)] 176 (0)] '

O]

Proof of Lemma 4.4. First note that from Proposition A.1 (ii), dy(x,y) < w1ar
ensures the existence and uniqueness of the geodesic 7,,. The two left hand
inequalities are a direct consequence of Corollary 4.1. Let us then focus on the
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third one. Let ty := dp(z,y), and write v = v,,, for short. By definition of 7
n (4.1),
1 2d(y —x, T, M) _ 2d(y — x, T, M)
- > 5 2 5 .
#({z,y}) ly — |l t
Let Hon(g) := {:U +u € RP|(u,+_,,(0)) = 0} denote the affine hyperplane with

normal vector ~7"(0) that contain z. Since v”(0) € T,M*, T,M C H,iq). As a
consequence,

(C.5)

dly—z,T,M)>d (y -, H’y”(O)) = W (C.6)

Using the Taylor expansion of v at order two, we get

y— 2 =(to) — 4(0) = to/(0 / i / §)dsdt. (1)

Since 7 is parametrized by arc length, (7v/(¢),7(t)) = 1. Differentiating this
identity at 0 yields (7”(0),+/(0)) = 0. In addition, by definition of Mffn .2 M
(Definition 2.4), the geodesic v satisfies ||7"(s) —+"(0)|| < L|s|. Therefore,

[(4(0),7"())| = [{"(0),7"(0)) = (+"(0),7"(s) = 7"(0))]
> [y (O = LI (0)]]]s]-
Combining the above bound together with (C.5), (C.6) and (C.7), we derive
1 2
—— = |Y"(0)|| = 5 Lto,
G = 07O =520
which is the announced inequality. O

Proof of Lemma 4.5. For short, in what follows, we let t, := du(qo, ), ty =

dri(go, y), and 6 := Z(7; 1, (0), Y50 (0)) = 7= 2 (724 (0), Yoo (£2)) (see Figure
6). From (C.1) in Lemma C.3,

s Ol 2 I at)]] — —2 sin2 6 (0 + [ t2)])
V2 -1
_\/5_1( H qo—>w )H)
V2 %

1 :
:\/5 [ cos 20 ||vo ot )H—(\@_l—i-\/i_lstH)ﬁw. (C.8)

We now focus on the term ||y} ., (t2)||. Since 8, = £(74(0),/,-.(0)), applying
(C.2) in Lemma C.3 yields
1702 ()] = (1 — 25in* 0 ) g,

and since qu _, 1s L-Lipschitz,

H%o—m H 2 H%o—m H - H7q0—>fc ) 7</1/o—>r(O)H
> (1 —2sin?0,)kg — Lty (C.9)
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Y-y

Figure 6: Layout of Lemma 4.5.

Now we focus on bounding the terms sin?@ and cos?f. Let SZM be a d-
dimensional sphere of radius 73;. In what follows, for short, Zabc stands for
Z(a(0),7;_,.(0)). First, let o, Z,7 € S?M be such that dggM (Go, x) = dpr(qo, x),
d33M (Go,9) = dnr(qo,y), and LZGoy = Zxqoy. Then from Toponogov’s compari-
son theorem (see [28]), we have dsz}w (Z,9) < dp(z,y). Moreover, the spherical
law of cosines [9, Proposition 18.6.8] yields

ds2 (Z,9) t t t t
cos <W = cos (x> cos <y> + sin <x> sin <y> cos (£Zqo7) ,
™ ™ ™ ™ ™

and since t;,t, < 7 and cos(-) is decreasing on [0, 7], we get
7fy < d$72'M (‘%7 g) < dM(fL', y)

Now, let q,%,7 € SZ, be such that dsz (G0,7) = d(qo, @), dsz (d0,7) =
dnr(qo,y), and dng (Z,9) = dy(z,y). Applying Toponogov’s comparison the-
orem (see [28]), we have Zgyry < Zgozy and Zxqoy < ZZqyy, and from the

spherical law of cosines [9, Proposition 18.6.8],
coS (t—y> — CoS (t—l) coS <M)
TM T™ TM
>0,
sin (f—“”) sin (LI my))
M T™M
so that Zgozy < Zqozy < 5. Also, Zzqoy > |0, — 0] > 5 yields § < Zzqoy <

