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ON COURANT’S NODAL DOMAIN PROPERTY FOR
LINEAR COMBINATIONS OF EIGENFUNCTIONS

PIERRE BERARD AND BERNARD HELFFER

ABSTRACT. We revisit Courant’s nodal domain property for linear
combinations of eigenfunctions, and propose new, simple and ex-
plicit counterexamples for domains in R2, S2, T2, and R?, including
convex domains.

1. INTRODUCTION

Let © C R? be a bounded open domain or, more generally, a compact
Riemannian manifold with boundary.

Consider the eigenvalue problem

—Au =Au inQ,
(1.1)

B(u) =0 ondf,
where B(u) is some homogeneous boundary condition on 052, so that
we have a self-adjoint boundary value problem (including the empty
condition if € is a closed manifold). For example, we can choose

D(u) = ulyq for the Dirichlet boundary condition, or N(u) = 9%|sq for
the Neumann boundary condition.

Call H(2, B) the associated self-adjoint extension of —A, and list its
eigenvalues in nondecreasing order, counting multiplicities,

(1.2) 0<M(Q2,B) <X, B) < A3, B) < -+
For any n > 1, define the number
(1.3) 7(Q, B,n) = min{k | \,(22, B) = \,(Q2, B)}.

Shorthand. We use u € \,(Q2, B) as a shorthand for u is an eigen-
function of H (2, B) associated with the eigenvalue A\, (€2, B) i.e.,

H(Q,B)(u) = \(Q,B)u.
Given a real continuous function v on 2, define its nodal set
(1.4) Zv)={x € Q|v(z) =0},
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2 P. BERARD AND B. HELFFER

and call fy(v) the number of connected components of Q2 \ Z(v) i.e.,
the number of nodal domains of v.

Theorem 1.1. [Courant (1923)]
For any nonzero u € \,(Q2, B),

(1.5) Bo(u) < 7(2,B,n) <n.

Courant’s nodal domain theorem can be found in [10, Chap. V.6]. A
footnote in [10, p. 454] (see also the second footnote in [9, p. 394])
indicates that this theorem also holds for any linear combination of the
n first eigenfunctions, and refers to the PhD thesis of Horst Herrmann
(Gottingen, 1932) [17].

For later reference, we write a precise statement. Given r > 0, de-
note by L£(2, B,r) the space of linear combinations of eigenfunctions
of H(2, B) associated with eigenvalues less than or equal to r,

(1.6) L(Q,B,r) = { > iyl eR ;€ )\j(Q,B)} .

A (Q,B)<r

Statement 1.2. [Extended Courant Property/
Letv e L(Q, B, \,(2, B)) be any linear combination of eigenfunctions

associated with the n first eigenvalues of the eigenvalue problem (1.1).
Then,

(1.7) Bo(v) < 7(Q,B,n) <n.
The footnote in [10, p. 454] claims that Statement 1.2 is true.

Remarks on the Extended Courant Property.

1. Statement 1.2 is true for Sturm-Liouville equations. This was first
announced by C. Sturm in 1833, [27] and proved in [28]. Other proofs
were later on given by J. Liouville and Lord Rayleigh who both cite
Sturm explicitly, see [7] for more details.

2. A. Pleijel mentions Statement 1.2 in his well-known paper [26] on
the asymptotic behaviour of the number of nodal domains of a Dirichlet
eigenfunction associated with the n-th eigenvalue for a plane domain.
At the end of the paper, he also considers the Neumann boundary
condition.

“In order to treat, for instance the case of the free three-dimensional
membrane [0, 7], it would be necessary to use, in a special case, the
theorem quoted in [9], p. 394'. This theorem which generalizes part
of the Liouville-Rayleigh theorem for the string asserts that a linear
combination, with constant coefficients, of the n first eigenfunctions
can have at most n nodal domains. However, as far as I have been able
to find there is no proof of this assertion in the literature.”

IPleijel refers to the German edition, this is p. 454 in the English edition [10].
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3. Arnold [2], see also [20, 21] and [19], mentions that he actually
discussed the footnote in [10, p. 454] with R. Courant, that the Fz-
tended Courant Property cannot be true in general, and that O. Viro
produced counterexamples for the sphere. More precisely, as early as
1973, V. Arnold [1] pointed out that, when € is the round sphere SV,
the Ezxtended Courant Property is related to Hilbert’s 16th problem.
Indeed, the eigenfunctions of the Laplace-Beltrami operator on S are
the spherical harmonics i.e., the restrictions to the sphere of the har-
monic homogeneous polynomials, so that the linear combinations of
spherical harmonics of degree less than or equal to n are the restric-
tions to the sphere of the homogeneous polynomials of degree n in
(N + 1) variables. The following citation is taken from [3].

Eigen oscillations of the sphere with the standard metric are described
by spherical functions, i.e., polynomials. Therefore the Courant state-
ment cited above implies the following estimate

dimg Ho(RPY = V,,,R) < CN. o+ 1 (1)

for the number of connected components of the complement to an alge-
braic hypersurface of degree n in the N-dimensional projective space.

For planar curves (N = 2), the estimation (1) is exact (it turns into
equality on a configuration of n lines in general position) and can be
proven independently of the Courant statement. For smooth surfaces of
degree 4 in RP3 the estimation is also ezact and proved (by V.M. Khar-
lamov).

In the general case, the Courant statement is false (a counterexample
can be constructed by a small perturbation of the standard metric on
the sphere). Nonetheless the estimation (1) seems to be plausible: for
proving it one has to verify the Courant statement only for oscillation
of the sphere (or the projective space) with the standard metric.!

Y Translator’s remark: the inequality (1) does not hold true for surfaces
of even degree > 6 in RP3. Counterexamples to (1) were constructed
in the paper of O. Viro, “Construction of multicomponent real algebraic
surfaces”, Soviet Math. Dokl. 20, N°. 5, 991-995 (1979).

4. In [13], Gladwell and Zhu refer to Statement 1.2 as the Courant-
Herrmann conjecture. They claim that this extension of Courant’s
theorem is not stated, let alone proved, in Herrmann’s thesis or subse-
quent publications®. They consider the case in which ) is a rectangle
in R?, stating that they were not able to find a counterexample to the
Extended Courant Property in this case. They also provide numerical
evidence that there are counterexamples for more complicated (non
convex) domains.

2The only relevant one seems to be [18].
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The purpose of the present paper is to provide simple counterexamples
to the Extended Courant Property for domains in R?, T2, S?, and R3,
including convex domains.

