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Convergence of the Chern-Moser-Beloshapka normal forms

Bernhard Lamel* , and Laurent Stolovitch

April 13, 2019

Abstract

In this article, we give a normal form for real-analytic, Levi-nondegenerate subman-
ifolds of CV of codimension d > 1 under the action of formal biholomorphisms. We
find a very general sufficient condition on the formal normal form that ensures that the
normalizing transformation to this normal form is holomorphic. In the case d = 1 our
methods in particular allow us to obtain a new and direct proof of the convergence of
the Chern-Moser normal form.

1 Introduction

In this paper, we study normal forms for real-analytic, Levi-nondegenerate manifolds of
CN. A real submanifold M c CV (of real codimension d) is given, locally at a point p € M,
in suitable coordinates (z,w) € C" x C? = CV, by a defining function of the form

Imw = ¢(z,z, Rew),

where ¢: C" x R? — R? is a germ of a real analytic map satisfying (0,0,0) = 0, and
V¢(0,0,0) = 0. Its natural second order invariant is its Levi form £,: This is a natural
Hermitian vector-valued form, defined on V, = CT,,M N (CTISO’I)(CN as

EP(XZNY:D) = [Xpa ?p] mod Vp D 17;, c CTPM/VP & 1—}p.

We say that M is Levi-nondegenerate (at p) if the Levi-form £, is a nondegenerate, vector-
valued Hermitian form, and is of full rank.

Let us recall that £, is nondegenerate if L£,(X,,Y,) = 0 for all Y}, € V, implies X, = 0 and
that £, is of full rank if 6(£,(X,,Y})) = 0 for all X,,,Y, € V, and for § € ToM =V NV
(where VpL C CT*M is the holomorphic cotangent bundle) implies 6 = 0.
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The typical model for this situation is a hyperquadric, that is, a manifold of the form

Ql(z,i) Etjlz
Imw = Q(z,2) = : = 1,
Qd(Z,Z) ZtJdZ

where each Ji is a Hermitian n x n matrix. In this model case, the conditions of nondegen-
eracy and full rank are expressed by

d

d
(Vker Je = {0}, Y MeJe=0=X=0, k=1,....d (1)
k=1 k=1

The defining equation of the hyperquadric becomes of degree 1 if we endow z with the weight
1 and w with the weight 2, which we shall do from now on. A Levi-nondegenerate manifold
can thus, at each point, be thought of as a “higher order deformation” of a hyperquadric,
that is, their defining functions Imw = ¢(z, zZ, Rew) can be rewritten as

Imw = Q(2,2) + 33(2. 2, Rew),

where ®>3 only contains homogeneous terms of order at least 3.

We are going to classify germs of such real analytic manifolds under the action of the
group of germs of biholomorphisms of CV. The classification problem for Levi-nondegenerate
manifolds has a long history, especially in the particular case of hypersurfaces (d = 1). The
case of higher codimension d > 1 faces challenges, to be outlined below, which are absent
in the case d = 1. Therefore, the case of higher codimension has long remained open, and
to the best of our knowledge the results obtained in the present paper are the first without
special assumptions on the codimension. The methods we introduce in order to study this
normal form problem are completely different to the ones used previously in the literature.
They are very flexible and powerful, and therefore we do expect that they will be useful in
the study of other normal form problems in CR geometry.

Let us review a bit of the history before we state our results. The equivalence prob-
lem was first studied (and solved) for hypersurfaces in C? by Elie Cartan in a series of
papers [Car33|, [Car32] in the early 1930s, using his theory of moving frames. Later on,
Tanaka [Tan62] and Chern and Moser |[CMT74] solved the problem for Levi-nondegenerate
hypersurfaces in C"”. They used differential-geometric approaches, but also, in the case of
Chern-Moser an approach coming from the theory of dynamical systems: finding a normal
form for the defining function, or equivalently, finding a special coordinate system for the
manifold. We refer to the papers by Vitushkin [Vit85b, [Vit85a], the book by Jacobowitz
[Jac90], the survey by Huang [Hua04] and the survey by Beals, Fefferman, and Grossman
[BFG83] in which the geometric and analytic significance of the Chern-Moser normal form
are discussed.

We are able to give a formal normal form for Levi-nondegenerate real analytic manifolds
together with a rather simple condition (see ) which implies its convergence. Recent ad-
vances in normal forms for real submanifolds of complex spaces with respect to holomorphic
transformations have been significant: We would like to cite in this context the recent works
of Huang and Yin [HY09, HY16, HY17], the second author and Gong [GS16], and Gong
and Lebl [GL15].



We will discuss our construction and the difficulties involved with it by contrasting it to
the Chern-Moser case. Before we describe the Chern-Moser normal form, let us comment
shortly on why the differential geometric approach taken by Tanaka and Chern-Moser works
in the case of hypersurfaces. The reason for this is that actually locally, the geometric
information induced by the (now scalar-valued!) Levi-form can be reduced to its signature
and therefore stays, in a certain sense “constant”. One can therefore study the structure
using tools which are nowadays formalized under the umbrella of parabolic geometry—for
further information, we refer the reader to the book of Cap and Slovak [CS09]. In particular,
every Levi-nondegenerate hypersurface can be endowed with a structure bundle carrying
a Cartan connection and an associated intrinsic curvature. However, in the case of Levi-
nondegenerate manifolds of higher codimension, our basic second order invariant, the vector-
valued Levi form £, has more invariants than just the simple integer-valued signature of
a scalar-valued form, and its behaviour thus can (and in general will) change dramatically
with p. Of course, if it is nondegenerate at the given point 0, it stays so in neighbourhood
of it. There have thus been rather few circumstances in which the geometric approach has
been successfully applied to Levi-nondegenerate manifolds of higher codimension, such as
in the work of Schmalz, Ezhov, Cap, and others (see [SS06] and references therein).

In our paper, we take the different (dynamical systems inspired) approach taken by
Chern-Moser, who introduced a convergent normal form for Levi-nondegenerate hypersur-
faces. They prescribe a space of normal forms Nopy C Cz, z, s] such that for each element
of the infinitesimal automorphism algebra of the model hyperquadric Imw = z!.Jz, one
obtains a unique formal choice (z,w) of coordinates in CV = C" x C in which the defining
equation takes the form

Imw = 2'.Jz + ®(2, 2, Rew),

with ® € Neps. It turns out (after the fact) that the coordinates are actually holomorphic
coordinates, not only formal ones, which is the reason why we say that the Chern-Moser
normal form is convergent. Let us shortly note that the dependence on the infinitesimal
automorphism algebra is actually necessary; after all, some of the hypersurfaces studied
have a normal form which still carries some symmetries (in particular, the normal form of
the model quadric will be the model quadric itself).

The normal form space of Chern and Moser is described as follows. One needs to

introduce the trace operator
r-(2) (2
- \oz 0z

and the homogeneous parts in z and z of a series ®(z,2,u) = >, k(2,2 u), where
P p(tz, s2,u) = tjskq)jvk(z, Z,u); ®; 1 is said to be of type (j, k).

We then say that ® € Ngyy if it satisfies the following (Chern-Moser) normal form
conditions:

(I)j,() = q)()d' = O, ] 2 O;
Qj1=@1; =0, J=1
T®gp = T?®y3 =T33 3 = 0.

There are a number of aspects particular to the case d = 1 which allow Chern and Moser
to construct, based on these conditions (which arise rather naturally from a linearization



of the problem with respect to the ordering by type), a convergent choice of coordinates.
In particular, Chern and Moser are able to restate much of their problem in terms of
ODEs, which comes from the fact that there is only one transverse variable when d = 1;
in particular, existence and regularity of solutions is guaranteed. In higher codimension,
this changes dramatically as this ODE is replaced by some systems holomorphic PDEs to
which one has to find an holomorphic solution vanishing at the origin. This is much more
complicated and delicate to handle. A very special example of such PDE is of the form

This equation cannot be solved in general. For instance, 21597‘”1 — 22(%”2 = 2129 won’t have

any holomorphic solution with zero value at zero. There is no classical theorem to obtain
an a priori holomorphic solution to this kind of problem because one has to take care of
the range of the linear operator L (as well as its kernel). It’s the purpose of the “Big
denominator theorem” [Sto16], to take charge of this. Our normal form has to take this into
account.

Another aspect of the problem, which also accounts for the difference of the case d = 1
to d > 1, is the second line of the normal form conditions above: We cannot impose that
¢y ; = ;1 = 0for j > 1, as those terms - it turns out - actually carry invariant information.
We shall however present a rather simple normal form, defined by equations which one can
write down.

We should note at this point that some parts of the problem associated to a formal
normal form have already been studied by Beloshapka [Bel90]. In there, a linearization of
the problem is given, and a formal normal form construction (with a completely arbitrary
normal form space) is discussed. However, for applications, a choice of a normal form space
which actually gives rise to a convergent normal form is of paramount importance, and only
in very special circumstances (codimension 2 in C*, see Ezhov and Schmalz [ES96, [ES98])
there have been resolutions to this problem.

The failure of a simple normalization of the terms of type (1,7) and (j, 1) in the higher
codimension case has more and subtle consequences which destroy much of the structure
which allows one to succeed in the case d = 1. We are able to overcome some of these
problems by using a new technique from dynamical systems introduced by the second author
[Sto16].

Our first theorem states that, given a Levi-nondegenerate hyperquadric Imw = Q(z, 2),
for perturbations of the form

Imw = Q(2,2) + ®x3(z, 2, Rew),

one can find a formal normal form. Our first main result can therefore be thought of as a
concrete realization of Beloshapka’s construction of an abstract normal form in this setting:

Theorem 1. Fiz a nondegenerate form of full rank Q(z, 2) on C™ with values in C%, i.c. a
map of the form Q(z,%2) = (ZtJ1z,..., 2t Jq2) with the Jy satisfying . Then there exists
a subspace Nf C C[z,z,Rew] (explicitly given in below) such that the following holds.
Let M be given near 0 € CN by an equation of the form

Imw' = Q(2,7,) + ®>3(2', 7, Rew'),



with ® € Clz,z,Rew]. Then there exists a formal biholomorphic map, unique up to a
finite-dimensional set of parameters, of the form H(z,w) = (z+ f>2,w + g>3) such that in
the new (formal) coordinates (z,w) = H~1(2,w') the manifold M is given by an equation
of the form

Imw = Q(z, 2) + ®>3(z, Z, Rew)

with ®>3 € Nf.

