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Abstract

We consider the bilinear Schrodinger equation on a bounded one-
dimensional domain and we provide explicit times such that the global
exact controllability is verified. In addition, we show how to construct
controls for the global approximate controllability.
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1 Introduction

In non relativistic quantum mechanics any pure state of a closed system is
mathematically represented by a wave function % in the unit sphere of a
Hilbert space . We consider the evolution of a particle confined in a one
dimensional bounded region and subjected to an external electromagnetic
field that plays the role of a control. A standard choice for such a setting
is # = L?((0,1),C), while the field is represented by an operator B and
by a real function u, which accounts its intensity. In this framework, the
evolution of v is modeled by the bilinear Schrédinger equation

i0pb(t) = Ap(t) + u(t)Bi(t), te(0,T), T>0.
$(0,2) = ¢°(x).

The operator A = —A is the Laplacian with Dirichlet homogeneous bound-
ary conditions (D(A) = H? N H}), B is a bounded symmetric operator,
u € L%((0,T),R) is a control function and 9° the initial state of the system.
We call I'} the unitary propagator of the (BSE) when it is defined.

(BSE) {



A natural question of practical implications is whether, given any couple
of states, there exists u steering the quantum system from the first one to the
second. The bilinear Schrodinger equation is said to be exactly controllable
when the dynamics precisely reaches the target. We denote it approximately
controllable when it is possible to approach the target as close as desired.
The (BSE) is said simultaneously controllable when more initial states are
controllable (exactly or approximately) at the same time with the same w.

The controllability of the bilinear Schrédinger equation has already been
studied in the literature and we start by mentioning [BMS82] by Ball,
Mardsen and Slemrod. This seminal work on bilinear systems shows the
well-posedess of the equation in . when u € L}, (R) and an import non-
controllability result. In particular, it ensures that the attainable set

Z(o) = {¢Y € #|3T >0, Ir>1,3uc Lj ((0,T),R): =TTy}

from any initial state 1 in the unit sphere S of % is contained in a countable
union of compact sets. Therefore, Z(1)p) has dense complement in S and
the (BSFE) is not exactly controllable in .#. For this reason, weaker notions
of controllability have been used in order to deal with this equation.

For instance in [BL10], Beauchard and Laurent prove the well-posedness
and the local exact controllability of the (BSE) in Hy) = D(Az) for s = 3,

when B is a multiplication operator for suitable u € H3((0,1),R).

In [Mor14], Morancey proves the simultaneous local exact controllability of
two or three (BSE) in HE‘O) for suitable operators B = € H3((0,1),R).

In [MN15], Morancey and Nersesyan extend the previous result. They
achieve the simultaneous global exact controllability of finitely many (BSE)

in H Zlo) for a wide class of multiplication operators B = p with u € H*((0,1),R).
In [Duc|, Duca (or the author) proves the simultaneous global exact con-
trollability in projection of infinite (BSE) in H (30) for bounded symmetric
operators B.

Global approximate controllability results for the bilinear Schrodinger
equation are provided with different techniques. Adiabatic arguments are
considered by Boscain, Chittaro, Gauthier, Mason, Rossi and Sigalotti in
[BCMS12] and [BGRS15]. Controllability results are achieved with Lya-
punov techniques by Mirrahimi in [Mir09] and by Nersesyan in [Nerl0].
Lie-Galerking arguments are used by Boscain, Boussaid, Caponigro, Cham-
brion, Mason and Sigalotti in [CMSB09], [BCCS12], [BACC13] and [BCS14].

Most of the existing results focus their efforts on proving the exact con-
trollability of the bilinear Schrodinger equation without precising the relative
controls and times. In order to exhibit those elements, it is necessary to de-
velop new techniques leading to the local exact controllability. Indeed, the
common approach does not provide explicit neighborhoods where the result



is valid. As a consequence, when the outcome is extended to the global con-
trollability, any track of the dynamics time and of the corresponding control
is lost. To this purpose, we prove the local exact controllability for specific
neighborhoods and times. The result leads to the global exact controllability
with explicit times and partially explicit control functions.

In more technical terms, the main novelties of the work are the following.
First, for any suitable couple of eigenfunctions ¢; and ¢;, of A, we construct
controls and times such that the relative dynamics of the (BSE) drives ¢;
close to ¢ as much desired with respect to the H, (30)—n0rm. Second, we

estimate a neighborhood of ¢ in H 30 where the local exact controllability
is satisfied in a given time. Third, by gathering the two previous results, we
define a dynamics steering any eigenstate of A to any other in an explicit
time. In conclusion, we apply the proved results to an example.

The work represents a contribution to the application of the control the-
ory to the physical systems modeled by the bilinear Schrédinger equation.
Nevertheless, many improvements are still required and the provided esti-
mates are far from being optimal. For example, in Section 4, we consider
an electron trapped in an one-dimensional guide of length ~ 1072 meters
and subjected to an external electromagnetic field. We show a suitable con-
trol field driving the state of the electron from the first excited state to the
ground state in a time 7' ~ 10''® seconds. The achieved time is way too
large for any practical implementation, however future optimization may
lead to more reasonable estimates as we explain afterwards.

1.1 Framework and main results
Let us consider the (BSE) in the Hilbert space % = L?((0,1),C) with
D(A) = H*((0,1),C) N Hy((0,1),C),  Ap=—A¢, ¥y € D(A).