The paper is organized as follows. In Section 2, we recall the ideas
from [13]. In Sections 3, 4 and 5, we construct counterexamples by
introducing cracks (with Neumann boundary condition), respectively
on the rectangle, the rectangular torus, and the round sphere. In Sec-
tion 6, we consider the cube with Dirichlet boundary condition. In
Sections 7 and 8, we consider the equilateral triangle and the regular
hexagon respectively, with either Dirichlet or Neumann boundary con-
ditions. Section 10 contains numerical simulations kindly provided by
V. Bonnaillie-Noél. In AppendixA, we give a summary of the descrip-
tion of the eigenvalues and eigenfunctions of the equilateral triangle
with either Dirichlet or Neumann boundary conditions.

We point out that some of our examples rely on numerical computations
of eigenvalues or nodal patterns of eigenfunctions.

Acknowledgements. The authors are very much indebted to Vir-
ginie Bonnaillie-Noél who performed the simulations and produced the
pictures for Section 10.

2. RECTANGULAR MEMBRANE, DIRICHLET BOUNDARY CONDITION

We summarize the ideas from [13].

Consider the square S, =|0,n[*, with Dirichlet boundary condition.
The eigenvalues are given by the numbers

g@(m,n) =m? +n*, for m,n €N,
More precisely, the Dirichlet eigenvalues of the square S, are
01 [2] < 09 =03 [B] < 64 [8] < 85 =06 [10] < ...
< 07 = 0g [13] < g = b1 [17] < 611 [18] < - -+

In this list the numbers in brackets are the actual values of the eigen-
values, for example, 6o = 03 = 5.

A corresponding complete family of Dirichlet eigenfunctions for the
square S, is given by the functions ¢, ,(z,y) = sin(mz) sin(ny) for
m,n € N*. Using the classical Chebyshev polynomials, we have

Gmn(,y) = d11(2,y) Upn—1(cosz) U,_1(cosy) .

Given some positive r, denote by L, the set L£(S,, D,r). A function
® € L, is of the form

Dz, y) = Y. Cum Omal,y).

q2(m,n)<r
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When looking at the nodal pattern of ®, we can factor out the non-
vanishing factor ¢;;, and consider instead the nodal pattern of the
function,
Oy (x,y) = Z Cmn Um—1(cos ) Up—1(cosy) .
g2(m,n)<r
On the other-hand, using the diffeomorphism
F:0,7[> (z,y) = (X,Y) := (cosz,cosy) €] — 1, 1],

we see that the nodal pattern of @, is diffeomorphic to the nodal pattern
of the function,

\IJ(X7 Y) = Z Cm,n Um—1<X) Un—l<Y) )

q2(m,n)<r
for (X,Y) €] — 1,1~

Choosing r = d¢ = 10, i.e. linear combinations involving the six first
Dirichlet eigenfunctions of the square, the linear combinations ¥ gen-
erate the subspace of R[X, Y] spanned by the family

{1,X,Y,X? XY, Y?}

i.e., the polynomials in two variables, of degree less than or equal to 2.
An immediate consequence of this analysis is that any d € {1,2,3,4,5}
is achieved as [y(®) for some ® € L435. Notice that 5 is precisely
Courant’s bound 7(S,, D, 6), see Figure 2.1.

Choosing r = 019 = 17, i.e. linear combinations involving the ten first
eigenvalues, the linear combinations generate the subspace spanned by
the family

{1,X,Y, X% XY, Y? XY? X?Y, X? Y3},
which corresponds to the polynomials of degree less than or equal to 3.

An immediate consequence is that any d € {1,2,3,4,5,6,7,8} is achie-
ved as [y(P) for some & € L£7. Notice that 8 <9 = 7(S;,, D, 10).

Gladwell and Zhu conclude that it does not seem possible to find an
example of & € L7 with nine or more nodal domains.
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Table 1 CHC is true for the first 13 eigenfunctions on the square.

Maximum No. of

m, n New High Order Terms Nodal domaing
1 11 1 1

1,2 )
4 2,2 XY 4

1,3 s R S
56 31 X Y 5 |

2,3
7.8 3.2 Xy xy? 7

1,4
9,10 4 x* Y? 8

2,4
12,13 49 XY XY

(¥S)
L)
>
<
>
A |4
Mo Al | O

FIGURE 2.1. The pictures and computations of
Gladwell-Zhu [13]

3. RECTANGLE WITH A CRACK

Let R be the rectangle ]0,4n[x]0,27[. For 0 < a < 1, let C, :=
10,a] x {w} and R, := R\ C,. In this section, we only consider the
Neumann boundary condition on C,, and either the Dirichlet or Neu-

mann boundary condition on OR. The setting is the one described in
[12, Section §].

We call

(3.1) resp.
0=v1(0) <12(0) < w3(0) < -

the eigenvalues of —A in R, with Dirichlet (resp. Neumann) boundary
condition on OR. They are given by the numbers ”f—g + %2, for pairs
(m,n) of positive integers for the Dirichlet problem (resp. for pairs
of non-negative integers for the Neumann problem). Corresponding
eigenfunctions are products of sines (Dirichlet) or cosines (Neumann).
The eigenvalues are arranged in non-decreasing order, counting multi-

plicities.
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Similarly, call
0 < d1(a) < da(a) < d3(a) <---
(3.2) resp.
0=w(a) <waa) <wvs(a) <---
the eigenvalues of —A in R,, with Dirichlet (resp. Neumann) boundary

condition on OR, and Neumann boundary condition on C,,.

The first three Dirichlet (resp. Neumann) eigenvalues for the rectangle
R are as follows.

Y3z, cos

Eigenvalue | Value | Pairs Eigenfunctions
d1(0) w6 | (L] di(z,y) =sin(}) sin(§)
92(0) 3 | 2.1 ] ¢2(2,y) =sin(3) sin(})
93(0) 1 | B1) [ ds(x,y) =sin(3) sin(§)
(39 A0 | 0 [00)] i1
v5(0) = 1(1,0) oz, y) = cos(
(0) (0,1)
) (2,0)

=

Ny

—~ |

SRS RS

~— ~—| —

I

—~~

e kel 8
o) ~— ~—| ~—

x, cos

=

We summarize [12], Propositions (8.5), (8.7), (9.
following theorem.

ot

) and (9.

—~

), into the

Theorem 3.1. With the above notation, the following properties hold.
(1) Fori > 1, the functions [0,1] > a — 6;(a), resp. [0,1] > a
vi(a), are non-increasing.
(2) For i > 1, the functions |0,1]> a — §;(a), resp. 10,1[> a
vi(a), are continuous.
(3) Fori > 1, lim,04 0;(a) = 6;(0) and lim,_,o; v;(a) = v;(0).