Let us remark that the parameter space in can be described explicitly; this is
done at the very end of and it turns out that it is closely related to the infinitesimal
automorphisms (up to order 3) of the model quadric. The solution of the analytic normal
form problem, however, runs into all of the difficulties described above. However, there
is a partial, “weak” normalization problem, described by a normal form space N }” SN ¥
(again defined below in (16))), which in practice does not try to normalize the (3,2) and the
(2,3)-terms and therefore treats the transversal d-manifold z = fy(w) as a parameter. This
fact is somewhat of independent interest, so we state it as a theorem:

Theorem 2. Fiz a nondegenerate form of full rank Q(z,2) on C" with values in C¢, i.e.
a map of the form Q(z,2) = (Z'hz,...,72 Jqz) with the Jy satisfying (). Then for the
subspace N = NP N C{z, 2, Rew} defined below in the following holds. Let M be

given near 0 € CN by an equation of the form
Imw' = Q(2/,7) + ®>3(¢, 2, Rew’).

Then for any fo € C{w}"™ vanishing at the origin (fo € (w)C{w}" for short), there exists
a biholomorphic map of the form H(z,w) = (z + fo + f>2,w + ¢g>3) with f>2(0,w) = 0,
unique up to a finite dimensional space of parameters, such that in the new coordinates
(z,w) = H7Y(2',w'") the manifold M is given by an equation of the form

Imw = Q(z,2) + ¢>3(2, 2, Rew)
with >3 € N,

As above, the parameter space can be described explicitly. Let us note that (as is ap-
parent from the construction of the convergent solution) the corresponding formal problem
also has a solution.

There is a nice geometric interpretation of the convergent normal form given in
If we fix a germ of a real-analytic submanifold N C M through 0 which is transversal
to T§M, given by the equation z = fy(u), the normalizing transformation provides for a
unique convergent parametrization identifying the subset defined by {z = 0,v = 0} in the
normal form with N, that is, we obtain an (essentially unique) map v: R — M parametriz-
ing N and (by identifying the standard basis of the complex tangent space of the normal
form at the point (0, ¢) with a designated basis of T§( t)M , a frame of TVC( t)M , for each t € R9.

The analytic choice of such a transverse manifold satisfying the additional restrictions
that the defining equation of M in the coordinates for which N corresponds to {0} x R?
actually is in N ¢ is actually quite more involved than the choice of a transverse curve
in the case of a hypersurface, as the “resonant terms” already alluded to above provide
for an intricate nonlinear coupling of the PDEs which we will derive. It is with that in



mind that one has to put some additional constraint in order to provide for a complete
convergent normalization. We note, however, that we obtain a complete solution to the
formal normalization problem.

Even though we cannot guarantee convergence of every formal normal form we are able
to give some simple, purely algebraic conditions describing a subset of formal normal forms,
for which the transformation to the normal form (and therefore also the normal form) can
be shown to be convergent if the data is. This condition is imposed on the terms of type
(1,1) and (1,2), determined from the decomposition

O(z,z,u) = Z Q;1(z,2,u), Pjr(tz,sz,u) = tjskq)(z, Z,u).
ik

Before stating our result, we note that we write

0P, 0P, 1,
/‘ ~ — ]7 ]7
]JC(Z?Z?u) ( 8U1 1ty aud > )

which is a d x d-matrix of formal power series in u taking values in the space of polynomials
in z and z (homogeneous of degree j in z and k in Z).

Theorem 3. Fiz a nondegenerate form of full rank Q(z,2) on C" with values in C¢, i.e.
a map of the form Q(z,z) = (z'J12,..., 2 Jgz) with the J; satisfying (1). Let M be given
near 0 € CN by an equation of the form

Imw' =Q(,7,) + @23(,2/, 7 Rew'),

with ® € C{z,z,Rew}. Then any formal biholomorphic map into the normal form from
Theorem is convergent if the (formal) normal form

Imw = Q(z, 2) + ®>3(z2, Z, Rew)

satisfies
Py P12+ Py 5(Q+ P11) = 0. (2)

It is a natural question to ask how our normal form relates to the Chern-Moser normal
form. In fact, our normalization procedure in is a bit different from the Chern-
Moser procedure. Let us emphasize that in the hypersurface case (d = 1) the normal form
in Theorem |1}, even though necessarily different from the Chern-Moser normal form, is au-
tomatically convergent. Indeed, in this case, on the formal normal form is automatically
satisfied since @11 = ®1 2 = 0.

The difference of our normal form from the Chern-Moser construction is in some sense
necessary, since it is geared towards higher codimensional manifolds. However, we can
adapt it in such a way that in codimension one, we obtain a completely new proof of the
convergence of the Chern-Moser normal form, which relies only on the inductive procedure
used to construct it. We shall discuss this in detail in

We would like to emphasize that having to impose a condition on the formal normal form
in order to ensure the convergence of the normalizing transformation is a phenomenon that
occurs in other problems arising e.g. in the theorem of Dynamical Systems. For instance,



in Hamiltonian local dynamics, consider a germ of an analytic Hamiltonian vector field in
R? (or C?),

p
O0H 0 0H 0
XH o ; B 8y2 81‘1 + 81‘1 ayl

where H = Hy + H3 + h.o.t. denotes a germ of an analytic function with H; being a
homogeneous polynomial of degree i. Such an H has a (formal) Birkhoff normal form ob-
tained by a formal (symplectic) transformation. In the simplest (i.e. real non resonant)
case, we can write Hy = Y P N\;(2? + y?) and the Birkhoff normal form is of the form
H(z2 +42,... ,x#2 +y2) . It was shown by Birkhoff (in the 1930’s) that, in dimension
2 (i.e. if p = 1), there always exists an analytic transformation into the Birkhoff nor-
mal form. In higher dimension, the situation is dramatically more complicated. In the
late 60’s, Riissmann [Riis67] proved that if the formal Birkhoff normal form has the form
H(H,) = H( P Xi(z? 4+ y2)) (which is an algebraic condition) then there exists an ana-
lytic transformation to the Birkhoff normal form (under a small divisors condition). This
condition is of course automatically satisfied in dimension 2. This apparently technical con-
dition on the formal normal form is now understood as a complete integrability condition
and has a geometrical interpretation. There is also a similar phenomenon in the frame-
work of CR-singularities following the seminal article of Moser-Webster [MW83] (involving
reversible biholomorphisms in dimension 2 that are automatically locally holomorphically
conjugate to a normal form) and the more recent work by Gong-Stolovitch [GS16] (in higher
dimension, some conditions are needed to obtain the holomorphic normalization of reversible
biholomorphisms).

These are very similar situations to the conditions which we uncovered in our main
result. After having defined a suitable (and not trivial) notion of normal form, we found a
condition on the formal normal form that ensure that there is an analytic transformation to
a (analytic) normal form. This condition is automatically satisfied in codimension 1, that
is in Chern-Moser situation.

Acknowledgment We thank the referees for their very careful reading that helped us
improve our text.

2 Framework

We first gather some notational and technical preliminaries, which are going to be used in
the sequel without further mentioning.

2.1 Imitial quadric

Let M be a germ of a real analytic manifold at the origin of C"*¢ defined by an equation
of the form )
v =Q(Z, 7)) + Px3(, 7 W) (3)

where w' := v’ + v’ € C4, v/ = Rew’ € R%, v/ = Imw' € R? and 2/ € C". Here, Q(¢, 7')
is a quadratic polynomial map with values in R and ®s3(2’,7,u/) an analytic map germ
at 0. We endow the variables 2/, z’, w’ with weights: 2’ and 2z’ get endowed with weights
p1 = p2 = 1 and v’ (and also u and v) with p3 = 2 respectively. Hence, the defining



equation of the model quadric Imw = Q(2, ) is homogeneous (qg-h) of quasi-degree (g-d) 2.
We assume that the higher order deformation ®>3(z,z,u) has quasi-order (q-o) > 3, that
is

<I>>3 22 ) Z D, ( (2,7 )

p>3

with ép(z’ .2 u/) g-h of degree p. Hence, M is a higher order perturbation of the quadric
defined by the homogeneous equation v = Q(z/,z'). We assume that the quadratic poly-
nomial @Q is a Hermitian form on C", valued in R, meaning it is of the form

Ql(Z,Z)
Q(Z,Z) = )
Qd(Z,Z)

where each Qg (2, z) = z'Jjz is a Hermitian form on C" defined by a Hermitian n x n-matrix
Jy. In particular, we observe that Q(a,b) = Q(b,a), for any a,b € C™.

We assume that Q(z, z) is nondegenerate, if Q(v,e) =0 for all v € C™ implies e = 0, or
equivalently,

d

ﬂ ker J, = {0}.

k=1
We also assume that the forms Jy are linearly independent, which translates to the fact that
if >, AgJr = 0 for scalars Ay, then \y =0, k=1,...,d.

In terms of the usual nondegeneracy conditions of CR geometry (see e.g. [BER99]) these

conditions can be stated equivalently by requiring that the model quadric v = Q(z,2) is
1-nondegenerate and of finite type at the origin.

2.2 Complex defining equations

We will also have use for the complex defining equations for the real-analytic (or formal)
manifold M. If M is given by
Imw = ¢(z, zZ, Rew),

where ¢ is at least quadratic, an application of the implicit function theorem (solving for
w) shows that one can give an equivalent equation

w=0(z,z,w).

Such an equation comes from the defining equation of a real hypersurface if and only if
0(z,%,0(%, 2z,w)) = w.

We say that the coordinates (z,w) are normal if ¢(z,0,u) = ¢(0,z,u) = 0, or equiva-
lently, if (z,0,w) = 0(0, z,w) = w. The following fact is useful:

Lemma 4. Let o(z,z,w,w) be a defining function for a germ of a real-analytic submanifold
M C C? x C%. Then (z,w) are normal coordinates for M if and only if o(z,0,w,w) =
0(0, z,w,w) = 0.

For a proof, we refer to [BER99].



2.3 Fischer inner product

Let V be a finite dimensional vector space (over C or R), endowed with an inner product
(,-). We denote by u = (u1,...,uq) a (formal) variable, and write V[u] for the space of
formal power series in u with values in V. A typical element f € V[u] will be written as

fw) =" fau®, fa€V. (4)

a€eNd

We define an extension of this inner product to Vu] by

! =
<faua,gﬁuﬂ>={g" e #g. 5)

The inner product (f, g) is not defined on all of V[u], but is only defined whenever at most
finitely many of the products f,gs are nonzero. In particular, (f, g) is defined whenever g €
F[u]. This inner product is called the Fischer inner product [Fis17, Bel79]. If T: F;[u] —
F5[u] is a linear map, we say that 7" has a formal adjoint if there exists a map T%: : Fyu] —
F1u] such that

(Tf,9)y = (f,T"9)

whenever both sides are defined.

Lemma 5. A linear map T as above has a formal adjoint if T(Fy[u]) C Fy[u], where Fjlu]
is the space of polynomials with values in F; , j =1,2.