We denote (-, ) the scalar product in .#” and || - || the corresponding norm.
Let {¢;}jen+ be an orthonormal basis composed by eigenfunctions of A
associated to the eigenvalues {\;}jen+ (Ax = 72k?) and

(1) ¢j(t) = e = e Mg,
For s > 0, we define h*(C) = {{xj}jeN* c C| P ljoz* < oo} equipped

1
= (Z?; |j5mj\2)2 for every {x;}jen- € h°

with the norm H{l’j}jgN* )

and

Hyy = Hip((0,1),€) = D(A5), |-l = (X Iwk)*(@n, ) 2)

k=1



Let HJ' := {¢p € H™ : 9lp(0) = dlap(1) = 0, Vj € N*, j < m} with

H™:= H™((0,1),C) and m € N*. We underline that H(QO) = H?*n H}.

For two Banach spaces X and Y, we denote L(X,Y’) the space of the
linear bounded operators mapping X in Y and equipped with the norm
I Wl Lix,yy- T addition, for s > 0, we call || - ||| == [ - Il L ) and

I W= W Wagarg s e W= I W ooy ey

. : : 3 '
We consider H®N H} equipped with the norm || - lasnms = \/ 225=1 102 - 1.

Assumptions I. The bounded symmetric operator B satisfies the following
conditions.

1. For every k € N*, there exists Cj, > 0 such that |(¢;, Boy)| > % for
every j € N*.

2. Ran(B|pa)) € D(A) and Ran(B|H?O)) C H3n HL.
For Bjy, := <¢j,B¢k> with 7,k € N*, we have {Bj,k}jEN*7{Bj,k}k€N* €

¢%(C). Before proceeding with the main results of the work, we introduce the
following notations. For n,j,k € N* and ¢ € [0,T] with T" > 0, we denote

T
T =
| Bkl
k2 2¢
unft) = =TI,
n
@ b= IBIG IBI BN max {1 B Bl
Sl Bl ()

E(j k) :==e Pirl |k* — 72 k* max{j, k}**C} 1% B, x| 77,

, 2 -m?\ |
O { o <” [k? = j2|> ’
’ % . 3
N = {(lm) € (N {Lm} N (g, k) # 0, 12 —m’| < TIK* = 2|
12 —m?| # |k* — 32|, (é1, Bom) # 0}.

The following theorem represents the main result of the work, which
ensure the global exact controllability between eigenfunctions. We underline
that the control time is explicit and w,, defines a dynamics steering the initial
data to the target one up to a defined distance when n is sufficiently large.



Theorem 1.1. Let j,n € N* and k € N* be such that k # j and
(3) m? —k? # k* — 12, Vm,l € N*, m,l #k.
Let B satisfy Assumptions I. If n > 2°'7'9% (14 C")E(j, k), then

HeR : |Tin.g;—¢ ¢k|| < 3CE(16K* || B 3)

with Cy, from Assumptions 1. Moreover, there exists u € L?((0,2),R) so that

Cr
U < —5—, Iy F""* =
ez = g 3 ety = <0

Proof. See Section 3. O

Examples of k£ € N* satisfying the relation (3) are those numbers k < 3.
However, Theorem 1.1 can be generalized for every & € N* by defining, for
every ¢; and ¢y, a dynamics steering ¢; in ¢, and passing through ¢;. In
addition, the choice of {uy},en+ can be replaced by other |/\I€2f7r/\j|—periodic
controls by refering to [Chal2], which is used in the proof of the theorem.

Theorem 1.1 is not optimal and its purpose is to exhibit readable results
for general B, j and k. For any specific choice of B, j and k, it is possible
to retrace the proof in order to obtain sharper bounds by using stronger
intermediate estimates. We briefly treat the example of B : ¢ — x21), j = 2
and k£ = 1 in Section 4. In addition, even though the phase appearing in
the result is not particularly relevant from a physical point of view, it can
be avoided by rotating the state of its phase (provided in [Chal2]).

1.2 Well-posedness

As mentioned in the introduction, Beauchard and Laurent prove in [BL10]
the well-posedness of the bilinear Schrodinger equation in H 30). The result
is provided with B a multiplication operator for a suitable function p €
H3((0,1),R). We rephrase the result in the following proposition.

Proposition 1.2. [BL10, Lemma 1; Proposition 2]

1) Let the function f be so that f(s,-) € HL N H3 for almost every s € [0, T]
with T > 0 and f € L2((0,T), Hi N H3). The map G : t fo €5 f(s)ds
belongs to C°([0,T1, H( )). Moreover,

G Loo 0,7y, ) < (T )HfHL2 ((0,7),H3NH

(0) (0))

where the constant c1(T') is uniformly bounded with T' in bounded intervals.



2) Let p € H3((0,1),R), T > 0, ¢° ¢ H(?’O) and v € L?((0,T),R). There
exists a unique mild solution of the (BSE) in H(30) when B is a multiplication

operator with respect to i, i.e. there exists ¢ € C°([0,T], H?o)) such that

t
(4) W(t) = e Mtyp0 — 4 / e A=)y (s b (s)ds, Vit € [0,T].

0

Moreover, for every R > 0, there exists C = C(T,u, R) > 0 such that, for
every Y° € H(?’O), if llull 20,7y r) < R, then the solution satisfies

[llcoqor iy < Clellsy 6@l =190l Ve ,T]

Remark 1.3. The outcome of Proposition 1.2 is not only valid for mul-
tiplication operators, but also for other suitable operators B. Indeed, the
same proofs of [BL10, Lemma 1| and [BL10, Proposition 2] lead to the well-
posedness of the (BSE) when B is a bounded symmetric operator such that

B e L(Hyy, H*NHy),  Be L(H),

which are verified if B satisfies Assumptions I, thanks to [Duc, Remark 1.1].

1.3 Scheme of the work

In Section 2, Proposition 2.1 ensures the local exact controllability in H 5’0
and we exhibit a neighborhood where it is verified in Proposition 2.2. We
prove Theorem 1.1 in Section 3, while we apply the main results to a physical
system in Section 4. In Section 5, we comment the outcomes of Theorem 1.1.
We provide some intermediate results in Appendix A, while in Appendix B,
we expose some tools required in the work.

