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Abstract

We consider the one dimensional bilinear Schréodinger equation in
a bounded domain. We exhibit how to construct controls and times
for the global exact controllability.
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1 Introduction

In non relativistic quantum mechanics any pure state of a system is math-
ematically represented by a wave function 1 in the unit sphere of a Hilbert
space 7. 1If we consider of a particle constrained in a one dimensional
bounded region in presence of an external field (e.g a laser) then we choose
A = L*((0,1),C) while the field is represented by an operator B and by a
real function u which accounts its intensity. In this framework the evolution



of ¢ is modeled by the Cauchy problem

O {iatzp(t,a;) = AY(t,z) + u(t)By(t,z), x€(0,1), t € (0,T).
$(0,2) =40 ().

where A = —A is the Laplacian with Dirichlet homogeneous boundary con-
ditions (D(A) = H? N H}), B is a bounded symmetric operator, u is a
control function and ¢°(x) the initial state of the system.

A natural question of practical implications is whether there exists u steering
the quantum system from any given initial wave function to any given target
one and how to build explicitly this control function.

We say that Problem (1) is globally (locally) exactly controllable in a
normed space M C . if for any 91,92 € M (in a neighborhood of M)
there exists a control so that the dynamics of (1) steers 11 into 1.

We also say that Problem (1) is globally approximately controllable in M
if for any 11,19 € M there exists a control such that the related dynamics
drives 17 infinitesimally close to 1)s.

The global (local) exact controllability is said to be simultaneous if, given
two arbitary sequences in M (in a neighborhood of M), there exists a control
mapping each element of the first into the corresponding of the second.

The controllability of Problem (1) has been widely studied in the litera-
ture starting by the seminal work on bilinear systems of Ball, Mardsen and
Slemrod [2]. We refer the reader to [11, Proposition 1] for two important
consequences of the results proved in [2]: well-posedness conditions and a
non-controllability result, both for Problem (1) in .#°. For further charac-
terization on the well-posedness and the time reversibility of the problem
see also [11, Section 1.2] and [11, Section 1.3]. However despite this non-
controllability feature many authors have addressed the problem for weaker
notions of controllability.

For instance in [3] and [4], local exact controllability results are ensured in
Hy) = D(|A|2) for some s > 3.

Global approximate controllability in a Hilbert space has been studied in
(7], [8], [9] and in H, for s > 0 in [5], [6], [10], [17] and [18].

In [16] simultaneous local exact controllability up to phase shifts in H (30) is
provided, while [15] proves the simultaneous global exact controllability for
n-tuples in HELV) =D(|A+ V|%) is ensured.

In [11] the author proves the simultaneous global exact controllability in

projection for sequences of elements in H, 5’0).

The main novelties of the work are the following. First, we estimate the
controllability time for a dynamics steering a given eigenfunction of A into
another. Second, we explicit the control function in such dynamics driving
the initial eigenvalue into the second on up to well-known distance.



In details we prove the following results.
First, we show how to construct a neighborhood in H, 5’0) of any eigenfunction
of A in which the local exact controllability is satisfied.
Second, for any couple of eigenfunctions ¢; and ¢, we study how to con-
struct controls such that the relative dynamics of (1) drives ¢; close to ¢
as much desired with respect to the H 30 —norm.
Third by gathering the two previous results we define a dynamics steering
any eigenstate of A into any other and we provide the exact time required
to get to the target state.

In more technical terms, for any ¢; and ¢, we show how to construct a
sequence of control functions u,, and a sequence of times T}, > 0 such that

J0ER P56 — el s, =0

lim

n—oo
for T'} the unitary propagator of Problem (1). We also establish a neigh-
borhood of ¢, with radius » where the local exact controllability is satisfied
and such that there exist n* € N and u € LQ((O, %T),R) so that

I3 65— e“onllus <m0 TUTglo;=e e
s

In conclusion we show how to remove the phase ambiguity and we provide
a time 77 > 0 such that

’
u PUn* 10 _
3 n

This work represents a step for using the control theory into the ex-
perimentation of the quantum systems modeled by the bilinear Schrodinger
equation. Indeed almost the entirety of the previous works focus the atten-
tion in proving the existence of controls and times so that the controllability
is satisfied without making the two explicit. The main reason is that it was
not still clear how to establish the radius of the neighborhood where the
local exact controllability is verified.

1.1 Scheme of the work

In Section 2 we expose the main results of the work in Theorem 1 which is
divided in two parts.

In Section 3, Theorem 2 ensures the local exact controllability in H (30) and
we provide the proof of Theorem 1 in Section 4.

