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Abstract: Various problems in manifold estimation make use of a quan-
tity called the reach, denoted by 7as, which is a measure of the regularity of
the manifold. This paper is the first investigation into the problem of how
to estimate the reach. First, we study the geometry of the reach through an
approximation perspective. We derive new geometric results on the reach
for submanifolds without boundary. An estimator 7 of 7, is proposed in
an oracle framework where tangent spaces are known, and bounds assess-
ing its efficiency are derived. In the case of i.i.d. random point cloud X,
#(Xp,) is showed to achieve uniform expected loss bounds over a C3-like
model. Finally, we obtain upper and lower bounds on the minimax rate for
estimating the reach.
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1. Introduction
1.1. Background and Related Work
Manifold estimation has become an increasingly important problem in statistics

and machine learning. There is now a large literature on methods and theory
for estimating manifolds. See, for example, [31, 25, 24, 10, 33, 8, 26].
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Estimating a manifold, or functionals of a manifold, requires regularity con-
ditions. In nonparametric function estimation, regularity conditions often take
the form of smoothness constraints. In manifold estimation problems, a common
assumption is that the reach 75, of the manifold M is non-zero.

First introduced by Federer [22], the reach 7 of a set M C RY is the largest
number such that any point at distance less than 73, from M has a unique
nearest point on M. If a set has its reach greater than 7,,,;, > 0, then one can roll
freely a ball of radius 7,,,;, around it [15]. The reach is affected by two factors:
the curvature of the manifold and the width of the narrowest bottleneck-like
structure of M, which quantifies how close M is from being self-intersecting.

Positive reach is the minimal regularity assumption on sets in geometric mea-
sure theory and integral geometry [23, 37]. Sets with positive reach exhibit a
structure that is close to being differential — the so-called tangent and nor-
mal cones. The value of the reach itself quantifies the degree of regularity of
a set, with larger values associated to more regular sets. The positive reach
assumption is routinely imposed in the statistical analysis of geometric struc-
tures in order to ensure good statistical properties [15] and to derive theoretical
guarantees. For example, in manifold reconstruction, the reach helps formalize
minimax rates [25, 31]. The optimal manifold estimators of [1] implicitly use
reach as a scale parameter in their construction. In homology inference [33, 7],
the reach drives the minimal sample size required to consistently estimate topo-
logical invariants. It is used in [16] as a regularity parameter in the estimation of
the Minkowski boundary lengths and surface areas. The reach has also been ex-
plicitly used as a regularity parameter in geometric inference, such as in volume
estimation [5] and manifold clustering [4]. Finally, the reach often plays the role
of a scale parameter in dimension reduction techniques such as vector diffusions
maps [36]. Problems in computational geometry such as manifold reconstruction
also rely on assumptions on the reach [10].

In this paper we study the problem of estimating reach. To do so, we first
provide new geometric results on the reach. We also give the first bounds on
the minimax rate for estimating reach. As a first attempt to study reach es-
timation in the literature, we will mainly work in a framework where a point
cloud is observed jointly with tangent spaces, before relaxing this constraint
in Section 6. Such an oracle framework has direct applications in digital imag-
ing [32, 28], where a very high resolution image or 3D-scan, represented as a
manifold, enables to determine precisely tangent spaces for arbitrary finite set
of points [28].

There are very few papers on this problem. When the embedding dimension
is 3, the estimation of the local feature size (a localized version of the reach)
was tackled in a deterministic way in [19]. To some extent, the estimation of the
medial axis (the set of points that have strictly more than one nearest point on
M) and its generalizations [17, 6] can be viewed as an indirect way to estimate
the reach. A test procedure designed to validate whether data actually comes
from a smooth manifold satisfying a condition on the reach was developed in [24].
The authors derived a consistent test procedure, but the results do not permit
any inference bound on the reach. When a sample is uniformly distributed over
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a full-dimensional set, [35] proposes a selection procedure for the radius of r-
convexity of the set, a quantity closely related to the reach.

1.2. QOutline

In Section 2 we provide some differential geometric background and define the
statistical problem at hand. New geometric properties of the reach are derived in
Section 3, and their consequences for its inference follow in Section 4 in a setting
where tangent spaces are known. We then derive minimax bounds in Section 5.
An extension to a model where tangent spaces are unknown is discussed in
Section 6, and we conclude with some open questions in Section 7. For sake of
readability, the proofs are given in the Appendix.

2. Framework
2.1. Notions of Differential Geometry

In what follows, D > 2 and R? is endowed with the Euclidean inner product (-, -)
and the associated norm ||-||. The associated closed ball of radius r and center x is
denoted by B(z,r). We will consider compact connected submanifolds M of R”
of fixed dimension 1 < d < D and without boundary [20]. For every point p in
M, the tangent space of M at p is denoted by T, M: it is the d-dimensional linear
subspace of RP composed of the directions that M spans in the neighborhood of
p. Besides the Euclidean structure given by RP? > M, a submanifold is endowed
with an intrinsic distance induced by the ambient Euclidean one, and called
the geodesic distance. Given a smooth path ¢ : [a,b] — M, the length of ¢ is
defined as Length(c) = f; I/ (t)]| dt. One can show [20] that there exists a path
“Yp—q Of minimal length joining p and ¢. Such an arc is called geodesic, and the
geodesic distance between p and ¢ is given by dar(p,q) = Length(vp—q). We
let By (p, s) denote the closed geodesic ball of center p € M and of radius s.
A geodesic 7 such that ||7/(t)|] = 1 for all ¢ is called arc-length parametrized.
Unless stated otherwise, we always assume that geodesics are parametrized by
arc-length. For all p € M and all unit vectors v € T, M, we denote by 7,
the unique arc-length parametrized geodesic of M such that -, ,(0) = p and
Yp.(0) = v. The exponential map is defined as exp,,(vt) = 7, (t). Note that
from the compactness of M, exp, : T,M — M is defined globally on T}, M. For
any two nonzero vectors u,v € RP, we let Z(u,v) = dsp-1(urs o) be the
angle between u and v.

2.2. Reach

First introduced by Federer [22], the reach regularity parameter is defined as
follows. Given a closed subset A C RP, the medial axis Med(A) of A is the
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subset of RP consisting of the points that have at least two nearest neighbors
on A. Namely, denoting by d(z, A) = infpc ||p — 2| the distance function to A,

Med(A) ={zeRP|Fp#qeAlp—z|=lq—zl=d(zA)}. (2.1)
The reach of A is then defined as the minimal distance from A to Med(A).
Definition 2.1. The reach of a closed subset A € RP is defined as

TA = ;ggd(p, Med(A)) = ze]\brég(A)d(z,A). (2.2)
Some authors refer to Tgl as the condition number [33, 36]. From the defini-
tion of the medial axis in (2.1), the projection m4(z) = arg minye 4 ||p — x| onto
A is well defined outside Med(A). The reach is the largest distance p > 0 such
that 74 is well defined on the p-offset {z € R”|d(z, A) < p}. Hence, the reach
condition can be seen as a generalization of convexity, since a set A C R is
convex if and only if 74 = co. In the case of submanifolds, one can reformulate
the definition of the reach in the following manner.

Theorem 2.2 (Theorem 4.18 in [22]).

2
= inf lg — pll

_ 2.3
q#pEM Qd(q - D, TpM) ( )

llg—pll?

i
i
|
- 2d(q—p, T, M) ;

p+ T, M

Figure 1: Geometric interpretation of quantities involved in (2.3).

This formulation has the advantage of involving only points on M and its
tangent spaces, while (2.2) uses the distance to the medial axis Med(M ), which
is a global quantity. The formula (2.3) will be the starting point of the estimator
proposed in this paper (see Section 4).

The ratio appearing in (2.3) can be interpreted geometrically, as suggested
in Figure 1. This ratio is the radius of an ambient ball, tangent to M at p and
passing through ¢. Hence, at a differential level, the reach gives a lower bound
on the radii of curvature of M. Equivalently, TA_/[I is an upper bound on the
curvature of M.

Proposition 2.3 (Proposition 6.1 in [33]). Let M C RP be a submanifold, and
Yp,o an arc-length parametrized geodesic of M. Then for all t,

15 @1 < 1/7ar.
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In analogy with function spaces, the class {M Cc RP |T0r > Tonin > 0} can
be interpreted as the Holder space C2(1/Tpnin). In addition, as illustrated in
Figure 2, the condition 7a; > Tmin > 0 also prevents bottleneck structures where
M is nearly self-intersecting. This idea will be made rigorous in Section 3.

Figure 2: A narrow bottleneck structure yields a small reach 7.

2.3. Statistical Model and Loss

Let us now describe the regularity assumptions we will use throughout. To avoid
arbitrarily irregular shapes, we consider submanifolds M with their reach lower
bounded by T, > 0. Since the parameter of interest Ty, is a C2-like quantity,
it is natural — and actually necessary, as we shall see in Proposition 2.9 —
to require an extra degree of smoothness. For example, by imposing an upper
bound on the third order derivatives of geodesics.

Definition 2.4. Let M(Ti;i)m 1, denote the set of compact connected d-dimensional

submanifolds M C RP without boundary such that 7y; > Ty,in, and for which
every arc-length parametrized geodesic v, , is C? and satisfies

[ (O] < L.

The regularity bounds 7,,,;, and L are assumed to exist only for the purpose
of deriving uniform estimation bounds. However, we emphasize the fact that the
forthcoming estimator 7 (4.1) does not require them in its construction.

It is important to note that any compact d-dimensional C3-submanifold M C
RP belongs to such a class Mf;fm 1, provided that 7,,;, < 7ar and that L is
large enough. Note also that since the third order condition ||y/,(0)|| < L needs
to hold for all (p,v), we have in particular that ’|’y]’3’7’v(t)H < L for all t € R. To
our knowledge, such a quantitative C3 assumption on the geodesic trajectories
has not been considered in the computational geometry literature.

Any submanifold M C RP of dimension d inherits a natural measure voly;
from the d-dimensional Hausdorff measure H? on RP [23, p. 171]. We will con-
sider distributions () that have densities with respect to vol,; that are bounded
away from zero.

Definition 2.5. We let Qi’fm Lo fonin denote the set of distributions @} having
support M € MEP ;, and with a Hausdorff density f = 49 gatisfying

Tmin, dvol

infyenr f(2) > fnin > 0 on M.
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As for 7,,:, and L, the knowledge of f,,;», will not be required in the con-
struction of the estimator 7 (4.1) described below.

In order to focus on the geometric aspects of the reach, we will first con-
sider the case where tangent spaces are observed at all the sample points. As
mentioned in the introduction, the knowledge of tangent spaces is a reasonable
assumption in digital imaging [32]. This assumption will eventually be relaxed
in Section 6.

We let G*P denote the Grassmannian of dimension d of R, that is the set
of all d-dimensional linear subspaces of RP.

Definition 2.6. For any distribution @ € QfD Ly fin with support M we asso-

ciate the distribution P of the random variable (X, Tx M) on R” x G%P | where
X has distribution Q). We let pD Lo fonin denote the set of all such distributions.