2 Local exact controllability in H (30)

Let us provide a brief proof of the local exact controllability in H(30) by

rephrasing the existing results of local exact controllability as [BL10], [Mor14]
and [MN15]. Our purpose is to introduce the tools that we use in the proof
of Theorem 1.1. For ¢ € H ?0) and € > (0, we define

(5) Bys (€)= {v € Hyy| [0 = 12, 10— vl < e}
Proposition 2.1. Let B satisfy Assumptions I. For every | € N* such that
(6) m? —12 £ 1% —n?, Vm,n € N*, m,n #1,

there exist T > 0 and € > 0 such that, for every v € EH?O)((ZSI(T),G), there
exists a control function u € L*((0,T),R) such that ¢ = I'¢;.



Proof. Let S be the unit sphere in . Proposition 2.1 can be proved by
ensuring the surjectivity, for T° > 0 large enough, of the map

Ti60: L2((0,T),R) = By (#1(T).€) C Hip NS

with suitable € > 0. We prove this property and that the preimage of
Bys (¢(T), €) is a neighborhood of ug = 0 in L?((0,T),R). Let

3
(0)

Tigr =Y or(t)(on(t), Tidr).

keN*

Let ay(-) = {ai()bren be such that ap(-) = (dp(T), T ¢y) for k € N*
and

o s (0, T),R) — Q i= {x € B*(C) | x| = 1}.
Let 0; := {0k} ken+- The statement follows from the surjectivity of the map
ap 2 L2((0,T),R) — Qc :== {x € h*(C) | |Ix[l2 = 1, [lx — 1|(3) < €}. We
use the Generalized Inverse Function Theorem ([Lue69, Theorem 1; p. 240])
and we study the surjectivity of the Fréchet derivative of g

v i= duay(0) : L2((0,T),R) — T5,Q = {{z }ren+ € h3(C) | izy € R},

T
V(W) == {1 (V) }oens,  Ywa(v) = —i/ v(s)e! M ASds By Yk € N*.
0

To this end, we show there exists 7' > 0 so that, for every {z }ren+ € T5,Q,

T
(7) 3Jue L*(0,T),R) Ral / u(s)e'MM3ds Yk e N*,

By 0

The solvability of the moment problem (7) is equivalent to the surjectivity
of 7;. As B is symmetric, there holds B;; € R and i(xl/Bu) € R. Moreover,
{xk/ By} ren+ € 2(C) since {zg}ren+ € h*(C) and thanks to Assumptions
I. The solvability of (7) follows from Lemma B.2 for T' large enough, since

{izr/Brfren+ € {{ar}ren+ € (C): a € R}.

For X from Lemma B.2, the map v; : X — 75, is an homeomorphism and
v 2 L2((0,T),R) — T5,Q is surjective in T5,Q for T large enough. The proof
is achieved as the map oy is surjective in @), for € > 0 small enough. O

2.1 Local exact controllability in an explicit neighborhood

Let C; and B HS, (+,-) be respectively defined in Assumptions I and (5). The
following proposition ensures the local exact controllablity in an explicit

neighborood of H, (30) for a specific time. The result leads to Theorem 1.1.



Proposition 2.2. Let B satisfy Assumptions I and | € N* be such that

(8) m? —12 £ 1% —n?, Vm,n € N*, m,n #1[.

2
For every i € BH3 (qbl( ), W), there exists u € L%((0, %),R) so that

v =T"%¢.
Proof. Let us define the following notations

)y = (el (L?,H3)> -l L(H3,L2((0,T),R)) — ([l (H3,L?)

- £ z2 0, = 5

(0>
H ’ ”Loo((o,T),H3 )y — H ’ HLgOHgy H : HL2((0,T),R) = ” : H2
(0)

Let T > 2(” for 4 = 72 and X be defined in the proof of Lemma B.2.
In the proof of Proposition 2.1, we ensure that 7 : X — T5,(Q is an
homeomorphism and that ay : Lz((O, T),R) — H?o) is locally surjective. Let

2{: ¢] ajl §)¢z, l? j{: ¢] Wﬁl

JEN* JEN*
Ai(-) VS LX((0,T),R) = {¢ € Hpyy = |[¢lle =1},
Fi(): X = {p e Hy : ilen(T),¢) € R}

By definition, the map Fj is an homeomorphism and A; is locally surjective.
We use [CCM97, Lemma 2.3; p. 42] and we estimate a neighborhood where
A is surjective as X and {¢ € H(o) : i(pi(T), ) € R} are Banach spaces.
In particular, we compute a constant M > 0 such that

(9) [Ei(u) — Fi(v)ll3) = Mlu—vll2,  Vu,veX.
Fixed T" > 0 large enough, we provide U C X and M; < M such that
(10)  [[(A = F))(u) = (A1 = F)(v)ll3) < Maflu—vll2,  Vu,veU.

When (9) and (10) are satisfied, [CCM97, Lemmma 2.3; p. 42] ensures that
A;: U — Ay(U) is an homeomorphism. In addition, the proof of the cited
lemma implies that, if U D {u € X : ||u|l2 < 7} with r» > 0, then

AU) D {y € Hipy : |19 — du(T) |3y < (M — My)}.



1) We compute M > 0 such that (9) is verified. As Fj is an homeomorphism,
for every ¢ € H ?0), there exist T' > 0 and v € X such that, for every j € N*

(11) (05(T), %) = (6;(T), Fi(w) = yja(w),  F7'(¥) =

Now, <¢’“é?l’ ) — V%ZM = —q fo e!Me=N)sds for every k € N*, thanks to

the validity of (7). Thus, from the proof of Lemma B.2, we have

By B
bt keN*\I kil

for {vg }rez the unique biorthogonal family to {e’)‘k N ez In addition, from

(30), there exists C(T") > 0 such that ||ul|3 < C(T)2 > ‘%317]?” and

2 o ' c(T 2
DS vl < SO e,
j=1 !

