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Abstract

We consider the one dimensional bilinear Schrodinger equations in
a bounded domain. We prove the global exact controllability and we
exhibit how to construct the relative control function.
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1 Introduction

In quantum mechanics any pure state of a system is mathematically repre-
sented by a wave function 1 contained in the unit sphere of a Hilbert space
€. If we consider a particle constrained in a one dimensional bounded
region then one can choose # = L?((0,1),C) and the evolution of ¥ is
modeled by the Cauchy problem

Q) {i@tw(t,x) = AY(t,2) + u(t)Bo(t,z), z€(0,1), te (0,T),
¥(0,z) = ¥°(x)



where A = —A is the Laplacian with Dirichlet homogeneous boundaries
(D(A) = H?N H}), B is a bounded symmetric operator, u is a control
function and °(z) is the initial state of the system.

We say that Problem (1) is globally (locally) exactly controllable in M C
A if for any 11,19 € M (in a neighborhood of M) there exists a control
such that the related dynamics of (1) steers 11 into 1s.

We also say that Problem (1) is globally approximately controllable in M
if for any 1,19 € M there exists a control such that the related dynamics
drives 1)1 infinitesimally close to .

The global (local) exact controllability is said to be simultaneous if, given
two arbitary sequences in M (in a neighborhood of M), there exists a control
mapping each element of the first into the corresponding of the second.

The controllability of Problem (1) has been widely studied in the lit-
erature starting by the seminal work on bilinear systems of Ball, Mardsen
and Slemrod [2]. We refer the reader to [11, Proposition 1] for two impor-
tant consequences of the results proved in [2]: well-posedness conditions and
a non controllability result, both for Problem (1) in . (see also Turinici
[21]). However despite this non controllability feature many authors have
addressed the problem for weaker notions of controllability.

For instance in [3] and [4], local exact controllability results are ensured in
Hy) = D(|A|2) for some s > 3.

Global approximate controllability in a Hilbert space has been studied in
[7], [8], [9], in Sobolev spaces in [18], [19] and in Hy, for s > 0 in [5], [6],
[10].

Global exact controllability of one dimensional Schrédinger equation in H (6‘/) :

D(|A+ V\g) for V € HY is proved in [15] while [17] proves the simultaneous

local exact controllability up to phase shifts for triples in H ?0)'

In [16] simultaneous global exact controllability for n-tuples in H (A‘V) is en-

sured and in [11] the author proves the simultaneous global exact controlla-
bility in projection for sequences in H. ?0).

The novelties of the present work are the following.
First, we show how to construct a neighborhood in H, ?0) of any eigenfunction
of A in which the local exact controllability is satisfied.
Second, for any couple of eigenfunctions ¢; and ¢, we show how to construct
controls such that the relative dynamics of (1) drives ¢; close to ¢, as much
desired with respect to the H 30 —norm.
Third by using together the two previous results we define a dynamics steer-
ing any eigenstate of A into any other and we provide the exact time required
to get to the target state.

In more technical terms, for any ¢; and ¢; we show how to construct a



sequence of control functions u,, and a sequences of times 7T;, > 0 such that

. : Un o 10 —
F0eR : lim [Ty ¢; —e“pllys =0
for 'y the unitary propagator of Problem (1). We also establish a neighbor-
hood of ¢y, of radius r where the local exact controllability is satisfied and
such that there exist n* € N and u € LZ((O, %),R) so that
HF%L* ¢] — 67« (kaH?o) < r, PZ%F;”* ¢j = el (bk

In conclusion we show how to get rid of the phase ambiguity and we provide
a time 77 > 0 such that

/
u PUpxp0
[ D3 T, 65 = or.

This work represents a step for using the control theory into the exper-
imentation of the quantum systems modelized by the bilinear Schrédinger
equation. Indeed almost the entirety of the previous works focus the at-
tention into proving the existence of controls and times such that the con-
trollability is satisfied but none of them make the two explicit except for

[9]-

1.1 Scheme of the work

In Section 2 we start by exposing the main results of the work in Theorem
1. We also prove few features of Problem (1) as the well-posedness in H, ?0)
and the time reversibility.

In Section 3, Theorem 5 ensures the global exact controllability in H 30 .
The result is proved by using together the global approximate controllabil-
ity exposed in Proposition 3 and the local exact controllability assured in
Proposition 4, both in H?O).

In Section 4 we provide the proof of Theorem 1. First for any generic
eigenfunction ¢; of A we construct a neighborhood B(¢;) C H (30) in which
the local exact controllability holds (Section 4.1). Second we consider a
generic couple of eigenfunctions ¢;, ¢, and we define a sequence of control
functions u,, and a sequence of times 7}, such that Féﬁz ¢j is close to ¢ up to a
well known distance in the . —norm depending on n (Section 4.2). Third,
we refine the previous result and we provide the distance with respect to
the H g’o)—norm. In conclusion we establish a lower bound for n such that
this distance is smaller than the radius of B(¢y). By using the local exact
controllability, the proof of the first point of Theorem 1 is accomplished
(Section 4.3). The second point is achieved by acting a phase-shift in order
to eliminate a phase ambiguity appearing in the previous steps (Section 4.4).
In Section 5 we discuss the issues appearing during the application of the
proved results and we provide few methods that one can adopt in order to



get rid of them. We also present an example in which we apply the developed
techniques (Section 5.1).