Tmin,

Formally, one can write P(dzdT) = 7,0 (dT)Q(dx), where 0. denotes the
Dirac measure. An i.i.d. n-sample of P is of the form (X1,T1),...,(X,,Tn) €
RP x G%P, where X1,..., X, is an i.i.d. n-sample of Q and T; = Tx, M with
M = supp(Q). For a distribution @ with support M and associated distribution
P on RP x G*P | we will write 7p = TQ = Twm, with a slight abuse of notation.

Note that the model does not explicitly impose an upper bound on 7. Such
an upper bound would be redundant, since the lower bound on f;,;,, does impose
such an upper bound, as we now state in the following result. The proof relies
on a volume argument (Lemma A.2), leading to a bound on the diameter of M,
and on a topological argument (Lemma A.3) to link the reach and the diameter.

Proposition 2.7. Let M C RP be a connected closed d-dimensional manifold,
and let QQ be a probability distribution with support M. Assume that Q has a
density f with respect to the Hausdorff measure on M such that inf,cp f(z) >

fmin > 0. Then,
C
sd <

— 9
fmin

for some constant Cyq > 0 depending only on d.

To simplify the statements and the proofs, we focus on a loss involving the
condition number. Namely, we measure the error with the loss

U(r,7") = , p>1 (2.4)

In other words, we will consider the estimation of the condition number Tﬂ}l
instead of the reach 7.

Remark 2.8. For a distribution P € P4 L. fusn DTOpOsition 2.7 asserts that

Tmin
Tmin < TP < Tmaz = (Ca/ fmm)l/ d Therefore, in an inference set-up, we can
always restrict to estimators 7 within the bounds 7, < 7 < Tyaz. Conse-
quently,
P 1
<
2P

min

1 1

TP T

e —FI" < e =717,

2p
max
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so that the estimation of the reach 7p is equivalent to the estimation of the
condition number 7';1, up to constants.

With the statistical framework developed above, we can now see explicitly
why the third order condition ||| < L < oo is necessary. Indeed, the following
Proposition 2.9 demonstrates that relaxing this constraint — i.e. setting L = oo
— renders the problem of reach estimation intractable. Its proof is to be found

in Section D.3. Below, o4 stands for the volume of the d-dimensional unit sphere
S,

Proposition 2.9. There exists a universal constant ¢ > 1/100 such that given
Tomin > 0, provided that fuin < (29179, 04)71, we have for alln > 1,

_ 1 1P c \*
inf sup Epn|———| 2 )
n Pepf’P Lot TP Tn Tmin
man JYman
where the infimum is taken over the estimators 7, = 7n (X1,T1, ..., Xn, Tn).

Thus, one cannot expect to derive consistent uniform approximation bounds
for the reach solely under the condition 7p; > Tyin. This result is natural,
since the problem at stake is to estimate a differential quantity of order two.
Therefore, some notion of uniform C? regularity is needed.

3. Geometry of the Reach

In this section, we give a precise geometric description of how the reach arises.
In particular, below we will show that the reach is determined either by a bot-
tleneck structure or an area of high curvature (Theorem 3.4). These two cases
are referred to as global reach and local reach, respectively. All the proofs for
this section are to be found in Section B.

Consider the formulation (2.2) of the reach as the infimum of the distance
between M and its medial axis Med(M). By definition of the medial axis (2.1),
if the infimum is attained it corresponds to a point zg in Med(M) at distance
Ty from M, which we call an axis point. Since zy belongs to the medial axis
of M, it has at least two nearest neighbors g1, g2 on M, which we call a reach
attaining pair (see Figure 3b). By definition, ¢; and ¢ belong to B(zg, Tas) and
cannot be farther than 27, from each other. We say that (¢1,g2) is a bottleneck
of M in the extremal case |2 — q1]| = 27ar of antipodal points of B(zo,7ar)
(see Figure 3a). Note that the ball B(zo,7as) meets M only on its boundary
OB(z0, Tar)-

Definition 3.1. Let M C RP be a submanifold with reach 7, > 0.

e A pair of points (q1,¢2) in M is called reach attaining if there exists
20 € Med(M) such that ¢1,q92 € B(z0,7ar). We call zg the azis point of
(¢1,92), and ||¢1 — g2|| € (0,27a/] its size.

e A reach attaining pair (q1,q2) € M? is said to be a bottleneck of M if its
size is 27y, that is ||g1 — gz2|| = 27as.
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As stated in the following Lemma 3.2, if a reach attaining pair is not a
bottleneck — that is ||g1 — ¢2|| < 27as, as in Figure 3b —, then M contains
an arc of a circle of radius 7ps. In this sense, this “semi-local” case — when
llg1 — gz2|| can be arbitrarily small — is not generic. Though, we do not exclude
this case in the analysis.

Lemma 3.2. Let M C RP be a compact submanifold with reach Ty > 0.
Assume that M has a reach attaining pair (q1,q2) € M? with size ||q1 — qa|| <
27pr. Let zg € Med(M) be their associated axis point, and write ¢, (q1,q2) for
the shorter arc of the circle with center zg and endpoints as g1 and qo.

Then ¢, (q1,q2) C M, and this arc (which has constant curvature 1/Tar) is
the geodesic joining q1 and qs.

In particular, in this “semi-local” situation, since 71;11 is the norm of the
second derivative of a geodesic of M (the exhibited shorter arc of the circle of
radius 7a7), the reach can be viewed as arising from directional curvature.

Now consider the case where the infimum (2.2) is not attained. In this case,
the following Lemma 3.3 asserts that 7, is created by curvature.

Lemma 3.3. Let M C RP be a compact submanifold with reach 7oy > 0.
Assume that for all z € Med(M), d(z, M) > Tar. Then there exists qo € M and
a geodesic g such that vo(0) = qo and |7 (0)|| = %

To summarize, there are three distinct geometric instances in which the reach
may be realized:

e (See Figure 3a) M has a bottleneck: by definition, T3, originates from a
structure having scale 27,;.

e (See Figure 3b) M has a reach attaining pair but no bottleneck: then M
contains an arc of a circle of radius 7)s (Lemma 3.2), so that M actually
contains a zone with radius of curvature 7.

e (See Figure 3c) M does not have a reach attaining pair: then 7, comes
from a curvature-attaining point (Lemma 3.3), that is a point with radius
of curvature 7);.

From now on, we will treat the first case separately from the other two. We are
now in a position to state the main result of this section. It is a straightforward
consequence of Lemma 3.2 and Lemma 3.3.

Theorem 3.4. Let M C RP be a compact submanifold with reach Ty > 0. At
least one of the following two assertions holds.

e (Global Case) M has a bottleneck (q1,q2) € M?, that is, there exists zy €
Med(M) such that q1,q2 € OB(z0,7ar) and ||g1 — q2|| = 27+

e (Local Case) There exists gqo € M and an arc-length parametrized geodesic
2o such that 70(0) = o and |1 (0)]] = 2

E.

Let us emphasize the fact that the global case and the local case of Theo-
rem 3.4 are not mutually exclusive. Theorem 3.4 provides a description of the
reach as arising from global and local geometric structures that, to the best of
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| Med(M)

|

L

1

:
20,Ta)

:Zo

,,,,,,,,,,,,,,, * e e e — e e

llgr — g2 =270

(a) A bottleneck.

M ' Med(M)

B(zo,7ar)

lar — @2l < 27as

(b) A non-bottleneck reach attaining pair. (¢) Curvature-attaining point.

Figure 3: The different ways for the reach to be attained, as described in
Lemma 3.2 and Lemma 3.3.
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our knowledge, is new. Such a distinction is especially important in our problem.
Indeed, the global and local cases may yield different approximation properties
and require different statistical analyses. However, since one does not know a
priori whether the reach arises from a global or a local structure, an estimator
of 7ps should be able to handle both cases simultaneously.

4. Reach Estimator and its Analysis

In this section, we propose an estimator 7(-) for the reach and demonstrate its
properties and rate of consistency under the loss (2.4). For the sake of clarity in
the analysis, we assume the tangent spaces to be known at every sample point.
This assumption will be relaxed in Section 6.

We rely on the formulation of the reach given in (2.3) (see also Figure 1),
and define 7 as a plugin estimator as follows: given a point cloud X C M,

) - ly — =|?
X) = f — 4.1
7(X) z;légex 2d(y — x, T, M) (4.1)

In particular, we have 7(M) = 7. Since the infimum (4.1) is taken over a set
X smaller than M, 7(X) always overestimates 7ps. In fact, 7(X) is decreasing in
the number of distinct points in X, a useful property that we formalize in the
following result, whose proof is immediate.

Corollary 4.1. Let M be a submanifold with reach Tay and Y C X C M be two
nested subsets. Then 7(Y) > 7(X) > 7.

We now derive the rate of convergence of 7. We analyze the global case
(Section 4.1) and the local case (Section 4.2) separately. In both cases, we first
determine the performance of the estimator in a deterministic framework, and
then derive an expected loss bounds when 7 is applied to a random sample.

Respectively, the proofs for Section 4.1 and Section 4.2 are to be found in
Section C.1 and Section C.2.

4.1. Global Case

Consider the global case, that is, M has a bottleneck structure (Theorem 3.4).
Then the infimum (2.3) is achieved at a bottleneck pair (g1, q2) € M2 When X
contains points that are close to ¢; and ¢, one may expect that the infimum
over the sample points should also be close to (2.3): that is, that 7(X) should
be close to 7.

Proposition 4.2. Let M C RP be a submanifold with reach Tp; > 0 that has a
bottleneck (q1,q2) € M? (see Definition 3.1), and X C M. If there exist x,y € X
with ||g1 — z|| < 7 and ||g2 — y|| < Tar, then

1 1 1 1 4
<< — — < — < — d d .
S TR S Hman S max {dar(q1, ), drr(ge, )}
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The error made by 7(X) decreases linearly in the maximum of the distances
to the critical points ¢; and ¢2. In other words, the radius of the tangent sphere
in Figure 1 grows at most linearly in ¢ when we perturb by ¢ < 7, its basis
point p = ¢; and the point ¢ = ¢o it passes through.

Based on the deterministic bound in Proposition 4.2, we can now give an
upper bound on the expected loss under the model Pi’ni L foin W recall that,
throughout the paper, X,, = {Xi,...,X,} is an ii.d. sample with common
distribution @ associated to P (see Definition 2.6).

Proposition 4.3. Let P € PP and M = supp(P). Assume that M has

Tmins Ly fmin

a bottleneck (q1,q2) € M? (see Definition 5.1). Then,

11
T™ f(Xn)

p
:| < CT]vaminvdvpn )

als

EPn |:

where CTvamirud
Sfunction of T;.

p depends only on Tar, fmin, d, and p, and is a decreasing

Proposition 4.3 follows straightforwardly from Proposition 4.2 combined with
the fact that with high probability, the balls centered at the bottleneck points
q1 and ¢ with radii O(n~'/?) both contain a sample point of X,,.