Z2qoy, and 0 = Z(7;,,,(0), Vg2 (tz)) = T—Zqoxy. Hence applying the spherical
law of sines and cosines [9, Proposition 18.6.8] yields

cos (£qozy) =

sin 0 = sin(Zqoxy) < sin(Z£gozy)

sin (%) sin(Z£zqoy)

2
t : .t o
\/1 - (cos % cos (%) + sin (%) sin (%) cos(éxqw))

IN

) ¢ . ¢
\/sm2 (—y> + sin? (t—z) cos? (—y)
T™M T™M T™M

< sin(Z£zqoy) < sin(Zzqoy) < sin(|6, — 6,]). (C.10)
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Figure 7: Layout of the proof of Proposition 4.7.

And accordingly,

[cosf] = V1 —sin?0 > \/1 - sin2(10, — 0,0) = |cos([6; — 0, (C.11)

Hence applying (C.9), (C.10), and (C.11) to (C.8) gives

172y )]
> \/f —cos(10, — 0,1) (1= 2507 0.}y, — L) — <ﬂ1_ -+ f‘ff sin ([0, — eyy)> e

\/55 — Rz \/5 . .
= ( \/%0_ : ) _ A1 ((Kgo + k) SIn?(|05 — Oy]) + 2k, sin® 0, cos® (|0, — 6,]))
— \[\filth cos? (0, + 6y)
1
> Kgy — ﬁ (Hm — Kgo + \/§(3qu + kg sin? (|6, — 6,]) + \/ﬁLtz) i

Proof of Proposition 4.7. In what follows, we let to < T,

t
By = expy, ({v € TyoM : ||v|| < to, Z(75(0),v) < 0 }),

Tmin

t
By := exp,, ({v € TyoM = |Jv|| < to, £(74(0),v) > 7 — 0 }),

Tmin
and By := Bj U By (see Figure 7). Let X C M, and z,y € X be such that
x € By, y € By. Writing 0, := Z(75(0), 7,—.(0)) and 0, := Z(v(0),74,-,(0)),
then 0, < /- < Tand 0, > 7 — to > %T’T. Also, da(qo,z) < to and

Tmin
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dyr(z,y) < 2, so that

1 1
VS TR
4v/25in2(|0, — 6,)) 2 V2
< 51 + L (SdM(%y) + o 1dM(QO,37)>

16v/2 (TvV2 —4)L
= ((\/5_ 1) Tmin ™M " 3(\/5_ 1) > o

A symmetric argument also applies when z € By and y € B;. Now, for any

-1
s < 2 let to(s) := ((\/51_61@2 + (37,(\[\/25_:11))JL> s < o The above argument

™’

min
1

% X ‘ > s, then for any z,y € XN By, one has either x,y € B
or x,y € By. Hence,

P(| >

™ 7(Xn)
n
n
< Z ( ){P(le"')Xm GM\BOaXerl»"'aXn eBl)
m=0 m

implies that if

FP (X1, .., Xom € M\Bo, Xpnit, .- -, Xn GBQ)}

_ <“> (1= Q(Bo))™Q(B1)™™ + (1 — Q(Bo))™Q(Bs)"™™)

m
m=0
<(1-Q(B2)" + (1 —Q(B)" (C.12)
Let us derive lower bounds for Q(B;) and Q(Bz). For this purpose, let S; :=
expg'(B1) N OB, m(0,t0) (see Figure 7). Then exp,'(B1) C Br,,m(0,t0) is a
cone satisfying
H(expg (BY) (s
He (BTQOM(Ou to)) Hd-1 (aBTqOM(O, tg)) ’
Let wy := HY(Bra(0,1)) and o4 := H(OBga+1(0,1)) be the volumes of the d-
dimensional unit ball and the unit sphere respectively. Then by homogeneity,
He (BTqOM(O,tO)) = wgtd and HI! (BBTQOM(O,tO)) = ad,ltg_l. To derive a
lower bound on H% ! (S;), consider uy := to7,(0) € Sy. Since 75, = to and