It follows that for a positive, small enough, we have
(3 4) { 0< 61(&) < 51(0) < 52(&) < 62(0) < 53(@) < 53(0) ,and
. 0=urvi(a) =11(0) < ra(a) < 1(0) < v3(a) < wyla) < v3(0).

Observe that for i = 1 and 2, %‘fj (x,m) =0and %‘Zi (z,y) = 0. It follows
that for a small enough, the functions ¢; and ¢, (resp. the functions v
and ;) are the first two eigenfunctions for R, with the Dirichlet (resp.
Neumann) boundary condition on IR, and the Neumann boundary

condition on C,, with associated eigenvalues 1—56 and % (resp. 0 and i)
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FIGURE 3.1. Rectangle with a crack (Neumann condition)

We have
a¢1(x7y) + 6¢2(x,y) = Sln(%) Sln(%) (Q{ + 26 COS(Z)) ,

and

Qi (2,) + Bz, y) = a+ feos(])

We can choose the coefficients «, 8 in such a way that these linear
combinations of the first two eigenfunctions have two (Figure 3.1 left)
or three (Figure 3.1 right) nodal domains in R, .

This proves that the Extended Courant Property is false in
R, with either Dirichlet or Neumann condition on 0R, and
Neumann condition on C,.

Remark. In the Neumann case, notice that we can introduce sev-
eral cracks {(z,b;) | 0 < x < a;}¥_, in such a way that for any
d € {2,3,...k + 2} there exists a linear combination of 1 and cos(%)
with d nodal domains.

Remark. Numerical simulations, kindly provided by Virginie Bonnail-
lie-Noél, indicate that the Fxtended Courant Property does not hold for
a rectangle with a crack, with Dirichlet boundary condition on both
the boundary of the rectangle, and the crack, see Section 10. Dirichlet
cracks appear in another context in [14] (see also references therein).

Remark. It is easy to make an analogous construction for the unit
disk (Neumann case) with radial cracks. As computed for example
n [16] (Subsection 3.4), the second radial eigenfunction has labelling
6 (A\¢ ~ 14,68), and we can introduce six radial cracks to obtain a
combination of the two first radial Neumann eigenfunctions with seven
nodal domains, see Figure 3.2.
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Fi1GURE 3.2. Disk with cracks, Neumann condition

4. THE RECTANGULAR FLAT TORUS WITH CRACKS

Consider the flat torus T := R?/ (47Z @ 27 7). Arrange the eigenvalues
in nondecreasing order,

(4.1) A1(0) < Aa(0) < A3(0) < - --

The eigenvalues are given by the numbers mTQ +n? for (m,n) pairs of

integers, with associated complex eigenfunctions
(4.2) exp(img) exp(iny)

or equivalently, with real eigenfunctions

(4.3) CéS(m%) cos(ny), c.os(mg) S.in(ny),
sin(m$) cos(ny), sin(m3) sin(ny),

where m, n are non-negative integers. Accordingly, the first eigenpairs
of T are as follows.

Eigenvalue | Value | Pairs | Eigenfunctions

A1(0) 0 (0,0) wi(z,y) =1
22 (0) wa(z,y) = cos(5)
(44) M0 | F | (10) | waley) =sin(2)
A (0) ws(z,y) = cos(y)
As(0) 1 (0,1) | wa(z,y) = sin(y)

A typical linear combination of the first three eigenfunctions is of the
form a + 3 sin(§ — 6)

Take the torus T, and perform two (or more) cracks parallel to the x
axis, and with the same length a. Call T, the torus with cracks, see
Figure 4.1, and choose the Neumann boundary condition on the cracks.
For a small enough, the first three eigenfunctions of the torus T remain
eigenfunctions of the torus with cracks, T,, with the same 7(T,, 3) = 2.
We can choose the length a such that the nodal set of o+ 3 sin(§ —0)
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FIGURE 4.1. Flat torus with two cracks

and the two cracks determine three nodal domains. The proof is the
same as in [12].

This proves that the Extended Courant Property is false on
the flat torus with cracks.

5. SPHERE S? WITH CRACKS

On the round sphere S? we consider the geodesic lines
2z (V1 —=2%2cosb;,v/1 — 2%2sin6;, z) through the north pole (0,0,1),
with distinct 6; € [0, w[. For example, removing the geodesic segments
0p = 0 and 0, = § with 1 — 2 < a < 1, we obtain a sphere Si with
a crack in the form of a cross. We choose the Neumann boundary
condition on the crack.

We can then easily produce a function, in the space generated by the
two first eigenspaces of the sphere with a crack, having five nodal do-
mains.

The first eigenvalue of S is A\;(0) = 0, with corresponding eigenspace
of dimension 1, generated by the function 1. The next eigenvalues of S
are A2(0) = A\3(0) = A\4(0) = 2 with associated eigenspace of dimension
3, generated by the functions z,y, 2. The following eigenvalues of S?
are larger than or equal to 6.

As in [12], the eigenvalues of S? (with Neumann condition on the crack)
are non-increasing in a, and continuous to the right at a = 0. More
precisely

0=MX(a) < Xa) <As(a) < Mla) <2< As5(a) <6,
(5.1) lim, 04 Ai(a) = 2 for i = 2, 3,4,

lim, 04 As(a) =6.
The function z is also an eigenfunction of S? with eigenvalue 2. Tt fol-
lows from (5.1) that for a small enough, A\s(a) = 2, with eigenfunction

z. For 0 < b < a, the linear combination z — b has five nodal domains
in S2, see Figure 5.1 in spherical coordinates.

It follows that the Extended Courant Property does not hold
on the sphere with cracks.
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FIGURE 5.1. Sphere with crack, five nodal domains

Remark 1. Removing more geodesic segments around the north pole,
we can obtain a linear combination z — b with as many nodal domains
as we want.

Remark 2. The sphere with cracks, and Dirichlet condition on the
cracks, has been considered for another purpose in [15].

6. THE CUBE WITH DIRICHLET BOUNDARY CONDITION

In this section, we adapt the method used in [13] (summarized in Sec-
tion 2) to the 3D-case.