4.2. Local Case

Consider now the local case, that is, there exists ¢o € M and vy € T,y M such
that the geodesic 79 = 40,0, has second derivative ||v;(0)|| = 1/7ar (Theo-
rem 3.4). Estimating s boils down to estimating the curvature of M at ¢o in

the direction vy.

lly—z|?
2d(y—x,T, M)

the estimator 7 (4.1). Indeed, since the latter quantity is the radius of a sphere
tangent at x and passing through y (Figure 1), it approximates the radius of
curvature in the direction y — z when = and y are close. For x,y € M, we let
Vz—y denote the arc-length parametrized geodesic joining x and y, with the
convention v, (0) = .

We first relate directional curvature to the increment involved in

Lemma 4.4. Let M € M%P 1, with reach Ta; and X C M be a subset. Let

Tmin

x,y € X with dy(x,y) < wrar. Then,

1 1 1 1 1 1
0< —— —<———— < — —|¥'_ (0|l + =Ld .
= Tm %(X) = r %({Jﬁ,y}) = v ||’Yz~>y( )H 3 M(xvy)

Let us now state how directional curvatures are stable with respect to per-
turbations of the base point and the direction. We let x, denote the maximal
directional curvature of M at p € M, that is,

rp = sup |, (0)]].
’UEBTPJW(O,I)
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Lemma 4.5. Let M € ./\/lffn 5, with reach Ty and qo,x,y € M be such that

TTM

z,y € B (qo, ™3+). Let vo be a geodesic such that 7o(0) = qo and |7 (0)| =
Kqo- Write

02 := 2(75(0), Vg9—2(0)); 0y := Z(79(0), Y40 (0)),

and suppose that |0, — 0,| > 3. Then,

||’YZ_>y(0)H > Kgo — (ﬁz - qu) - 2Ld]u(qo,£ﬂ) - (QHI + 6”40)81n2(|01 - 0y|)

In particular, geodesics in a neighborhood of gy with directions close to vy
have curvature close to % Combining Lemma 4.4 and Lemma 4.5 yields the
following deterministic bound in the local case.

Proposition 4.6. Let M € MiDL be such that there exist qo € M and a

geodesic Yo such that v(0) = qo and |7 (0)|| = =. Let X C M and 2,y € X

™
be such that x,y € By (qo, %) Write
Oy = 4(7(/)(0)7’7:10—>m(0))’ Oy = 4(’7(/)(0)7’7;0—@(0))’
and suppose that |0, — 0, > 5. Then,

Ogi— 1 1 1

A S F{muh)

8sin?(|0, — 0 1
o= Bl) 1 1 (Gaasto) + 2 ).

v 3

In other words, since the reach boils down to directional curvature in the
local case, 7 performs well if it is given as input a pair of points x,y which are
close to the point gy realizing the reach, and almost aligned with the direction
of interest vg. Note that the error bound in the local case (Proposition 4.6) is
very similar to that of the global case (Proposition 4.2) with an extra alignment
term sin®(|0, — 6,|) . This alignment term appears since, in the local case, the
reach arises from directional curvature 7a; = ||7/ . (0)| (Theorem 3.4). Hence,
it is natural that the accuracy of 7(X) depends on how precisely X samples the
neighborhood of ¢ in the particular direction wvg.

Similarly to the analysis of the global case, the deterministic bound in Propo-
sition 4.6 yields a bound on the risk of 7(X,,) when X,, = {Xi,...,X,} is
random.

Proposition 4.7. Let P € Pj;ﬁ,L,fmm and M = supp(P). Suppose there exists
go € M and a geodesic vy with v0(0) = qo and |7 (0)] = % Then,

1 1

™ 7(Xa)

2p

Vg
EPTL |: :| S CTmin7d;L7fminvpn Sd_l’

where Cr .. d.L, foin.p depends only on Tmin, d, L, fmin and p.
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This statement follows from Proposition 4.6 together with the estimate of
the probability of two points being drawn in a neighborhood of ¢y and subject
to an alignment constraint.

Proposition 4.3 and 4.7 yield a convergence rate of 7(X,,) which is slower in
the local case than in the global case. Recall that from Theorem 3.4, the reach
pertains to the size of a bottleneck structure in the global case, and to maxi-
mum directional curvature in the local case. To estimate the size of a bottleneck,
observing two points close to each point in the bottleneck gives a good approx-
imation. However, for approximating maximal directional curvature, observing
two points close to the curvature attaining point is not enough, but they should
also be aligned with the highly curved direction. Hence, estimating the reach
may be more difficult in the local case, and the difference in the convergence
rates of Proposition 4.3 and 4.7 accords with this intuition.

Finally, let us point out that in both cases, neither the convergence rates nor
the constants depend on the ambient dimension D.

5. Minimax Estimates
In this section we derive bounds on the minimax risk R,, of the estimation of
the reach over the class 73 L fomin? that is

1 11

R, = inf sup Epn |— — —| , (5.1)
Tn Pefpd D s TP Tn
where the infimum ranges over all estimators 7, (X1, Tx, ), - - - , (Xn, Tx,,)) based

on an i.i.d. sample of size n with the knowledge of the tangent spaces at sample
points. The minimax risk R,, corresponds to the best expected risk that an es-
timator, based on n samples, can achieve uniformly over the model ’P L fmin
without the knowledge of the underlying distribution P.

The rate of convergence of the plugin estimator 7,, = 7(X,,) studied in the
previous section leads to an upper bound on R,,, which we state here for com-
pleteness.

Theorem 5.1. For alln > 1,

_ _2p
Ry, < Crpi d L frninp™ 507,

for some constant Cr, .. d.L,fuwm.p d€pending only on Tmin,d, L, fmin and p.
We now focus on deriving a lower bound on the minimax risk R,,. The method
relies on an application of Le Cam’s Lemma [38]. In what follows, let

TV (P, P") /|dP dP’|

denote the total variation distance between P and P’, where dP,dP’ denote
the respective densities of P, P’ with respect to any dominating measure. Since
|z — 2|P + |z — y[P > 217P|z — y|P , the following version of Le Cam’s lemma
results from [38, Lemma 1] and (1 — TV (P™, P™)) > (1 - TV (P, P"))".
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Lemma 5.2 (Le Cam’s Lemma). Let P, P’ € Pd b L. fui With Tespective sup-
ports M and M'. Then for alln > 1,
1 1

™  T™m’

“a- Ve Py

Lemma 5.2 states that in order to derive a lower bound on R, one needs
to consider distributions (hypotheses) in the model that are stochastically close
to each other — i.e. with small total variation distance — but for which the
associated reaches are as different as possible. A lower bound on the minimax
risk over PT L. foni, TEQUITES the hypotheses to belong to the class. Luckily, in

our problem it will be enough to construct hypotheses from the simpler class
er’fn L j . Indeed, we have the following isometry result between fon Lo fonin

and PTmnw L foin for the total variation distance, as proved in Section D.2. We

use here the notation of Definition 2.6

Lemma 5.3. Let Q, Q’ € Qfm?n L. fo D€ distributions on RP with associated
distributions P, P’ € pe on RP x G%P . Then,

'rmm,L fmin,
TV (P,P) =TV (Q,Q).

In order to construct hypotheses in Qifn L. fon We take advantage of the fact

that the class /\/l ;, has good stability propertles which we now describe.
Here, since submanlfolds do not have natural parametrizations, the notion of
perturbation can be well formalized using diffeomorphisms of the ambient space
RP > M. Given a smooth map ® : RP — RP we denote by d: ® its differential
of order i at x. Given a tensor field A between Euclidean spaces, let [[All,, =
sup,, |4z |,,, where [[A; ||, is the operator norm induced by the Euclidean norm.
The next result states, informally, that the reach and geodesics third derivatives
of a submanifold that is perturbed by a diffeomorphism that is C3-close to the
identity map do not change much. The proof of Proposition 5.4 can be found in
Section D.3.

Proposition 5.4. Let M € ./\/ld p 5, be fized, and let @ : RP — RP be a global
C3-diffeomorphism. If HID —d<1>|| ||d2<I>HOp and ||d3<I>||Op are small enough,

then M/ ( ) M Tmzn 2L"

op’

Figure 4: Hypotheses of Proposition 5.5.

Now we construct the two hypotheses Q, Q' as follows (see Figure 4). Take
M to be a d-dimensional sphere and @ to be the uniform distribution on it. Let
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M' = ®(M), where ® is a bump-like diffeomorphism having the curvature of
M’ to be different of that of M in some small neighborhood. Finally, let Q" be
the uniform distribution on M’. The proof of Proposition 5.5 is to be found in

Section D.3.
Proposition 5.5. Assume that L > (272..)7" and foin < (244179, 04)7L.
Then for £ > 0 small enough, there exist Q,Q’ € odP Lofin with respective

Tmin,
supports M and M' such that

1 1

™  T™m’

‘ ¢ \?
> Ca— and TV (Q,Q") <12 <27 - ) .

min

Hence, applying Lemma 5.2 with the hypotheses P, P’ associated to @, Q’
of Proposition 5.5, and taking 12 (¢/27min)® = 1/n, together with Lemma 5.3,
yields the following lower bound.

Proposition 5.6. Assume that L > (272..)7" and foin < (244179, 04)7L.

min
Then for n large enough,
P
R, > ( = ) v/,
Tmin

where cq > 0 depends only on d.

Here, the assumptions on the parameters L and f,,;, are necessary for the
model to be rich enough. Roughly speaking, they ensure at least that a sphere
of radius 27,,;, belongs to the model.

From Proposition 5.6, the plugin estimation 7(X,,) provably achieves the
optimal rate in the global case (Theorem 4.3) up to numerical constants. In the
local case (Theorem 4.7) the rate obtained presents a gap, yielding a gap in
the overall rate. As explained above (Section 4.2), the slower rate in the local
case is a consequence of the alignment required in order to estimate directional
curvature. Though, let us note that in the one-dimensional case d = 1, the
rate of Proposition 5.6 matches the convergence rate of 7(X,,) (Theorem 5.1).
Indeed, for curves, the alignment requirement is always fulfilled. Hence, the rate
is exactly n=P for d = 1, and 7(X,,) is minimax optimal.

Here, again, neither the convergence rate nor the constant depend on the
ambient dimension D.

6. Towards Unknown Tangent Spaces

So far, in our analysis we have used the key assumption that both the point
cloud and the tangent spaces were jointly observed. We now focus on the more
realistic framework where only points are observed. We once again rely on the
formulation of the reach given in Theorem 2.3 and consider a new plug-in esti-
mator in which the true tangent spaces are replaced by estimated ones. Namely,
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given a point cloud X C R” and a family T' = {7} },ex of linear subspaces of
RP indexed by X, the estimator is defined as

. : ly — |

TX.T) = x;érylgx 2d(y — x,Ty)
In particular, 7(X) = 7(X, Tx M), where Tx M = {T, M },ex. Adding uncertainty
on tangent spaces in (6.1) does not change drastically the estimator as the
formula is stable with respect to T. We state this result quantitatively in the
following Proposition 6.1, the proof of which can be found in Section E. In what
follows, the distance between two linear subspaces U,V € G%P is measured
with their principal angle |7y — 7y [,

. (6.1)

Proposition 6.1. Let X C R and T = {Ty}pex, T = {Ti }aex be two families
of linear subspaces of R indexed by X. Assume X to be §-sparse, T and T to
be O-close, in the sense that

inf |ly—xl|>6 and sup||Ty — Tyllop < siné.
r#yeX zeX

Then

’ 1 1| 2sin0
X T) +XT)|~ 9

In other words, the map T + 7(X,T)~! is smooth, provided that the basis
point cloud X contains no zone of accumulation at a too small scale § > 0.
As a consequence, under the assumptions of Proposition 6.1, the bounds on
FX)T - 7a ! | of Proposition 4.2 and Proposition 4.6 still hold with an extra
error term 2sin /4 if we replace 7(X) by 7(X,T).