Proof. Let T(fau®) =: g = > 4 gguﬁ, and set T*(hgu?) = sP(u) = 3, sou®. We need
that
(T(fau®)hgu”) = (g8, hs),

= (£ (hsu?)),
= al <fow Scﬁy>1 )
B

which has to hold for all v, 3, and arbitrary f, € F1,hg € Fo. This condition determines sy
uniquely: Fix hg and consider the linear form Fy > fo — (T fou®, hg) . Since (-, -); is non-

degenerate, there exists a uniquely determined sg € Fi such that <g§‘, h5>2 = %—: < fas s§>1.

We now only need to ensure that the series 7*h is well-defined for h = 3, hgu®. Tt
would be given by

9l Por] I8
a B
which is a well-defined expression under the condition that T'( f,u®) is a polynomial. O

We are now quickly going to review some of the facts and constructions which we are
going to need.



The map D, : Flu] — F[u],

ol !
D, f(u) auf Z(a>’7 Jau®

has the formal adjoint
Myg(u) = u?g(u).
Indeed,

u — ( )7 (Oé 7) <fouga 'y> <fa ,ggu5+7> ,8:()(—")/
< Pl >_{O7 BH#a—~v

If L: F} — F5is alinear operator, then the induced operator Ty, : Fi[u] — F>Ju] defined

by
1, (z f) S g
[e% (0%
has the formal adjoint T} = T+, since

a a! <Lfomgﬁ> =a! <fo<7L gﬁ = fozu TL*gﬁuﬂ CM_B
<TLfaU ,ggu/3>2 = {0 < > olse.

Let L;: Fu] — FjJu] be linear operators, j = 1, ..., n, each of which possesses a formal
adjoint L7. Then the operator

L= (Ly,...,Ly): Fu] — EBij[[u]],

where @ Fj is considered as an orthogonal sum, has the formal adjoint L* =} j L.

More generally, it is often convenient to gather all derivatives together: consider the
map Dy: Fu] — Sym"* F[u], where Sym* F is the space of symmetric k-tensors on C%
(respectively R?) with values in F', defined by

Dy f(u) = (Daf(u))aeNd

|a|=k
has the formal adjoint D; = M}, given by
Mig(u Z gy(u)u”,  where g(u) = (gv(“))h\:k-
~ENd
[v|=Fk

Here we realize the space Sym* F' as the space of homogeneous polynomials of degree k in

d variables (uq,...,uq), i.e
(k+d71)

Sym* F = @ F,
j=1
with the induced norm as an orthogonal sum (which is the usual induced norm on that
space).

10



If Ly: Flu] — FiJu] and Lo: Fiu] — F3Ju] are linear maps each of which possesses a
formal adjoint, then L = L9 o Ly has the formal adjoint L* = L} o L3.
It is often convenient to use the normalized Fischer product [LS10], which is defined by

{fau®, ggu”) = {O' ) . Z (6)

While the adjoints with respect to the normalized and the standard Fischer inner product
differ by constant factors for terms of the same homogeneity, the existence of adjoints and
their kernels agree. Thus, it is not necessary to distinguish between the normalized and the
standard Fischer product when looking at kernels of adjoints. The normalized version of
the inner product is far more suitable when dealing convergence issues and also better for
nonlinear problems [LS10][proposition 3.6-3.7].

Our coefficient spaces F} and F» are often going to be spaces of polynomials (in z and Z)
of certain homogeneities, themselves equipped with the Fischer norm. Let H,, ., be the space
of homogeneous polynomials of degree m in z € C". We shall omit to write dependance
on the dimension n if the context permits. Our definition of the (normalized) Fischer inner
product (-, ), means that on monomials

o o\ _ Jan a=5
<z,zﬁ>—{(|) Z#ﬁ, (7)

and the inner product on (Hmm)z is induced by declaring that the components are orthog-
onal with each other : if f = (f',..., f%) € (Hnm)’, then (f,g) = Z?:l (f7,¢%).

Let R, 1 be the space of polynomials in z and Zz, valued in C¢, which are homogeneous
of degree m (resp. k) in z (resp. Z). Also this space will be equipped with the Fischer
inner product (-, -) d4k» Where the components are declared to be orthogonal as well. That
is, the inner product of a polynomial P = (Py,...,P)! € R,k with a polynomial @) =
(Q1,-..,Qa)" € Ry is defined by (P, Q) = >, (Ps, Q¢), and the latter inner products are
given on the basis monomials by

ailas! . B
sz o) = [t 1 = Bu a2 =i ®
0 a1 # 1 or az # fBa.

2.4 The normalization conditions

In this section, we shall discuss some of the operators which we are going to encounter and
discuss the normalization conditions used in Theorem [I} Theorem [2, and Theorem |3} The
first normalization conditions on the (p,0) and (0,p) terms of a power series ®(z,z,u) €
C[z, z,u], decomposed as

o0
O(z,2z,u) = Z Q;1(2,2,u),
3,k=0

is that
(I)ILO = CI)(M) = 0, p > 0. (9)
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With the potential to confuse the notions, we note that this corresponds to the requirement
that (z,w) are “normal” coordinates in the sense of Baouendi, Ebenfelt, and Rothschild (see
e.g. [BER99]) (it is also equivalent to the requirement that ® “does not contain harmonic
terms”). We write

N :={® e C[z,z,u]: ®(2,0,u) = ®(0,z,u) = 0}. (10)

The first important operator, K, is defined on formal power series in z and u (or w),
and maps them to power series in z, Z, u, linear in z, by

- 21 (o (2, 0)
s Cleyut = 21 o Ko(z,w) = QUetz ), 2) = z
2 Ja(p(z,u))
We can also consider K, defined by

o (p(2,u))" 12

£ Lzt = S5 o Kozw) = Qe oz,w) = z

(o(2,u))" Jaz
The important distinction for these operators to the case d = 1, is that for d > 1, they

are not of full range. They are still injective, as we’ll show later in Lemma [7] We will also
construct a rather natural complementary space for their range, namely the kernels of
_ o)
o bi1(z,z,u) d 871’0
i Clz 2 1] /(22 = Clsul?, K : -S| b;
bd(Z,Z, U) =1 %’0

and of (K)*, respectively. These operators are needed for the normalization of the (p, 1)
and (1,p) terms for p > 1 and constitute our first set of normalization conditions different
from the Chern-Moser conditions:

K®,1 =K®,=0, p>1 (11)
We set the corresponding normal form space
N2 ={®eClz,z,u]: K*®p1 = K*®1, =0,1 <p < k}. (12)

For our other normalization conditions, in addition the operator K, we shall need the
operator A, introduced by Beloshapka in [Bel90]. It is defined for a power series map in
(2, Z,u) (valued in an arbitrary space) by

d
(ASO)(Zv Zvu)) = Z Pu; (Zv 27U)Qj(za 2)

j=1
Its adjoint with respect to the Fischer inner product is going to play a prominent role: It
is defined, again for an arbitrary power series map ¢, by

d

N0 (99
Ap =D i <8z’ az> >

=1
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The operator A* is the equivalent to the trace operator which we are going to use. The
possible appearance of “unremovable” terms in ®;; makes it a bit harder to formulate the
corresponding trace conditions, as not only the obviously invariant ) plays a role, but rather
all the invariant parts of ®; ; for j < 3. Furthermore, in the general setting, we do not have
a “polar decomposition” for ®; 1, making it hard to decide which terms to “remove” and
which to “keep” when normalizing the diagonal tems. We opt for a balanced approach in
our second set of normalization conditions, involving the diagonal terms (1,1), (2,2), and
(3,3):

—6A*(I)171 + (A*)3®373 =0

K: ((I)l,l — ZA @2’2 — (A ) (1’3’3) = 0

We define the set of power series ® € C[z, z, u] satisfying these normalization conditions as
N@ (“d” stands for “diagonal terms”). Let us note that in the case d = 1, these conditions
are different from the Chern-Moser conditions.

The last set of normalization conditions deals with the (2, 3) and the (3,2) terms; those
possess terms which are not present in the Chern-Moser setting, but which simply disappear
in the case d = 1, reverting to the Chern-Moser conditions:

K*(A%)? (D3 +iAP2) = K*(A%)? (P32 —iAPy 1) = 0. (14)
The space of the power series which satisfy this condition will be denoted by
N = {<I> € Clz, z,u]: K*(A*)? (D3 +iAP2) = K*(A%)? (P32 — APy ) = O} . (15)

This is the normal forms space of “off-diagonal terms”. Let us note that in the case d =1,
because in our choice of normalization we have that ®;; # 0 in general, even though our
normalization condition for the (3,2) term reverts to the same differential equation as the
differential equation for a chain, our full normal form will not necessarily produce chains.
We discuss this issue later in

We can now define the spaces N r C N }“ of normal forms:

Ny =N NI ANIANT NP = NN NL NN (16)

3 Transformation of a perturbation of the initial quadric
We consider a formal holomorphic change of coordinates of the form
Y= Ot fos(z,w) = fzw), W' = sw+ goa(zw) = g(z,w) (17)
where the invertible n x n matrix C' and the invertible real d x d matrix s satisfy
Q(Cz,C%) = s5Q(2, 2).
In these new coordinates, equation reads

v=Q(2,2) + P>3(z, Z,u). (18)
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This is the new equation of the manifold M (in the coordinates (z,w)). We need to find
the expression of ®>3. We have the following conjugacy equation:

sv+Im(g>3(z,w)) = Q(Cz+ f>2(z,w),CZ + f>2(%,w))
+ 053 (Cz+ fo2(z,w),Cz + f>2(2,0), su+ Re(g>3(2,w))) .