I ()3 = [lull3 < c?

In conclusion, we set M = C/ C (T') since, for every ¥, € H (30), there exist
v,w € X such that ¢ = Fj(v), ¢ = Fj(w) and

( )

lo —wllz < |F7H (% — @)z < 19— @lls)

2) We suppose || B |3 =1. For u € X, from the Duhamel’s formula,

T
Ty = e Mgy — 1/ e~ A=)y (s) BT ¢y

0
T
(12) _ efi)\lT(ﬁl - ’L/ efiA(Tfs)u(S)Befi)\lsd)ldS
0
T . S .
- / e_zA(T_S)u(S)B(/ e_zA(s_T)u(T)BFZgbldT) ds
0 0
Let Hj(u) := —fOT —iA(T=s) (s)B [, e —iAG=T)y (1) BT ¢ydrds. From (12),
Al(u) =Ty = e Ty + Fi(u) + Hy(u).

We recall that we aim to exhibit a ball U C X with center u = 0 such that,
for every uw € U, the map A; : uw € U — I'lh¢y € Aj(U) is an homeomorphism
by using [CCM97, Lemnma 2.3; p. 42]. To this purpose, we construct U such

that there exists M; > 0 satisfying (10) and M; < M/2. We notice that

(A= F) (w) = (A= F) ()| 3) = [1Hi(w) = Hi(0) | 3),  Yu,v € L2((0,T),R),



=
—
S
~—
\
=
S
~
I

- /OT e HAT=9) (y(s) — v(s))B(/s e_iA(S_T)u(T)BFQTLqSZdT) ds

0

T s
_ /0 ATy () B /0 e A6 (u(r) — o(r)) B gydr ) ds

T s
~ / e‘iA(T—%(s)B( / e‘iA(s—%(T)B(rm—rgqﬁl)df)ds.
0 0

Thanks to Proposition 1.2 and Remark 1.3, there exists a constant C'(T") > 0

such that, for every ¢ € L*((0,T), H?O)) and u € L*((0,7),R),

T
/ e~ AT=5)y(s) Bypds

0

oo |

" < CD)lullz I B sl e rrs-
3

As we assumed || B ||| 3 = 1, we have

t .

Do Tporl e < | [ eI B0rg - urta)
0

< C(D) || Bl lIT} b = ul il e

< C(D)llo = ull2|TYbill e ss + C@)wll2lITF 60 = Ty bull e s

L HZ

Let p>1. IfU ={ue X : |lulz < (uC(T))"'}, then

pC(T)
w—1

(15) 1Ty 1 — T dull poe s < v = ull2[[T il oo 3

for every u,v € U. From (13), when |Juls, |v]l2 < (uC(T)) !,

1Hi(w) — Hi(v)l[3) < C(T)* (o — ull2(llullz + [0ll2)IT¢ dull Lo g

+ C(T)?||vl3ITF ¢ — Ty il oo

< 2u ' C(T)|lv = ull2 Ty il o s + 2 ITF o1 — Ty il oo 3
and, thanks to (15), we have

(2p—1)
(n =1

Thanks to the relation (14) and to the Duhamel’s formula,

[Hi(u) = Hi(v)l3) < CM)lv = ull2l T el go s -

IT7 il pgemz < lleullsy + C) [ull2 | B 51T 71 g 13-

. llo1ll (3 wl? U
W, u Vv e
e obtain |[I’; ¢ZHL;>°H3 < T-CM)ull2MBT; < p—1 and, for every u, v ’

2u—1
= ()~ Bl < o)l - ull

—1)

10



To apply [CCM97, Lemma 2.3; p. 42], we set M; = (i‘i_l)l2l30(T) and we

estimate p such that My < M /2. The last inequality is true when

(16) 1> a4+ a(a +1) +1, ap :=2C(T)C(T)PC; .

Let T = %. We notice that a; < %?il for @y :=13/C) as

4N\ ~ /4
(et
T T 5
We study the constants C, Cy appearing in (26) that is valid thanks to the

Ingham’s Theorem ([KL05,Theorem 4.3]). Let |I'| := %T =4, p = %2,

GO) =72, Ip = [-1,+1], m = (||| ™}) = 2, a = 4R?, G(0) = LU~

and R = |17/| = 2. By substituting these parameters in the proof of Ingham’s
Theorem [KLO5, pp. 62 — 65]), we obtain

,  2mrG(0)r 8 , 2rG(0)r 3
02 = — = —, Cl = - =
8Y T a¥ 16
The proof of Proposition 1.2 and (30), imply

(17)  C(T) = C(4/n) = 37 *max {V2Cs, \/4/7} = 3n7*V2Cs.
In addition, we have é(ﬁ) = 201 , C’( )C’( ) <3 £ and q < 8 sa;. Now,
G <[{¢n, Bo)| < || Bl =1, = a>1

We need to define p such that (16) is verified and we notice that

6. (6 22 2213
a;+ Va(a;+1) —i—1<(al+ 5al<gal+1>+1)<€al

5 C)
If we set p = %5 then p > a; + y/a;(a; + 1) + 1 as required in (16) and
U={ueX: ||luls <(pC4/T))" }

Since M; < M /2, we have the validity of [CCM97, Lemma 2.3; p. 42], which
implies that A; : U C L?((0,4/7),R) — A(U) C Hfo) is an homeomorphism.