For an i.i.d. point cloud X,,, asymptotic and nonasymptotic rates of tangent
space estimation derived in C3-like models can be found in [2, 14, 36], yielding

bounds on sin § of order (log n/n)l/d. In that case, the typical scale of minimum
interpoint distance is § < n~2/%, as stated in the asymptotic result Theorem 2.1
in [29] for the flat case of RY. However, the typical covering scale of M used in
the global case (Theorem 4.3) is € < (1/n)'/?. Tt appears that we can sparsify
the point cloud X,, — that is, removing accumulation points — while preserving
the covering property at scale ¢ = 26 =< (log n/n)l/d. This can be performed
using the farthest point sampling algorithm [1, Section 3.3]. Such a sparsification
pre-processing allows to lessen the possible instability of #(X,,-)~!. Though,
whether the alignment property used in the local case (Theorem 4.7) is preserved
under sparsification remains to be investigated.

7. Conclusion and Open Questions

In the present work, we gave new insights on the geometry of the reach. In-
ference results were derived in both deterministic and random frameworks. For
i.i.d. samples, non-asymptotic minimax upper and lower bounds were derived
under assumptions on the third order derivative of geodesic trajectories. Let us
conclude with some open questions.
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e Interestingly, the derivation of the minimax lower bound (Theorem 5.6) in-
volves hypotheses that correspond to the local case, but yields the rate n=?/¢.
But, on the upper bound side, this rate matches with that of the global case
(Theorem 4.3), the local case being slower (Theorem 4.7). The minimax upper
and lower bounds given in Theorem 5.1 and Theorem 5.6 do not match. They
are yet to be sharpened. This results into minimax upper and lower bounds
that do not match. They are yet to be sharpened.

e As mentioned earlier, Section 6 is only a first step towards a framework where
tangent spaces are unknown. A minimax upper bound in this case is still an
open question. Considering smoother C* models (k > 3) such as those of [2],
or data with additive noise would also be of interest.

e In practice, since large reach ensures regularity, one may be interested with
having a lower bound on the reach 7,;. Studying the limiting distribution of
the statistic 7(X,,) would allow to derive asymptotic confidence intervals for
TM -

e Other regularity parameters such as local feature size [10] and A-reach [13]
could be relevant to estimate, as they are used as tuning parameters in com-
putational geometry techniques.
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Appendix A: Some Technical Results on the Model
A.1. Geometric Properties

The following Proposition A.1 garners geometric properties of submanifolds of
the Euclidean space that are related to the reach. We will use them numerous
times in the proofs.

Proposition A.1. Let M C RP be a closed submanifold with reach Tp; > 0.

(i) For allp € M, we let I, denote the second fundamental form of M at x.
Then for all unit vector v € T,M, |II,(v,v)|| < %
(i) The injectivity radius of M is at least wTp;.
(i4i) The sectional curvatures K of M satisfy ——2 < K < —.

i Y
(iv) For all p € M, the map exp,, : Br,a (0, w7ar) — Bar (0,77ar) is a diffeo-

morphism. Moreover, for all ||v|| < % and w € T,M,

Jlv]|? [l
11— — < ||dy . <1+ — .
< 62 lw] < || exp,, w|| < + 7'12w [lw]|
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(v) For allp € M and r < g%, given any Borel set A C By, (0,7) C T, M,

<1 — r2>d7{d(A) < H%(exp,(4)) < (1 + ’f)dﬂd(A).

2
671, T

Proof of Proposition A.1. (i) is stated as in [33, Proposition 2.1], yielding (ii)
from [3, Corollary 1.4]. (iii) follows using (i) again and the Gauss equation [20,
p. 130]. (iv) is derived from (iii) by a direct application of [21, Lemma 8]. (v)
follows from (iv) and [4, Lemma 6].

O

A.2. Comparing Reach and Diameter
Let us prove Proposition 2.7. For this aim, we first state the following analogous
bound on the (Euclidean) diameter diam(M) = sup, , ¢/ ||z — yl|-

Lemma A.2 (Lemma 2 in [1]). Let M C RP be a connected closed d-dimensional
manifold, and let Q) be a probability distribution having support M with a density
f > fmin with respect to the Hausdorff measure on M. Then,

C
Ty fmin

for some constant Cyq > 0 depending only on d.

Proposition A.3. If K C RP is not homotopy equivalent to a point,

T < diam(K).

2(D+1)

Proof of Proposition A.3. Combine Lemma A.4 and Lemma A.5. O

Let us recall that for two compact subsets A, B C R”, the Hausdorff dis-
tance [12, p. 252] between them is defined by

du (A, B) = max{sup d(a, B),supd(b, A) }.
acA beB

We denote by conuv(-) the closed convex hull of a set.
Lemma A.4. For all K C RP, dy (K, conv(K)) < ,/ﬁdiam(K).

Proof of Lemma A.4. Tt is a straightforward corollary of Jung’s Theorem 2.10.41
in [23], which states that K is contained in a (unique) closed ball with (minimal)

radius at most , /ﬁdiam(K). O

Lemma A.5. If K C R is not homotopy equivalent to a point, then T <
dy (K, conv(K)).
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Proof of Lemma A.5. Let us prove the contrapositive. For this, assume that
T > dg (K, conv(K)). Then,

conv(K) C U B (z,dy (K, conv(K))) C U é(.’L‘,TK) C Med(K)°.
reK reK

Therefore, the map 7x : conv(K) — K is well defined and continuous, so that
K is a retract of conv(K) (see [27, Chapter 0]). Therefore, K is homotopy
equivalent to a point, since the convex set conv(K) is. O

We are now in position to prove Proposition 2.7.

Proof of Proposition 2.7. From [27, Theorem 3.26], M has a non trivial homol-
ogy group of dimension d over Z/27Z, so that it cannot be homotopy equivalent
to a point. Therefore, Proposition A.3 yields 7oy < diam(M), and we conclude
by applying the bound diam(M) < Cq/ (7" fmin) given by Lemma A.2. O

Appendix B: Geometry of the Reach

Lemma B.1. Let V C RP be a 2-dimensional affine space and q1,qz,z,p € V
be such that ||p — qill = lp — @2l = rp and ||z — @1 = ||z — @2l = rs. If rp < 7s,
then

Vn aBRD(Z7TZ) mBRD(pv Tp) = cZ(thQ)v

where ¢, (q1,q2) is the shorter arc of the circle with center z and endpoints as
q1 and gs.

Figure 5: Layout of Lemma B.1.

Proof of Lemma B.1. Since everything is intersected with the 2-dimensional
space V', we can assume that D = 2 without loss of generality. For short, we
write K = OBg2(z,7.) N Brz2(p,7p)-

First note that {q1,q2} C K, so that K # . Furthermore, for all z € K,
d(z, Med(0Bg2(z,r;)) = 1, > rp, so that 7x > 7, from [34, Lemma 3.4 (i)].



E. Aamari, J. Kim et al./Estimating the Reach of a Manifold 20

Hence, applying [34, Lemma 3.4 (ii)], we get that K is contractible. In particular,
K is connected.

Since K is a closed connected subset of the circle OBgz(z,r.), K is an arc of
a circle. Let ¢1, co denote its endpoints.

Let us now show that {c1, co} C OBg2(z,7,)NIBg2(p, rp), or equivalently that
ller — pll = ||e2 — pl| = rp. Indeed, if € K is such that ||z — p|| < r}, then there
exists 7 > 0 such that Bgz2(x, ;) C Brz(p,7p). Then 0Bg2(2,7,) N Bra(z,75) #
(0, so OBgz(z,7,) N Brz(x,7;) is also an arc of a circle, and since z € IBgz2(z,7,),
x cannot be an end point of the arc OBg2(z,r,) N Bgz(x,ry).

The two circles OBgz(z,7.) and 0Bg2(p,r,) are different (r, > r,), so their
intersection contains at most two points. Since ¢; # g2 € K = 0Bgz2(z,7,) N
Bgrz2(p,7p), in fact {q1,q2} = OBr2(2,7,) N OBgr2(p, rp). Consequently, {c1,c2} =
{q1,92}. That is, ¢; and g2 are the endpoints of the arc K.

Note that there are two arcs of the circle OBg2(z,r,) with endpoints ¢; and
g2 Since K = 0Bge(z,7,) N Br2(p,7p) C Bgr2(p,rp) and 7, < 7., K cannot
contain two points at distance equal to 2r,. Hence, K is the shorter arc of the
circle OBgz(z,r,) with endpoints ¢; and go, which is exactly c.(¢1,g2).

O

Lemma B.2. Let V C RP be a 2-dimensional affine space and q1,q2, 2,2 € V.
Denote by L be the line passing ¢1 and qz. Assume that x,z ¢ L, and that
the segment joining z and x intersects L. Let p € RP be such that ||p — q1|| =
Iz —aq1]| and |lp— 2|l = ||z — @2||l. Then ||lp—z|| < ||z — ||, and the equality
holds if and only if p= z.

Proof of Lemma B.2. Let y denote the intersection point of L and the line seg-
ment between z and z. Since ||p — ¢1|| = ||z — ¢1]| and ||p — ¢2]| = ||z — ¢2]|,

cos(Z(p—q1,q2 — q1)) = cos(£(z — q1, 92 — q1))

2 2 2
_lz—all +llee —all” — [Iz — gl
2]z = qillflgz — gul

)

from which we derive

lp=yl® = llp = al* + ly — al* = 2llp — aall Iy — @l cos(£(p — g1, g2 — @)
=llz=al®+ly = al® = 20z = @il lly — a1ll cos(£(z = 1,42 — 1))
=|lz—y|*.
Using the fact that y belongs to the segment joining = and z, we get
Iz ==l = llz =yl + lly — ||
=lp =yl +lly — =l
= p—=|.

Finally, note that since =,z ¢ L and y € L, the equality holds if and only if
Z(x—y,p—y) = But [[p—y| = ||z -yl and x,y, and z are colinear, so this
is possible if and only if p = z.

O
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The following lemma can be seen as an extension of [34, Lemma 3.4 (i)].

Lemma B.3. Let A C RP be a set with positive reach 74 > 0, and let {B;}icr
be a collection of balls indexed by I. Suppose (\;c; Bi N A is nonempty. Let r;
be the radius of B;, and suppose r; < 74 for alli € I.