1
2

3
exP;LOl(S'l) C Br,,s <0, Tmint§>, applying Proposition A.1 (v) yields

d—1
HEL(S) > (1- fo HIL (B 0,7 3t2
1) = 67 TugS1 » 'min“0

AN
> % Wd—1Tmin tO ’

and hence

- _ _ Hd (BTQOM(O,tO)) Hdil (Sl)
a1 (equol(Bl)) - 2d—1 (aBquM(OytO))

d—1
59 Wd—1 —d-1 3d—-1
> <60> TTmin2 ty? -
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Finally, since exp,! (B1) C Br,,m(qo, 7 ), Proposition A.1 (v) yields

999

d d
35341\% 1 a1 sa
Hd (Bl) > (600) %d (equo (Bl)) (36000) ngin2 tU : )
and hence,
35341 min  — 3d*1 3d—1
Q(Bl) 2 (36000) fd IIliI‘l2 tO > CTmmad vamins 2.

By symmetry, the same bound holds for Q(Bz2). Applying these bounds to (C.12)

gives
1 1
“(

™ AE)|”

— n
8) S 2 <1 - CTminydyLyfminsLJ>

3d—1
S 2eXp <_CTmin7d7L7fminn8 2 ) °
As a consequence, by integration,

T p
] M < > s) ds
3d—
Xp CTmm d,L, fumin VS 2P ds
A ( Jat5 )

__2p > 2p
= 2 (CTminvdeyfminn) Bd=1 x3d-le dm
0

—C >

T 3d-1
Tmin »d vamin 7pn

1 1
T(Xn) ™

\1)

| /\

D Minimax Lower Bounds

D.1 Stability of the model with respect to diffeomorphism

To prove Proposition 5.4, we will use the following result stating that the reach
is a stable quantity with respect to C?-perturbations.

Lemma D.1 (Theorem 4.19 in [21]). Let A C RP with 74 > Timin > 0 and
® : RP — RP is a C'-diffeomorphism such that ®,®~ 1, and d® are Lipschitz
with Lipschitz constants K,N and R respectively, then

Tmin

>
"A) = (K + Rrpin) N

Proof of Proposition 5.4. Let M’ = ® (M) be the image of M by the mapping
®. Since @ is a global diffeomorphism, M’ is a closed submanifold of dimension
one. Moreover, @ is [|d®][,, < (1 + [[d® — Ip]|,,)-Lipschitz, o1 is Hd@_lHop <
(1—|d® — ID||Op)’1—Lipschitz, and d® is Hqu)HOp—LipSChitZ. From Lemma D.1,

Tmin(1 — [[d® — IDHop)2

> > Toin/ 2,
M2 BE], rn + (L1 42— Ip]l, ) =
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where we used that Hd2<I>Hop Tmin < 1/2 and [|d® — Ipl|,, < 0.1. All that remains
to be proved now is the bound on the third order derivative of the geodesics of
M'. We denote by v and 4 the geodesics of M and M’ respectively.

Let p' = ®(p) € M’ and v/ = d,®.v € Ty M’ be fixed. Since M € MiﬁmL is
a compact C3-submanifold with geodesics ||y (0)|| < L, M can be parametrized
locally by a C? bijective map Wy, : Bra(0,e) — M with ¥,(0) = p. For a smooth
curve v on M nearby p, we let ¢ = (cy,...,cq)! denote its lift in the coordinates
x = Ul that is y(t) = ¥, 0 ¢(t). ¥ = e is the geodesic of M with initial
conditions p and v if and only if ¢ satisfies the geodesic equations (see [19] p.62).
That is, the second order ordinary differential equation

() + (T c(t)) - (1), d () =0,  (1<e<d) (D.1)
¢(0) =0 and ¢(0) = dpx.v, '

where Tt = (Ff,j)l <ij<d A€ the Christoffel symbols of the C3 chart x, which
depends only on x and its differentials of order 1 and 2. By construction, M’
is parametrized locally by \I/;, = ® o ¥, yielding local coordinates y = \I//;,l =
\Illjl o &1 nearby p’ € M’. Writing T'¢ for the Christoffel’s symbols of M’, 7 is a
geodesic of M’ at p’ if its lift ¢ = \112771(’7) satisfies (D.1) with I'* replaced by I'¢,
and initial conditions ¢(0) = ¢ and ¢(0) = dpyy.v" = dpx.v. From chain rule, the
I'“’s depend on T, d®, and d2®.