2 Framework and main results

We denote 2 = L?((0,1),C), its norm || - || and its scalar product (,+). The
operator A is the Dirichlet Laplacian (A = d 4 and D(A) = H}((0,1),C)N
H?((0,1),C)), B is a bounded symmetric operator and u is a L2(( ,T),R)
control function.

We consider an orthonormal basis {¢;}jen composed by eigenfunctions of
A associated with the eigenvalues {\;};en and

(2) ¢j(t,x) = e W (x) = e N';(x).

Let the spaces for s > 0

00 1
Hiyy = Hig((0,1),C) i= D(A%), ||l i= I+ gy, = (30 166000 2)
k=1
() = {{}jen C A| sup Jlv; | < oo},
j
() = {{wstien € 7] 3 151 < oo},
j=1
B = {{hien < 2| S5 I51)? < oo},
j=1
we define the following operatorial norms for 0 < s < 3
0= W = W Mo e Wi o= I W gy
Il == L(H}, H3NHg)"

Assumption (I). Let B be a bounded symmetric operator.

1. For any k € N there exists Cj, > 0 such that
vj €N, (05, Béw)| = —
2. Ran(B|pa)) € D(A) and
Ran(Blp3, (0,1).0) & H?((0,1),C) N Hy((0,1),C).

3. For each j, k,I,m € N such that (j,k) # (I,m) and j2—k*>—12+m? =0
it is true that



Remark 1. If a bounded operator B satisfies Assumption (I) then B €

L(H(QO),H(QO)) Indeed B is closed in 4, then for every {up}neny C
such that wu, i) u and Bu, i v we have that Bu = v. Now for every

H2 H?
{tn}nen C H(QO) such that wu, —© 4 and Bu, —© v, the convergences with
respect to the ##-norm are implied and then Bu = v. Hence the operator
B is closed in H(Q) and B € L(H(20), H(2 )) Thanks to the same argument it

is true that B € L(H(?’O) H3N HY).
Let us introduce the quantity
6 16
= 1B IBINBI L max {1 Bl | BIls}
depending only on the operator B and for every k,j € N, n € N

E(j, k) := |k* = j*1°C 1k | B | 7" max{j, k}**,
‘ |1)2 _ w2| -1
sin 777“{:2 — j2| ,

A= {(v,w) € {1, NP« {w,wh 0 {5k} £0, p? —uw?| <5 \ Al
0 — w?| # [k* = j?|, (¢n, Bom) # 0}

Let N € N and By, := (¢, Bém), we define the N x N matrix M]],\Z, with

up(t) = cos (K — 7*)r*t) , C':= sup {

n (v,w)eN!

where

elements
N By (1k—2iF+e*% (sin(4)+ik cos(4))) 12— .
(Mj,k)l,m == 1(k2-1) ) ‘|k2 = \‘ =keN\{1}
N B ((—8+3i)+ied +2m) 12 )2 B
(M] k)l,m == 16 ’ ‘|]€22 2“ 1
N l
(Mj,k)l,m =0, ﬁ ZN,
and
nmw 2 FN N2 —2MN, |Bj x|
= | Bj k| - w|k? — 52| T = =m) <¢k’e it ¢j>'

Theorem 1. Let k,j € N and B satisfy Assumptions (I).
1) Let n be an integer such that

n > 63472 (1 4+ CE(j, k),
then there exists 6 € R such that

T ¢]—69¢kHHa < GR(6K (| BI3)~"



Moreover there existsu € L*((0, 5=), R) such that ||u'?|| < 2C,(7||| B| §k3)*1
and

I T g = ey
3m n
2) Let n be an integer such that
n > 610 7% (1+C) || B || £, k)| Bjx| ™"

Let N > max{j, k} such that

(3) \Bjk!« > Bus)" + ( > ’BMP)é) <%

I=N+1 I=N+1

N

then for vl (t) := un(t)X[IfN TN AT (t) there holds

T3y 7, 65 = Okll g < CROF NI BIIE)

Morever there exists u € L*((0, %),R) such that

I r;zr%{v@ = ¢y

Remark 2. The results of Theorem 1 are far from being optimal. Indeed the
aim of the work is to show how to proceed in this kind of problems and we
present an approach that one can use in order to build a control function
for the global exact controllability in H, 30 .

Moreover the purpose of Theorem 1 is to exhibit readable results, even if its
proof shows slightly stronger relations and one can surelly improve them by
following the approaches introduced in Section 5. We leave the optimization
work to who might be interested and we briefly treat the example of B :
Y — 2%, k=1 and j = 2 in Section 5.1.

Remark 3. In the proof of Theorem 1 the choice of the control function

u comes from the techniques developed in [9]. We point out that one can

ensure similar results for other |)\Iff”)\_l—periodic controls by using the theory
J

exposed in [9].
2.1 Well-posedness of the Cauchy problem

We mention now the crucial result of well-posedness for the Cauchy problem

) {i&sw(ta z) = —AP(t, ) + u(t)u(@)P(t, z) + f (¢ ),

(0, z) = O(z), z€(0,1), te(0,7).



Proposition 2 (Beauchard, Laurent; [3]; Lemma 1 & Proposition 2).