(i) If I is finite, then 7, _ p;na > minger ry.
(it) If I is countably infinite, then 7, _, p,na = infierr;.

Proof of Lemma B.3. (1) Since I is finite, we can assume that I = {1,...,k}
and that the sequence (7;)1<i<x is nonincreasing. We use an induction on k:

o If k =1, since for all x € AN By, d(z, Med(A)) > 74 > r1, [34, Lemma
3.4 ()] gives that 75,na > 71.

e Suppose now that T Bina > Ti for some j < k. Then for all z €
i—1 i

zill B; NA= ( 5:1 B; ﬂA) ﬂBj_H, d (x,Med (ﬂgzl B; ﬁA)) > Ty >
rj+1. Applying again [34, Lemma 3.4 (i)] gives
T4 BinA = T(NI_, BinA)NBy4 — Tit1 = 1;%1?“ T
By induction on k, we get the result.
(ii) Note that if inf;c;r; = 0, there is nothing to prove. Hence we only consider
the case where inf;c;r; > 0.
Since I is countable, we can assume that I = N. For £k € N, let C} :=
ﬂle B; N A. In particular, Cs := N2, C, = N2, B; N A. From the finite
case (i),
Tc,, > min r; > inf ry.

1<i<k ieN

Now, since {Cy}72, is a decreasing sequence of sets, the distance functions
d(-,C},) converges to d(-, Cx). As the distance functions d(-, Cj) are continu-
ous, there convergence is uniform on any compact subset of RP. Hence, [22,
Theorem 5.9] yields 7¢__ > inf;en 7, which concludes the proof.

O

Proof of Lemma 3.2. Let py := w and 19 = ||po — ¢1]] < 7ar. Consider
the subset Cj of the median hyperplane of ¢; and ¢ defined by

Co={peR”|lp—aqll =lp—ql € (ro,7a)}

and let {p;}ien C Cp be its countable dense subset. Write 7; := ||p; — ¢1|| and
B; := Bgo(pi,7i). Let As := (3=, Bk. Note that {q1,¢2} C M N Ay which
implies that M N A, is nonempty. Note also that by definition, 7; € (79, Tar)
for all i € NU {0}. Hence from Lemma B.3 (ii), 7arna., > 70. In addition,

M CRP \BO]RD (20, 7Tar), so that

{Q1,QQ} CMNAx C Ax \BORD(Z(),TM).
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Note that it is sufficient to show that A, \éRD (z0,Tar) = €2, (q1, g2) to conclude
the proof. Indeed, since Tprna, > 70 > Hq22;qlu and 0 # MNAx C ¢z (q1,92) C
Beo (% ”'17;”) 34, Lemma 3.4 (ii)] implies that M N A is contractible.
In other words, M N A, is a contractible subset of the shorter arc of a circle
€z (q1,¢2) containing its endpoints ¢; and g2, and hence M N A = ¢4, (q1,q2)-
Therefore, c,,(q1,q2) C M, which concludes the proof.

Tt is left to show that A. \BORD (20, Tar) = €2, (q1,g2). To this aim, let us write
V = 20 + span {q1 — 20,q2 — 20} for the 2-dimensional plane passing through

q1, g2, and zo. Then 79 = |[po — q1]| = [[po — @2l < [|z0 — a1l| = |20 — @2l = 7ar,
and hence from Lemma B.1, ¢,,(¢1,¢2) can be represented as

20 (q1,q2) =V N OBgo (20, Tar) N Bro (po, To)- (B.1)

The proof will hence be complete as soon as we have showed the equality
Ao \ Bro (20, Tar) = V N OBgo (20, Tar) N Bro (po, 7o),

which we tackle by showing the two inclusions.

e (Direct inclusion) Let x € RP \ Bgo (29, 7ar). Since |z0 — q1]| = [|20 — @2 =
7o, their exists p; satisfying ||p; — 20l < W Then,

llzo — =|| + 7

5 >7u > |lpi — il

Ipi — 2l = [lz0 — /| = llpi — 2ol =
so that = ¢ B; = Bgo (pi, |[pi — 1)), and z ¢ A = (=, Bi as well. Hence
this implies that

(RD \ BRD (Zo, TM)) N Aoo = @ (BQ)

Let now z € (0Bgo (20, 7ar)) \ V. Since x, g1, and ¢y are not colinear, we can
find p’ € Vo = x+span{q — x,q2 — «} such that [[p — q1|| = [lp" — ¢2l| = 7as
and the line segment between p’ and x intersects the line L passing by ¢; and
g2- Then ¢1,¢2,x, and p’ are lying on a 2-dimensional plane V., and x ¢ L.
Also, z ¢ V, q1,q20 € V, and ||p' — q1|| = ||p’ — @2l = ™m0 > ”(“2;‘12“ implies
that p’ ¢ V', and hence p’ # zp. Hence from Lemma B.2,

Ip" = 2l > [lz0 — 2l = s

Now, since ||p’ — ¢1]| = ||p — q2|| = Tar, there exists p;» be satisfying ||p; — p/|| <

/_ —
W. Then

9" = 2|l + 7

5 >71v > |lpe — il

lpir = || = [lp" = =ll = [l =Pl =
and hence x ¢ By = Bro (pir, |lpir — 1l), * ¢ Ass = ()= Bi as well. Hence

this implies that
((0Bgo (20, 7a1)) \ V) N Ase = 0. (B.3)
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Finally, by construction, Ay, C Bro(po,70). Combining this last inclusion
with (B.2) and (B.3) yields the desired inclusion

A \ éRD (ZO7TM) cVn 6BRD (Z(),TM) N BRD (po, 7‘0). (B.4)

e (Reverse inclusion) Let € V N dBgro (20, 7ar) N Bro (po, 70), and fix B; =
Bio (pis [pi — ail)- Let 2 € V be such that 2 — q1 ]| = [126 — 2| = lp: — au
and the line segment between z{, and x intersects the line passing ¢; and gs.
Then q1, g2, 2,2y, € V, and x is not lying on the line passing ¢; and ¢». Hence
from Lemma B.2,

Ipi — 2| < llzp — |- (B.5)
Since @ € ¢z, (q1,q2) and ||z — @1 = [|26 — ¢2ll < 7ar = [[20 — @1l = l|20 — @2l
Lemma B.1 yields

Iz — [l < |20 — aull- (B.6)

Hence (B.5) and (B.6) gives the upper bound on ||p; — x| as
Ipi =zl < llzo — =l < 1% — qull = llpi — ] -

Hence = € B;, and since choice of x and B; were arbitrary, VNOBgo (20, 7ar) N
Bro (po, 7o) C Ase. But OBro (20, Tar) N Bro (20, 7ar) = 0, so that we get the
desired inclusion

V N oBgp (20, TM) N Bgo (po, T()) C A \ éRD (Zo, TM). (B?)
Putting together (B.1), (B.4), and (B.7) we get

Ao \ Bro (20, 7ar) = €20 (1, 42)-
O

Lemma B.4. Let M C RP be a compact submanifold with reach Tay > 0. If
2

there exist p # q € M such that Tpy = #%, then there exists zg €

Med(M) with d(zo, M) = Tas-

Ter ML (¢—p)

Proof of Lemma B.J. Write zg := p+ Ty H Clearly, ||z0 — pl| = 7,

Ty ar L (q—P)H '
and zg — p € T,M*, so [22, Theorem 4.8 (12)] implies that for all A € (0, 1),
Ta (P + A(z0 — p)) = p, and hence d(p + Mzo — p), M) = [[A(20 — p)|| = ATar.
Sending A — 1 yields that d(zo, M) = 7p. Let us show that ||zo — ¢l = 7,
which will imply that ||z0 — p|| = ||z0 — ¢|| = d(z0, M) = 7as, and hence that
20 € Med(M), which will conclude the proof.

Let 21 :=p+ 7y, a1 (g — p) (see Figure 6). Note that 2o — 21 and ¢ — 21 are
simplified as

20 — A1 = <’TM)H - 1) 7TTle(q -p),

’WTPML((] -p

q—2=(q—p)—mp,m(q—p) =71,Mm(q — D)
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p T,M

Figure 6: Layout of the proof of Lemma B.4.

In particular, zog — 21 L ¢ — 21, which yields
120 — gll* = ll20 = 21]1* + llg = 21|
= (rat = [[rgare (a = D)) + llrz,ae(a = 2]

Noticing that

It 0= = dla . T = 12

and

2
7,80 = D) ||* = lla = plI* = |7z, a0 (g = 2)||* = Nl — pII? (1 — ”qu”> :

Aty

we finally get

||q pll 2 g — p|?
20 — q||> = ( +||q—p|| ===
T™m

7_

O

Lemma B.5. Let M C RP be a closed submanifold with reach p; > 0. Then
for all p,q € M with tog := dp(p,q) < Ta/2,

2 [ [ i) —faria].
/ to/ (Va8 ’pr(o))dsdtH.

H 2d(q p, Tp M)

,
Pl TR

and

2d(g —p, T,M) 3llq—pl
g — I ™ 6

17o=q (O =
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In particular, when M is C?,

2d(q — p, T,M)
/) P
e PR
vET, M, ||v]|=1 qeM

To prove Lemma B.5 we need the following straightforward result.

Lemma B.6. Let U be a linear space and v € U, n € U+. If v = u+n +e,
then
|d(v,U) = [In]l] < le] -

Proof of Lemma B.5. First note that from Proposition A.1 (ii), das(z,y) < 77ar
ensures the existence and uniqueness of the geodesic . For short, let us write

Y = Tp—q-
The Taylor expansion of v at order two yields

q—p="(to) —7(0) = /to/ s)dsdt
— to7/(0) + 0 V( /0 / "(s) = +"(0))dsdt.  (B.8)

Since 7/(0) € T,M and ~"(0) € T,M*, Lemma B.6 shows that

/t°/ "(s) - ))dsdtH

Now, from ty = dp(p,q) > ||g — pl|, we derive the upper bound

2d(q — p, T, M) . // 0| <
t2 ~ 12

2(q —p, T,M) 2| [t
Ol =g 3'(s) — 4" (0))dsdt
17" (0)]| < VW 2 .
- (”qp|’;) 2 (7”(8) —7"(0))dsdtH_
o 0

For the lower bound, we apply [33, Proposition 6.3] to get

2
2|lq — pl
T™

(M)Q ,
™ < ||q_p||
(1_M>3/2 1 — glla=zll

™™
™

du(p,q)® <ty [ 1—4/1—

< 7']2w

or equivalently,
1 1 3

— S .
la—plF  du®P.a)? = 7arllg —pll
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Asd(g—p, T,M) < lg—pll* (2.3), we finally derive
M

=
et 1) / @)= ))ds‘“H

2d(q — p, T,M 1 1
:<12’)—2d(q—p,TpM)< ;= 2)
llg — pll lg — pll m(p,q)

1" (Ol

))dsdt”

0
>2d(q—p7TpM) 3||q pll

2
llg — pll

7¥'(s) — ))dsdtH

O

Proof of Lemma 3.3. For v >0, let A, := {(p,q) € M?||[p—q| <7}, and A =
Nr>04, denote the diagonal of M?2. Consider the map ¢ : M?\ A — R defined
by ¢(p,q) = 2d(qg —p, T,M)/|lqg — p||>. By assumption, d(z, M) > 7 for all z €
Med(M). From Lemma B.4, this implies that for all p # ¢ € M, ¢(p,q) < 73,*
By compactness of M? \ A,, this yields Suppa\a, @ < TA}l. Hence, from the
decomposition of (2.3) as

1
— = sup  ¢(p,q) = max sup  p(p,q), sup  @(p,q) ¢,
T™M  (p,g)eM2\A (p,9)EM2\A, (p,a)EANA

we get Supa \A ¥ = T]\_/[l. By letting » > 0 go to zero and applying Lemma B.5,
this yields

1
sup  |[7p,(0)]|=lim sup  o(p,q) = —.
pEM 0 (p,g)eA,NA ™

veTp M, |[v||=1

Finally, the unit tangent bundle TWM = {(p,v),p € M,v € T,M, |jv|| = 1}
being compact, there exists (go,vo) € TWM such that vy = Vgo,v0 attains
the supremum, i.e. |7 (0)| = 73;', which concludes the proof. O

Appendix C: Analysis of the Estimator
C.1. Global Case

Proof of Proposition 4.2. The two left hand inequalities are direct consequences
of Corollary 4.1, let us then focus on the third one.