In Section 5 we present an example in which we apply the techniques devel-
oped and in Section 6 we discuss some open problems.



2 Framework and main results

We consider an orthonormal basis {¢;};en composed by eigenfunctions of
A associated with the eigenvalues {\;},en and

(2) ¢;(t,x) = e M (w) = Mgy ().

Let the spaces for s > 0

o0 1
Hiyy = Hp((0.1).€) == D(A3), |-l =11 - s, = (1K 0)
k=1
() = {{¥)j}jen C K| Slelg\llbjll < oo},
J
2(2) = {{wshjen € 2] 3 Iy < oo},
j=1
o
B = {{hien © 2] S5 I51)? < oo},
j=1
We equip the space H3 N Hg with the norm || - H%{?’ﬂHl = Z?Zl 162 - ||2 and
0
we define the following norms for 0 < s < 3
0= aeony W = I W e
I Ml o= 0 W 2z rrsmms)-

Assumptions (I). Let B be a bounded symmetric operator.
1. Yk € N, 3C) > 0 such that [(¢;, Boy)| > % for every j € N.
2. Ran(B|p(ay) € D(A) and Ra”(B|H(30)((0,1),<C)) C H*n H{((0,1),C).

Remark 1. If B satisfies Assumptions I then B € L(H(QO),H(QO)) thanks to

[11, Remark 1]. The same argument implies that B € L(H(?’O), H3 N HY).
Let us define b := || B|l{y I BII I Bl 5° max { || BI|, || Bl5} only de-
pending on the operator B and for every k,j € N, n € N

E(j k) = |k = 7P C Ok | Bjx| ™" max{j, k}*,
si il - fo
in(r——- T
k% — 52|

N o= {(m) €N Lm0k £ 0, [P —m? < SR ),
12 —m?| # |k* — j%|, (¢1, Bém) # 0}.

up(t) == cos (K - jZ)WQt), C':= sup {

n (I,m)eN’
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Let N € N and Bji = (¢j, Bor) ({Bjr}jen € %), we define the N x N
matrix MJ{\L

N . By (ip—2i*+et (sin(4)+ip cos(4))) [12—m?|

(Mj,k)l,m == A(2=1) ) k2= 2| pe N\ {1},
N . Bum((=843i)+ie Z+2w) Pom?] _

(M54) 1 = = G 7~ b
N . 2

(M3) = 0, e £

Let § € R* be the smaller value so that e~ = (¢y, e2IBr 3| T M k¢> )

nmw ~ —0
—_ ™ —
| Br, (jm)?

T, =

Theorem 1. Let k,j,n, N € N and B satisfy Assumptions I.
1) If n > 637126 (14 C")E(4, k), then
n i 2 -
IT205 = e onllyy < CRER* NI BIIS)™
Moreover there exists u € L?((0, =), R) such that ||ul| < m and

4k2n

Fu FUn¢] — ¢t (9+ )¢k

2) If n > 6310 720 1+ C") || B|| E(4,k)|Bj ™', N > max{j, k} and

0 (2 ma) = (3 m)) < il

then there holds

nT0 2 3 2\—1
P55 sy 65 = 0xlLg, < CROE B

Moreover there enoindexists u € L?((0, %),R) such that ||lu| < 7|||12376|V|r?k3
3
and

Fu F%nr’(l]’NJr Mk b; = Pk

Remark 2. The results of Theorem 1 are not optimal. The aim of the work is
to show how to proceed for this type of problems and we present an approach
that one can use in order to establish times and controls for the global exact
controllability in H, 30

The purpose of Theorem 1 is to exhibit readable results for generic operators
B and levels j, k. For any specific choice of B, j and k, it is possible to
retrace the proof by using stronger estimates and obtain sharper bounds.
We briefly treat the example of B : ¢ — 229, j = 2 and k = 1 in Section 5.



Remark 3. In the proof of Theorem 1 the choice of the control function

u comes from the techniques developed in [9]. We point out that one can

ensure similar results for other |/\Iff”/\_'—periodic controls by using the theory
J

exposed in [9].

3 Local exact controllability in H (30)

In this section we provide a brief proof of the local exact controllability in
H (30) by rephrasing the existing results of local controllability as [3], [4], [11],
[15] and [16]. Our purpose is to introduce the tools that we use in the proof
of Theorem 1. Let ¢ € H (30) and U () the space of the unitary operators
on JZ, we define

BHEO)W,G) = {&G H?o)\ I e UH): & =Ty, ||1Z—¢HH(30> < e}

Theorem 2. Let B satisfy Assumptions 1. For every | € N there exist
T > 0 and € > 0 such that for every ¢ € BH?O)(qﬁl(T),e) there exists a

control function u € L*((0,T),R) so that ¢ = ['“gy.