1) Let T > 0 and f € L%((0,T), HiNH3). The function G : t fo €5 f(s)ds
belongs to C°([0,T), H(o)) Moreover

||G||L°°((O,T),H(30)) <c (T) Hﬂ|L2((O,T),H3ﬂH(IO))a

where the constant c1(T') is uniformly bounded with T lying in bounded in-
tervals.

2) Let p € H3((0,1),R), T > 0, ¥° € H( ,(0,1), f € L*((0,7), Hy N H?)

and u € L?((0,T),R). Then there exists a unique mild solution of (4) in
(0) (0,1), i.e. a function ¢ € Cy([0,T], (0)) such that for every t € [0,T]

(5)  W(t.x) = A0(a) — i /0 B9 (u(s) ()b, ) + f(s,2))ds.

Moreover, for every R > 0, there exists C = C(T,u, R) > 0 such that, if
1wl 2 ((0,r),r) < R then the solution satisfies
(6) H¢||CO [0,7], H3)) < C(‘WOHH?O) + HfHL2((0,T),HgmH3))a Vipo € H?o)-
If f =0 then
[l = 14°] vt € [0,T].
If B satisfies Assumptions (I), then Proposition 2 implies well-posedness

3
of (1) in H{p,.-

2.2 Time reversibility

Let us now present another feature of the bilinear Schrodinger equation, the
time reversibility. First we notice that

{z’atr%_tw(x) = —ATY_°(x) — u(T — ) BT}_ 30 (a),
Ty () = T (z) = ¥ (2).
Let us define @(t) := u(T — t), T¥ := T%_,. Tt follows
{z’atf?wx) = (~A—U(OB)TfY!(z), € (0,1), t € (0,T),
Tiy’(z) = ¢ ()
and TPT% =T% ,. Then T = Id and
(7) T = (T4) " = T4

In conclusion for ¢ > 0 and @(-) = u(t — -) the operator I'? is the propagator
related to (—A — u(t)B) and describes the reversed dynamics of T'}'.

The importance of the time reversibility resides in the fact that all the
controllability results that we are going to prove are still verified for the
reversed problem. We will use this feature in many steps of the next proofs.



3 Global exact controllability in H (30)

In this section we ensure the global exact controllability in H, ?0) and we start
by proving the approximate controllability of Problem (1).

Definition 1. The problem (A,B,U, {¢j}jeN) is globally approximately

controllable in H (30) if for every ¢ € H (30), I'e U(H) so that fl/} € H FO) and

€ > 0 there exist T'> 0 and u € L((0,T),R) such that
P — T3l < e

Proposition 3. Let Problem (1) and B satisfy Assumptions (I). Then

(A, B,U,{¢;}jen) is globally approzimately controllable in HEO’O).

Proof. The result is due to [11, Theorem 6. O

We provide a brief proof of the local exact controllability in H, 5’0) by
rephrasing the existing local controllability results as [3], [4], [11], [15], [16]
and [17]. Our purpose is to introduce the tools that we use in the proof of
Theorem 1. Let

Oi(e) = {y € Hiy)| AT € U(H) : =Ty, [ — (1), < e}.

Proposition 4. Let B satisfy (I) and | € N. Then there exist T > 0,
e > 0 such that for every v € O(e), there exists a control function u €
L%((0,T),R) so that 1 = T%¢.

Proof. Let us consider without loss of generality [ = 1, the decomposition
oo
Tigr = dr(t)(on(t), Ty 1)
k=1

and the map aj(u), the sequence with elements

ag1(u) = (¢,(T),Ip1), keN.

The local existence of the control function is equivalent to prove the lo-
cal right invertibility of the map «; for a T' > 0 (in other words the local
surjectivity). To this end, we want to use the Generalized Inverse Func-
tion Theorem ([14], p. 240) and we study the surjectivity of the Frijschet
derivative of ay, 71 (v) := (dya1(0)) - v, the sequence with elements

T
T (v) s = <¢k(T)7—i / e_iA(T_S)v(s)Be_’AS¢1ds>
0
T .
— =i [ w(e)e O MdsBL, KN, jeEN
0

8



for By, ; = (¢, Bo;j) = (Boy, ¢;) = Bjx. The right invertibility of the map
71 consists in proving the solvability of the moment problem

Tk S /T u(s)e’i()\k—Al)SdS.
By 1 0
for each = € ¢%(C) such that {zB, | }xjen € 2. Indeed {z}}ren € A and
k<N
thanks to Assumptions (I) the claim follows.
Now the solvability of the moment problem (3) is ensured by using Ingham
Theorem ([13, Theorem 4.3]) for T > 2 and
¢ = inf |\ — -:32 0.
iy 18— Al = 8>
K

Then = is surjective and the proof is achieved thanks to the Generalized
Inverse Function Theorem ([14], p. 240), which ensures that the map «; is
locally surjective. O

Remark. We point out that one can achieve the result of Theorem 4 for
any positive time 7" > 0 by using Haraux Theorem ([13, Theorem 4.5)),
instead of Ingham Theorem ([13, Theorem 4.3]) as it is done in the proof
of [11, Theorem 8].

Now we provide the global exact controllability in H? 0) by using Propo-
sition 3 and Proposition 4.