We set ¢ to be equal to max {dy(q1,2),dn(q2,y)}, and 21 := 2z + (g2 — q1).
We have ||z1 —z|| = |lg2 — ¢1|| = 27 and ||y — q2||, |¢x — z|| < ¢. Therefore,
from the definition of 7 in (4.1) and the fact that the distance function to a



E. Aamari, J. Kim et al./Estimating the Reach of a Manifold 27

linear space is 1-Lipschitz, we get

1 < 2d(y — x, T, M)
{zy) =y -zl
_2d(y—@)+ (1 —2) + (@ — ), To M)
Iy — g2) + (21 — ) + (@1 — 2)|?
d(zy —x, T, M) — 2t
- 2(Tar +1)?

Since q1,q2 € B(z0,7n) and |l — q2ll = 27as, 21 — 2 = g2 — @ € Ty, M.
Furthermore, from [11, Lemma 11}, sin Z(T, M, T,, M) < t/7a; and hence

d(z1 —x, T, M) > d(z1 — x, Ty, M) — ||z1 — || sin L(T, M, T, M)

t
>d(ge —q1, T, M) — ||g2 — @1 || .

t
Can (1),
T™

Combining the two previous bounds finally yields the announced result

1 1 <i_d(z1—x,TzM)—2t
™ T{x,y}) T v 2(1ar + )2
<1Ghmw>
T M (1+t/mar)”
<2y
S

where the last inequality follows from the concavity of [0,1] 3 u+— 1 — ﬁ

Proof of Proposition 4.3. Let @Q be the distribution on R” associated to P. Let
2

s < T—]lu and t = s < 757 /4. Write wg := H%(Bga(0,1)) for the volume of the

d-dimensional unit ball. From Proposition A.1 (v), for all ¢ € M,

Q (BM(CI> t)) > fmian (BM(Q7 t))
o\ d
> Wdfmin (1 (672\/[) > td
(57)

575\ ¢
Z Wdfmin %

1
7(Xn)

Moreover, Proposition 4.2 asserts that % — ‘ > s implies that either
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BM(qla t) NX,=0or BM(QQ? t) NX, =0. Hence,

“(

1o

> ) < P (Bar(qu, ) N Xy = 0) + P (Bar(ga,t) N X, = 0)
575\¢ )\
§2<1wdfm,in 576> t>

d
575
< 2exp <_nwdfmin <2304> T]%fsd> :

Integrating the above bound gives

o (sl 1= 7 (- el =)
pn ||— — = = —— = s |ds
™ T(Xp) 0 ™ T(Xp)
* 575 ¢
< 2/0 exp (—nwdfmm (2304) TﬁSP) ds
2304 d o0
_ 2 ( 575 )p - / i e T dy
(nwdfmin) d Tyr Y0

= TM,fmin,d,Pn_%'
where Cr,; fuim.dp depends only on 77, fimin, d, p, and is a decreasing function
of 75 when the other parameters are fixed. O

C.2. Local Case

Proof of Lemma 4.4. First note that from Proposition A.1 (ii), dp(z,y) < 77um
ensures the existence and uniqueness of the geodesic y;_,. The two left hand
inequalities are direct consequences of Corollary 4.1. Let us then focus on the
third one. We write ty = das(z,y) and v = 5, for short. By the definition (4.1)
of 7,

1 S 2d(y — x, T, M)

- > (C.1)
T({z,y}) ly — |
Furthermore, from Lemma B.5,
2d(y —x, T, M 2
Mo LM s oo - 2| [ [ 6 - onasae]|. (@2
ly — = 0

But by definition of ./\/ldD LM (Definition 2.4), the geodesic v satisfies
7" (s) =~"(0)]| < Lls|, so that

t/ /|| "(s) — " (0)]| dsdt < = //L\ dsdt — tho (C.3)
0

Combining (C.1), (C.2) and (C.3) gives the announced inequality. O
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To prove Lemma 4.5, we will use the following lemma on bilinear maps.

Lemma C.1. Let (V,(-,-)) and (W, (-,-)) be Hilbert spaces. Let B : V xV — W
be a continuous bilinear map, and write

Amax = sup HB(U7U)|| :
veV
llvll=1
Then for all unit vectors v,w € V,
(i) |[Blw,w) = 20, 0)* Bo,0)| < (3 = 2 (0,0)) A -
(i) If v € V satisfies that for all v L v, (B(v,v), B(v,0) + B(0,v)) =0, then
1B(w, w)|| > (v,w)? | B(v, v)[| = (1 = (v, 0)*) Amax.
In particular, this holds whenever ||v|| = 1 with ||B(v,v)]| = Amax-

Proof of Lemma C.1. Let 6 = arccos((v,w)) € [0,7], and write w = cosfv +
sin fvt for some unit vector v+ € V with v+ L v. Then B(w,w) can be ex-
panded as

B(w,w) = cos> B(v,v) + cos sin (B(v, v ) + B(vt,v)) + sin? B(v, vt).
(C.4)
(i) Consider w := — cos v + sinfv € V. Then w is a unit vector, and B(w, w)

can be similarly expanded as

B(w,w) = cos? #B(v,v) — cos O sin@(B(v,v>) + B(vt,v)) +sin? §B(vr, vh),
(C.5)
and hence summing up (C.4) and (C.5) gives

B(w,w) + B(w,w) = 2cos? #B(v,v) + 2sin? 0B (v, vt).
As ||B(vt,vt)|| and || B(w, )| are upper bounded by Amax, this yields
| B(w, w) — 2cos® B(v,v)|| = [|2sin® OB(vt,vt) — B(w,w)||
< (14 2sin? 0) Aax
= (3 — 2¢08% 0) Amax,

which is the announced bound.
(ii) From (C.4), |B(w,w)|| can be lower bounded as

1B (w, w)]|

> ||cos2 0B(v,v) + cos O sinO(B(v,v’) + B(vJ‘,v))H —sin? 6 HB(vl,vl)H .
(C.6)

But since (B(v,v), B(v,v*) + B(v*,v)) = 0, Pythagoras’s theorem yields
[|cos® B (v, v) + cos O sin 6(B(v, v™) 4+ B(v*, )|

= \/COS4 0/(B(v,v)||* + cos? 0sin? 0 ||(B(v, vL) + B(vt, )|
> cos? 0 ||(B(v,v)]| .
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Applying this and ||B(’UJ‘, UJ‘)H < Amax to (C.6) gives the final bound
| B(w,w)|| > cos® 6 || B(v,v)|| — sin® O max.

We now show the last claim, namely that ||Jv|| = 1 and || B(v,v)|| = Amax are
sufficient conditions for

(B(v,v), B(v,?) + B(0,v)) =0 for all & L v. (C.7)

For this aim, we take such a v € V and we consider h : V' — R defined by
h(u) = |B(u,u)|” and g : V — R defined by g(u) = ||ul|* — 1. Then v is a
solution of the optimization problem:

maximize h(u)

subject to g(u) = 0.

Since h and g are continuously differentiable, the Lagrange multiplier theo-
rem asserts that their Fréchet derivatives at v satisfy kerd,g C kerd,h. As
dyh(u) = 2(B(v,v), B(v,u) + B(u,v)) and d,g(u) = 2 (v, u), this rewrites
exactly as the claim (C.7).

O

Corollary C.2. Let M C RP be a C?-submanifold and p € M. Let vg,v; €
T,M be unit tangent vectors, and let 8 = Z(vg,v1). Let vy, be the arc length
parametrized geodesic starting from p with velocity v, and write v; = vyp.v, for
i =0,1. Let kp = MaXyeBy, 1 (0,1) H'y]’g”v(O)H. Then,

(i) 117 (0]l > 2|7 (0)]] cos® 0 — (1 + 25in” 6).

(i) If vy is a direction of mazimum directional curvature, i.e. |y (0)|| = kp, then

77 ()| = 1176 (0)| — 2, sin” 6.

Proof of Corollary C.2. Consider the symmetric bilinear map B : T, M xT, M —
T, M+ given by the hessian of the exponential map B(v,w) := dj exp, (v, w). In
particular, for all v € T, M, 7, ,(0) = B(v,v) and sup,cy, |y=1 | B(v,0)[| = £p.
This allows us to tackle the two points of the result.

(i) Applying Lemma C.1 (i) to B with v = vy and w = v yields

17 ()] = [[2 cos? 045 (0)|| — |2 cos® 845 (0) — 77 (0) |
> 2|17 (0)]| cos? 6 — ki, (1 + 25sin® 0)
(ii) Since vy gives the maximal directional curvature, applying Lemma C.1 (ii)
to B, v = vy and w = v; precisely yields |7/ (0)|| > [[74(0)|| — 2, sin” 6.
O

For a triangle in a FEuclidean space, the sum of any two angles is upper
bounded by 7. The same property holds for a geodesic triangle on a manifold if
its side lengths are not too large compared to its reach, which is formalized in
the following Lemma C.3.
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Lemma C.3. Let M C RP be a closed submanifold with reach Tar > 0, and
x,y,z € M be three distinct points. Consider the geodesic triangle with vertices
x,y, 2, that is, the triangle formed by Yooy, Yy—z, Vooa-

If at least two of the side lengths of the triangle are strictly less than T3,
then the sum of any two of its angles is less than or equal to .

Proof of Lemma C.3. Without loss of generality, suppose djs(x, y) is the longest
side length: dar(y, 2), dar(z,2) < dpr(z,y). Then da(y, 2), da(z, @) € (0, 724 ),
so that dys(z,y) € (0,77p) by triangle inequality.