3) We show a neighborhood of ¢; in H(g’o) contained in A;(U). Let

Bx(z,r) ={F € X | 1T — 2l p2(0,2) ) < T}-

We notice that uC(%) g’l and we set U = By (0, 13) C U. From the

proof of [CCM97, Lemma 2.3; p. 42], we know that A;(U) contains a ball of
center A;(0) = qbl(%) and radius (M — Ml) . As M; < M/2, we have

G 3G
O

M—M1Z§MZ

11



oo (05)) i, s 20, (. 2)

In the second part of the proof, we suppose [|B||; = 1, but we can
generalize the result for || B3 # 1 thanks to the identity A + uB =

A+ul| Bl 5 BT F4 P . We consider the operator TET. F P and the control u || B | 5,

while we substitute Cj Wlth Ci I B |H (from Assumptions I). In addition,

if || B||4u € Bx <0, BIET. ) then u € By (0 In conclusion,

C )
ETE

3C? Ci ) _
Y0 € B, <@(> mﬁmBm) 3“63“@%3wﬂ@>'Am”_¢'D

3 Proof of Theorem 1.1

[ B [®

Let T*, uy, b, E(j, k) and C’ be defined in (2). The proof follows from
Proposition 2.2 and Proposition A.3. From Proposition A.3, we have

61l Bl (2)
) 220327'('246 Bj i k?2 _j2 5max j7 k 24
Ry = |05 65 e’%kH?g) < B | - | EiL)
kT
(L+C) I B ¢y I Bl max{ | Bl |HB|H3}
| Bj, k| n

We know lim,,_,~ R!" = 0. Let us provide an explicit n* so that

302 38(C16
(18) *T*%EBH ( O e, k ) "< k

213 || B2 T 932 B 36
For 0 <s<3andj,keN, [[B]f = Ckand || Bl =|Bjkl If

Sl B (2)
2519 Fik  p(1 + CO")|k% — 52|°k** max{j, k}**
- G| Byl

n*

then (18) is valid with b from (2). Thanks to Proposition 2.2 and to the
time reversibility of the (BSE) (see [Duc, Section 1.3]), we obtain

4 .
(19) Tu € L2<(0, ;),R) CTYTY b = oy

4 Application of the main result

In the current section, we briefly propose a possible application of Theorem
1.1. Let us consider an electron trapped in a one-dimensional guide of length
~ 1073 m and represented by the quantum state 1. We suppose that the

12



electron is subjected to an external time-depending electromagnetic field
V() with 7 € [0, T] and T a positive time. Let m, ~ 1073° Kg be the mass

of the electron and A ~ 10734 % with A the reduced Planck constant.
The dynamics of 1 is modeled by the Schrodinger equation

2 2
(20) b () =~ L) V), e 0T,

We substitute  := x 103 m~!, ¢ := 7 10? 57! and ¢ (¢, x) := ¥ (7, x). Now,

2
m?2 Kg’

V(t) := V(1) 103 (t,x) € (0,T) x (0,1), T:=T10%s!

are dimensionless (without unit of measurement) and (20) corresponds to

. d d?
P S() = () V), te (0.T).
If the potential V (¢, z) is equal to u(t)z? , then we obtain the (BSE)
10 (t, ) = A (t, ) + u(t)a*(t, o).

We point out that the last equation can be used to model the dynamics of
an electron subjected to two external fields. The first one forces its behaviour
to a quantum harmonic oscillator with time dependent intensity. The second
field instead traps the electron in a potential well.

We exhibit u driving the state of the particle from the first excited state
to the ground state. For this reason, we retrace the proof of the first point
of Theorem 1.1 with B : ¢ — 2%. Let ¢; and ¢ be eigenstates of A.
We define a control function driving ¢2 in ¢1. We notice that (¢;, 22¢p) =
2 fol r?sin(mjz) sin(mkx)dr and Assumptions I are satisfied since

1)7—* (—1)7tk 45k
— — ; k
‘<¢J7$ or)| = ‘ 27r2 (j + k)272 (52 — k2)272’ i#k,
1 *
(90,70} = |5 — 53 23
For ¢ € Hfy), we have 2% € H* 0 Hy, [lzyo]| < [[¢]l, [l2*¢] < [[¢] and
1
10:0 1% = A% = D wk{en, ) < Y (k) (dn, ) = 03],
keN* keN*

From the Poincaré inequality, [[¢| < 2(|0,| and [|82¢]| < 1(|834|. Thus,
2 + T

2 1
|0a (@)l < N1229]] + 2*00p | < —5 10201 + —[|ze]] < llAlz v,

2+57T

102 ()| < [120]] + [[dx 0| + (|22 05| < l14]2 wu

12+7r
1Az,

102 (2*0) | < 11602 + [162079]| + [la? 5w ]| <

13



IBlls= sup V[|0:(@2)|2 + [|02(x?¢) |2 + |93(z2) ]2 < 5.2
VEH,)
l¥ll(gy<1

Similarly, [| B[ ) < 1.64 and || B < 1. Moreover, C" =0 and

2 — 3 8 4
5 B = C = — I = —=.
62 B2l 27 gn2 32
If we retrace the proof of Proposition 2.2 by substituting the previous
constants, then we see that the local exact controllability is verified in
~ - « 3 2
BH?O)(gbl, 2.14 1075). Let T = 2, u(t) = cos(37%t), T* = 2, K = 97—,

By repeating the proof of Theorem 1.1 and Proposition A.3, for u, := 7,

|B11| =C1 =

WeR P —Timgollly < 10907

In the neighborhood B Y, (qSl, 2.14 10_5) , the local exact controllability is
verified, while the first point of Theorem 1.1 holds for n = 2.3 10117, Let
973

8
There exists 0 € R such thats [[e¢1 — T¢s | 5 < 2.14 107°. In addition,

u(t) = (23 10117)*1 COS(37T2t), T — (23 10117)

4 . .
Ju e LQ((Ov ;%R) : F%Fi@ = 629¢1-

In conclusion, the dynamics of (20) drives the state of the electron from the
first excited state to the ground state in a time T ~ 1016 s,

5 Conclusion

The results provided in the work represent a contribution for the application
of the control theory to the physical experimentation for systems modeled
by the bilinear Schrodinger equation. Given any couple of bounded states,
we provided controls and times such that the dynamics of the (BSE) drives
the first state close as much desired to the second one with respect to the
H E’O)—norm. After, we estimated a neighborhood in H (30) of any bounded
state where the local exact controllability is satisfied in a given time. In
conclusion, for any couple of bounded state, we have defined a dynamics
steering the first one into the second in explicit time.