Consider the cube C, =]0, 7[>. The eigenvalues are the numbers
gk, m,n) =k*+m?*+n*, km,n¢cN°
A corresponding complete set of eigenfunctions is given by the functions
Gkmn (T, y, 2) = sin(kx) sin(my) sin(nz), k,m,n € N°.
The first Dirichlet eigenvalues of the cube are given by

(51 [3]<(52:53:54 [6]<55:(56:57 [9}<
68:69:510 [11}<(511

Using Chebyshev polynomials, for k, m,n € N®* we have
Gk (T, Y, 2) = P111(x,y, 2) Ug—1(cos x) Up,—1(cos y) U, —1(cos z) .
The factor ¢, does not vanish in the cube C;. The map
Cx 2 (z,y,2) — (X,Y, Z) := (cos(z), cos(y), cos(z)) €] — 1,1

is a diffeomorphism from C, to the cube | —1,1[3.

Let £, now denote the set L(C,, D, 7).

In view of the preceding remarks, in order to count the nodal domains
of a linear combination ® € L,

= > ChmnPrmn

q3(km,n)<r
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in the cube C,, it suffices to count the nodal domains of the correspond-
ing linear combination,
v = Z Ck,m,n kal(X)Umfl(Y)Unfl(Z)

q3(k,m,n)<r
in the cube | — 1, 1[3.

Using the formulas for the Chebyshev polynomials, it is easy to see
that the linear combinations ¥ for k2 +m?2 +n? < 11 = §;o correspond

to the polynomials of degree less than or equal to 2 in the variables
X,Y and Z.

In particular, the polynomial f,(X,Y,Z) := X? +Y? + Z2 — a can be
represented as such a linear combination ¥ with k2 +m? 4+ n? < 11.
We can consider the corresponding linear combination ¢,(x,y,2) €

'Cll = 5510 .

When a < 0, the polynomial f, is positive in ] — 1, 1[*> and, correspond-
ingly, the function ¢, € L£;; does not vanish in C, so that it has one
nodal domain.

When 0 < a < /2, the polynomial £, has two nodal domains in | —1, 1[>
and, correspondingly, the function ¢, € £1; has two nodal domains in

Cr.

When v2 < a < /3, the polynomial f, has nine nodal domains in
] — 1,1[® and, correspondingly, the function ¢, € £;; has nine nodal
domains in Cj.

On the other-hand, £1; involves eigenfunctions associated with eigen-
values less than or equal to 11 i.e., the ten first eigenfunctions. Since
11 = g = 09 = &9, Courant’s upper bound is 8 = 7(C,, D, 10).

It follows that ¢,, v2 < a < v/3, provides a counterexample to
the Extended Courant Property for the 3D-cube with Dirich-
let boundary condition.

Remark. The same method can be applied to the cube with Neumann
boundary condition, but does apparently not provide counterexamples
in this case.
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FIGURE 6.1. Cube with Dirichlet boundary condition

7. THE EQUILATERAL TRIANGLE

Let 7. denote the equilateral triangle with sides equal to 1, see Fig-
ure 7.1. The eigenvalues and eigenfunctions of 7., with either Dirichlet
or Neumann condition on the boundary 07., can be completely de-
scribed, see [5, 24, 23|, or [6]. We provide a summary in Appendix A.

In this section, we show that the equilateral triangle provides a counter-
example to the Fxtended Courant Property for both the Dirichlet and
the Neumann boundary condition.

0 A

FIGURE 7.1. Equilateral triangle 7, = [OAB]
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7.1. Neumann boundary condition. The sequence of Neumann ei-
genvalues of the equilateral triangle 7. begins as follows,

2
(71) 0=\ (T, N) < 207

= Xa(Te, N) = A3(Te, N) < Aa(Te, N) .

The second eigenspace has dimension 2, and contains one eigenfunc-
tion ¢4 which is invariant under the mirror symmetry with respect to
the median OM, and another eigenfunction 2" which is anti-invariant
under the same mirror symmetry, see Appendix A.

More precisely, according to (A.21), the function ¢ (x,y) can be chosen
to be,

(7.2) { e (z,y) = cos(£x) + cos(E(—z +V3y))

+eos(3(z +V3y)) .

or, more simply,

(73) oV (2,y) = 2cos (T) <cos (27;37) + cos (2%)) iy

The set {p) +1 = 0} consists of the two line segments {z = 3} N 7,

and {z + /3y = %} N 7., which meet at the point (%, ?) on J7,.

The sets {p2 + a =0}, with a € {0,1 —¢,1,1 + £}, and small positive
e, are shown in Figure 7.2. When a varies from 1 — ¢ to 1 + ¢, the
number of nodal domains of @y 4+ @ in 7, jumps from 2 to 3, with the

jump occurring for a = 1.

It follows that ¢) + a =0, for 1 < a < 1.1, provides a counter-
example to the Extended Courant Property for the equilateral
triangle with Neumann boundary condition.

Figure 7.3 displays the graphs of the function ¢ (top left), and of
the functions a + ¢, with a € {0.9,1,1.1}. The equilateral triangle
appears in grey, in the plane {z = 0}.

Remark. The eigenfunction ¢ restricted to the hemiequilateral tri-
angle is the second Neumann eigenfunction of 7, = [OAM]. The re-
striction of Y to the hemiequilateral triangle is an eigenfunction of
Tr, with mixed boundary condition (Dirichlet on OM and Neumann on
the other sides).
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a=09

AN
AN

FIGURE 7.2. Levels sets {¢) +a =0} fora € {0;0.9; 1; 1.1}

a=0 a=09

a=11

F1GURE 7.3. Counterexample for the Extended Courant
Property (Neumann boundary condition)

15
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7.2. Dirichlet boundary condition. The sequence of Dirichlet ei-
genvalues of the equilateral triangle 7. begins as follows,

2 2
_ 167 < 55(T2) = 65(T2) = 11;71’ < 6:(T0).

(7.4)  61(7e)

More precisely, according to (A.23), the function ¢ (z,y) can be chosen
to be,

oP(z,y) = 2sin (27r(:1: + %)) — 2sin (4%%)

—2sin (27T(ZL' - %)) )

(7.5)

or, more simply, by
©P(z,y) = 4sin 2% (cos(27rm) — oS 2%) ,

2my

7.6
(7:6) = —8sin 7 sin7(z + %) sin7w(z — %),

which shows that ¢ does not vanish inside 7 .

The second eigenvalue has multiplicity 2, with one eigenfunction ¢
symmetric with respect to the median OM, and the other ©? anti-
symmetric.

More precisely, according to (A.25), the function ¢ can be chosen to

be,

oP(x,y) = sin (%’“(Sx + \/gy)) — sin (%(5@’ — \/§y))
(7.7) +sin (& (z — 3\/§y)§ — sin g?(m‘ + 3\/§y)§

+sin (4 (22 4+ V3y) ) — sin (4 (22 — V/3y)

We now consider the linear combination oY + a 9P, with a close to 1.
Figure 7.4 is obtained by numerical computations.