Let SEM be a d-dimensional sphere of radius 7;;. In what follows, for short,
Zabe stands for Z(v}_,,(0),7)_,.(0)). Let Z, 7,z € 82 be such that dng (z,9) =
dy(z,y), dng (y,2) = dm(y,2), and dSEM (z2,Z) = dpm(z,2). From Proposi-
tion A.1 (ii) and the fact that dys(z,y) + da(y, 2) + dy (2, 2) < 27707, Topono-
gov’s comparison theorem [30, Section 4] yields Zayz < £Z§z, Lyza < L§ZT,
and Zxzy < ZZzj. Furthermore, the spherical law of cosines [9, Proposition
18.6.8] together with das(y,2), dy(z, @) € (0, 754), da(x,y) € (0,77), and
the fact that cos(-) is decreasing on [0, 7] imply

coS (dzw(y&)) — cos (dM(Z,w)> cos (dM(z,y))
TMm T™ T™M
>0
sin <7d”1(z’$)> sin (Lf(m’y)) 7
T™ T™M

so that Zzxy < ZzZy < 5. Symmetrically, we also have Zxyz < 7.

If Zyzx < 5 also holds, then the final result is trivial, so from now on we will
assume that Zyzx > 7.

Thus, sin(£yzz) < sin(Lyzx), so applying the spherical law of sines and
cosines [9, Proposition 18.6.8], das(y, ), dy (2, x) € (0, oM ), and ZyzZT € [g, 7r]
yield

cos (£zzy) =

sin(Zzxy) < sin(£2zy)
sin (%Agz)) sin(£yzzx)

T

2
\/1 - <COS (d”i_(;’w)) cos (dMT(AZ’Z)> + sin (%ﬁ) sin (%ﬁ) cos(égjif))

. dm (Y,2) \ o —s
sin (T) sin(£yzz)

\/1 — cos? (dM(ZﬂU)) cos? (dM(y,2)>
T™ T™
This last bound together with Zzzy < Z

2
Symmetrically, we also have Zxxz + Lxzy
angles is less than or equal to 7.

<

< sin(Lyzz) < sin(Lyzzx).

Zyzx yield Zzxy + Zyzx < 7.
.

<
< Hence, the sum of any two

O
We are now in position to prove Lemma 4.5.

Proof of Lemma 4.5. For short, in what follows, we let t, = da(qo, ), ty :=
d]u((](),y), and 6 := 4(7;%y(0)’,y:;’*>q0(0)) =T = Z(Fyzlc—)y(o)”ytl]oﬁa:(tl”)) (See
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Figure 7). From Corollary C.2 (i),
H%%y 0)|| = (2 —2sin*0) ||y L. (ta)|| — (1 + 25in 0) k. (C.8)

We now focus on the term H'yqoﬂz tz)||. Since the direction ~(0) maximizes
the directional curvature at go and 0, = Z(75(0),74,-.(0)), Corollary C.2 (ii)
yields

|7 2 (0)]] = (1 = 2sin® 6, )kig,,

and since vy _,, is L-Lipschitz,

Vo2 ()| 2 172 O = 17 (t2) = g2 (0)]
> (1 —2sin?0,)ky, — Ltl.. (C.9)

Now, consider the geodesic triangle with vertices z, vy, qo, that is, the triangle

Yz—y

3 0,
0 70(0)

Figure 7: Layout of Lemma 4.5.
formed by Vz—y, Ygo—a> Ygo—y, as in Figure 7. Then Lemma C.3 implies that
0+ |0, — 0, < 7. Combined with the assumption that |0, —6,| > 7, this yields
sin® < sin(|0, — 0,]). (C.10)
Putting together (C.8), (C.9) and (C.10) gives the final bound

I, 0]
> 2(1 —sin®(|0, — 0, 1)) (1 — 2sin®0,) kg, — Lt,) — (1 + 2sin*(|0, — 0,))) ko
= 2kg, — ka(1 +2sin?(|0, — 6,])) — 2Lt, cos* (|0, — 6,])
— 2Kg, (sin®(|0, — 0,])) + 2sin® 0, — sin® 0, sin?(|0,, — 6, ]))
> Ky — (Kg — Kqo) — 2Lty — (26, + 6ty ) sin® (|0, — 0,,]).

Proof of Proposition 4.7. In what follows, we let to < T,

t
By = exp,, ({v € Ty M : ||v|| < to, Z(75(0),v) < 0 }),

t
By :=exp,, ({v € Ty M : ||v|| < to, Z(75(0),v) > 7 — 0 }),
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Figure 8: Layout of the proof of Proposition 4.7.

and By := By U By (see Figure 8). Let X C M, and z,y € X be such that
x € By, y € By. Writing 6, := 4(’)’(/)(0%720»:1:(0)) and 0, = 4(76(0),7,’10Hy(0)),
then 6, < ,/% < Zand 0, > 7 — ,/% > ?ﬂf. Also, da(qo,z) < to and

dy(z,y) < 2tp, so Proposition 4.6 rewrites as

1 1 8sin(|0, — 0,|) 1
0< — — < Yo+ L =d 2d
S0 T R® ™ + 3 m(z,y) + 2dr(qo, v)

16 8L
+ 22 ) .
TminTM 3

A symmetric argument also applies when = € By and y € B;. Now, for any

IN

—1
s < %, let to(s) := (T£6 + %) s < Tmin. The above argument implies that

min

if i — ﬁ‘ > s, then for any z,y € XN By, one has either z,y € By or
x,y € By. Hence,
1 1
Pll—— ——|>
(TM 7(Xn) S)

< (; {]P’(Xl,...,XmeM\Bo,XmH,...,XneBl)
m=0

+P(X1a"'7X’m EM\BO7X77L+1’"'7X’VL EBQ)}

> (;) {1 = Q(B)™Q(B1)" ™™ + (1= Q(B0))"Q(B2)" ™}

m=0
< (1= Q(B)" + (1 - Q(B))". (C.11)

We now derive lower bounds for Q(B;) and Q(Bz). For this purpose, let Sy :=
expy'(B1) N 0Br, wm(0,t0) (see Figure 8). Then expy'(Bi) C Br, m(0,to) is a
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cone satisfying
H (expy'(Br) _ HT(S)
H (Br,, 1(0,t0))  H1 (0Br,, (0. t0))

Let wy := H4(Bga(0,1)) and o4 := H(Bga+1(0,1)) denote the volumes of the
d-dimensional unit ball and sphere respectively, so that H¢ (BTQOM(O,tO)) =

watd and HI-L (8BTqOM(O, to)) = o4_1t&t. In view of deriving a lower bound
on H¥™! (1), consider ug := tgv(0) € Si. Since Tg, = to and exp,(S1) C

Z13
Br,, s (0, T té ), applying Proposition A.1 (v) yields

Hd_1(5)><1— fo )d_lﬂd—l (Broys: (0.7mtd )
1) 2 TugS1 \ Y Tminlo

Tmin

B0\ e s
2 @ Wd—1Tmin to ’

and hence

. _ B He (BTQOM(O, to)) HeT (S1)
-1 (equol(Bl)) - 7yd—1 (8BTQOM(0,750))

d—1
59 Wi—1 —d=1 3d-1
> = 2ty .
= (60) d Tmin 0

Finally, since exp;g1 (B1) C Br, m(qo, 55 ), Proposition A.1 (v) yields

d d
599 35341 1 _d-1 3d—1
d d -1
By) > — B > ——— -7 . %t
H ( 1) = (600> H (equo ( 1)) = (36000) dTmm 0 ’
and hence,
d
35341\ 7 [y _do1 a1 .
Q(Bl) = (3600()) fd min2 Ly = CTInin;d7Lsfn1inSs = .

By symmetry, the same bound holds for Q(Bs). Applying these bounds to (C.11)
gives

3d—1\"
>s5] <2 (1 — Criinsd, L, fouin S 2 >

3d—1
< 2exp (_CTlninyduvaminns 2 ) .

As for the proof of Proposition 4.3, the result then follows by integration. [

Appendix D: Minimax Lower Bounds
D.1. Stability of the Model With Respect to Diffeomorphisms

To prove Proposition 5.4, we will use the following result stating that the reach
is a stable quantity with respect to C2-perturbations.
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Lemma D.1 (Theorem 4.19 in [22]). Let A C RP with 74 > Tpin > 0 and
® : RP — RP is a C'-diffeomorphism such that ®,®~', and d® are Lipschitz
with Lipschitz constants K,N and R respectively, then
Tmin
To(A) 2 (K T R ) N2
Proof of Proposition 5.4. Let M’ = ® (M) be the image of M by the mapping
®. Since P is a global diffeomorphism, M’ is a closed submanifold of dimension

one. Moreover, ® is [|d®||,, < (14 [|d® — Ip||,,)-Lipschitz, " is ||d@71||o[) =

(1—d®— ID||Op)_1—Lipschitz, and d® is Hd2<I>Hop—Lipschitz. From Lemma D.1,

> Tmin(l - ||d‘1) - IDHop)2
™' Z
[d*®|,, Tmin + (1 + [|d® — Ip],,)

Z Tmin/27

where we used that ||d2<I>||Op Tmin < 1/2 and [|d® — Ip|,, < 1/10. All that
remains to be proved now is the bound on the third order derivative of the
geodesics of M’. We denote by v and 4 the geodesics of M and M’ respectively.

Let p' = ®(p) € M’ and v' = d,®.v € Ty M’ be fixed. Since M € M" s
a compact C3-submanifold with geodesics ||"/(0)|| < L, M can be parametrized
locally by a C? bijective map ¥, : Bra(0,€) — M with ¥,(0) = p. For a smooth
curve vy on M nearby p, we let ¢ = (c1,...,cq)" denote its lift in the coordinates
x = W, !, that is y(t) = ¥y, 0 ¢(t). ¥ = Yy is the geodesic of M with initial
conditions p and v if and only if ¢ satisfies the geodesic equations (see [20, p.62]).
That is, the second order ordinary differential equation

G0+ (I elt) - (0. (0) =0, (1 <L<d) o)
¢(0) =0 and ¢(0) = dpx.v, '

where T* = (T} ), < j<q 2re the Christoffel symbols of the C* chart x, which
depends only on x and its differentials of order 1 and 2. By construction, M’
is parametrized locally by \IJ;, = ® o ¥, yielding local coordinates y = ¥’ ;,1 =
\Illjl o &1 nearby p’ € M’. Writing T'¢ for the Christoffel’s symbols of M’, 7 is
a geodesic of M’ at p’ if its lift ¢ = \P;Tl(’y) satisfies (D.1) with T' replaced by
I, and initial conditions &(0) = ¢ and &(0) = dpy.v' = d,x.v. From chain rule,
the I'”’s depend on T, d®, and d2®.

Write ¢”’(0) — &”(0) by differentiating (D.1): since ¢(0) = ¢(0) = 0 and
¢"(0) = &"(0), we get that for || Ip — d®||,,,, | d2<I>HOP and Hd3<I>||op small enough,
l¢”"(0) — & (0)|| can be made arbitrarily small. In particular, 3”/(0) gets arbi-
trarily close to v'(0), so that |3 (0)]| < ||¥"(0)|| + L < 2L, which concludes
the proof. O

D.2. Lemmas on the Total Variation Distance

Prior to any actual construction, we show the following straightforward lemma
bounding the total variation between uniform distribution on manifolds that
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are perturbations of each other. For M C R, write A\yy = 1y,HE/HE(M) for
the uniform probability distribution on M.