Proof. Let the decomposition I'f'¢y = >~ 27 | ¢r(t)(dr(t), T'i'¢r) and the map
a;(u), the sequence with elements

ap(u) = (or(T), Tpey), k€N,

Ensuring the local existence of the control function is equivalent to prove the
local right invertibility of the map «; for a T' > 0 (in other words the local
surjectivity). To this end, we want to use the Generalized Inverse Function
Theorem ([14], p. 240) and we study the surjectivity of the Fréchet derivative
of ag, v1(v) := (dyy(0)) - v, the sequence with elements

T
Vi (v) © = <¢k(T), —i/ G_M(T_S)U(S)Be_mssbzd8>
0
T .
— —i/ U(s)el(k’“_kl)stBkJ, keN,
0

for By j = (¢r, Bo;) = (Boy, ¢;) = Bji. The right invertibility of the map
4; consists in proving the resolvability of the moment problem

Tk r i(Ap—A
(4) — = —i/ u(s)e!PE A3 s,
By, 0

for each x € ¢2(C) such that {zxB; ] }ken € ¢?. Now thanks to Assumptions
I and to the fact that {x) }ren € h3, the resolvability of the moment problem



(4) is due to Ingham Theorem ([13, Theorem 4.3]) for T > 27 and

@ = inf |\, — \j| =372 > 0.
k,jeEN
k#j

Then -y, is surjective for T large enough and the proof is achieved thanks
to the Generalized Inverse Function Theorem ([14], p. 240), which provides
the local surjectivity of the map «a; at the same time T'. O

Remark. We point out that one can achieve the result of Theorem 2 for
any positive time 7" > 0 by using Haraux Theorem ([13, Theorem 4.5]),
instead of Ingham Theorem ([13, Theorem 4.3]) as made in the proof of
[11, Theorem 8].

4 Proof of Theorem 1

The proof follows by gathering a local exact controllability result with a
global approximate controllability one. In particular it consists in the fol-
lowing steps.

e For any generic eigenfunction ¢; of A we construct a neighborhood
B H3, (¢, 7) of radius r in which the local exact controllability is veri-

fied.

e We consider a generic couple of eigenfunctions ¢;, ¢;. We define a
sequence of control functions u,, and a sequence of times 7;, such that
F%Z ¢; is close to ¢, up to a known distance in the . —norm depending
on n.

e By establishing this distance with respect to the H 30 —norm, we pro-
vide a lower bound for n so that it is smaller than the radius of

BH?O) (¢k) T).

e The local exact controllability in B HE, (¢x,r) and the time reversibil-
ity (see [11, Section 1.3]) allow to define a dynamics steering ¢; in

BH?o) (¢k,7) and after in ¢y.

4.1 Neighborhood estimate

Let us define the following terminology

[l L(L2((0,T),R),H,)) = Il (L?,H3) [l L(H{,),L2((0,T),R)) =l (H3,L?)>
F- Mz .,y = I lpgemz 1 2oy ey = 1+ ll2,
I 1lzromyr =1l - Isvon)r = I - IBv ),

7



for |[fllBv(omr)r = sup Z | f(t; 1)

{tJ}J<n€P

and P the set of the partitions of (0,7") so that tg =0 <t < ...<t,=1T.

~ 4 L2
Let T > 0 and the space X := span{e?t, k € N} < L?((0,T),R) equipped
with the L?—norm. The local exact controllability is equivalent to the local
surjectivity of the map A;(-) := Fg)qbl X = H(?’O) so that

T
Ay(u) = el — z/ e AT=5)y(s) B Yy ds.
0

The proof of Theorem 2 is equivalent to the surjectivity of the Fréchet deriva-
tive of A;(u), the map Fj(u) := ((dyAi(v =0))-u) € HE)’O) which implies the
local surjectivity of A; thanks to the Generalized Inverse Function Theorem
([14], p. 240). We want to estimate the radius of a neighborhood in which
the map A; is surjective. For this reason, we use [10, Lemma 2.3; p. 42] by
considering the quotient space X := X /Ker(F}) with the L?—norm.

1) The map F; : X — H (30) is an homeomorphism and we want to estimate
a constant M > 0 such that

1Fi(v) = Fi(w)llg) = Mlv = w2, Vo,we X.

Let us suppose || B ; = 1. By recalling the proof of Theorem 2 we know
that the surjectivity of F; in H (30) is equivalent to the surjectivity of ~; in
h3. For every 1 € H(30)7 there exist 7" > 0 and u € X such that (¢;(T),v) =
74, (u) and such that Fl_l(l/)) = u.