Given two bounded states, every aspect of the dynamics driving the first
one to the second is explicit (up to the control function ruling the very last
part of the dynamics). Nevertheless, the estimates introduced in the work
are far from being optimal and one might be interested in optimizing them
in order to study meaningful physical systems. The first try is to repeat
the steps of the proof of Theorem 1.1 by considering, from the beginning,
specific B, j and k. However, other possible improvements are the following.

14



e For instance, Theorem 1.1 is stated for the control function u,(t) =
n~tcos((Ap — Aj)t) with n, j, k € N*. However, this choice is arbitrary.
Indeed, the provided theory is based on [Chal2] that considers generic
‘)\k?%)\j'—periodic controls. By retracing the proof of Theorem 1.1 with
a different suitable control, sharper results may be obtained.

e In Proposition 2.2, the controllability may be obtained in a larger
neighborhood. Instead of Ingham’s Theorem, one may use the “Ha-
raux’s Theorem” [KLO05, Theorem 4.6] and change the time 7' = 2.
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A Appendix: Explicit controls and times for the
global approximate controllability

For j,k € N*, let T*, uy, b, E(j, k) and C’ be defined in (2). We denote

2 4 2

T= N,y |2 I= IR K = o
Ak — Al Ak — Al |Bj k|

In the following proposition, we provide a global approximate controllability
result with explicit controls and times with respect to the #-norm.

Proposition A.1. Let B satisfy Assumptions I. For every j, k € N*, j # k,
and n € N* such that

s 30+ OB B
- k2 = 52| ’

(21)

there exist T,, € (NT* —T,nT* +T) and 6 € R such that

3% Bjsl L+ C) I BII
nlk? — 52| ’

T 5 — € dpll% <

Proof. Thanks to [Chal2, Proposition 6], for any n € N*, there exists T,, €
(nT* —T,nT* 4+ T) such that

L= [ T o)l _ 1+ C) Il (65(5, ) + dnlon DB
L+2K B~ n '

(22)
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We underline that the definition of 7% given in [Chal2, Proposition 6] is

incorrect and our formulation follows from [Chal2, Proposition 2]. As a

| < GEKIBNAXCHIBIL _ p ang

consequence of (22), 1 — |{¢y, F:QF:
> HALTH65) — (b, 0w 2 < (1 [k Tz b)) (1 + (6 T267)]) < 2R,
I£k

Afterwards, fixed n € N*, there exists # € R (depending on n) such that
|(¢>k,€’9¢k> - <¢k,F""¢j>|2 < R} and Ry, := [le¢p — Tl 5]|° < 2R, + R}

As |Bj I gﬂ i = 1, we have
p o~ Q2K BIHDA+C)IBIL _ 301 + OB I B2
" - ST e
Np. |- 2
If n > 30+C )‘ﬁ]’_’“j‘gf LB oy j # k, then R, <1, R?2 < R,, and
. 32|B. x|t + O || B||?
e ¢ — I 4l1> < 2R, + Ry < 3R, < 1B n]l(<:2 _].2’) 5l 0

Proposition A.2. Let B satisfy Assumptions I. Let j, k € N*, j £ k, and
n € N* wverify the hypothesis of Theorem 1.1. There exists T,, € (nT* —
T,nT*+T) and 6 € R such that

212327724“62 o j2|5 max{j, k.}24(1 + Cl)

F _619 i
Il Bl (2
e P B |Gy Il B
‘B],k|7n

Proof. 1) Propagation of regularity from H (2) to HE‘O) We show that
the propagator I'7. preserves H (40) and B € L(H (20)). Let us denote

I fllBvery :== IflBv(or)r) = Sup Z |f(t ~1)|

{tJ}J<n€P

for f € BV((0,T),R), where P is the set of the partitions of (0,7") such
that to =0 < t; < ... <t, =T. Fixed n € N*, we denote

) B _ ~
A>0, A=A+ ’Hn”'@) HY,) = D(AGA - A)).

We refer to [Kat53] and we prove that the propagator U, generated by

A+ un()B = illun| Lo o,r),%) I Bl 2
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satisfies the condition [|U;"9[|4) < Cl[¢]|(4) for every ¢ € H(40) and suit-
able C' > 0. Indeed, —i(A + un(t)B — il|un|| Lo (07) ) | Bl (2) 15 not just
dissipative in H (20), but also maximal dissipative thanks to Kato-Rellich’s
Theorem [Dav95, Theorem 1.4.2]. Now, Hille-Yosida Theorem implies that
the semi-group generated by —i(A + un(t)B — t||lun|| L0 r) | Bl (2)) is
a semi-group of contraction and the techniques adopted in the proofs of
[Kat53, Theorem 2; Theorem 3] are valid. As A > [| B || (5)/n, we have