Let us set as notation f := f(z,u+iv) and f := f(z,u—iv) with v := Q(2, 2) + ®>3(z, Z, u).
We shall write @ for Q(z, z). The conjugacy equation reads

21(9 9) (f,f)+¢’>3(f,f,g+g> (19)

As above, we set f>2 := fsa(2,u +iv) and f9 := f>a9(Z,u —iv). We have
1
—(s(u+1iv) — s(u —iv)) = sQ(z, 2) + sP>3(z, z,v)

21
Q(f.f)=Q(Cz+ f>2,Cz + f>2)
=Q(Cz f>2) + Q (f>2,C%2) + Q (Cz,C2) 4+ Q (f>2, [>2)

D>y <f, f % lg +g]) = &3 (C2,Cz, su)
+ <é23 <f7 f»;[g‘f'f]]) — ézs. (CZ, Cz, su))

Therefore, we can rewrite in the following way:

(20)

i[gzzﬁ)(%u +iQ) — g>3(z,u — 1Q)] — (Q (Cz, f>2(z,u — iQ)) + Q (f>2(2,u +iQ),C%))

21 B
=Q (f>2, f>2)
+ <i>>3 (Cz Cz, su) —sP>3(z, 2z, u)

<<I>>3 <f,f, (9+9)> — 3 (Cz,C7, 5“))

+%(923(27U+ZQ) —g>3) — 21 (9>3(2,u —iQ) — g>3)
+(Q (Cz, f>2) — Q (Cz, f>2(2,u —iQ)))

+ (Q (fZQa C’Z) - Q (fZQ(Za u+ ZQ)a 02))
Let us set C' =id and s = 1. We shall write this equation as

L(f22)923) :T(Z,E,U; fZQagZ?n(P) - (21)

where L(f>2,9>3) (resp. T (2, Z,u;, f>2, g>3, ®)) denotes the linear (resp. nonlinear) oper-
ator defined on the left (resp. right) hand side of (21)). The linear operator £ maps the
space of homogeneous holomorphic vector fields Q Hy_o of quasi degree k — 2 > 1, that is,
of expressions of the form

o) o)
o o Oz1 Owy
fkfl(sz)g +9k(Z7w)aTU = fr-1(z,w) - 5 + gr(z,w) - i )
Ozn owy
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where f,_1 and gj are quasi-homogeneous polynomials taking values in C" and C?, respec-
tively to the space of quasi-homogeneous polynomials of degree k > 3 with values in C.
We shall denote the restriction of £ to QHy_o by Ly.

By expanding into homogeneous component, equation reads

E(fk—lagk) = {T(z727u;f2279237@)}k' - q)k = {T(Z, Z, U Z<§_lvg§§)7 <I><k}k - (I)k (22)

Here, {T (2, Z,u; f>2,9>3), ®}i (resp. f><§_1) denotes the quasi-homogeneous term of degree
k (resp. < k — 1) of the Taylor expansion of T (z, Z, u; f>2, g>3, ®) (resp. f>2) at the origin.

It is well-known (see e.g. [BER9S|) that the operator £, considered as an operator on the
space of (formal) holomorphic vector fields, under our assumptions of linear independence
and nondegeneracy of the form @, has a finite-dimensional (as a real vector space) kernel,
which coincides with the space of infinitesimal CR automorphisms of the model quadric
Imw = Q(z, z) fixing the origin. It follows that, for any k£ > 3, any complementary subspace
N to the image of L, gives rise to a formal normal form of degree k. By induction on k,
we prove that there exists a (fx_1,9x) and a ®p € N such that equation is solved.
A a consequence, up to elements of the space of infinitesimal automorphisms of the model
quadric, there exists a unique formal holomorphic change of coordinates such that the “new”
defining function lies in the space of normal form N := @4 Ni.

In order to find a way to choose N with the additional property that for analytic defining
functions, the change of coordinates is also analytic, we shall pursue a path which tries to
rewrite the important components of £ as partial differential operators.

From now on, we write {h}, 4 for the term in the Taylor expansion of h which is homoge-
neous of degree p in z and of degree ¢ in z. For a map h = h(z, 2z, u), we have {h}, ; = hp (1)
for some map hyq(u) taking values in the space of polynomials homogeneous of degree p
in z and of degree ¢ in z (with values in the same space as h), which is analytic in a fixed
domain of u independent of p and ¢ (provided that h is analytic). We also will from now on
write fi(z,u) for the homogeneous polynomial of degree k (in z) in the Taylor expansion
of f. Even though this conflicts with our previous use of the subscript, no problems shall
arise from the dual use.

In what follows our notation can be considered as an abuse of notation: in an expression
such as D¥g(z,u)(Q + ®)*, we write as if Q + ® was a scalar. This is harmless since we
are only interested in a lower bound of the vanishing order of some fix set of monomials in
z,Z. However, if one decides to consider Dﬁ
powers as appropriate “filling” of these forms by arguments, one can also consider the
equations as actual equalities.

We have

g as a symmetric multilinear form and considers

ik
g23(zu+iQ) — gza(zu+iQ +i®) = Y =Dkgsa(zu) (QF - (Q+@)F) . (23)
k>1

and

k
Q (22— fonlz,u+iQ).C2) = Q | Y =Dk foa(e,u) (Q+ @) = QF) Oz |

k>1
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and therefore

{Dlozw (@~ @+ )} ZDugzzu{ - (@+2)}

D,q p—lq
and

{Q (f>2 — f>2(z,u+iQ),Cz

Nl
——
3
S

I

Q <{f>2 — foo(z,u+ Z'Q)}p,q_l ,C’Z)

(24)

= ZZ ' <D filz u){(Q—l—CI))k—Qk}pl’ql’Cg)‘

=0 k>1

4 Equations for the (p, ¢)-term of the conjugacy equation

For any non negative integers p, q, let us set

Tpq = {5923 (f £, 509 +g)> — &35 (Cz,C7%, su)}

p.q

4.1 (p,0)-terms

According to (96), (102),(L06) , the (p,0)-term of the conjugacy equation (19)), for p > 2, is
1

Q—igp:Q(fp,fo)+Tpo+q)p0(Cz Cz su) — 5P, 0(2,2,u) =: Fpp. (25)

For p = 1, the linear map £ gives a new term —Q(Cz, fo) to the previous one. Hence, we
have

1 _ _ _ _
291~ Q(Cz, fo) = Q(f1, fo) + Tio+ 1,0 (Cz,Cz, su) — sP1g(z,z,u) =: Fio.  (26)
For p =0, we have

Im(go) = Q(fo, f()) + T()’o =+ (iop (CZ, 05, su) — 8@070(2’, z, u) = F[)70 (27)

4.2 (p,1)-terms
According to , (1102),(107) , the (p, 1)-term of the conjugacy equation , for p > 3, is

%Dugple - Q(f,Cz) = ImiZDugpqu)j,l + Q(fp, f1)
Jj<p
+iQ(D fp-1(Q + ®11), fo) — iQ(fp—1, Dufo(Q + P1,1))
+®,1(Cz, su) — s®,1(2z,u) + Tp1 =: Fp1. (28)

For p = 2, we get the same expression on the right hand side, but the linear part gains the
term 1Q(Cz, D, foQ). Hence, we have

1 _ _
§Dung = Q(f2,C2) +iQ(Cz, Dy foQ) = F1. (29)
For p =1, we have

DyRe(go(u)) - Q — Q(Cz, fi(Z,u)) — Q(f1(z,u), CZ) = Fi1 (30)
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4.3 (3,2)

For the (3,2)-terms, we obtain

_%Digl(z,u)QQ + EQ(Cz, D2 fo(u)Q*) — iQ(Dy fo(z,u)Q,Cz) =

1
+ ®35(Cz,Cz, su) — sP39(2, 2 u)—Z—i-—i-

1

110) + ({100} + (105
27
111 3,2 = F372.
(31)

where 3 9 denotes the (3, 2)-component of || , (100)) (resp. (105)) denotes the (3,2)-
component of (g>3(Z,u —iQ) — g>3) (resp. (Q (Cz,fzg) -Q (C’z,fzg(z,u — zQ))))

4.4 (2,2)-terms

For the (2,2) term, we have

%Dﬁ Tm(go) - Q2+iQ(Cz, Dufi(2,1) - Q) — iQ(Dufi(z,1) - Q, Cz) —

17

108

+ @9 5(Cz,Cz, su) — s®g9(2, 7, u) — —. (103) +

4.5 (3,3)-terms
For the (3,3) term, we have

6

~LD3Re(go) - QF + Q(C2 D2z, u) - Q) + QD2 fu(z,u) - @, C7) =

1
+<I>33(Cz Cz,su) — sP33(z, 2 u)—2—++

1
+ @b + (103
21
111 2,2 = F272.
(32)

21

111

5 A full formal normal form: Proof of Theorem {1

1
99) + (104

109) + —(

3,3 =: F33.

(33)

We recall that we have used above the following notation for the grading of the transfor-

mation : we consider transformations of the form

z*:z+2fk,w*:w+zgk

k>0 k>0

where fr(z,w) and gr(z,w) are homogeneous of degree k in z; fr and gx can also be
considered as power series maps in w valued in the space of holomorphic polynomials in z
of degree k taking values in C" and C¢, respectively. We then collect from the equations

computed in Section [4f Using —, we have
Im(go) = Fop

1

Q*igl—Q(CZ,fo) = Fio
1

2i 9P
Dugp@ — Q(fp+1,2) = Fpr11 p>2

Fp,Oa p22
1

17




Using and , we have

*Dung Q(f2,2) +iQ(z, DufoQ) = Faa

_%ngl (z,u)Q* + %Q(z, D% fo(w)@Q%) —iQ(Dyfa(z,u)Q,2) = Fso

Using , and , we have Im(go) = Fo,0
Dy Re(go(u) - Q — Q(z, fi(Z,u)) — Q(fi(z,u),2) = Fia
~ 5 D3Im (g0) - @ +iQ( Dufi(2,0) - Q) — iQ(Dufi(2,0)- Q7) = Py

_%Di R’e(QO) ) Q3 + Q(ZvDZfl(éau) ’ QZ) + Q(Dgfl(Z,U) : Q272) = F3,3

In order to obtain an operator £ acting on the space of maps, and taking values in the space
of formal power series in C[z, Z,u]? endowed with Hermitian product |8 we simplify a bit
the left hand sides, express the linear occurence of the terms @, , of the “new” manifold,
and change the right hand side accordingly:

Im go = @0 + Foo

1 -
5:9p = Ppo + Fpo

21
~Q(fps1,2) = ®pr11 + Fpr11 p>2
—Q(f2,2) +iQ(2, DufoQ) = o1 + Fos
5= Do) Q) — Q(Dufo(5, w)Q,7) = Pz + iz
Dy Re(go(u)) - Q — Q(z, fi(Z,u) — Q(fi(z,u), 2) = P11 + F1,1
iQ(z,Dufl(Z,u) -Q)—iQ(Dufl(z,u) ) ‘1’22+F22
*lDiRe(Qo)'Q3+Q(27D3f1(5au)'Q2)+Q(D3f1(2,u) JZ) = B33+ F33

6
(34)

At this point, the existence of some formal normal form follows by studying the injectivity
of the linear operators appearing on the left hand side of (as already explained in
Beloshapka [Bel90]). We now explain how we can reach the normalization conditions from
Section 2.4

For the terms @, (for p > 0) this is simply done by applying the conditions @ to
and substituting the resulting expressions for Im gy and g, into the remaining equations.