Write ¢”(0) — &”(0) by differentiating (D.1): since ¢(0) = ¢(0) = 0 and
’(0) = &"(0), we get that for |[[Ip — d®||,,, d2<PHOp and Hd3<DHOp small enough,
I (0) — & (0)]| can be made arbitrarily small. In particular, 4"”(0) gets arbi-
trarily close to 7"(0), so that || (0)|| < [[v"(0)|| + L < 2L, which concludes the
proof. O

D.2 Some Lemmas on the Total Variation Distance

Prior to any actual construction, we show this straighforward lemma bounding
the total variation between uniform distribution on manifolds that are perturba-
tions of each other. For M C RP, write Ay = Wy H?/HE(M) for the uniform
probability distribution on M.

Lemma D.2. Let M C RP be a d-dimensional submanifold and B C RP be
a Borel set. Let ® : RP — RP be a global diffeomorphism such that @ pe is

the identity map and ||d® — Ip||,, < 21/d _ 1. Then HY®(M)) < 2HY(M) and
TV (Aars Aaary) < 122 (B).

Proof of Lemma D.2. Since @ is (1 + [|[d® — Ip||,,)-Lipschitz, Lemma 7 of [5]
asserts that

HY(®(M N B)) < (1+]|d® — Ip|,,)*H'(M N B) < 2HY(M N B).

Therefore,
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Now, writing A for the symmetric difference of sets, we have MA®(M) = (BN
MYA(BN®(M)) C (BNM)U (BN ®(M)). Therefore, Lemma 7 in [5] yields,

HE(MAD(M))
HA(M U O(M))
- 4Hd (M NB)+H(®(M)N B)
B HAU(M)
HI (M N B) +H?(®(M N B))
HAU(M)
d

TV (Aars o)) < 4

=4

= 122(B).

O]

Let us now tackle the proof of Lemma 5.3. For this, we will need the following
elementary differential geometry results Lemma D.3 and Corollary D.4.

Lemma D.3. Let g : R — R* be C' and 2 € RY be such that g(x) = 0 and
dyg # 0. Then there exists r > 0 such that H¢ (g_l(O) N B(a:,r)) =0.

Proof of Lemma D.3. Let us prove that for » > 0 small enough, the intersection
g~ 1(0)NB(z,7) is contained in a submanifold of codimension one of R?. Writing
g = (91,...,9x), assume without loss of generality that d,,91 # 0. Since g; :
R? — R is nonsingular at x, the implicit function theorem asserts that g; L0) is
a submanifold of dimension d — 1 of R? in a neighborhood of x € R%. Therefore,
for 7 > 0 small enough, g;'(0) N B(z,r) has d-dimensional Hausdorff measure
zero. The result hence follows, noticing that g=1(0) C g;*(0). O

Corollary D.4. Let M, M' C RP be two compact d-dimensional submanifolds,
and v € MNM'. If T,M # T,M', there exists r > 0 such that A = M N M'N
B(x,r) satisfies Apr(A) = Ay (A) = 0.

Proof of Corollary D.4. Writing kK = D — d, we see that up to ambient diffeo-
morphism — which preserves the nullity of measure — we can assume that
locally around z, M’ coincides with R% x {0}* and that M is the graph of a
C> function g : Bga(0,7') — R for 7/ > 0 small enough. The assumption
T.M # T,M' translates to dopg # 0, and the previous transformation maps
smoothly M N M’ N B(x,r") to g~(0) N B(0,r') for r” > 0 small enough. We
conclude by applying Lemma D.3. O

We are now in position to prove Lemma 5.3.