For C defined in Assumptions I, thanks to [3, Proposition 19; (ii)] and to
Ingham Theorem ([13, Theorem 4.3]), there exists C'(T') > 0 such that

‘ ZU le

— ’7)
I1F )18 = ulf < Gr 3|22
j=1 B

- C(T)?

1911%s)
For each v, w € X, there exist 1, p € H(?’o) so that ¥ = Fj(v), ¢ = Fj(w) and

lo = wlle < IF W =@z < I FH s ez 19— @lls)

which imply that we can choose M = || ;! ([ (H3,12) = %



2) Let u € X, thanks to the Duhamel’s formula

T
Irop = "N T g — z/ e*iA(T*S)u(s)Be*“‘lsd)lds
0

T s
- / e_iA(T_S)u(s)B(/ e_iA(s_T)u(T)BFZgZ)ldT) ds
0 ' 0
= e Moy + Fi(u) + Hi(u)

T s
for  Hj(u):= —/ eiA(Ts)u(s)B</ e*iA(S*T)u(T)BFﬁqﬁldT)ds.
0 0

We exhibit a ball U C X with center « = 0 where the map A; : u — I'¢y is
surjective thanks to [10, Lemma 2.3]. However e *M7T¢; is constant and it
is sufficient to study the surjectivity of Fj+ H;. We define the neighborhood
U so that there exists M; < M /2 such that for every v,w € U

[1Hi(v) = Hi(w)l|s) < Millv — wl| 2.

First, we notice

T s
Hy(u) — Hy(v) = _/0 e_iA(T_S)u(s)B</O e_iA(S_T)u(T)Bl“?(Z)ldT)ds

T s
+ / e*iA(T*)v(s)B( / e*iA<S*T>v(T)BF:¢ZdT>ds
0

0

= — /OT et A(T—s) (u(s) — v(s))B(/s efiA(S*T)u(T)BFQTL(bZdT) ds

0

— /OT e_iA(T_S)v(s)B(/OS e tA(s—T) (u(T) — v(T))BI’ZgZ)ldT) ds
- /OT e_iA(T_S)U(s)B(/OS e ATy (7)) B(Th gy — Fﬁqbl)dT) ds.

Thanks to [11, Proposition 5|, there exists a constant C'(T') > 0 such that
for every ¢ € H> N H} and u € L%((0,T),R)

T
/ e~ AT =9y () Bipds
0

o < CD)lullz I Bl 51 Lo -
3

Then
1Hy(u) — Hy(v)l|z) < CT)2 v —ullz | Bl 3lull2 + [oll2)ITF ¢l oo
5) + C(T)?|ol3 | BI5IT 1 — T dull ooz
< O(T)?lv = wll2([[wll2 + [[0]l2) ITF éill Lo 12
+ C(T)?||vl5ITF ¢ — Ty il oo -



One can show by using the same technique adopted in (5) that

ITY o0 — T dull ooz < H /Ot e Bl ¢y — uF}jqﬁZ)‘ reom

< C(T) I B lloT7 ¢ — ul'¥ dull pgo prz < C(T)l[v — wll2l|IT dull £go a3

+ D)ol TF = Tl gemrz < C(D)Jv — ull2l| T dull Lo 3
+C(T)?|[vllallv = ulllITF ¢l Lo 3 + C(T)? 03T b1 — Tyl oo maz <

N
o — ulla Tl e (3 O™ ollg) + C@) Nl 10561 — Tl
n=0

In addition, [5, Proposition 6] implies that the couple (A, B) is (2)-weakly
coupled thanks to Remark 1. Then [6, Proposition 30; (ii)] is satisfied and

(6) 1Ty 1 — T il Lo prz < 00
Let u>1,if U C {ue X : |juls < (uC(T))"'}, then for u,v € U

m (@) ol IITF 60 — Ty ull Lo g = 0,
— 00

N
lim S ()T |olly < -
N—o0 o= 1
n=0
wC(T
— It - Tl < S o = a6y

The relation (5) becomes

1Hi(u) = Hi(v)ll@) < CT)* o = ull2(llullz + [0]l2) T éull e s
n 2
+ ———C*(D)||vl3llv — ull2T ol e s < ;C(T)Ilv — ull2||T¥ 1ll Lo 13

pw—1
C(T) (2p—1)
(n =1

+ v = ulla|[TE bl Lo s < C(T)[lv = ull2l[TE bl oo 3
Thanks to [11, Proposition 5] and to the Duhamel’s formula

(n—1)p

o1l (s) pl?
P71l poe s < < ,
I =1 O ull2 I Bll; ~ n-1
(7) = [[Hi(u) — Hi(v)l|3) < Wl C(T)[lv = ull2-
Let My = é’%;ﬂC(T). We estimate p1 such that My < $M, in other words
2u—1 1
LZZ?)C(T) < - NCl 7
(n—1) C(T)

10



~ 3
and for a = %, the inequality is satisfied when

pw>a++/ala+1)+ 1.