Theorem 5. Let B satisfy (I). Then for any ¢!, ¢? € H?) unitarily equiv-
alent there exist T > 0 and a control function u € L*((0,T),R) such that

v =Ty
Proof. First, for any ¢ > 0, Proposition 3 holds true if one substitutes A

with —A, B with —B and there exists T > 0 and a control function u; €
L%((0,T),R) so that

oo -z aeti760) <

Now f%l(llwllflwl) € Oi(e) and thanks to Proposition 4 there exists a
control function us € L2((0,T),R) such that

T ([t~ et) = Di2or.
By reversing the dynamics (see Section 2.2), for u(t) = ua(t)xo,1)(t)+u1 (T+
T - DX req(t)
[t =Ty, s

In conclusion by using again the time reversibility and the fact that ot =
[42|| there exist 7' > 0 and a control @ € L2((0,T),R) such that

y? =TTyl O



4 Proof of Theorem 1

4.1 Neighborhood estimate

Let us define the following terminology

([l L(LQ((O,T),R),H(SO)) =l (L2,H3) ([l L(H(?’O),LQ((O,T),R)) = Il (H3,L%)
[ - HLOO((O,T),H(?’O)) =l legemzs I lzzomyr) = Il - M2,
- Nromry =11l - IBvon)r) = I BV (1)

for
IfllBvoryr = sup  [f(t;) — f(ti-1)l

tjto<j<n
and t) = 0 < t; < ... < t, =T any partition of the interval (0,7).
~ - L?
Let T > 0 and the space X := span{e*st, k€ N} C L%((0,T),R) with
the L2—norm. The local exact controllability is equivalent to the local sur-
jectivity of the map

A() =T9¢ - X — HY)
defined as
Ay(u) = e T g — z/ e AT %)y (s) B Yy ds.
0
In the proof of Theorem 4 we have used the Generalized Inverse Function
Theorem and we have proved the surjectivity of the map

Fi(u) == ((dpAi(v =0)) -u) € HEO’O).

We want to estimate the radius of a neighborhood in H, 5’0) of ¢;(T") in which
the map A; is surjective. For this reason, we use [10, Lemma 2.3; p. 42] by

considering the quotient space X := %(Fz) with the L?2—norm.

1) The map F; : X — H?o) is bijective and we estimate a constant M > 0
such that

|E(v) = Fi(w)ll@ > Mo - ]2,  Yo,we X.

Let us suppose || B]|; = 1, we consider the map v, : u € X +— v(u) € h3,

equivalently defined for [ = 1 in the proof of Proposition 4. We know that

the surjectivity of Fj in H?o) corresponds to the surjectivity of the map

41 in h3. For every ¢ € HEO’O), there exist 7' > 0 and v € X such that
(6j(T),%) = 7v;,(u) and such that Fl*1(1p) = u.

10



For C; defined in Assumptions (I), thanks to [3, Proposition 19; (ii)] and
to Ingham Theorem ([13, Theorem 4.3]), there exists C(T") > 0 such that

N o 2 oM
157 )15 = Il < Sry? 30|24 < (Cf) 217t a)P
j=1

C(T)

<
— 2
Cl

2
[l -

Now for every v,w € X there exist ¢, ¢ € HEO’O) such that ¢ = Fj(v),
¢ = Fj(w) and
lo = wlla < IF @ =@z < N F Il mz,e2) 19 = ¢ll ),

which implies that one can impose M = || F;™!|| (_111,3 12) = %
x t

2) Let u € X, thanks to the Duhamel’s formula

T
They = e Nl — i / e~ AT =9y () BT ¢y dss
0

T
_ e*i)\lT(ﬁl — / e*iA(Tfs)u(s)Befi)\ls(bldS
0

T s
—/ eiA(Ts)u(s)B(/ eiiA(sz)u(T)BI‘QT‘gbldT)ds
0 A 0
= e Mg+ Fi(u) + Hi(u)
for
T s
Hi(u) := —/ eiA(Ts)u(s)B(/ eiiA(sz)u(T)BI”T‘qzbldT)ds.
0 0

We want to estimate a ball U C X with center v = 0 where the map
u + Th¢, is surjective by using [10, Lemma 2.3]. However e~ T¢; is
constant and it is sufficient to define U C X such that there exists a constant
0 < My < M so that for every v,w € U

[1Hi(v) — Hi(w)l[5) < Miflv — wl|z2.

First, we notice that

Hi(u) — Hy(v) = — /OT e_iA(T_S)u(s)B</S e_iA(S_T)u(T)BfquldT) ds

0

T s
+ / e‘iA(T—S>v(s)B( / e‘iA(s—%(T)Brg@dT)ds
0

0

11



= — /OT e tA(T—s) (u(s) — v(s))B(/Os eiiA(sz)u(T)BFQTLqSldT) ds
— /OT eiA(Ts)v(s)B(/S e tAl=T) (u(t) — U(T))BI’QTqubldT) ds

0

- /O ! e‘iA(T—S>v(s)B( / A=)y (1) B(T gy — F:(ﬁl)dT) ds.