Lemma D.2. Let M C RP be a compact d-dimensional submanifold and B C
RP be a Borel set. Let ® : RP — RP be a global diffeomorphism such that ® pe
is the identity map and ||d® — Ipl|,, < 24 —1. Then H*(®(M)) < 2H*(M)
and TV ()\]\/[7 )‘<I>(M)) < 12)\]\/[ (B)

Proof of Lemma D.2. Since @ is (1 + ||d® — Ipl|,,)-Lipschitz, [4, Lemma 7] as-
serts that

HY(®M N B)) < (1+ [|d® — Ip|,,) " H' (M N B) <21 (M N B).
Therefore,
HE(D(M)) — HYM) =HY (®(M N B)) —HE(M N B)
<HYM N B) <HYM).

Now, writing A for the symmetric difference of sets, we have MA®(M) =
(BNM)A(BN®(M)) C (BNM)U(BN®(M)). Therefore, [4, Lemma 7] yields,

HE(MAD(M))
HI(M UD(M))
H (M N B)+H(®(M)NB)
HAYM)
HY (M N B) +H* (®(M N B))
HYM)
HI(M N B)
HA(M)

TV (At Aoqan) < 4

<4

=4

<12 =12\ (B).

O

Let us now tackle the proof of Lemma 5.3. For this, we will need the following
elementary differential geometry results Lemma D.3 and Corollary D.4.

Lemma D.3. Let g : R — R* be C! and z € R? be such that g(x) = 0 and
d.g # 0. Then there exists r > 0 such that H? (971(0) N B(x,r)) =0.

Proof of Lemma D.3. Let us prove that for » > 0 small enough, the intersection
g~ 1(0)NB(x,7) is contained in a submanifold of codimension one of R%. Writing
g = (q1,-..,9k), assume without loss of generality that 9,,¢1 # 0. Since g; :
R? — R is non-singular at z, the implicit function theorem asserts that 91 1(O) is
a submanifold of dimension d — 1 of R? in a neighborhood of 2 € R¢. Therefore,
for 7 > 0 small enough, g;*(0) N B(x,r) has d-dimensional Hausdorff measure
zero. The result hence follows, noticing that g=*(0) C g; *(0). O

Corollary D.4. Let M, M' C RP be two compact d-dimensional submanifolds,
andx € MO M'. If T,M # T, M’, there exists r > 0 such that A= MNM' N
B(x,r) satisfies Apr(A) = Ay (A) = 0.



E. Aamari, J. Kim et al./Estimating the Reach of a Manifold 37

Proof of Corollary D.4. Writing k = D — d, we see that up to ambient diffeo-
morphism — which preserves the nullity of measure — we can assume that
locally around x, M’ coincides with R? x {O}’c and that M is the graph of a
C> function g : Bra(0,7") — R¥ for 7/ > 0 small enough. The assumption
T.M # T,M' translates to dgg # 0, and the previous transformation maps
smoothly M N M’ N B(z,r") to g=1(0) N B(0,r") for r" > 0 small enough. We
conclude by applying Lemma D.3. O

We are now in position to prove Lemma 5.3.

Proof of Lemma 5.3. Notice that @ and @’ are dominated by the measure y =
LayoarHE, with dQ(z) = f(z)du(x) and dQ'(z) = f'(z)du(x), where f, f :
RP — R, have support M and M’ respectively. On the other hand, P and P’
are dominated by v(dx dT') = ¢z, 1,1, 10y (dT) pu (d) with respective densities
f@,T) =1r_r,mf(z) and f'(x,T) = Lr—1, 0 f'(x), where we set arbitrarily
T.M =T, for x ¢ M, and T, M’ = Ty for ¢ M’'. Recalling that f vanishes
outside M and f’ outside M’,

TV (P,P')
1 o
5 [ 1Pl
RD xGd:D

1

= 5/ Lo, v=1, 00| f (@) = /(@) + Lo, e ar (f (2) + f (2))H (d).
RD

From Corollary D.4 and a straightforward compactness argument, we derive
that

HE(M O M N {2|TyM # T,M'}) = 0.
As a consequence, the above integral expression becomes

Ve ) = [ If - Pl =1V(Q.Q),

which concludes the proof. O

D.3. Construction of the Hypotheses

This section is devoted to the construction of hypotheses that will be used in
Le Cam’s lemma (Lemma 5.2), to derive Proposition 2.9 and Theorem 5.6.

Lemma D.5. Let R, 0,7 > 0 be such that { < % A (21/d — 1) and n < %.
Then there exists a d-dimensional sphere of radius R that we call M, such that
M € MéD% and a global C*-diffeomorphism ® : RP — RP such that,

'R
31
6 )
and so that writing M' = ®(M), we have HY(M') < 2HY(M) = 204R?,

||, <202

23n
HdQ(PH < op — g3 7

||d(1) - IDHop S op — €T7

1 1

™  TMm’

d
n l
2 ﬁ, and TV()\M,)\M/) S 12 <R> .
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Figure 9: The bumped sphere M’ of Lemma D.5.

Proof of Lemma D.5. Let M C Rt x {0}P~9=1 C RP be the sphere of radius
R with center (0,—R,0,...,0). The reach of M is 7y = R, and its arc-length
parametrized geodesics are arcs of great circles, which have third derivatives of

constant norm ||y (t)|| = 4>. Hence we see that M € M‘;i. Let ¢ : RP - R,
' R2
2
be the map defined by ¢(z) = exp(mizu_l)]l”z”zd. ¢ is a symmetric C*° map

with support equal to B(0,1) and elementary real analysis yields ¢(0) = 1,
|, < 3. [|d*¢||,,, < 23 and [|d®¢|| , < 573. Let & : R” — R” be defined by

®(z) =z +n¢ (x/1) - v,

where v = (0,1,0,...,0) is the unit vertical vector. ® is the identity map on
B(0,¢)°, and in B (0, £), ® translates points on the vertical axis with a magnitude
modulated by the weight function ¢(z/f). From chain rule, ||d® — Ipll,, =
n|doll, /¢ < 3n/¢ < 1. Therefore, d,® is invertible for all z € RP, so that ®
is a local C°°-diffeomorphism according to the local inverse function theorem.
Moreover, ||®(z)|| — oo as ||z|| — oo, so that @ is a global C*°-diffeomorphism
by Hadamard-Cacciopoli theorem [18]. Similarly, from bounds on differentials
of ¢ we get

@], <235 end ||d*®|,, <5737

Let us now write M’ = ® (M) for the image of M by the map ® (see Figure 9).
Denote by (Oy) the vertical axis span(v), and notice that since ¢ is symmetric,
M’ is symmetric with respect to the vertical axis (Oy). We now bound from

1+ 35y

above the reach 1),/ of M’ by showing that the point z¢ = (O, R+%2 ,0,..., 0)
belongs to its medial axis Med(M') (see (2.1)). For this, write
b=(0,1,0,...,0), ¥ =(0,-2R,0,...,0),
together with 0 = arccos(1 — ¢2/(2R?)), and
x = (Rsinf, Rcosf — R,0,...,0).
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By construction, b,b" and = belong to M’. One easily checks that ||zg — x| <
llzo — b|| and ||zg — z|| < ||zo — V||, so that neither b nor b’ is the nearest neigh-
bor of zyp on M’. But zy € (Oy) which is an axis of symmetry of M’, and
(Oy) N M’ = {b,1'}. As a consequence, xy has strictly more than one near-
est neighbor on M’. That is, xg belongs to the medial axis Med(M') of M.
Therefore,

1 1 1
> >
v d(xo, M) T ||l — ]
1
>
Rl 02 14+ 5%
‘ o
1 1 1+ 1 1
> S FPLRE )
(1 i) R 112 )R
1455
which yields the bound |- — T}\lw = ‘% - T;, > 7

Finally, since M’ = ®(M) with [|d® — Ip|,, < 2% —1 with @ ¢ coin-
ciding with the identity map, Lemma D.2 yields H4(M') < 2HY(M) = 204R?
and

TV (Anr, A ) < 120 (B(0,4))
He (Bsd (0, 2 arcsin (%)))
He (S4)

Y, d
<12 ( =
SHER

which concludes the proof. O

=12

Proof of Proposition 5.5. Apply Lemma D.5 with R = 27,,,;,. Then the sphere

M of radius 27,,;, belongs to MS;D_ 1@z, ) Furthermore, taking n = c403 /72,

for ¢4 > 0 and ¢ > 0 small enough, Proposition 5.4 (applied to the unit sphere,
yielding ¢4, and reasoning by homogeneity for the sphere of radius 27,,;,,) asserts

that M’ = ®(M) belongs to M*P C Mfﬁn 1, since L > 1/(272,).

Tminrl/(2772nz‘n)

n

Moreover,
HIM) AR T > (24 grd ) T > fonin,
so that Apr, Ay € Qi’gn L.foin» Which gives the result. O

Let us now prove the minimax inconsistency of the reach estimation for L =
00, using the same technique as above.

Proof of Proposition 2.9. Let M and M’ be given by Lemma D.5 with £ <
g/\(21/d71), n=/¢2/(23R) and R = 27,,,;,. We have ||d® — Ipll,, <3n/t<0.1
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and ||d2<I>HOp < 23n/0? < 1/(27Tpmin)- Since Tar > 2Tmin, Lemma D.1 yields

v (1 —||d® — T 2
s m(1— | Dll,p) —_

— @@, Tar + (1 [|d® — IDHop)

As a consequence, M and M " belong to M - Furthermore, since we

Tmin,L

have fin < (2‘”1 d ad) < 'Hd( )~ /\'Hd(M’) 1, we see that the uniform
distributions )\M, A belong to Q o L0, fonin . Let now P, P’ denote the dis-

tributions of 73 0, Fnim assomated to Aar, Aag (Definition 2.6). Lemma 5.3
asserts that TV(P P’) TV()\M, Aar). Applying Lemma 5.2 to P, P/, we get
that for all n > 1, for £ small enough,

p

Lo (1-TV(P,P'))"

TP Tn

1 1

T™ g
n
1 /mpy\P l d
> — (= 1-12
—2p (€2> < <2Tmm) )
p d\ "
= 1 ! 1-12 ¢
2P \ 46T in 2Tmin

Sending ¢ — 0 with n > 1 fixed yields the announced result.

P 1
> —
2 5

inf sup Epn
Tn PE.Pd D

s L=00, fmin

Appendix E: Stability with Respect to Tangent Spaces

Proof of Proposition 6.1. To get the bound on the difference of suprema, we
show the (stronger) pointwise bound. Indeed, for all z,y € X with o # v,

2y —2,T,)  2d(y—2,T,)| _ 2lrr,(y—2) — 75 (y — o)
2 2 < 2
ly — |l ly — || ly — |l
2”T‘—ng _Wf,HOp 2sinf

ly—=f = 4
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