In order to obtain the normalization conditions for the terms ®,, 1, we apply the operator
K* to lines 3 and 4 of , yielding after application of the normalization conditions a
system of implicit equations for f, for p > 2. If we substitute the solution of this problem

18



back into the remaining equations, we obtain (now already using the operator notation)

1_ .
—iKAQfo = B35 — APy + F3
ARe(go) —Kfi —Kf1 = @11+ Fi1

. A (35)
IKAf —iKAf1 = $o0+ Foo

1 _ _ ~
—6A3 Re(go) + KA f1 + KA% f1 = @33+ Fy 5,

We can then define the space of normal forms to be the kernel of the adjoint of the operator
L: Clu]" x R[u]? x Clu]™ — R, & RE, &R, & RY

-ika%,
L(fo,Rego, f1) = . Rz‘]eﬁ(f}l_—lflng_ij :

— A3 Re(go) + KA%f1 + KA?fy

with respect to the Hermitian products on these spaces. The solution can be found by
constructing the homogeneous terms in u (!) of fy, Rego, f1 inductively, since the right
hand sides only contains terms of lower order homogeneity (and thus, found in a preceding
step). However, the f; enters the nonlinear terms in such a way as to render the system
(35)) singular when one attempts to interpret it as (a system of complete partial) differential
equations, because the equation for the (3,2)-term contains in the Fg,g an fi', thereby
linking fj) with f/’; therefore, the appearance of f in the term Fj 3 acts as if it contained
an f1”, which exceeds the order of derivative fi’ appearing in the linear part.

However, in the formal sense, a solution to this equation exists and is unique modulo
ker £, which we know to be a finite dimensional space, and in particular unique if we
require (fo, Rego, f1) € Im L*. This gives us exactly our normal form space, and thus gives
Theorem [11

6 Analytic solution to the weak conjugacy problem: Proof
of Theorem

6.1 Step 1: Preparation

In this section, we shall first find a change of coordinates of the form 2’ = fo(w) + 2 and
w' = w+iG(z,w), where G(0,w) = G(0,w), in order to ensure the normalization conditions
®, 0 = Py, = 0 for all non negative integers p. This condition is equivalent to the fact that
the coordinates (z,w) are normal in the sense of Section In particular, ig we consider a
complex defining equation 6 for our perturbed quadric Imw’ = Q(2/, ') + ®(2/, Z/, Re w’),
then we see by Lemma 4] that (z,w) are normal coordinates if and only if

w+zG(z,w) :é(z+f0(w),f0(w),w—zG(O,w)), (36)
or eqivalently if and only if

1

5 (G(z,w) + G(O,w)) = <z + fo(w), fo(w),w + %(G(z,w) — G(O,w))) (37)
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We can thus first obtain G(0,w) from the equation derived from by putting z = 0:

G(0,w) = &(fo(w), fo(w), w)
and then define G(z,w) by , obtaining

Gz w) = 7 (0 + folw), folw), w— ip(fo(w), folw),w)) — w).

Summing up: we can therefore replace the given defining funtion by this new one, and
assume from now on that fy = 0 and that the coordinates are already normal. This change
of coordinates is rather standard and can be found in e.g. [BER99].

6.2 Step 2: Normalization of (1,1), (2,2), (3,3), (2,1), and (3,1)-terms-
terms

In this section we shall normalize further the equations of the manifold. Namely, we shall
proceed a change of coordinates such that, not only, the manifold is prepared as in the
previous section, but also its (1, 1), (2,1), (3,1), (2,2), and (3, 3) terms belong to a subspace
of normal forms. We will now (after having prepared with the given map fj) only consider a
change of coordinates of the form 2’ = 2+ f(z,w) = 2+ f1+ fo+ fz and v’ = w+g(z,w) =
w + go which satisfies f(0,w) = 0, ¢g(0) = 0 and Df(0) = 0, Dg(0) = 0. We assume
that ®,9 = ®9, = 0, 0 < p, i.e. that g has been chosen according to the solution of
the implicit function theorem in the preceding subsection; with the preparation above, i.e.
‘i)p,o = @0@ = 0, and the restriction on f this amounts to Im gg = 0. Using the left hand

side of equations , ,, and together with fy = 0, let us set

L11(f1,90) = DuRe(go(u))-Q—Q(z, fi(z,u) — Q(f1(z,u),z) (38)
L2,2(f17 90) = ;DZ Im(go) . Q2 + ZQ(Z, Duf1(§7 u) ' Q) - ZQ(Dufl(z7 u) ' Q7 2) (39)
L33(f1,90) = %Di Re(go) - @* + Q(z, Dafi(Z,u) - Q) + Q(Dy f1(z,u) - Q% 2) (40)
L2a(f2) = —Q(f2,2) (41)
L3a(fs) = —Q(fs2) (42)
(43)
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Therefore, equations , and read :

Li1(f1,90) = Re(Dugo(w))®1,1+ Q(f1, /1)
+@1,1('Z7 Z, U) - @171(2, 27/”’)
+Dz(i)1,1(z’ E,u)fl(z,u) + Di(i)Ll(Z’ z, u)fl(za u) (44)

L2,2(f1790) = ZQ<Duf1(Q + (Dl,l)v fl) - iQ(fh Du.fl(Q + (I)l,l))
+2Re(Q(iDy f1(u)®1,1, 2)) + (1122

+ @9 9(2, Z,u) — Poa(2, Z,u) + Q(fa, f2)

4 Im (mugo(u)%,g + 5 D200(u)(281,Q + @%ﬂ) (45)
Lz3(fi,00) = Q(iD;f1(Q+®11)%), fi) + Q(f1, —iD; fi(Q + ®11)?)

+2Re <Q(iDuf1(u)q>2,2, zZ) + %Q <;D3f1(u)(2<1>17162 + {9?}22), z))

. 1
+Im <1Dugo(u)‘1’373 + iDigo(U)(Q‘PQ,zQ +{®°}33)

/)
——Dygo(u)(307,Q + @7, + 3@1,1Q2))

6
+i>3,3(za 2, U) - (1)3,3('27 z, ’LL)
+(111)3,3 (46)
Furthermore, equation and for p = 3 reads :
L1(f2) = Re (Dugo(u)) @21 + Q(f2, 1) + P21 (2, 2,u) — P21(2, Z,u) + oy (47)
L31(f3s) = Re (Dugo(u)) @31 + Q(f3, f1) + P31 (2, 2,u) — ®31(2, 2, u) + Ts1

Let us recall that the operator A is given by A: Ry [u] = Rpt1,g+1[u], AR(u) =
Dy, R(u).Q(z,2). Then we have

ARe(go) —2ReQ(f1,2)
Li(f1,Re(go)) = —2Im Q(Af1,2) (48)
—$A3Re(go) + ReQ(A?f1, 2)
Let us write ~
Lot = (02 9) (49)
The system f now reads
L(f1, f2, f3,Re(g0)) = G(u, D}, f1, D}, Re(go), D\, f2, P123) (50)

where the indices ranges are: 0 < i <2, 0<j <3,and 0 <[ < 1. Also, ®123 stands for
(P11, D22, P33, P21, P31). Let us emphasize the dependence of G on ®123 below. We have

G = —(I — Dy Re(g0))®123 + G(u, D, f1, DI Re(go), DX gy, DL, fa, ®123) (51)
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where D,, Re(go)®P123 stands for
(DyRe(g0)®1,1, Dy Re(go)®2,2, Dy Re(go) 3,3, Dy Re(go) 2,1, Dy Re(go)®3,1).

Furthermore, among ®193, the (4, j)-component of G depends only on D1 <j1-
Here, G is analytic in u in a neighborhood of the origin, polynomial in its other arguments

and
L(fr o foRetan) = (P10 (52

The linear operator Ly is defined from (Re(go), f1) € R{u}? x C{u}"" = R{u}*s+H to
Ri1{u} ® Ro2{u} ® R3s{u} = R{u}® for some N. The linear operator L is defined from
(f2, £3) € C{u}"("2) x Cfu}("3?) = R{upkaths to Ry {u} x Rsy = R{u}M for some M.
Each of these spaces is endowed with the (modified) Fisher scalar product of R{u}. Here
we have set :

1 2
ky = 2n2, k2::2n("+ ) ks = d, k4::2n<";; ) (53)

Let Nj (resp. N2) be the orthogonal subspace to the image of Ly (resp. Ls) with respect
to that scalar product :

Rm{u} ) RQQ{U} (&) Rg,g{u} = Im(Ll) EBL Nl
jol{u} ©® Rg,l{u} = Im(Lg) @L No. (54)

These are the spaces of normal forms and they are defined to be the kernels of the adjoint
operator with respect to the modified Fischer scalar product : N7 = ker L}, Ny = ker L3;
in terms of the normal form spaces introduced in Section [2.4] we have in a natural way
N =2 N and Ny = Né:,,. Let m; be the orthogonal projection onto the range of L; and
Ti=m D mo. -

The set of the seven previous equations encoded in has the seven real unknowns

Re(fl)v Im(fl)v Re(f?)v Im(fZ)v Re (f3)7 Im (f?))v Re(gﬂ)'
Let us project onto the kernel of L*, which is orthogonal to the image of L with
respect to the Fischer inner product, i.e. we impose the normal form conditions .
Since @193 belongs to that space, we have

0= —(I — (I —7)DyRe(go)) P13 + (I — 7)G(u, D% f1, DI Re(go), D', f2, P123).
In other words, we have obtained
D193 = (I — (I — 7)DyRe(go)) " (I — 7)G(u, D%, f1, D4 Re(go), D', f2, @123). (55)

According to the triangular property mentioned above, we can express successively ®11,--- , ®33
as an analytic function of only u, D f1, D7, Re(go), D, f. Substituting in and projecting
down onto the image of L, we obtain

L(f1, f2, f3,Re(g0)) = 7F (u, D}, f1, D}, Re(go), D%, f2, f3) (56)
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The equations corresponding to Lo then turn into a set of implicit equations for fo and fs,
which we can solve uniquely in terms of f; and Regg. After substituting those solutions
back into F, we satisfy the normalization conditions in N5, and we turn up with a set of
equations for fi; and Re go:

L1(f1,Re(go)) = mF1(u, D}, f1, D}, Re(go)) (57)

where the indices ranges are: 0 <¢ <2 and 0 < j < 3,
From now on, ordy f will denote the order of f(z,z,u) w.r.t u at u = 0. Let us recall
that we always have

Ordoi’l,l Z 1 (58)

We now claim that there is an analytic change of coordinates z = z*+ f1 (z*, w*)+ fa(2*, w*)+
fa(z*,w*), w = w* + go(w*) such that also the diagonal terms of the new equation of the
manifold are in normal form, that is (@11, P22, P33, P21, P31) € N1 x No. In fact, we shall
prove that there is exists a unique (f1,Re(go)) € Im(L7) with this property; if we would like
to have all solutions to that problem, we will see that we can construct a unique solution
for any given “initial data” in ker L;. Instead of working directly on equation , we shall
first “homogenize” the derivatives of that system. By this we mean, that we apply operator
A? to the first coordinate of (57) and A to the second coordinate of . The resulting
system reads

Li(f1.Re(go)) = Fi(u, D}, fi, D} Re(do)) (59)
where
A3Re(jo) — 2Re Q(A%f, 2)

Li(f1,Re(go)) = —2ImQ(A*f1,2) =: L1(D;, f1, D} Re(go))  (60)
— A3 Re(jo) + Re Q(A%f1, 2).