Let us establish an upper bound for C(T )é(T ). By keeping in mind the
proof of [3, Proposition 19; (ii)], we set T' = 5 and thanks to the proof of
Ingham Theorem [13, Theorem 4.3]

C(T) = 3?7

The proof of the first point of [11, Proposition 5] (see [3]) implies

c(T) = 37r’3max{\/§6 \/>} — 371'73[0( ) = 48\/>

3
definition of Cj provided in Assumption I, we have C; < (¢1, B¢;) < || B

which ensures that a; > 1 and

then C(T)C(T) < 2 and a < %El for a; := lg’l Afterwards by recalling the

C(T)(%’dl n %al(gal n 1) n 1) < C(T)(gal n (%a, + 1) n 1) < gal.

Let Bx (z,7) := {Z € X | [|#—z||x < r}, one can consider U = Bx (0,2(7a;) '),
we know that M—M,; > (2C(T))~'C} and thanks to the proof of [10, Lemma 2.3]

Au(Bx (0,2(7a) 1)) D By (Fi(0), (M — M)2(Ta) ™) O

2
By (u(T), Ci(6a)” ') > Bys <¢l( ); ;:;)

(0)
We supposed || B || 3 = 1 but we can generalize for || B |4 # 1 thanks to

B
3

One can consider the operator P I and the control u || B | 5. By recalling

that T' = % we substitute C; with C; || B[ 5" 5 and

4 C? 20 ' B
Vi€ By (@( >6Z3|HB|H3> HUEBX(O’WIIIMII?,> L Ay(u) = 9.

4.2 Control function for the global approximate controllabil-
ity in the JZ—norm

Let ¢;, ¢ for j,k € N, we exhibit a control function driving the dynamics
of (1) from ¢; close to ¢ by using [9, Proposition 6]. Let T* = Bl
ik

11



T = ‘/\3%&' and u(t) = cos((Ax — Aj)t). For any n € N there exists T}, €

(nT* — T,nT* + T) such that

L (8 T7 00| _ (1+ C) ] (85085, ) + onlon, DB
L+2K Bl - n |

. Al Y[
sin (7T|)\’r)\j|>’ }and
. 3
N ={(m) €N {Lm} 0 (kY #0, [N— Al < 5P = A,
|)\l - )\m’ 7& |Ak - )‘j’7 Bl,m 7é 0}

We point out that the definition of T provided in [9, Proposition 6] is in-
correct and its formulation is provided above.

for

_ 4 _ 2 !
I'= YV K= B 4]’ C" = sup( myenr {

Remark. As mentioned in Remark 3, one can state similar results for other
control functions ﬁ—periodics by adopting the theory from [9].
J

For up, :== % and R, := (1 + 2K || B[ )(1 + C")|| B||In~" there holds

> Ko Tir i) — (ndr)? = > 1bn T g =1 — (¢, Thr o)
(8) ik I#k

< (1= [on, T p)]) (1 + [{dn, T ¢5)]) < 2Ry,
Afterwards, there exists 6, € C such that

9) [(Br, € i) — (¢, T o) |* < R3.
From (8), (9)
(10) R, = |l ¢y, — T4 651> < 2R, + R2,

hence |B;j x|~ || B]| > 1 implies

(L+ OB~ + 4B DIBIT _ 501+ C)| Bl I BII*T

R, <
B nCy, B n

3(1+C")| B LI BIJI?
11 < L
(1) fin = n|k? — 52|

4.3 Global approximate controllability with respect to the
H3—norm

Now, we exhibit a control function driving the dynamics of (1) from ¢;
to BH?O)(qbk,Cf(Glg || B H|§)_1) by using the previous subsection. Let us
consider the relation (11), if
- 2
3(1+ C) Bk I B
k2 — 52| ’

(12) j#k,

12



then R, <1, R% < R, and

(13)
3Bl M1+ ) I B|
n|k? — j?|

R, = || ¢ — T4 ¢;||* < 2R, + R2 < 3Ry, <

For f, := e ¢ —T'}" ¢; there holds anH?s < (k54T b5l 5))? and thanks
[5, relation (9)] it follows

1) Wl = Wallb sy < UAIE 5 IFallSy) < ISl

n——+0o

If we establish an upper bound for || f, ||(4) independent from n, then || £, ||

0 implies that || f,[|(3) m 0 up to a rest that we can bound from above.