Figure 7.5 displays the graphs of the function ¢ (top left), and of the
functions ¢? + apP with a € {0.8,1,1.1}. The equilateral triangle
appears in grey, in the plane {z = 0}.

Figure 7.4 looks very much like Figure 7.2, and we can suspect that
there is a hidden relation between o +a P and ¢ +a. This is indeed
the case, as Lemma 7.1 below shows.

It follows that, when 0 < a < 1, the function 2 + a o has two nodal
domains; when 1 < a < 1.1, it has three nodal domains.

The function p? + apP, for 1 < a < 1.1, provides a counter-
example to the Extended Courant Property for the equilateral
triangle with the Dirichlet boundary condition.



COURANT NODAL DOMAIN PROPERTY 17

a=0 a=08
a=1 a=11

FIGURE 7.4. Levels sets {¢2 +ap? =0} fora € {0;0.8; 1; 1.1}

a=0 a=08

F1GURE 7.5. Counterexample for the Extended Courant
Property (Dirichlet boundary condition)
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7.3. Relation between ¢2 and ¢} .

Lemma 7.1. With the above notation, the following equality holds,
p7 = 9T ey -

Proof. We express the above eigenfunctions in terms of X := cos %“x
and Y := cos fy

First we observe from (7.3) that
oY (z,y) =2X(X +Y) —1.

Secondly, we have from (7.6)
2y
D : 3
xr,y) = 2sin 8X 6X —2Y).

Finally, it remains to compute pf. We start from (7.7), and first
factorize sin \/3 in each line. More precisely, we write,

(7.8)
sin 2 (5z + v/3y) — sin & (5z — V/3y) = 28111(2\7;9)(308( 3
sin 27 (z — 3v/3y) — sin & (z + 3V/3y) = —28111(327”’)008( ),
sm—(2x—|—\/_y)—sm—(2x—\/_y)—281n(22\7/r§’)cos(4 ).

We now use the classical Chebyshev polynomials T,,, U,,, and the rela-
tions cos(n#) = T),(cosf) and sin(n + 1)0 = sin(0) U, (cos ).

=)

3
T

This gives,

V3
=: QSin%Q(X,Y).

oh = 2sin 22 (T5(X) = XU(Y) + To(X)TA(Y))

We find that
Q(X,Y)=16X" —20X° + 6X + 2V (8X* —8X* + 1) — 4XY?,
and it turns out that the polynomial Q(X,Y") can be factorized as

QX,Y) = (2X(X +Y) — 1) (8X* - 6X —2Y),

so that ol = Pl

In the above computation, we have used the relations,
Ty(X) =8X*—8X?+1, T5(X) = 16X° — 20X> +5X ,

and
Uy(Y)=2Y , Uy(Y) =4Y* — 1.
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8. THE REGULAR HEXAGON

We are looking for another counterexample for the Extended Courant
Property in a convex domain of R2. We have already mentioned that
this quest was unsuccessful for the square, see Section 2. It is natural
to think of other polygons and, among them, the regular hexagon H .

Call H = [ABCDEF] the regular hexagon with sides of length 1, 7, =
[OAB] the equilateral triangle, and T, = [OAM] the hemiequilateral
triangle. See Figure 8.1.

In this section, we consider both the Dirichlet, and the Neumann
boundary conditions on OH.

8.1. Preliminaries. Only a small portion (asymptotically one-sixth)
of the eigenvalues, and of the eigenfunctions, of the regular hexagon H
are known explicitly, namely those which arise from the equilateral tri-
angle, or from the hemiequilateral triangle (with Dirichlet or Neumann
boundary condition).

Numerical computations of the Dirichlet eigenvalues, and of the nodal
patterns of Dirichlet eigenfunctions, are available in the literature, see
for example [4, 11]. They strongly rely on the symmetries of the
hexagon.

We did not find similar computations for the Neumann eigenvalues
and eigenfunctions of H in the literature. We performed numerical
computations for this case with MATLAB, making use of the symmetries
as in [11].

Assuming that the computed eigenvalues are close enough to the true
eigenvalues, using symmetries and Courant’s nodal domain theorem, it
is possible to identify the first six Dirichlet or Neumann eigenfunctions
of H, and their nodal patterns.

As a consequence, we obtain numerical evidence that the regular hexa-
gon provides counterexamples for the Extended Courant Property, for
either Dirichlet or Neumann boundary condition.

8.2. Symmetries. Figure 8.2 displays the lines of mirror symmetry of
the regular hexagon.

For simplicity, we use the same notation for a line, and for the mirror
symmetry across that line.

Given o, 7 € {4, —}, we consider the following sets of functions,
(81) SU,T::{S[)lQDODl:O'gO,QOOM2:TS0}'

Because the mirror symmetries with respect to Dy and M, commute,
the eigenfunctions of the hexagon can be decomposed according to the
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FI1cURE 8.1. The hexagon

M

FIGURE 8.2. The lines of symmetry of the hexagon

four sets S, . Eigenfunctions in one of these sets correspond to eigen-
functions of the domain R, see Figure 8.3, with mixed boundary con-
ditions. For example, the Dirichlet eigenfunctions of H which belong
to &4 _, correspond to eigenfunctions of the domain R with Dirichlet
condition on the line [ABQ], Neumann condition on the side [OA], and
Dirichlet condition on the side [OQ)]. Similar descriptions can be made
for the other cases.

We also introduce the subsets,
(8.2) S,r QS&T ={p|poDi=0¢, poM;=1¢, 1<i,j<3}.

The eigenfunctions of H in one of these subsets arise from eigenfunc-
tions of the hemiequilateral triangle 7, with mixed boundary condi-
tions.
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Q B

FIGURE &8.3. The domain R

The Dirichlet and Neumann eigenvalues of 7. and 7}, can be described
explicitly, together with complete sets of eigenfunctions, see [5, 24, 23],
or [6] and Appendix A for a summary. The eigenvalues and eigenfunc-
tions of 7, with mixed boundary conditions are, generally speaking,
not known explicitly.

For example, the first Dirichlet eigenfunction u; p of H arises from the
first eigenfunction for 7;, with mixed boundary condition NND (sides
listed in decreasing order of length), i.e., Dirichlet condition on the
smaller side, Neumann on the other sides of 7j,.

Note that the eigenfunctions of H which belong to 8¢ _ or to §° | have
at least 6 nodal domains. According to Courant’s nodal domaln the-
orem, they correspond to eigenvalues with index at least 6. Similarly,
the eigenfunctions of H which belong to 897_ have at least 12 nodal
domains, and hence correspond to eigenvalues with index at least 12.