1Bl 2)

lun 0BG = A < 1Bl )} G = ) fl g™ <+ =2 <1
We introduce M := sup;c(o 1,1 |l (iA—A—up,(t)B)~ L(H2, T4, ) and
0)’ 0
M= sup [|[(I=un(t)BGA=A)"") 7 | g
te[0,77]

“ 13 (0BG~ A &

= sup Un()BEA —A) ) |l 9y = =————.

et @ X~ 1Bl

As ||k + f(')HBV((o,T),R) = ||f||BV((0,T),R) for f € BV((0,7T),R) and k € R,

— 4 — 1

Now, as [[(A — iAJlZy = [ 4wl + A2[wll%,), for every ¢ € B,

1BIZy < A2 Bl Gy (141G + M%) < A2 Bl ?Q)WHEE;O)

B
and N < 5] <2>£u”Bv<Tn>. Thanks to [Kat53, Section 3.10], there holds

(A + un(Tn) B — iU ¢l 2) < MeMN|[(A = iX)gjl 0y < MMM (72 + X)j*.
In addition, thanks to the relation (23),

Il ACA + un(T)B = i3 [ gy < M+ [ A(A = iX) ™[] (M < 201.
For every j € N*| we know that

Tn Tn ~
HF%Z(ZSJ‘”(‘Q <en B (2 HUtun(ijM) —en Il Bl (2)2M2€MN(71'2 + )\)j4-

B u B u .
Now, MN < I BN @ llulsv _ IBl@luleya, and. if we choose \ —
’ nA— 1Bl (2 nA ’
B U ~ B u +1 .
1Bl ol HBV(Tn)7 then MN < 1 and & — Il Bl () Ulull Bv(Ts) ). Now, i

n n
periodic and its total variation in a time interval long half-period is 2. We

compute d the quarters of period for u contained in [0, nT* + T and

1 2
Un(NT*+T) = - cos (7r2(k2—j2)(nT*—|—T)) = d= (Wzle—jzl(nT*—i—T));.
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As d = 2(nn?|k* — j?| + 2|By;|)| Bk |71, for the chosen n, we have

lullpv(r,) < lullpymrr) < d+1 < 2(ne®[k? = 52| + 4|By;) | Big| ™",

2 2
o (Bl elsveny + DY _ (200m(52 — 2] + 61By, 1Byl
1Bl lulsve, ) = \2mak = 2= 4B, )BT )

RS Il Bl @) (lull By (z,,) + 1)

n

(24)

Il oy + 12 o 5

Tn
|F ¢ en Bl 29
1Tz 03l (“50 ollzviry

_ ‘”Q”y LI, ( I BI oy (lull v er,) + 1>>2 RN
= MBI o lelsve,) T

2) Conclusion: Let f, := 6“9¢k — I ¢;. First, we point out that, for
every 5 > 0, we have [[full2, < (k° + [T ;1)) As 65,65 € Hpy, for

every s > 0, the point 1) ensures that I'1¢; and I'%.¢; belong to Hgl) for
u € BV(0,T). Thanks to the Cauchy-Schwarz inequality,

3 3 3
142 fall = (A2 fo, A2 12)" < (A2 F Afn))” < A2l P AT,
1Afall? = (Afas Afa) < NA2Flllfall, = I falllsy) < Ifall?1fallly
For R,, defined in the proof of Proposition A.1, the relation (24) implies
_ BB+ OB

n|k? — 52|
IBIN o  20BI
.<e ‘B];?—% k2(2)+12<|”13”|@)(HUHBVXTh)41) 2

- 6
(7T2+A j4+k4
1B o llsva, ) )it k)
61l Bl (2

21232724 (1+ C)e Pl || By IHBIH ?Ik? — 521 max{j, k}24
n|B;,

| fallsy < 3Ra(IT2 @51l sy + K4)°

< O

Proposition A.3. Let B satisfy Assumptions I and n € N* introduced in
Theorem 1.1. For every j,k € N* such that j # k, there exists 8 € R so that

LLTo)
D% s — ey 8y <2smrie Tt K2 — PP max{ kY™
nT* 3) = ‘B] k’7n
(L+C) I Bl ¢ Il Bl max{ || BI|, |||B|||3}

|BJ k|
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Proof. We notice that the hypotheses of Proposition A.2 are verified. We
estimate supycpre 71 [ITE" 85 — Tt @5l (3) and we consider the argu-
ments leading to (24). The uniformly bounded constant C(-) is increasing
and (17) implies sup;epre a7y C(|t — Tnl) < C(2T) < O(4/7) = 242,
Thanks to Proposition 1.2 and Remark 1.3,

sup{ sup [TPno; — Ty TPagle,  swp [T Dies — Tyl |
te[nT*—T,T)) te [Ty ,nT*4T)

nT*+T
<c(2) B, / fun(s)lds sup {0565l sup 0365 -
T*—T tenT*—T,Ty]

The techniques adopted in the proof of Proposition A.2 lead to

Bl (2
sup [Ty gl ey < 2% Posl || B[ o7 [K? = 52[| B, 5%,
te[nT*—T,T]
which implies
oT Il Bl (2)
swp gy - Tyl < C(2) I Bl o2 Pl || Bl
te(nT*—TnT*+T) n
L < op LuLe mBm
k% — j2(|Bej| 't < 2° 3 v2e TPl g =—2I Bl 2| Bjx
— 16
Now, for R, := [T}, ¢; — €’ ¢k||é(33),
Ry <2 T3 05 — T2 1Ty + 27T b5 — i
n = sup t Pj ill(z) + .95 — € Pkll(3)
te(nT*—T,nT*+T)
(25) Bl (2

B
<2(23vae e WBNay gy im0 4 2,

Now, || B]|l, || B | 2) = |B; 1| for j,k € N*. For the chosen n € N*, we have

Bl (2

B L
R <27 (25 3 v2e 1Bkl Wn‘”?’ I B g1 Byl 5% + an”?a)

6l Bl (2

220382724 (1+ C")e Pl || By I B I *[k? — 52| max{j, k}>*
n‘B?