Let € > 0, Ac = [[ B[ ¢~ L and HE‘O) := D(A(iAe — A)). We proceed as
in the proof of [6, Proposition 30] that follows from [12, Section 3.10]. Let
n > 3¢ and

M:= sup || (A —A—u,(t)B)7 L(H?

t€[0,Ty] {0 A o)
= sup || (A — A)(iAe — A —un(t)B) | (g
te[0,1h]
= sup [ (I —un()B@ir = A)) 7 (o)
te[0,T5]
N . 1 |||B||\ (2) e
oW [[up(t)B(ide = A) " || o) £ —3.— =5 < land

M = sup “|Zun (ide = A)7'B) | g

tE[OTn] =1
(15)
1 n

—1 l
<Z|un (A=A Bllly = T = e <2

Let us consider

= || iAe—=A—u,(-)B ~ < |up B
there holds
[(A+un(T) B—id )T ¢l 2) < MeMN[(A—iX)djll 2y < MeMN (14A0)5*

Now for every 1 € H ELO)

2
1BYI) < (el ¢l + I Bl g I¢ll2)” < 2€* (1A% 11Ty + AZ[11T))-
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AS (A — NI, = 4612, + X2l it follows [ Byl < 263(|(A -
z')\e)z/JH%Q)) and N < eV2||un| gy (r,). In addition, thanks to the techniques
of relation (15), it is verified

I A(A 4+ un(To) B —ide) ™ | () < 4
Thus
IT%: @5l = IATE 65ll2) < 4lI(A +w(To) B = iA)TT 64 )
S 862\/§€||un”BV(Tn)(1 + )\e)j4 S 862\/56”“71“3V(Tn)(1 —|— ‘” B ‘” (2)671)17‘4
and for € = (Qﬂ”unHBV(Tn))il
(16) IT7 65l ay < 8e(1+2v2]lunllpyr,) Il Bl 2))5"

The interval [0,nT™ 4 T'| contains less than d half-periods of the function u
for d := 2n?n|k? — j2||B; x| "' + 4 and if

(17) n> || B (57727 — k™)

(18)
= |unllav(z,) < llunll By e+ < (d+1)/n < 3r2k* — 32| Byl

Thanks to || B[ ) = |Bjl, the relation (16) becomes

57 b5ll 4y < Be(1+3-2v27° | B[ ([k* = 5| Bjxl")5*
< 22372 || Bl [K* = 3%|IBjkl 5"

and (14) changes into

1£nllfs) < Ru(2°3% 7 | Bl ) |k* — 52| Bj| " max{j, k}*)°

(L+CN)Bil 1B
n|k? — 57|

< (23772 (1 + O [ Bl Gy Il BII* %2 — 2P| Bjel ™" max{j, k}**)n "

< (2'%8%571 || B | Gy k% — j21°| B~ max{j, k}>)

After, for I := [nT* — T,nT* + T we estimate sup,c; [[[}"¢; — I ¢l (3)
so that one can use any time in [ as final time for the dynamics, since T,
(defined in [9]) is not always easy to compute.

Let us consider the argument used in (16). The function C(-) introduced in
[11, Proposition 5| is increasing (see the proof of Appendix B.3, Corollary
4, [3]). Tt follows sup,c; C(t — T,,) < C(nT*+ T —T,) < C(2T) < C(5t) =

14



48+/27~%. Thus one can notice that

t
sup 136, — 03y < sup e =T 1Bl [ Tun()ldslT 05
tel tel Th
nT*+T
< CT +T-T) | Bl / i (5) ] T2 5

nT*—T
SCT"+T - T)|||B|||3 - L o2t 2N Bl (o |E? = 521 Bkl 5

< O(2) N BIES 2852 Bl o)k — 5211 Bysl

H|BH|3 3.2
< 2 B B;
<6 1 Bl 2] Bj,

Then we use nT™ as final time for the dynamics and we keep in mind that
| Bj k| is smaller than || B[, [ Bl ) and || B || ;. If

(19) n = | Bllgn® 6| Bl o) Bisl 5",

there holds

(20)