Letting R denote the rotation with center the origin, and angle 2 =,
define the map

(8.3) T(p) =poR—poR%.

One can show that T" maps S, , into S_, _,, with kernel ng and that
it is a bijection from the orthogonal of S . in S, - onto the orthogonal
of 8%, . in S_,_, (orthogonality with respect to the L*(#) inner

product).

8.3. Numerical computations. Fix a boundary condition B on 0H,
either Dirichlet or Neumann. Numerically compute the eigenvalues of
R, with the boundary condition B on 9RNOH, and with mixed bound-
ary conditions on the other sides. Merge the four sets of numerical
eigenvalues, and re-order the result to obtain the numerical eigenvalues
of H, with boundary condition B. In order to identify eigenfunctions
in SO compute the eigenvalues of 7, with boundary condition B on

ag,T?

OTn, N OH, and with mixed boundary conditions on the other sides.
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It turns out that the low lying eigenvalues of R and 7T, are simple. It fol-
lows that one can identify the low lying eigenvalues of H corresponding
to eigenfunctions in the classes S, and S, for 0,7 € {+, —}. Using
the map T, one can identify the double eigenvalues of H.

8.4. Dirichlet boundary condition. Figure 8.4, reproduced from
[4], displays the nodal patterns of the twenty-one first Dirichlet eigen-
functions of H. We produced Figure 8.5 with MATLAB.

The computations indicate that the 6-th eigenvalue is simple, and that
the nodal set of the corresponding Dirichlet eigenfunction ug p is a
closed simple line. Taking for granted that d¢(?) is simple, using the
symmetries of the hexagon, and making use of Courant’s nodal domain
theorem, one can show that ug p actually belongs to 837 4. It follows
that it arises from the second eigenfunction of 7, with mixed boundary
condition NND (Dirichlet on the smaller side, Neumann on the other

Re=Y0
D@6
0@@@

17 18 19 20 21

F1GURE 8.4. Nodal structure for the Dirichlet Laplacian
in the hexagon [4, Fig. 2]



COURANT NODAL DOMAIN PROPERTY 23

Lambda(1)=7.1554 Color: sign(u) 18.1318 Color: sign(u)

0.5

-0.5 -05

o
S
o
o
o
@
o
o
S
o
o
o
o
o

Lambda(3)=18.1318 Color: sign(u) Lambda(4)=32.4524 Color: sign(u)

05

o
S
o
o
o
o
o
o
S
o
o
o
o
o

L .4524 Color: sign(u) L 37.492 Color: sign(u)

05

o
S
o
o
o
o
o
o
S
o
o
o
o
o

Lambda(7)=47.6306 Color: sign(u) .6393 Color: sign(u)

05

o
o
&
°

05

o
o
S
o
o

0.5

o

FI1GURE 8.5. Eigenpairs for the hexagon with Dirichlet
condition using MATLAB

The corresponding nodal patterns in Figure 8.4 and Figure 8.5 appear
as slightly different. This is because we have 2-dimensional eigenspaces
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associated with Ay = A3 and Ay = A;. The computations in [4] (Fig-
ure 8.4) take the symmetries into account from the beginning. Fig-
ure 8.5 was produced with MATLAB, directly on the hexagon, the com-
puted eigenfunctions are not always the symmetric ones. This figure is
provided for comparison with the Neumann case below, see Figure 8.6.

Concerning the Extended Courant Property, the natural question is:

Question 1: Does there exist a linear combination of u; p and ug p
with at least 7 nodal domains?

Consider 7, with mixed boundary condition NND. Call f; a first eigen-
function, and f5 a second eigenfunction. To answer Question 1, it suf-
fices to prove that a level line of fy/f; cuts the equilateral triangle into
three parts.

As far as we know, the eigenfunctions f, and f; are not known trigonome-
tric polynomials. This is stated in [25, Section 3|, without proof.

This question can at least be tackled numerically (the main difficulty
being that both f; and f, vanish on one side).

Numerical simulations, kindly provided by Virginie Bonnaillie-Noél,
suggest that the answer to Question 1 is positive. See Section 10.

8.5. Neumann boundary condition. The first eigenpairs for the
hexagon H with Neumann boundary condition, as computed with MAT-
LAB, are shown in Figure 8.6.

The first Neumann eigenfunction of the hexagon is 0, with associated
eigenfunction u; y = 1. Figure 8.6 suggests that the 6-th Neumann
eigenvalue of the hexagon has multiplicity 2, and that the nodal set
of one of the associated eigenfunction is a simple closed curve. The
figure also suggests that the corresponding eigenfunction ug n is in-
variant under all mirror symmetries of the hexagon, and hence that
it is obtained from an eigenfunction of the hemiequilateral triangle 7
with Neumann boundary condition. The computed value ~ 17.5474
shows that this corresponds to the second Neumann eigenfuncztion of
167

the hemiequilateral triangle, associated with the eigenvalue —g—.

Figure 8.7 displays the results of two MATLAB computations for vg(H)
and vz (H), with different mesh sizes. They indicate that it is not always
easy to identify the eigenfunctions via numerical computations when
the eigenvalue is degenerate (although, in this case, one still sees the
rotational symmetry with angle 2?”) This difficulty can be avoided by
using symmetries from the start, and computing the eigenvalues of the
domain R as explained above.

As far as the Extended Courant Property is concerned, the natural
question is:
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FIGURE 8.6. Eigenpairs for the hexagon with Neumann
condition using MATLAB

Question 2: Does there exist a linear combination of u; y and ug n
with at least 7 nodal domains?
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FIGURE 8.7. Two MATLAB computations for v4(#) and v;(H)

In order to identify the eigenspace E associated with the Neumann
eigenvalue v4(#H), we use the numerical computations of the eigenval-
ues of the domain R, with the Neumann boundary condition on the
line [ABQ)], and either Dirichlet or Neumann boundary condition on
the sides [OA] and [OQ)]. Assume that the numerically computed eigen-
values are close enough to the true eigenvalues. Using the numerical
or exact computations of the eigenvalues arising from the triangle 7y,
possibly with mixed boundary conditions, symmetries and Courant’s
theorem, one can infer that £ contains an eigenfunction wug y arising
from the second eigenvalue of 7, with Neumann boundary condition,
and an eigenfunction u; y arising from the first eigenvalue of 7, with
mixed boundary condition NDN (with sides ordered by decreasing
length). Both eigenvalues are explicitly known, and are eigenvalues of
the equilateral triangle.