0

Thanks to Proposition 2, there exists a constant C(7") > 0 such that for
every ¢ € H3 N H}, uw e L((0,T),R) it holds

and then

< C(M)ull2 I B 51 oo

T
/ e AT=9)y (5) Bapds
0 (3)

1Hi(w) = Hi(v) |3y < C(T)?llo = ull2 || B I 3(Ilull2 + 10ll2) T3 é1ll e 3
(®) + C(T2[0ll3 I BII 5ITF 6 — Tl e s
< C(T)?|lo = ulla(fullz + [v]l2) I éill o 3
+ C(T?|lZITY 6 — Tidnll e s

One can show by using the same technique adopted in (8) that

ITY 1 — i dull poe s < H /Ot eIA=S) BTV gy — urit(m)‘ s

<M I Bl slloTydr — ul'¥ gl pee rz < C(T)|lv — ull2l|TE dull poo 3

+ C(T)|ol2|[T¢ = Tl Leez < C(T) v — ull2/|TH @l oo 13

+ C(T)|vll2llo = ullal[ Ty ¢l Loz + C(T0IBITY b = Tyl ooz <

N
lv = ullalT¥ bl gz Y CT)" Hlolls + CT)N o]l ITF ¢ — T il oo -
n=0

Thanks to Remark 1, [5, Proposition 6] implies that the couple (A, B) is
(2)-weakly coupled, then [6, Proposition 30; (ii) ] it is satisfied and

(9) ITEdr — T ull ooz < 0.

Now if U C {u € X : |julls < (uC(T))"'} for p > 1, it holds that for
u,v €U
Jim G o317 ¢ = Tyl oz = 0,
—00

N
: f
lim c(mm™(T b .
Jim S el <

n=0

12



Thus

pC(T)
w—1

ITY o — T dull poe s < v —ull2lIT¥ @l oo 12

and the relation (8) becomes
[Hi(u) = Hi(v)l3) < C(T)?[lo = ulla([[ullz + [0l T} 1 oo
o 2
+ LD ol — ulel Tl oy < 2O = ulal T e

1 (2u — 1)
+ ——C(D)||v — ul]2||T copy < —
OO — el <

Thanks to Proposition 2 and to the Duhamel’s formula

C(D)llv = ull2 Tl Lge -

]l (3) pl?
T ¢ull Lo s < <
PR =1 Ol 1By~ w—1
and then
2u—1 5
(10) [ Hi(u) — Hi(v)]|3) < ml C(T)[[v — ulf2.
Let My = (—i’%l?’C(T), we want to estimate p such that 1M > M; and
1 C 2u—1
s T po().
2¢(T) - (p—1)
Thus a(2pu — 1)(p —1)"2 < 1 for a = M and the inequality is satis-
fied for p > a+ /a(a+1) + 1.

Let us establish an upper bound for C(T)C(T). One can consider the proofs
of [3, Proposition 19; (ii)] and of Ingham Theorem [13, Theorem 4.3], we
know that

& = inf(\, — \j) = 372

inf
kg

Let T = 4=, I’ be such that |I'] := 2T =4 and

T T _
B=" GO =5, L=[1L+1  m=(I|L™") =2
~ R?2 -1 I
o = 4R2, G(O):%, R:’Q—‘:z

Thanks to the proof of Ingham Theorem [13, T'heorem 4.3] there holds

Sy 2maGO)r 8 Aoy 9 16
o) = BY 31 o) 271G (0)



and the proof of the first point of Proposition 2 (see [3]) implies

@J‘

C’(T):?m'f?’max{\/ia \/_}—37T73\/_C( )=

Now C(T)C(T) < 2 2 and a < 3@ for @; := C Afterwards C; < (¢1, Boy) <
|| B || which implies that @; > 1 and

<7
2

CXIU(§5y+ §a<§al+])<+1);gcxij(gm-+<§a,+1)-+1) .

Let a Hilbert space Y, y € Y and r > 0, we define
By(y,r) ={g €Y | |§—yly <7}
One can consider U = Bx (0,2(7a;)~1), we know that M—M; > (2C(T))~1C;
and thanks to the proof of [10, Lemma 2.3]
A(Bx(0,2(Tar) ™)) O By, (Fi(0), (M — M1)2(7a) ™) o

BH?O)(¢1(T)=Cl(65l) )D BH(O) <¢l( ) 6Cl'l?’>

We have supposed || B3 = 1 but we can generalize for ||B||5 # 1 by
considering that

B
3

One can consider the operator 5T, and the control u Il Bl 5. Hence we

IB s
substitute C; with C; || B[ 5* 5 and

C? 20
Vi € By (@()&aﬁﬂg>,ﬂueBx<Q%ﬂﬁﬂg>‘Amozw.

4.2 Control function for the global approximate controllabil-
ity with respect to the JZ—norm

Let ¢;, ¢y, for j < k, we exhibit a control function driving the dynamics of (1)

from ¢; to BH?O) (ox(T),C2(603 || B g)_l). For this purpose one can start by

generalizing [9, Proposition 6]. Let T' = ﬁ and u(t) = cos((Ar, — Aj)1).
J

For any n € N there exists T, € (n"T* — T,nT* + T) such that

L (0 T30 _ (14 C) Il (65405 + dulon DB T
T2k B n |

. . 4 _ 2
with T* = \B |, = Do K= B, 1] and
_ 1
C'= sup {‘sin <777|)\U Aw|>‘ },
(v,w)EN A — A

14



where
3
A/ = {(U,’U)) € {1?"'5N}2 : {U,’U)} n {J’ k} 7é @, |>‘U - )‘w| S §|)‘k - )‘J|’
A = Aw| # [ M = Ajl, B # 0}