Ry = s — € i) <27(||rgg;,* — T 5105 +||fnu?3))
sz?((|uB|ug63w2mBm Bl ) +an|!?3)>

72 I Bl 56° I Bl )5

<2 (I1BIls 6*52 I Bl oy Bisl 5" + | fally)) <27

n|Bjk|
2235 712(1 4+ C') || By l BII*[* — 5% max{j, k}**
+ 7
|Bjk|™n
626 214+ C) || Bl ¢y Il BIl max{ | BIIl, | Bl 5}k — 52> max{3, k}**
N |Bj, k| .
Now lim;,_, R, = 0, hence there exists n* such that
U 16 2 3 2\—1 /" 0116
Tutd; € By, (€7 o CHORP | BI™) = BRI < b
654 (|| B [l 5

For 0 < s <3 and j,k € Nit follows || B[ ) = Ck and || B ) = |Bjxl-
6 16
Defined b := || Bl i) Il BII | Bl 5 max { | BII, | B3}, one can assume
that n* is an integer number larger than
6347T12b(1 + Cl)|k,2 _ j2|5k‘24 max{j, ]{3}24
0116|B’,k 7 :

In conclusion the conditions (12), (17) and (19) are satisfied. We point out
that the local exact controllability is verified in a neighborhood of ¢ (4/3m)
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while our dynamics is pointing en*¢;. For this reason we have to pay
attention to the phase of the target state. For
cos ((k* — j*)m?t) T

T* — *T: *
’ n* n ’Bj,k‘7

Up* (t) = n*

thanks to the first point of the proof and to the time reversibility of the
system (1) (see [11, Section 1.3]), there exists u € L?((0, 5= ), R) such that
4

@) DTG0y = (= 5) = e

4.4 Eliminating the phase ambiguity

In order to obtain a phase-shift e?’» we retrace the steps of previous subsec-
tion and we adopt the theory from [9] that explains how to define it.
By referring to [9, Section 3.1] we estimate N > max{j, k} so that

(22) K| = 7n) B(6;(5,) + n(dn )| < CRn
for C € (0,1), nn(-) := Zévzl ®1(Pk, -). We have

K|(1 = mn) B¢ (05, ) + Pr{dr: )
< K[|(1 = mn) B¢ (@5, )l + KII(1 = 7n5) B(¢r(dr )|

< (2 )+ (3 m)’) <on.

I=N+1 I=N+1

If R, >4C || B|| (nm?|k* — 52|)~%, then t
he relation (3) implies (22) if C' is small enough. By using [9, relations (13), (18), (19)]
as made for [9, relation (20)], we consider n large enough so that

1— (g T, )] < KII(L = 7)) By (65, ) + buléns D)
(28)  +4KR,|(1 - 7x) Byl + Ru < CRy +8Bysl || BI| R + Ra
< CRy +9|B[ ™ I B Ru < 101Bjl ™ | BI| R =: R

Thus we substitute R, with R, in the relation (13). The argument of the
previous section leads to ensure that n* € N has to be larger than

6*41072b(1 + C") ||| B || |k* — j%[°k** max{j, k}**
Ci9|Bj il '

By referring to the proofs of [9, Proposition 2| and [9, Corollary 3], we in-
troduce the N x N matrix M such that for [,m € N

|)‘l - /\m|

— €N
Ak — A

Bim [T
Mz,m=<¢l,M¢m>=% /0 ATy ()| daeif

16



otherwise M;,, = 0. Now for every I,m such that [A\; — Ap|[Ax — Aj| 7! =
pe N {1}

Bim 4 ux
M, = —— [ e"*|cos(x)|dz =
) 4 0
while if [N\, — M| = [Ax — Aj]

B t B —843; PR
Mm = Zm/ | cos(z)|dr = Lm((=8 + 1233 +1e® + 7T)‘
0

Thanks to [9,p. 5] there holds |(¢x, eM¢;)| = 1 and 6,,+ is the real value so
that e=n* = (¢, KM ¢;). In conclusion thanks to [9] and to the relation
(21) for Tp» = —)\71071*, there follows

LTy T8 A 95 € Brrg (00, CROR (I B[l 5)71).

By (ipn — 2i# + €Y (sin(4) + ip cos(4)))
4(p* - 1) ’

The proof is achieved thanks to the local exact controllability and the time

reversibility (see [11, Section 1.3]) since Ju € L*((0, 5=),R) so that

u Up* 70 o
I FT**FT Lki¢j = Q.
Aj 37

5 Example: dipolar moment

In the current section we retrace the proof of the first point of Theorem 1
by fixing B and j,k € N. Let B : ¢ — 2%, we define a control function
and a time so that the dynamics of (1) drives the second eigenstate ¢2 into
the first ¢;.