Here, £1 denotes a linear operator on the finite dimensional vector spaces Sym?(C%,C") x
Sym?(C?,R?) , and we have set fi = j'f1 + f1, go = j>go + Jo, and

I~/1 = 25 o Ll, ﬁl (u, Difl, Di Re(g())) = 75 [Sv/n el .7-"1(u, Difl, Dﬂgg),
where
A2 0 0
D=0 A 0
0 0 I
Using the right hand side of , , , and differentiating accordingly, we see that

ordo(F(u,0)) > 1.
Let us set m = (my,m3) = (2,3) and ]-“521 = <A§1>> X <A§3)> where the k;’s
>mi Zm3

are defined in (for notation, see [subsection B.1). Then a tuple of analytic functions

H := (Hy, H3) = (f1,Re(jo))
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with ordg f1 > 2, ordg gg > 3 is an element of ]-"22721. Then, equation reads :

S(H) = Flu,j, H) (61)
S(H) := Li(D?H,,D3H3). (62)

Let us show that the assumptions of the Big denominators theorem [14] are satisfied. First
of all, for any integer i, let us set H(® := (Hfmlﬂ),HémgH)). Their linear span will be
denotes by H®. Let us show that, for any i, S (H (i)) is homogeneous of degree of degree
i. Indeed, let us consider the linear operator d : (fi,Re(go)) — (D2 f1, D3 Re(go)). It is
one-to-one from .7-"%31 and onto the space of Sym?(C%, C") x Sym?(C? R?)-valued analytic
functions in (R?,0). Obviously, d(H ") is homogeneous of degree i. Let V € image(S). We
recall that S = £1 od. Let us set K := (£1£3)~1(V). Tt is well defined since V is valued in
the range of £1. Therefore, | K|| < «||V|| for some positive number «. On the other hand,
we have L7 K € imaged, so we can (uniquely) solve the equation

d(f1,Re(fo)) = LEK.

This solution now satisfies clearly :

~(i4-2 L3 i
17 < WEdleyo
~(7 £* (e i

S(f1,Re(go)) = Lid(f1,Re(do)) = L1LiK = V.

Hence, S satisfies the Big Denominators property with respect to m = (mq, m3) = (2, 3).
On the other hand, let us show that H —F (u,ji*H) strictly increases the degree by
g = 0. This means that

ordy (F(u, jH) — F(u, ) > ordo(H — H).

According to Corollary [I6 of Appendix [B] we just need to check that the system is regular.

So let us now prove that the analytic differential map H —F (u, j™H) is regular in the
sense of definition To do so, we have to differentiate each term of H —F(u, j™H) with
respect to the unknowns and their derivatives and show that the vanishing order of the
functions their multiplied by are greater or equal than number p; || as defined in in
definition We recall that ¢ = 0. Therefore, these number are either 0 (no condition) or
1 (vanishing condition). The later correspond to the vanishing at u = 0 of the coeffcient in
front the highest derivative order of the unknown :

oF;
aujya

(u,0H), |a|=m,;.

where H = (Hy,...,H,) € ]?7?191
But this condition in turn is automatically fulfilled by the construction of the system,
since we have put exactly the highest order derivatives appearing in each of the conjugacy
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equations appearing with a coefficient which is nonzero when evaluated at 0 into the linear
part of the operator, and no of the operations which we applied to the system changes
this appearance. Let us recall that f1(0) = 0, Reg(0) = 0, Df1(0) = 0, DReg(0) = 0
and D?Reg(0) = 0 . As a conclusion, we see that the map H r—>]:"(u,jf}‘H) is regular.
Furthermore, according to , the linear operator S has the Big Denominator property of

order m = (2,3). Then according the Big Denominator theorem [14] with ¢ = 0, equation
has a unique solution H=0 € .7:2231 = (Afﬁ) o X (A?) - This provides the terms
’ my 2m3

of higher order in the expansions of f; and Re g, and therefore, we proved the

Proposition 6. There is ezists a unique analytic map (f1,Re(go), fa, f3) € Im(L7) xIm(L3)
such that under the change of coordinates z = z* + fi(z*,w*) + fa(2*,w*) + f3(2*,w*),
w = w*+go(w*), the (1,1), (2,1), (2,2) and (3, 3) terms of the new equation of the manifold
are in normal form, that is, ® € NO N NN N2, as defined in Section .

6.3 Normalization of terms (m, 1), m >4

Let us perform another change of coordinates of the form z = z* +2p24 fp(z%,w*), w =w".
According to (21)jwe obtain by extracting the (p, 1)-terms, p > 4

- Q(f(z,u),2) = ®s1(2 + f(z,u), Z,u) — Py 1(2,u), (63)

where @, 1(2,2,u) == > -, ®,1(2,2,u) is analytic at 0. We recall that ®(z,0,u) =

®(0, z,u) = 0. Therefore, by Taylor expanding, we obtain

{3 (f. fou)ber = {5’23 (z + f>2(2,u), 2,u)

8:19)7,23 (f>2(2,u+1Q +1i®) — f>2(2,u))
+ a§;3f>2(27“_@ SR

*,1

Since épg = 0 for all integer p, the previous equality reads
{&)23 (f, fT, u)}*71 = &)*’1 (Z + fZQ(Z, u), z, u) .

6.3.1 A linear map

In this section we consider the linear map K, which maps a germ of holomorphic function
f(2) at the origin to

K(f) =Q(f(2),2). (64)
This complex linear operator K is valued in the space of power series in z, z, valued in C?
which are linear in z. We will first restrict X to a map K, on the space of homogeneous

polynomials of degree m in z, with values in C™, For any C,§ > 0, let us define the Banach
space

Buco ={f = fm fm € Hum, |l fmll < CO™}. (65)
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Then, the map K, is valued in the space R,,,1 of polynomials in z and Zz, valued in Ce,
which are linear in zZ and homogeneous of degree m in z. Let us consider the space R, :=
D,, Rm,1 as well as

{f = me € R*,ly Hfm” < C(Sm}

where ||.|| denotes the modified Fischer norm and C,d a positive numbers. The latter is a
Banach space denoted R, 1(C,0).
In particular, let us note that if we write P, = >, Pl(z)z; with P} € Hy,, then

[e.f = e v 3| ()

Let us write P, = z'Pj, where P, = (Pk}, cee P,?)t. We can now formulate

Lemma 7. There exists a constant C > 0 such that for all m > 0, we have that

IfIF < 1K fI-

C
V(m+1)

In particular, K has a bounded inverse on its image : if g € Ry1(M,0) N ImIC, then
K=1(g) € By s and
1K~ (9)ll < Cllgll-

Proof. We consider the n x (nd)-matrix J defined by

J1
J=1:1. (67)
Ja

Since (-, -) is nondegenerate, we can choose an invertible nx n-submatrix .J from .J, composed
of the rows in the spots (ji,...,Jn); let k(j¢) denote which Ji the row j, belongs to. Then,
if K, f = P, we have for every k = 1,...,d that z'J, f = z!P}. Hence, by complexification
we see that Jp f = Py.

Let P = (szjl) PJEL )) Then Jf = P, and we can write f = (J)~!P. Hence,
171 < cz I < < ep?
kG|l — ma+1 ’
by the observation in . O

In order to find an explicit complementary space to image K,,, we will use the Fischer
inner product to compute its adjoint K. We first note, that since the components of R, 1
are orthogonal to one another, if we write /C,, = (KL, ...,K%), then K, = (KL)* +--- +
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(K2 )*. The adjoints of the maps KF, k = 1,...,d are computed via
<’C7]§1f, Pk> = <Zthf7ZP;ij>
J
(S o)
J

p,g=1

n (68)
1
= 1 2 (e (B
pg=1
1 n
_ q P pP
T 2 ()
pq=1
to be given by
) - . 0
(m+ 1)((K5) Po)? =Y (Jx)iPL = Z(sz)ggpk, (69)
p=1 p=1 P
or in more compact notation,
k \* 0
(m + 1)(’Cm) P, = Jk% Py. (70)

We now define the subspace /\/'771171 to consist of the elements of the kernel of K7, i.e.

d

d
0
1 . t . _ —
N = {P =(Pr,... Py € Rt D <Jk82> P, = ];_1 JiPy = 0} . (71)

k=1

Proposition 8. There exists a holomorphic transformation z = z* 4+ f>4(z,w), w = w*
such that, the new equation of the manifold satisfies

(I)p,l S Np71, p > 4.

Proof. Let m, 1 be the orthogonal projection onto the range of K. Then since we want ®, ;
to belong the normal forms space /\/'*1’1, we have to solve

_’C(f) = _Q(f(z7u)a 2) = 77*,1&)*,1(2' + f(Z, U), z, 'LL)

According to Lemmal|7], the latter has an analytic solution by the implicit function theorem
and we are done. O

7 Convergence of the formal normal form

We are now going to prove convergence of the formal normal form in Section [5| under the
additional condition of Theorem [3| on the formal normal form. The goal of this section is
to show that one can, under this additional condition, replace the nonlinear terms in the
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conjugacy equations for the terms of order up to (3, 3), by another system which allows for
the application of the big denominator theorem.

We are again going to consider two real-analytic Levi-nondegenerate submanifolds of CV,
but we now need to use their complex defining equations w = 0(z, z,w) and w = 0(z, Z, W),
respectively, where 6 and 6 are germs of analytic maps at the origin in C™ x C™ x C% valued
in C%; analogously to the real defining functions, we think about 6 as the “old” and about
0 as the “new” defining equation.

When dealing with the complex defining function, we will usually write y = z and
7 = w. Recall that a map 6: C*"*¢ — C? determines a real submanifold if and only if the
reality relation

T=0(2,x,0(x,2,7)) (72)
holds. 6 is obtained from a real defining equation Imw = ¢(z,z, Rew) by solving the
equation

w—w 2.3 w + w

21 =@ (el 2

for w.

We will already at the outset prepare our conjugacy equation so that (z,w) are normal
coordinates for these submanifolds, i.e. that 6(z,0,7) = 6(0,x,7) = 7 and we assume that
0(z',0,7") = 6(0,X’,7") = 7. In terms of the original “real” defining function this means
©(2,0,5) = ¢(0,%,s) =0 (and analogously for ¢).

If our real defining function, as assumed before, satisfies ¢(z, z, s) = Q(z, 2) + ®(z, Z, s),
we can write

O(z,x,7) =7+ 2iQ(z,x) + S(z, x, 7).