Remark. As already mentioned in Remark 3 one can state similar results for
other control functions ﬁ—periodics by adopting the theory from [9].
J

For up := % and R,, := (142K || B||)(1 + C")[| B[ In~! there holds

D e T o =1 — [{gr, T )|
(11) 1#k

< (1= Kon: T o)) (1 + {er, T 65)]) < 2R,
Afterwards, there exists 6,, € C such that
(12) (61> Dr) — (1, e ¢)|* < Ry
From (11), (12) it follows
(13) Ry, o= llox = Dye™ ;" < 2Rn + Ry,

hence |B; | ™! || B| > 1 implies

_ A+ OBl + 4B I BT

R
"= nCly
< 5(1+C")|Byl | BI|I*I < 3(1+C)| Byl LI B|I?
- n - n|k? — 52|
and
3(1+CN B, .|l B|?
(14) R, < 1+ C)Bjxl I B .

- nlk? — j?|

4.3 Global approximate controllability with respect to the
H?—-norm

Let us consider the relation (14). If

30+ OBl I B

15
(15) n=z k2 — 2| )

then R, <1, Rfl < R,, and

3% Bil L+ C) I BII*

16 R <2R,+ R%? <3R, <
(19) " TS B n|k? — ;2|

15



For f, := ¢p — F%Zew"(ﬁj there holds anH% < (k* 4+ ||T7 ew"¢j|] 5)) and
by considering [5, relation (9)] it follows

n = n y < |[/n ¢ n ¢ < |[/n n 3 .
) Ml = Walify 15l 15l gy < 1A
Let H Elo) := D(A(A\c — A)) and such as [6, Proposition 30] follows from the

Kato-Rellich type arguments of [12, Section 3.10], one can ensure that for
every A\ > 1:

M := su Ae — A —u,(t 1 ,
ol OB Ny 1

there holds:

|(Aun (T) B=ATS 6% 5 o) < MMV [ (A=A )06y 2y < MeMN (142)5°

Now N < Hun(t)HBV(Tn) Il B L(ﬁ?o)vao))) and for every 1) € H?o)’ e>0

2
1BYF) < (el Avl2) + 1Bl 1%l 2))
< 26(| Al + €2l Bl & I1¥11Tz))-

If we set Ac = || B (2)6_1

1BY 7y < 2¢*(1AVIIG) + A1) < 262(1(A = A)¥lIy)

which leads to N < ey/2]|uy, (t) | BV (7,,)- By following the proof of [6, Proposition 30]
we can prove that

M<2+e sup (Jua(B)[[[(Ae = DA = A= un(t)B) | (2))-
te[0,7h]

If e < 27! then M < 3 and if
2|l B |||

(18) n>————= = [JAA+us(T))B =)' (g <2
Thus
T 5l 4y = AT € 5|2y < 201(A + w(To) B = AT e 5l 2

< 663\/_5”un”BV(Tn)(1 + )5t < 663\/_5”un”BV(Tn)(1 + || B ()€ —1)52.
and for a suitable value of €

(19) I e bl 2y < Ge(1+3v2llunll pven,) | Bl 2))5"

16



In the interval [0, nT™ + T are not contained more than d half-period of the
function u for d := 2n?n|k? — 52||B; | "' + 4 and if

(20) n> || Bl (5772|5% — &7
there follows
21 unllpvir,) < lunllpver-+m) < (d+1) < 30°|k* — §%(|B;]
The relation (19) becomes:
T3 % 65l ay < 6e(1 + 3°V2a | Bl (o)k* — 5%/ Byl 1)
< 2287 | Bl o) k* — 5% Byl =15
and (17)
1£alls) < B (27872 | Bl )|k* — 5% Byl =" max{j, k}*)°

(L+ OBl I BN
n|k? — 57|
< (23772 (1 O I Bl Gy Il BII* K2 — 2P| Bjel ™" max{j, k}**)n ™"

< (2"98%0 2| B | Gy IK? — 521°1 Bl ~° max{j, k}**)

Now we want to estimate ||/ 7., »#; — x|l (3) so that one can consider nT™+
T as final time.

Remark. We point out that one could use T),, defined in [9], but its formu-
lation is not always of easy computation. Moreover the next argument can
be used for proving that the result still holds for every time in [T}, nT* 4+ T].

Let us consider the argument impling the relation (19) and the fact that
C(+) introduced in Proposition 2 is increasing (see the proof of Appendix
B.3, Corollary 4, [3]). It follows that C'(nT*+ T —T,) < C(2T) < C(5£) =
48+/27~%. Thus one can notice that
nT*+T

I 7?5 — T @il s < C(nT*+T =T || B| 3/T |un(s)|ds||IT7 &5l (3)

nT*+T !
SCOT +T=T)UBl [ fuas)ldslT sl

AT 2 2 2 1.4
SCOT +T=T)Bls [ fuasllds 2312 || Bl oy 82 = 1Bl
< O(E) N B 2852 B o)k — 7211 Byl

Bl 1.
< Tg 6> || Bl (2 Byl 5"

By keeping in mind that |B; x| is smaller than [[| B[, [| B | ) and [| B,
if n is large enough so that