Proof of Lemma 5.3. Notice that @ and @’ are dominated by the measure pu =
WaronrHe, with dQ(x) = f(x)du(z) and dQ'(z) = f'(x)du(z), where f,f :
RP — R, have support M and M’ respectively. On the other hand, P and P’
are dominated by v(dx dT) = 6y, a1,y (dT) p(dz) with respective densities
[z, T) = Wper,m f(x) and f(x,T) = Wor—p,m f'(z), where we set arbitrarily
T.M =Ty for x ¢ M, and T, M’ = Ty for x ¢ M’. Recalling that f vanishes
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outside M and f’ outside M’,

1

Ve P) =g [ NP
X 5

1
=3 /RD W, v—r,r | () = F1(@)| + ¥ arzerar (f (@) + f/(2) H (dz).
From Corollary D.4 and a straightforward compactness argument, we derive that
HE (M N M 0 {2|T,M # T,M'}) = 0.

As a consequence, the above integral expression becomes

1

V(P P) =5 [ 17 - £l =1v(Q.Q),

which concludes the proof. O

D.3 Construction of the hypotheses

This section is devoted to the construction of hypotheses that will be used in Le
Cam’s lemma (Lemma 5.2), to derive Proposition 2.9 and Theorem 5.6.

2
Lemma D.5. Let R, {,n > 0 be such that £ < % A (21/d— 1) and n < 2LR'

Then there exists a d-dimensional sphere of radius R that we call M, such that
M € M;;’Dl and a global C®-diffeomorphism ® : RP — RP such that,

7R2

3n 23n
qu) B ID”OP S 7’ Hdzq)Hop S 672’

and so that writing M' = ®(M), we have HY(M') < 2HA (M) = 204R?,

573n
Hdsq)Hop = 673’

1 1

™ ™'

d
Ui ¢
> ek and TV (A, Apr) < 12 <R> .

Proof of Lemma D.5. Let M C R x {0}P~4=1 ¢ RP be the sphere of radius
R with center (0,—R,0,...,0). The reach of M is 7)y = R, and its arc-length
parametrized geodesics are arcs of great circles, which have third derivatives of
constant norm |y (t)|| = #z. Hence we see that M € M%Dl . Let ¢ : RP - R,
"R2
2
be the map defined by ¢(x) = exp(HﬂlT#_l)H‘Hx”zd. ¢ is a symmetric C*° map with

support equal to B(0, 1) and elementary real analysis yields ¢(0) = 1, [[d¢|,, < 3,
HdZQSHOp < 23 and Hd?’ngop < 573. Let ® : RP — RP be defined by

(x) = 2+ 06 (2/0) - v,

where v = (0,1,0,...,0) is the unit vertical vector. ® is the identity map on
B(0,£)¢, and in B(0,¢), ® translates points on the vertical axis with a magni-
tude modulated by the weight function ¢(z/¢). From chain rule, ||d® — Ip||,, =
nlldelly /¢ < 3n/¢ < 1. Therefore, d,® is invertible for all x € R, so that
® is a local C*°-diffeomorphism according to the local inverse function theorem.
Moreover, |®(x)|| — oo as ||z]| — oo, so that ® is a global C*°-diffeomorphism
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Figure 8: The bumped sphere M’ of Lemma D.5.

by Hadamard-Cacciopoli theorem [17]. Similarly, from bounds on differentials of
¢ we get
2 n 3 Ui
|d*@]],, < 2355 and |d*@]],, < 57375
Let us now write M’ = ® (M) for the image of M by the map ® (see Figure 8).
Denote by (Oy) the vertical axis span(v), and notice that since ¢ is symmetric,
M’ is symmetric with respect to the vertical axis (Oy). We now bound from

above the reach 1), of M’ by showing that the point zg = (0, fﬂé?,o, e ,0)
2Rn

belongs to its medial axis Med(M') (see (2.1)). For this, write
b=(0,1,0,...,0), ¥ =(0,—2R,0,...,0),
together with 6 = arccos(1 — £2/(2R?)), and
x = (Rsinf, Rcosf — R,0,...,0).