First, Assumptions I are satisfied since

] k (_1)j+k 4jk7
2 _ _ = | £ k
{65, 2°dk)| = ‘ 272 (j + k)22 (2 — k2)2m2’ J#k,
1
2 S
‘<¢k7x ¢k>| - ‘3 2]45271'2 9 k E N

Now for every ¢ € H(?’O) we know that 22y € H3 N HE, ||0,¢| < |04 and

thanks to the Poincaré inequality ||| < 7m0, [|024] < 771|029 In
addition ||y || < Z[[¢ll, #?¢] < =[]l and

10:(@20) | <[220 + |220,0] < fuwn + \%uaan

< (737 + g1l < (W)Ha;wu,
2V15 + 4Vbm + /3w
wi e L
6115 + 6157 + /37
V1w

|02(z20)]| < 11201 + [4ad,] + o202 < (

020 | < 1602 + l6z02w] + 20| < ( Yozl
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= |IBllz= sup  ([|9p*y|* + 052 ¢l + 10227 [1%)

dJGH(O)
lll gy <1
2 2v1 4 2
< sup (w) 02wl + ( \/>5+\F\/gz+\/§ﬂ) [
veH?, 157 157
Il gy <1
2 2
n (6\/ﬁ+6\/57r+ \/§7r> HaST/JHQ < (2\/ﬁ+4\/57r+ \/377)
V157 N V1572
n (2\@4- \/§7r>2 n (6\/%-1- 651 + \/§7r)2
V1572 V157

and || B3 <5,93 . Equivalently || B || @) <34, [|B|l = 1/\/57 C = 0.
Then there holds

2

2m — 3 8 3 4
|B11| = C1 6a2 |B1,2| = C2 0.2 /0 |u(s)|ds 33
t

We retrace the proof of the first point of Theorem 1. Let T = %, u(t)
cos(3n%t), T* = %, K= 94L2, for u, := = there exists 6, € C such that
BBl Bl 27x2

n|22 — 12| 40n’
Afterwards, for n large enough thanks to (18)

le” ¢1 — T o |* <

lunll By nrerm) < 3n°|k% = 52||Bjw| = < %2757,
By following the proof of Theorem 1 for I := [nT™* — T, nT™* + T| we have
e g1 — iz by < 27 (e 61 = T gnllfy e 61 — T ol

+sup (27T — Tinonlly) < 27 (210
tel In t 3)) = 40n

(8e(1+3%/2-272.3, 4. 742 +-1)8
£5,93-3,4-63-2- 97r4n_1) <1,11-10%2p7L,

In the neighborhood BH?@) (gbl (7),1,5 - 10—3) the local exact controllability

is verified and the first point of Theorem 1 is satisfied for n = 4,31 - 1054,
In conclusion, there exists # € R such that for

9 3
Un(t) = (4,31-10%) "L cos(3n%t), T = (4,31- 1064)%,
= €01 —Thren . <1,5-1075.
(0)
Moreover there exists u'“ € Lz(((), %)’ R) so that

lcl .
T T gy = 1.
3
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6 Moving forward

The nature of the work opens several questions, first and foremost, if the
techniques developed may be adopted in the simultaneous global exact con-
trollability together with the approaches of the works [11] and [15].
Moreover, the results provided in Theorem 1 are far from being optimal and
one might be interested in optimizing them.

1. As already mentioned in Remark 3, Theorem 1 can be stated for other
ﬁ—periodic controls by using the theory exposed in [9]. A natural
question is when we can retrace the theory of the work with different
controls and obtain sharper estimates for n.

2. By using the techniques adopted in Section 4.1, one can look for a
larger neighborhood of validity of the local exact controllability. A try
4

is to change the time 5- and study the variation of the radius as a

time depending function.

3. One can adopt Haraux Theorem ([13, Theorem 4.5]) instead of Ing-
ham Theorem ([13, Theorem 4.3]) in order to prove the local exact
controllability. By retracing the steps of Section 4.1, one can establish
the new constants and study how the neighborhood changes according
to the time.

4. By referring to Section 4.3, the result of Theorem 1 is also valid if we
change the dynamics time from nT to T}, as explained in its proof. In
this framework the lower bound required for n decreases.

Another interesting question is how to simplify the matrix M and then the
estimate of 6, since the more n grows, the more the size of the matrix M
does, making the computation of e™ more difficult.

One can numerically approximate the phase ambiguity 6,, by defining a value
6 such that e ¢r — ew"qkaH(go) < e. Then for R/ introduced in (20)

5265 — €l < e+ (RS
Now for e small enough one can establish n* large enough so that
n* i0 2\ —
Uy gy € By, (e7on, CH6K | B113)™)
and proceed as in the proof of Theorem 1.
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