Il B 57 1
(22) TB' 6% I Bl (9| Byl 15" <1,

17



there holds
R = D% 5 — dellty < 27 (10 1005 — Tz asliy) + 1l

8
<2 (UBN 51 B ol Bialn7157) + 100 )

w2 || Bl 56° I Bl )5

<2 (I Bll5 6*72 W Bll o Bisl ™25 + 1 falfy)) <27

n|Bj k|
25307 12(1+ C') || B &) Il B I *|K? — 52| max{j, k}*
+ 7
[ Bjk|'n
- 627 12(1 4+ C") || Bl oy 1 Bl max{ [| BII, I Bl 53+ — 52> max{j, k}*
- | Bj.k|"n '
Now lim,,_, R!) = 0, hence there exists n* such that
u 2 3 2\—1 " 0116
Lpireir®s € Bug, <¢k(T)’Ck(6k B 1I'5) ) = Ry < PEYEYRTI=STRCE
6k || Bl 5
Thanks to the fact that for 0 < s < 3 and j,k € N
By =Cr, MBIl () = [Bjkl
and defined b := || B[ ¢ [| Bl | Bl max { || BII, [ Bll 3} one can as-

sume that n* is larger than

63471'12()(1 + C,)|k‘2 _ j2|5k‘24 maX{j, k:}24
CiOIBj el '

In conclusion the conditions (15), (18), (20) and (22) are satisfied. Thus for

cos ((k* — j*)m?t)

n*

2
2 — 2l

T

there holds that F;ﬁi: e € Ok.

4.4 Eliminating the phase ambiguity

In order to act a phase-shift we slightly retrace the steps of previous subsec-
tion and we adopt the theory from [9] that explains how to define precisely
this phase ambiguity.

First, we refer to [9, Section 3.1] and we want to estimate N > max{j, k}
such that for C' € (0,1)

(23) K[|(1 = 7n)B(¢j (@5, ) + ok{dn: )| < CRy,

18



for T (-) == S0, ¢ (dr,-). We have that

K1 = 7n)B(#j (@55 ) + br(or, )
< K|[(1 = 7n) B9 (¢, )l + K1 = 7n) B(or (¢, )

1

< (3 ma) (3 mr)) <on,

I=N+1 I=N+1

and if R, > 4C || B|| (nm?|k? — j2|)~!, the relation (3) implies (23) by
considering C' small enough.

Let us take in account [9, relation (13)], [9, relation (18)] and [9, relation (19)].
Similarly to [9, relation (20)], one can consider n large enough such that

1 [(60: T3, 8] < K1 —mn)B(d{(65.) + dldn. )
(24) 44K Ra|(1 - 7x) Brnll + Ro < CRy + 8 Bjsl | Bl R + Ra
< CRy 4+ 9Bl | Bl R < 10[Bjul ™ | BI| Ro = R

Thus one can substitute R, with R, in the relation (16) and by repeating
the argument of the previous section one can use 1 equal to

6*41072b(1 + C") ||| B || |k* — 5%]°k** max{j, k}*!
Ci0|Bj il '

By referring to the proofs of [9, Proposition 2| and [9, Corollary 3], we
introduce the N x N matrix M such that for I,m € Nif |A\j— A\ ||\ — ;|71 €
N

Bim [T o0 aye
M = (1, M) = IT/O etAi=Am) lu(s)|ds,

otherwise M;,, = 0. Now for every I,m such that [N\, — Ap|[Ax — Aj| 7L =
w € N\ {1} it follows

By (ipn — 2i# + €1 (sin(4) + ipcos(4)))
A(p* — 1) ’

Bim *
M = T’/ e | cos(z)|dx =
0

while if |\ — A | = | Ak — Aj| there holds that

B t By ((—8 + 3i) + i€ + 2
Mim = %/ e cos(z)|dx = Lm((=8+ 11()54‘26 + 77).
0

Thank to [9], one can ensure that e?n* = (¢, e KM ¢p;). In conclusion for
~ . B
Tn* = _)\.] Hn*7 w(t) = un*X[fn* 7Tn*+T;*]7

there holds that I‘;E"* ¢; € 6k and the proof it is achieved thanks to the

local exact controlla%ility.
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5

Optimization methods, example and other ap-
proaches

As mentioned in Remark 2 the results provided in Theorem 1 are far from
being optimal. We are sure of the existence of many techniques that one
can use in order to improve the estimates and here we present few of them.

1.

5.1

One can retrace the proof of Theorem 1 fixing B and j, k € N in order
to use sharper estimates. We briefly show an example in the next
subsection.

By using the techniques adopted in Section 4.1, one can look for a
larger neighborhood of validity of the local exact controllability. In-
deed the larger it is, the smaller n has to be. We suggest to change the
time from the one chosen of % and study the variation of the radius
as function of the time. Moreover, one can use the Haraux Theorem
([13, Theorem 4.5]), instead of Ingham Theorem ([13, Theorem 4.3])
in order to prove the local exact controllability. By retracing the steps
of Section 4.1, one can establish the new constants and study how the
neighborhood changes as a function of the time.

Another try is to look for more precise upper bounds of the kind
T fllk < CrllFllks £ € Hlyy, 3<k <5, C1 >0,
Hf”3SCZHfH7 fGH?O), CQ>07

than the ones used in Section 4.3 (with our approach Cy was function

of || fll())-

In conclusion one can obtain the same result of Theorem 1 with T;, as
final time instead of using nT + T* as stated in Remark 4.3, Section
4.2.