By construction, b,b’ and z belong to M’'. One easily checks that ||zg — x| <
lzo — b|| and ||xo — z|| < [|xo — b'||, so that neither b nor ¥’ is the nearest neighbor
of zg on M’'. But 2 € (Oy) which is an axis of symmetry of M’, and (Oy)NM’' =
{b,b'}. As a consequence, x( has strictly more than one nearest neighbor on M.
That is, xg belongs to the medial axis Med(M') of M'. Therefore,

1 1 1
T d(wo, M') T o — x|
1
>
n
RlI1_- £ _ 1tam
1 1 1+ 5% 1
> - 2R<1+ ‘jfj)szZ,
R(1-1r2p L+ 2m
1+%ﬁl
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which yields the bound |2~ — | = )% - > -
TJW T TM/
Finally, since M’ = ®(M) with [|[d® — Ipl|,, < 2'/% — 1 with g9 coin-
ciding with the identity map, Lemma D.2 yields H¢(M') < 2HY(M) = 204R?
and

TV (Aars Ar) < 1220 (B(0,4))
H? (Bsa (0,2 arcsin (%)))
Hd (Sd)

o\
<12 =
<2(5)

which concludes the proof. O

=12

Proof of Proposition 5.5. Apply Lemma D.5 with R = 27,,,;,. Then the sphere M

of radius 27,,;, belongs to M;lTZWl J(4r Furthermore, taking n = A /

m’Ln)

for ¢4 > 0 and ¢ > 0 small enough, Proposition 5.4 (applied to the unit sphere,
yielding ¢4, and reasoning by homogeneity for the sphere of radius 27,,:y,) asserts

mzn

that M’ = ®(M) belongs to /\/l wlj@r2 ) C /\/l ..o since L > 1/(2 2.
Moreover,

Hd(M/)_l A Hd(M)_l > (2d+10'd7—glm)_l > fmins
so that A\ys, A\ € Qi’ﬁn Lo fomin’ which gives the result. O

Let us now prove the minimax inconsistency of the reach estimation for L =
oo, using the same technique as above.

Proof of Proposition 2.9. Let M and M’ be given by Lemma D.5 with ¢ < R A
(244 —1), 7 = */(23R) and R = 27yin. We have ||d® — Ip,, < 3n/¢ < 0.1 and
Hd2<I>HOp < 23n/0? < 1/(27min)- Since Tar > 2Tpmin, Lemma D.1 yields

o (- [de—Tpl,)?
T Tonin
M= o], s + (1 + [d® — Ip],,) = ™"

As a consequence, M and M’ belong to M Furthermore, since we

T mL 00"
have frim < (2971 ffmad) < Hd( )L AHE( M), we see that the uniform

o Lo, L€t now P, P’ denote the dis-
tributions of 73 oo, fnsy, BSSOCIAted to Aaz, Appr (Definition 2.6). Lemma 5.3
asserts that TV(P P’) TV (A, Angr). Applying Lemma 5.2 to P, P, we get
that for all n > 1, for ¢ small enough,

distributions )\M, Ay belong to Q

1 1P 1|1 1 o
inf sup Epn|—— —| > —|— — (1-TV(P,P))
Tn PE,PdD P TP Tn 2\t T
d n
1
> (4) [1-12 :
2P \ ¢2 2Tmin
1/ 1\ e \\"
= — 1—-12
2P \ 46T in 2Tmin
Sending ¢ — 0 with n > 1 fixed yields the announced result. O
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Stability with Respect to Tangent Spaces

Proof of Proposition 6.1. To get the bound on the difference of suprema, we show
the (stronger) pointwise bound. For all z,y € X with = # y,

2d(y — 2, T,)  2d(y—,T,)| _ 2lmn,(y—2) — g (y — 2)||
2 2 < 2
|y — ] ly — |l |y — |l
2H7TTz - 71-TIHOp 2sinf

ly =l = 0
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