The function ug x + a of the hexagon H is obtained from the function
0 + a of the equilateral triangle 7, by reflections with respect to the
diagonals of the hexagon. Using Subsection 7.1, see Figure 7.2, we see
that when a varies from 0 to 1 + ¢ the number of nodal domains of
ug,ny + a in ‘H jumps from 2 to 7, with the jump occurring for a = 1.

It follows that the Extended Courant property does not hold
on the regular hexagon with Neumann boundary condition.
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FiGURE 8.8. Equilateral triangle: 2nd Neumann eigen-
function (symmetric one)

9. EXTENSIONS

In the case of a Euclidean domain 2 C R?, with the Dirichlet boundary
condition, another natural upper bound for the number of nodal do-
mains is provided by Pleijel’s method [26] which uses the Faber-Krahn
isoperimetric inequality. Namely, for u € A,(€2, D) we have

(0.1) o) < |9 (;(ﬁg@)) |

where |Q| is the Euclidean volume of 2, and where B¢ is the Euclidean
ball with volume 1. When n tend to infinity the right-hand side of
(9.1) is asymptotically smaller than or equal to y(d) n for some positive
constant y(d) < 1.

It would be natural to investigate the Ezxtended Courant Property with
Courant’s bound replaced by Pleijel’s bound (9.1).

10. FURTHER NUMERICAL SIMULATIONS

The numerical simulations in this section were kindly performed by
Virginie Bonnaillie-Noél. The eigenvalues and eigenfunctions are com-
puted using a finite element method [22]. Similar simulations are done
n [8] to determine the minimal 3-partition of a square.

Rectangle with a crack, and Dirichlet boundary condition.
Figure 10.1 shows (from top to bottom) the level lines of vy, vq, the
first and second eigenfunctions of the rectangle with a horizontal crack,
with Dirichlet boundary condition on both the crack and the boundary
of the rectangle. In this example, the length of the rectangle is equal
to twice the width. The crack begins on the left side, at half the width;
its length is equal to 35 of the length of the rectangle
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The third picture shows the level lines of the quotient o2, and suggests
that the linear combination 2v; — vy has three nodal domains, two of
them on each side of the crack.

One can therefore conjecture that the Fxtended Courant Prop-
erty does not hold on a rectangle with a crack and Dirichlet
boundary condition.

Hexagon with Dirichlet boundary condition. Figure 10.2 shows
(from top to bottom) the level lines of fi, fo, the first and second eigen-
functions of the equilateral triangle, with Dirichlet boundary condition
on one side, Neumann condition on the other sides. Here, f; and fs
are normalized by the conditions sup; fi = 1 and sups fo = 1.

The third picture shows the level lines of the quotient f—f, and suggests

that the linear combination % f1 + f2 has three nodal domains, two of
them in the neighborhood of the vertices of the side with Dirichlet
boundary condition.

The first and sixth Dirichlet eigenfunctions of the hexagon are obtained
from the functions f; and f; by reflection with respect to the diagonals
of the hexagon. Figure 10.3 shows (from top to bottom) the level lines
of w1 p, ugp, the first and sixth eigenfunctions of the hexagon with
Dirichlet boundary condition. The third picture shows the level lines
of the quotient Z?—g

The pictures suggest that %UL p + u2,p has seven nodal domains, six
near the vertices of the hexagon and one containing the center O.

One can therefore conjecture that the Courant Extended Prop-
erty does not hold on the regular hexagon with Dirichlet
boundary condition.

Regular polygons. Figure 10.4 shows the nodal lines of the ratio
% where wy p (resp. wg p) is the first (resp. sixth) eigenfunction of

a fegular polygon with 7 sides and Dirichlet boundary condition.

One can therefore conjecture that the Extended Courant Prop-
erty does not hold for the regular heptagon. When n tends to
infinity, the eigenvalues of the regular polygon with n sides tend to the
eigenvalues of the disk. Observing that the second radial eigenfunction
of the Dirichlet or Neumann problem for the disk have labelling 6.

One may more generally conjecture that the Extended Courant
Property does not hold for the regular polygon with n > 6
sides, and Dirichlet or Neumann boundary condition.

This method does not seem to yield a counterexample for the regular
pentagon.
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FI1GURE 10.2. Level lines of fi, fo and % for the
problem in the equilateral triangle

NND
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FIGURE 10.3. Level lines of uy p,ug p and
Dirichlet problem in the regular hexagon
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FIGURE 10.4. Level lines of Z‘j—’ﬁ for the Dirichlet prob-
lem in the regular heptagon
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APPENDIX A. EIGENVALUES OF THE EQUILATERAL TRIANGLE

In this appendix, we recall the description of the eigenvalues of the
equilateral triangle. For the reader’s convenience, we retain the nota-
tion of [6, Section 2].

A.1. General formulas. Let E? be the Euclidean plane with the
canonical orthonormal basis {e; = (1,0),es = (0,1)}, scalar product
(-,+) and associated norm | - |.

Consider the vectors

1 2 1

Al o =1, ——=),a=(0,—%=),as = (1, —=) = a1 + a2,
()1(\/5)2(\/5)3(3)12
and

3 V3 3 V3
(Az) a\l/:<§7_7>7a;/:(07 \/g)aag/: (577)20(\1/—’_0(;/
Then

3 4
(A.3) o] = 5041'7 || = 3’ o |? =
Define the mirror symmetries
i 2

(Ad)  sle) = -2 — o Swalal
whose axes are the lines
(A.5) Li={x € E*| (v,0;) = 0}.
Let W be the group generated by these mirror symmetries. Then,
(A6) W: {1781752783781052751081}7

where s1 0 $o (resp. sy 0 s1) is the rotation with center the origin and
s

angle 2& (resp. —2).

Remark. The above vectors are related to the root system A, and W
is the Weyl group of this root system.

Let

(A.7) I =Za) ® Zay

be the (equilateral) lattice. The set

(A.8) Dr = {saj +tay | 0<s,t <1}

is a fundamental domain for the action of I on E2. Another fundamen-
tal domain is the closure of the open hexagon (see Figure 8.1)

(A.9) H=[AB,C,DE,F|,
whose vertices are given by
{A (1,0); B = (3,%2); (-

(A.10) ’ 2
D= (-10;E=(~5-%);
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Call 7. the equilateral triangle
(A.11) T. =0, A, B],

where O = (0,0).
Let I'* be the dual lattice of the lattice I', defined by

(A.12) I*={r€E®|VyeT,(z,7) € Z}.
Then,
' = Zw1 D ZWQ s
(A.13) _ 2 _ (11
where @y = (5,0) and @, = (3, 75) -
Define the set C' (an open Weyl chamber of the root system As),
(A.14) C ={zw;, +yws | z,y >0},

and let T, denote the equilateral torus E?/T.