Example: dipolar moment

Let B : ¢ — z%¢, we want to define a control function and a time so that
the dynamics of (1) drives the second eigenstate ¢o into the first ¢;.
First, Assumptions (I) are satisfied because

‘<¢j7952¢k>’ = ‘(]( _ /1)2”2 a (;+ /2;)2772 - (52 _22)%2’ i#k,
1 1
‘<¢k7x2¢k>’:‘§_m‘7 keN

which imply the validity of the conditions 1) and 2). The condition 3) is
verified as

Pk -P4+mP=0 = j2-k?2-124+m2#£0.
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Now there holds

192 ()| < l|229l| + [l2* 0,
102 ()| < 1200]| + 142023 + [|l=*0Zl,
102 ()| < [160:9]| + [|62070 ] + l|lz*03v ]

We knows that for every ¢ € H (30) it follows that ||v|| < 72|/ A¢| and the

Poincaré inequality implies that [|¢] < 77_1||A%¢||, |AY| < 71'_1HA%¢||.
Thus

IBlls= sup |lz*¢|lgs < sup ([160:1] + (16020 + (|03
Ve, VEH (G,
l¥ll(3y<1 1¥ll(3y<1

+ 20| + [[40:91| + 19391 + 1241l + [|10:0[1)

< sup (1477 ' +772(11+ 50 1)) (|02 < 4,6.
wEH?O)
Il (3y<1

Thanks to density arguments and to the Poincaré inequality

sup (0,9 = sup (|00 < sup wHOZ9[| =7
YEHE, YeH? YeH?
el (2)=1 Il 2)=1 1l (2)=1

and then || B ) < (2r 2 +4r 1 4+1) < 2,5, || B|| =1, C" =0 and there
holds

2

2 —3 8 3m 4
s ‘BLZ’:CQ:ﬁ’ I:/O ‘u(s)‘ds:ﬁ,

672

|Bi1|=C1 =

Then we retrace the steps of the proof of the first point of Theorem 1 in
order to produce more polish estimates.

Let T = 3%, u(t) = cos(3m%t), T* = %, K = %, for u, := I there exists
0,, € C such that

i 2772
n en 2
Ry = li1 = e go* < =g
Afterwards for n large enough thanks to (21)
Hun|’BV(O,nT*+T) < 3% 354,

Thus

1 — Thm. e a3 < 27 (277%(8n) ! (6e(1 + 3v23%273(2,5)n )2t 4 1)°
+ (4,6) 6°2%97*n 1) < 1,77 10n 71
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and we can ensure that in the neighborhood BHf’o) (¢1(T),1.5 1073) the local
exact controllability is verified. Thus the first point of Theorem 1 is satisfied
for n = (1.3 1067)9% and by referring to Remark 4.3 there exists 6 € R such
that for:

1 97'('2

u(t) = (1.3 10°7) = cos(37%t), T =1.310%

it follows '
T2 — ewgblHH(g <1.5107°.
0)

Moreover there exists u/® € L%((0, 5=), R) so that

4T ¢ = €.
37
We point out that by considering B: P — g—qu instead of B : ¢+ 221 for
Ep > 0, one can obtain the same result for n > (1.3 1067)%28190 even if the
rescale does not affect the time controllability.

Regarding the application of the second point of Theorem 1 we refer the
reader to the next section.

5.2 Computing the phase ambiguity and other techniques

Establishing the matrix M and then acting a phase-shift are in general
difficult tasks. The more n grows, the more the size of the matrix M does,
making more difficult the computation of eX.

First, we suggest to optimize of the results of Theorem 1 as explained in
the beginning of the section. If this approach would not be enough one can
adopt one of the following methods.

1) We can numerically construct a matrix E that approximates kM up to
an error € and such that [(¢y, E¢;)| = 1. By using the theory from [9] as we
have done for in (24), we can modify the relation (24) as follows

(&rs EG5) — (0r, T, 05) < K|[(1 = 7n) B(d(d5, ) + r{on: )
+ 4K(Rn + 6)”(1 — 7TN)B7TNH + R,
If € is small enough and n large enough, then one can obtain the same result

of the second point of Theorem 1.

2) Another approach is to refer to the perturbation theory technique devel-
oped in [11]. By decomposing A + u(t)B = (A + uwyB) + u1(t)B, we can
consider ugB as a perturbative term of the operator A so that the perturbed
eigenvalues {)\}m }jen of the operator A 4 uoB fulfill

NG = AL # KA = A0), Yk, j,n,m e N, K € N.
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Hence if we consider the dynamics between perturbed eigenstates {(b;fo }ien
of the operator A+ugB, one can choose a perturbation so that the matrix M
has just two non-diagonal elements different from 0, so that M and eX™ are
easier to compute. In this framework one can define only dynamics between
two generic perturbed eigenfunctions qﬁ}‘o, (b;-“’. However for ug small enough

2 2
¢;° € Bys | 5, LQ ; ¢° € Bys | ox, LQ
R AN T CANTTYTE

and Proposition 4 implies that one can respectively move from ¢; to gb}m

and from ¢y, to ¢,.° with two suitable control functions.

Acknowledgments. The author thanks Thomas Chambrion for suggesting
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grateful to the colleagues Nabile Boussaid, Lorenzo Tentarelli and Riccardo
Adami for the fruitful discussions.
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