< O

B Appendix: Moment problem

In this appendix, we briefly adapt some results concerning the solvability of
the moment problem (as the relation (7)). Let [BL10, Proposition 19; 2)]
be satisfied and {fx}rez be a Riesz Basis (see [BL10, De finition 2]) in

X = span{f : kGZ}%Q%,
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with % an Hilbert space. For {v}rez the unique biorthogonal family to
{fx}rez (IBL10, Remark 7)), {vg }rez is also a Riesz Basis of X ([BL10, Remark 9]).
If {fx}rez is the image of an orthonormal family {ex}rez C S by an iso-
morphism V' : 5 — , then {vg}rez is the image of {e}rez C # by the
isomorphism (V*)~1: # — 2. Indeed,

Ok = (i, [i)or = (i, V(ej))ow = (V¥ (i), e5) e, Yk, j €L,

that implies (V*)"!(ey) = vy for every k € Z. We point out that in
[BL10, relation (71)] there is a misprint as there exist Cy,Cy > 0 such that

(26) C1Y okl < lullp < Co2 > |l
kEZ keZ

for every u(t) = Y ez @k fe(t) with {z;}ren+ € £2(C). The arguments of
the proof of [BL10, Proposition 19; 2)] and the relations

VT =TS MV llLony = WV Loy, TV Mo = 1V e

implies that, for every u(t) = Y, oy zkvr(t) with {2y }ren-£2(C), we have

Cy2 Y el < ullle < €2 ) el

keZ keZ

The constants C7,Cy > 0 are the same appearing in (26). Moreover, for

every u € X, we know that u = >, . vk (fr, w) » since { fx}rez and {vi }rez
are reciprocally biorthonormal (see [BL10, Remark 9]) and

@) (X ewarlP) < llule < CTH (D 1 whorl?) ™.
keZ kEZ

Remark B.1. Let {\;}ren+ C RT be so that G := infi4; |wp, — wj| > 0.
Thanks to the Ingham’s Theorem [KLO05, Theorem 4.3|, for T > 2?“, the fam-

. - 1.2
ily of functions {e*()} ez is a Riesz Basis in X = span{e?() : k€ Z} = .
In the current remark, we consider s = L*((0,T),C). From (27), we have

@) G (SN uhr) < fullr < 7 (0,00 )
LeZ keZ

The relation (28) ensures that F : u € X —— {(ei)‘k(’),u)yg}kez € 2(C) is
injective. Let {vy} ez be the unique biorthogonal family to {e* ()} cp. The
surjectivity of the map F follows as, for every {xy}rez € £*(C) and N € N*,

uN(t) =Y wpmp e X, {( @0 ) ) = {erbren
k<N
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Since {{xk}kSN}NeN* is a Cauchy sequence, {u’}nen+ is also a Cauchy
sequence in L2((0,T),R) thanks to (28). The completeness of X implies

u(t) = Z vpTk € X, {<ei>\k(.)au>d"f}k€1\]* = {xk}kEN*-
keN*

Thus, F :ue X — {(e”‘k('),u)%}kez € (?(C) is an homeomorphism and,
for every {x) }rez € (2(C), there exists a unique u € X such that

T
xR = / u(s)e M3 ds, Vk € Z.
0

Lemma B.2. Let {ug}rens = {m2(k* — 1?)}gen for I € N* such that
(29) pog =2 (k* = 1) # 72 (1% - §2) = —pj, Vk,j € N*.

For T > 2/x, for every {zy}ren+ € £2(C) such that ; € R,
T .
Ju € L*((0,T),R) : TR = / u(s)e**ds, VEk € N*.
0

In addition, there exists X C L?((0,T),R) such that the map
Jiue X — {{u, ™ N}ene € {{aptpen € 2(C) : 23 € R}
1s an homeomorphism.

Proof. For k > 0, we call wy = —pug, while we impose wy = pu_y for k < 0
and k # —I. We denote Z* = Z \ {0}. The sequence {wi }pez-\{—1} satisfies
the hypotheses of [KL05, Theorem 4.3] as ¢ := infy; |wy —w;| > 72 thanks
to the relation (29). Thus, Remark B.1 is valid. Given {x)}ren+ € £2(C), we
introduce {Zy } pez+\ (-1} € ?2(C) such that Z, = zy for k > 0, while T, = T_,
for k < 0 and k # —I. For T > 27/, there exists u € L?((0,T),C) so that
T = fOT u(s)e~“k3ds for each k € Z* \ {—I}. Then

T = fOT u(s)e*sds = fOT u(s)ettrsds, ke N*\ {i},
T = fOT u(s)ds, k=1,

which implies that u is real when x; € R. For {vj}ren+ the biorthogonal
family to {e”‘k(')} ken=, we have v; € R and {Tj }ren- is the biorthogonal fam-

ily to {e#+O}pene. Thus, u(t) = 3oy Tron(t) + > ken\ {1} T-kVk(t) =
zoi(t) + 2 peney R(zrvr(t)) and (28) leads to

s () <l <207 (X )

keN* keN*
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For x := {}rez-\({—1y belonging to 2(C) = Uzt wez\f—1y * {Tk}ren+ €
2(C); w_y =Ty, Vk € —N*\ {~1}; x; € R}, we define

u(t) = +2 Y Rlapwe), X :={ux : x€?(C)}.

keN\{}

From (30), J : v € X — {(u, eiwk(')>}kez*\{_l} € (?(C) is an homeomor-

phism (for {wy}ren+ defined above), which implies the result. O
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