A complete set of orthogonal (not normalized) eigenfunctions of —A
on T, is given (in complex form) by the exponentials

(A.15) ¢,(x) = exp(2im(z,p)) where z € E* and p € ™.
Furthermore, for p = mw; + nwy, with m,n € 7Z, the multiplicity of
the eigenvalue A(m,n) = 4m2|p|? = %(n‘ﬂ +mn + n?) is equal to the

number of points (k, ) in Z? such that k* + kf + (> = m? + mn + n°.

The closure of the equilateral triangle 7. is a fundamental domain of
the action of the semi-direct product I' x W on E? or equivalently, a
fundamental domain of the action of W on T2

For the following proposition, we refer to [5].

Proposition A.1. Complete orthogonal (not normalized) sets of ei-
genfunctions of the equilateral triangle T. in complex form are given,
respectively for the Dirichlet (resp. Neumann) boundary condition on

d7T., as follows.
(1) Dirichlet boundary condition on OT.. The family is
(A.16) P (z) = > det(w)exp(2im(x,w(p)))
weW
with p € C NT*. Furthermore, for p = mw; + nwy, with
m,n positive integers, the multiplicity of the eigenvalue 4m*|p|>
s equal to the number of solutions ¢ € C NIT'* of the equation

lal* = [p]*.
(2) Neumann boundary condition on OT.. The family is

(A.17) @év(x) = Z exp(2im{x,w(p)))

weW

with p € C NT*. Furthermore, for p = mw, + nwy, with m,n
non-negative integers, the multiplicity of the eigenvalue 47?|p|?
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is equal to the number of solutions ¢ € C NT* of the equation
lal* = [p]*.

Remark. To obtain corresponding complete orthogonal sets of real
eigenfunctions, it suffices to consider the functions

C, = R(®,) and S, = I(D,).

For p = mw; + nw,y, with m,n € N\ {0} for the Dirichlet boundary
condition (resp. m,n € N for the Neumann boundary condition), we
denote these functions by C,,, and Sy, ,.

In order to give explicit formulas for the first eigenfunctions, we have
to examine the action of the group W on the lattice I'". A sim-
ple calculation yields the following table in which we simply denote
mwoy + nwy by (m,n).

w | (m,n) w(m,n) det(w)
1 (m,n) (m,n) 1
s1 | (myn) | (—m,m+mn)| -1
(A18) S (G |Gy |
ss | (m,n)| (—n,—m) -1
s1 082 | (m,n) | (—m —n,m) 1
sp0s81 | (myn)| (n,—m —mn) 1

Remark. The above table should be compared with [6, Table], in
which there is a slight unimportant error (the lines s; o s3 and s5 0 $
are interchanged).

Remark. Using the above chart, one can easily prove the following
relations.

m,n )

N N N N
CN —=CN_  and SN, =-SN .

(A.19)

n

{ cb =-CcP,  and SP =5P

A.2. Neumann boundary condition, first three eigenfunctions.
The first Neumann eigenvalue of 7, is 0, corresponding to the point
0= (0,0) € I'*, with first eigenfunction ¢; = 1 up to scaling.

The second Neumann eigenvalue corresponds to the pairs (1,0) and
(0,1). According to the preceding remark, it suffices to consider C{YO
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and S7. Using Proposition A.1, and the table (A.18), we find that, at
the point [s,t] = say + tay,

Co([s,]) = 2 (cos(2ms) + cos(2m(—s + t)) 4 cos(2mt))
SYo([s,t]) = 2 (sin(27s) + sin(2m(—s 4 1)) — sin(27t)) .

wn |

Up to a factor 2, this gives the following two independent eigenfunctions

for the Neumann eigenvalue 16; , in the (z,y) variables, with (z,y) =

(gs,——s—l— \/_t) or (s,t) = (31‘, 3T+ fy>
oy (x,y) = cos( ) + cos(¥ (—x + V/3y))
+ cos(& (z + \/_y))

A(ay) = sin(2) +sin(Z(—z + V3y))

- sm(%’r(x + \/_y)) .
The first eigenfunction is invariant under the mirror symmetry with
respect to the median OM of the equilateral triangle, see Figure 7.1.

The second eigenfunction is anti-invariant under the mirror symmetry
with respect to this median. Its nodal set is equal to the median itself.

(A.21)

A.3. Dirichlet boundary condition, first three eigenfunctions.
The first Dirichlet eigenvalue of T; is 01(7.) = %. A first eigenfunc-
tion is given by Sf)l. Using Proposition A.1, and Table A.18, we find
that this eigenfunction is given, at the point [(s,t| = say +tay, by the
formula

(A.22) { P ([s,t]) = 2sin2w(s +1t) + 2sin27(s — 2t)

+2sin 27 (t — 2s) .

Substituting the expressions of s and ¢ in terms of x and y, one obtains
the formula,

PP (z,y) = 2sin (2r(z + %)) — 2sin (4r%)

—2sin (27r(x — %)) :

The second Dirichlet eigenvalue has multiplicity 2, d2(7:) = d3(7T) =
%9”2. The eigenfunctions C3; and S3; are respectively anti-invariant
and invariant under the mirror symmetry with respect to [OM], with

values at the point [(s,t)] given by the formulas,

(A.23)

©P([s,t]) = sin2m(2s +t) + sin 27 (s + 21)
+sin 27w (2s — 3t) — sin 27 (3s — 2t)
+sin27(s — 3t) — sin 2m(3s — 1),

©P([s,t]) = cos2m(2s +t) — cos 27 (s + 2t)
—cos 2m(2s — 3t) + cos 2m(3s — 2t)
+cos27(s — 3t) — cos2m(3s — t).

(A.24)
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Substituting the expressions of s and ¢ in terms of x and y, one obtains

the formulas,

©F (z,y) =
(A.25)
and

oF (z,y) =
(A.26)

sin (%”(5x + \/gy)) — sin (%”(590 - \/gy))
+sin (& (z — 3v3y)) — sin (Z(z + 3v/3y)
+sin (4 (22 + V3y) ) —sin (22 — V3y)) .
cos (2%(596 + \/§y)) — o8 (%’(51‘ - \/gy))
+cos (& (z — 3v/3y) ) — cos (% (x + 3v/3y)
E‘?(Qx + \/gy)g g‘g(Zm - \/§y)§ :

+ cos — COS
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