S can be further decomposed as

5(27X7T) = Z Sj,k(T)Zij

jk=1

Here we think of S; ;, as a power series in 7 taking values in the space of multilinear maps on
(C")7** which are symmetric in their first j and in their last k variables separately, taking
values in C? (i.e. polynomials in z and y homogeneous of degree j in z and of degree k in
X), and for any such map L, write Lz/x* for L(z,...,2,X,...,X)-

—— S —~

7 times k times
We note for future reference the following simple observations:

S1,0=2iP1p, Sp1=2iPgy, (>1, Spp=2i(Poo+i®),(Q+ P11)),

Sog =2 (Po3+iP) o(Q + P11) +i®) 1 P12),  S32=2i (Pyo +i®h 1 (Q + P11) +i®) ; Po) .
(73)
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and ) )
By = —Sho — — S (2
22 =5 S9,2 E S11(2iQ + S1,1)

1 1 1
Pog = —Spg— —9 — S (2
23 = 5:523 — 511512 — - 81 2(2iQ + S11),

1 1 1
Bgo = — N — — =S (2i 74
32 o 53,2 r 511521 F S51(2iQ + S11) (74)
1 1 . 1 )
B35 = 5555 — 2922(20Q + S11) = £2511(2522 + 511 (20Q + S1.0))+
1 1 1 )
= 512520 = 2521512 + 7-511(2Q + S1.1)%.

Furthermore, from the fact that 6(z, x, 6(x, z,w)) = w, we obtain the following equations
relating S, and their conjugates:

Sl,z(w)-f—gg,l(w) =0, 5272—5171(21'62—5'1,1)-#5'2,2 =0, 52,3—5172(22'62—5'1,1)+Si,1§271+5‘3,2 =0
(75)
A map H = (f, g) maps the manifold defined by w = 6(2, z,w) into the one defined by
w' = 6(2',z', @) if and only if the following equation is satisfied:

9(2,0(z,x,7)) = 0(f(2,0(2,x, 7)), F(x, 7), 4 (x, 7). (76)
An equivalent equation is (after application of )
9(z,w) = 0(f(z,w), F(x, 0(x, 2,w)), 4(x, 0(x, 2, w))). (77)

If we set x = 0 in , the assumed normality of the coordinates, i.e. the equation

0(z,0,w) = 0, is equivalent g(z,w) = 0(f(z,w), f(0,w),g(0,w)); in particular, for w =
0(z, x,T), we have the (also equivalent) condition

9(,0(2,x. 7)) = 0(f (2,60(2,x, 7)), [(0,0(2, x, 7)), 5(0,8(2, x, 7))). (78)

On the other hand setting z = 0, observing 6(0, x, 7) = 7, and using (the conjugate of) ([76))
we also have

306 7) = 0(F(x,7), £(0,7),9(0,7)) (79)

Combining this with and , we obtain the following equivalent equation, which now
guarantees the normality of (z,w):

0(f(2,0(2,x,7)), [(0,0(2, x, 7)),9(0,0(2, x, 7))

: N (30)
= 0 (2002, x:7)). FOx 7). 007 7). £(0,7), 9(0.7)))

Lastly, we can use one of the equations implicit in to eliminate Im g from it. This is
easiest done using , which (after extending to complex w) becomes

(Im g)(0, w) = $(f(0,w), F(0,w), (Re g)(0, w)). (81)

Substituting this relation into eliminates the dependence on Im g completely from the
equation, only Re g appears now.
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We now substitute f = z+ f>2(z, w), where f only contains terms of quasihomogeneity
greater than 1, and write

[>o(z,w) = ka F, 9(0,w) = w + go(w);
k>0

we also write ¥ = Regg for brevity. Let us first disentangle the equation . In our
current notation, this reads

(Im go)(w) = ¢(fo(w), fo(w), w + P (w)). (82)
By virtue of the fact that ¢(z,0,s) = 0, this exposes Im gy as an nonlinear expression in fy,

fo , and .
‘We can thus rewrite as

0 (z+ f>2.fo0 0,0+ 00 +i3(foo8, foob,0+1)o0))
—9<Z+f>2,><+f>2, (X + f>2, fo. T+ ¥ + i@ (fo(w), fo(w),er@b(w)))),

where we abbreviate fso = f>2(2,0(z,x,7)) and fso = f>a(x, 7). B
We will now extract terms which are linear in the variables f>o, f>2, and % from this
equation. We rewrite:

é(z+f22)f00‘9’0—’_1;[)094_@’@(]0009)f00070+¢09))
=74+2iQ(z,X) + S + 100 +2iQ(z, foo0) +

§(Z+f>2,,x+f>z, (X + f>2, fo. T+ ¥+ i3(fo(w), fO(w)7w+¢(w))))

= H(X + fZQ? f0>T +¢+ Z@(fO(w% fO(w)vw + ¢(w))) + 21@(2 + fZQ’ X T+ fZQ) +
=T+ +2iQ(2,X) — 2iQ(fo, X) + 2iQ(z, f>2) + 2iQ(f>2,x) + - .-,

where we will elaborate on the terms which appear in the dots a bit below.
We can thus further express the conjugacy equation in the following form:

ol — 1 +2iQ(2, fo © 0) + 2iQ(fo, x) — 2iQ(2, f>2) — 2iQ(f>2, x)
= %(25X7T7f07f07¢7f0 Oeufo 097¢097f22,f22) — S

where T has the property that in the further expansion to follow, it will only create “non-
linear terms”.

We now restrict to the space of power series which are homogeneous of degree up
to at most 3 in z and y. By replacing the compositions 1 0 8, fyo 6, and fjo, for j <3,
by their Taylor expansions, we get

(83)

(84)

P(T +2iQ(z, x) + S(z,x, T Zw R(1) (2iQ(z,x) + S(z,x, 7))F, mod (2)* + (x)*
3

folr +2iQ(z.x) + S(z.x.7) = Y f82(7) (2iQ(z.x) + S(z.x.7)F,  mod (2)* + (x)*

£ +2iQ(z,x) + S(z 1) = Y L (1) (2iQ(2, %) + S(zx, 7)F, mod () + ()",
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The resulting equations, ordered by their homogeneity in (z, x), writing h = (fo, fo, %), and
saving space by setting g0<] =(p,¢,... ,<p(j)) and

S<P<t = (Spp:k<pl<qork<pl<q)),

become
2x —¥'Q+ Q2 ) + Q1 x) = Tia (B 1 1)
22X —2iQ(z, f3Q) + QU x) = 2 + T (=1 f51 1. S )
X QUi x) = T+ To (W= 5 foo fr §<5<1)
2 2iQ(fQ.X) + Q= f2) = 77 + Tia (W5, f1, f1, S1a)
o Qa f) = 52 + Tig (W' fuo fou 1, S<10) (85)
=% i Q? + 2iQUAQ ) = 52 + Taa (% £ o i oo §°22)
=% QR ) = 2 4 T (h<2,ff1 for fi, o, S°4<%)
S 2QUIQN) + 200 Q) = 22 Ty (h 12 o, i, o 57
2 20— 20(1Qx) = % + T (055, 12,05 o o 559°)

The “nonlinear terms” 7?1%!1) have the property that the derivatives of highest order appear-
ing in each line, if they appear in the nonlinear part, then their coefficient vanishes when
evaluated at 7 = 0. (One can go through very similar arguments as in Sectionto convince
oneself of that fact).

This system has the problem that the equations for the z?y and 2%y involve f] and
that the equation for z3x? inolves f], which effectively turns the full system of equations
singular: In order to see that, consider the last two lines of the preceding system, brought
to the same order of differentiation in the u-variables:

S 2QU5Q7 ) + 200 7'Q°) = 32Q+732(h<3 S B §0)
2 " S r
X SV = 2QUH Q) = 2+ T (L S S5 i o S5

and note that in the nonlinear terms, the order of differentiation of f; in the first line is 3
in the nonlinear part while it is 2 in the linear part on the second line. This behaviour has
to be excluded.
However, we have improved the system from , since the equations for zx? and for
2y do not have this problem. We can thus use our crucial assumptions, namely that

12(Q + ®11) + @) ;P12 =0. (86)
Under this assumption, implies that S = —5‘2,1, Si13 = —5’371, S39 = —5‘2,3, and

we can replace the equations for these terms with their conjugate equations, therefore
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eliminating the derivatives of too high order. Indeed, among the previous equations, consider
each pair of equations of the form Lp q¢= 521 + 7;,1 and (%)L, ), = S P | 7;11, Assume that
7711, involves higher derivatives than ’7;,(1 Since Spq = —Sgp, We have

- S S -
7:111 = Lgp — P — Lop+ =7 =Lgp—Lpg+ qu-

21 2

qu

Hence, we can replace equation (*) by ij,q = + qu, lowering thereby the order of the
differentials involved. Therefore, we obtain a system of the form

X QT QE )+ QUL = 52 T (0= 1 )

2 ~20Q(=, Fi@) + QU x) = T2+ Tap (W4, fo, 1, 1)

2y QUs ) = 224 Trg (B o, 1, 5)

% 2R ) + Qe o) = 22 4+ T (W o, i, 1)

2 Q(z, f3) Z%Jrfi% (K=Y, f1, fo, f1, S<0<3)

2 —i"Q? + 2iQ(1Q, x) = % + Toa (B2 15 fo s o S°2)
% QRN = 22 Ty (0 o, i o S5
¢ 20, HQ) = 22 4 Ty (W25 o s o, 5°49)
S0 20— 2QUQ ) = T 4 T (n 1 5 o o )

The equations for the (2,1), the (3,1) and the (3,2) term now depend nonlinearly on the
conjugate S, 4, which we replace by their conjugates (i.e. the unbarred terms) using the
rules . After that, we can use the implicit function theorem in order to eliminate the
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dependence of the T on the S, 4, obtaining the equivalent system of equations

zX —¢'Q+Q(Z,f1)+Q(f1,X): 11 (=4 AL A

2 20Q(=, FoQ) + Qo) = S 2 (0 )

S Q(fg,x>=S;; 1 (04 Fi o o)

% 2QUQX) + Qe f2) = 2+ Ty (5 o )

o Qe. fs) = % i (054 f1, o o)

% Q4+ 2QUIQX) = 22 4+ T (K2 o o )
2y 2% x) = %w,g (W15 1o o )
% 20 J§@%) = 22 4 Ty (h2, 17 o 1 )
iy 20Q0 QU ) = 22 4 Ty (K5 1R 15 T o)

We use this system and substitute it (and its appropriate derivatives) into in order to
obtain equations for the ®, ,, leading to

zX —'Q+Q(z, fi) + Q(f1,X) = @11 + Tia (K= f1, fi)

2%x —2iQ(z, fiQ) + Q(f2,X) = ®o1 + T12 (A=, f1, f1)

2x Q(f3.x) = P31+ T3 (h=1 fi, o, f1)

2y 2iQ(f5Q.x) + Q(z, f2) = 12+ T2 (R=Y, f1. f1))

zX Q(z, f3) = P15+ Tis (K=Y f1, fou F1)

2 i1 (QUAQ.X) ~ Q= fiQ) W FEL T o o)

22x° —iQ(z, f5Q) = o3 + Sa3 (h 2, fl,fz»fl,ﬁ)
22X iQ(fQ, x) = P32 +§3,2 (h<2 f27f1,f2>

2x° éw”’cﬁ — 5 (QUITQRX) + QU= QD) = B+ Sos (02 72, 15 12 1)

(87)
This system is now “well graded” so that we can expose it as a system of PDEs which
allows for the application of the big denominator theorem. However, we first single out the

equations for 2%y, z3x, 2x?, 2x*:

1
2

2°x —2iQ(z, f4Q) + Q(f2,X) = P21+ T12 (A=, f1, f1)
2°x Q(fs,x) = P31+ T13 (A=, f1, fo, 1)
2 . / r <1 r (88)
zZX 2ZQ(fOQ7X)+Q(Z7 2) :(I)l,2+7-1,2 (hi 7f17f17)
zx® Q(z, f3) = @15+ Tiz (h=', f1, fo. 1)



Applying the adjoint operator K* to the system and using the normalization conditions
for the (1,p) and (p,1)-terms for p = 2,3 transforms them into a system of implicit
equations for fo and f3 in term of h=!, f; and their conjugates:

2x KK fa = K*(2iQ(2, foQ) + T1,2)

— 89
2 K*Kfs = KT e

By the fact that £*K is invertible (on the image of K*, where the right hand side lies),
we can solve this equation for fo and f3 and substitute the result into the “remaining”
equations to obtain the following system:

zX —'Q+Q(z f1)+Q(f1, X) = @11+ T (RS fi, fr)

2 H(QUIQ. ) ~ QL le) Do+ 8oz (2 S )

2y’ éwng ! ~ (QUITQ% x) + Q%) = P33+ S33 (h<3 =2 19)

22X’ 2Q(z, f{ Q) = P32 — i®5,Q + S <B§2 it f1>

(90)
While coupled in the nonlinear parts, the linear parts of the equations corresponding to
the diagonal terms of type (1,1), (2,2), and (3,3) on the one hand and of the off-diagonal
terms of type (3,2) (we drop from now on the conjugate term (2, 3)) on the other hand are
decoupled, the diagonal terms only depending on f; and ), the off-diagonal terms on fy and
their derivatives.
We thus obtain the linear operator £ already introduced in Section [5| if we rewrite
everything in terms of our operators A, K and K (see section ,

ZX —AY+Kfi +Kfi = @11+ Tin

22X i (KAfL = KAf) = @22+ Sap (91)
1 1 .

233 6A3¢ -3 (KA?f1 + KA f1) = P33+ S3.3

The equation determining fy can be rewritten as
*QICA%)EO = (1)372 — iACI)QJ + 3372 (92)

Let us stress that even though the linear terms here are the same as in Section [5 the
nonlinear terms are not the same as we had in that section, and an elimination of the
derivatives of “bad order” like we did here is only possible under some restriction.
However, with this in mind, we can completely proceed as in the proof of Theorem
we first project the equations on the normal form space N°% x N'¢, and obtain an equation
of the form o o
—2KA* fo = moSs,2
“AY+Kfi +Kfi =mTia
1 (ICfl — /Cfl) = 71'282’2 (93)

1 1 _ _
6A31/1 —3 (KA f1 + KA f1) = 13833
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We now “homogenize” the degree of differentials of these equations again, obtaining a system
of the form

kA3 fy = Fya <h§3, <2, ’132)

—A3¢ + KAQle + ICAQfl = -7:1,1 <h§37 1§23 _1§2>
~ - B (94)
7 (K:AQfl — ICAzfl) = FQ,Q <h§37 1S27 1§2>

1 1 o _
SABY = S (KA f + RARR) = Fog (h52, 172 17%)

Next, we substitute fo, Re gg, and f; with fo = fo—7%fo, Ret) = W — 53, and fl = fi—j%h
and obtain _ ) 3 o
~ORA o = Fyp (WS4, 22, F72)
SAM 4+ KA+ KA = Fuy (RS2 12 7E2)
P (KA - KAL) = Fop (B8, 72, 2)
1 1 ~ _ = ~ ~ ~ =
A% - o (KA 4+ KA = Foa (B2 772 772))
We can now apply the Big Denominator theorem [14] to this system, just as we did in
the proof of Theorem [2| The setup is the same, with Re(gog) now replaced by (¢, fo), and

the details are completely analogous to the details carried out in the proof of Theorem
and therefore left to the reader.

8 On the Chern-Moser normal form

As we have already pointed out above, our normal form necessarily cannot agree with the
normal form of Chern-Moser in the case d = 1 (which we assume from now on). The reason
is that we do not have a choice of which normal form space to use for the diagonal terms-the
operator associated to all diagonal terms is injective, and we need to use its full adjoint. In
the Chern-Moser case, the equation for the (1,1)-term, (with our notations from above)

Q1 =AY -Kfi—Kfi +...,

is rather special, because the operator fi — Re K fy is surjective. (One can check that the
weaker condition image A C image Re K happens if and only if d = 1).

This means that if we look at the normal form condition for the (1,p)-terms, which
just becomes @, = 0 (because K is surjective, K* is injective, and hence ®;, = 0 if and
only if £*®;, = 0), we can naturally also use it for the (1, 1)-term and just request that
P17 = 0. A tricky point is that even though ReC is surjective (as a map on #;[u])), it
is not injective. By considering the polar decomposition z + fi(z,u) = U(u)(I + R(u))z
with U unitary with respect to @, i.e. Q(U(u)z,U(u)z) = Q(z,2), the equation for the
(1,1)-term becomes an implicit equation for R in terms of all the other variables, because

Q(z + fi(z,u), 2 + fi(z,u) = QU (w)(I + R(w))z, U(u)(I + R(u))Z)
Q(z,2) +2Re Q(R(u)z,2) + Q(R(u)z, R(u)Z).
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We can then use the implicit function theorem to solve the (1, 1), (2,1), and (3, 1)-equations
under the requirement ®;; = ®3; = ®31 = 0 jointly for R, fo, and f3 in terms of U and
Re go and substitute the result back in all the other equations as we did before. If we
follow this procedure and go through with the rest of the arguments following with the
appropriate changes, we obtain the Chern-Moser normal form; one just has to note that

utro = A*p.

A Computations

We recall that ®,o = ®, = 0. Therefore, (Q + ®)! contains no terms (p,q) with p < [ or
q < l. As a consequence, we have

p70
pzl

[©3)22

(123])3,3

©3)s.2

(123)3,1

0 (96)
Z‘Z-Dugp—jcbj,l + iDugp—l(u)(DI,l (97)
i<p
iDygo(u)®22 + iDyg1 (u) Py 2
1
+5D590(U)(2‘1’1,1Q + @7 ) (98)

iDyugo(u)®3 3+ iDyg1(u) P23 + iDyg2(u) P13

45 D2a0(u) (2025Q + {#2)55) + £ D2gr (0)(281,Q + {27):3)

)
— 5 Dago(u)(301,Q + @1, + 30110 (99)
iDygo(u)®32 + iDyg1(u)Po 2 + iDyga(u) P12

1 1
+§Digo(u)(2<1>z,162 +{%}3) + 5Dﬁgl(u)(2¢>1,162 +{9*}22)  (100)
iDugo(u)@g,l + iDugl(u)q)zJ + iDugg(u)(Dl,l (101)

To obtain g>3(z, u —iQ) — g>3(2, u—iQ —i®), we just use the previous result and substitute
gr in g and i by —i. We have, using essentially the same computations :

p:1
292
(RZIER

@3 =
We have

Q (f>2, f>2) = Z

@4),0=0 (102)
Q(iDy fo(u)®21 + iDy f1(u)®11,C%) (103)

Q(iDy fo(u) @32 + iDy f1(w) P2 + iDy fo(u) P12, CZ)
+%Q(D3fo(u)(2‘1)2,1Q +{®%}3) + %Dﬁfl(u)(ﬂ’l@@ + {9?}22), Cz]104)
Q(iDy fo(u)®31 + iDy f1(w) P + iDy fo(u)®11,C%) (105)

Z'k:-l-l(_l)l

! Q (DﬁfZQ(Z, u)(Q 4 @)F, D! foo(Z,u)(Q + q))l> )

k>0

The function DF f;i(z,u)(Q + ®)* (resp. D! f;(z,u)(Q + ®)!) has only terms (p,q) with
p>j +kand g >k (rtep. p>1andq> 1+ ). Hence, the function Q(DEfr(z,u)(Q +
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®)*, D fi(2,u)(Q + ®)!) contains only terms (p,q) with p > j' +k+1and ¢ > j+ k + L.
we have

Q(fz%fzz)pp =

Q(f227f22)p71 = Q
Q(fz%fzz)m = Q

©

[ps fo)
for F1) +1Q (Dfom1(Q + 210) + D Dufp @51, fo) = iQ(fyp-1: Dufo(Q + 1,1))
fos f2) +iQ(Df1(Q + @1.1), f1) —iQ(f1, Df1(Q + ®1,1))

(Q(fo, D2 fo(Q + ©1,1)%) + Q(D2 fo(Q + ®11)%, fo))

(Dufo(u)(Q + @1.1), Dufo(u)(Q + @1,1))
Q(fo2,f>2)55 = Qfs, f3) +iQ(Dfo®s1 + D fi®21 + Df2(Q + 1), fo)
—iQ(f2, Dufo®13 + Dy fi®12 4+ Dy fo(Q + ®11))

+Q(i(DyfoP32 + Dy fiPao + Dy fo(Q + P11)

(=]

QO N =

- é(szo(Q +®11)Py 1 + D2A(Q + D1 g)

+Q(f1, —i(Dyufo®as + Dufi®as + Dyufa(Q + ®11) — %(D?Lfo(Q +®11)P12+ D2 f1(Q +
Q(;Dfifo(Q +®11)° + %(Dgfo(Q + By 1)Bog + D2f1(Q, 11)P1), fo)

Q(fo, éDifo(Q +®11)% + ;(DZJFO(Q + @11)Po0 + D21(Q, P1,1)P21))
+Q(—i(Dufo®33 + Dy fi®os + Dy foP23), fo)
+Q(fo,1(Dyfo®s3 + Dufi®s2 + Dy foPs2))

SQ (Dufo(w)(Q + @11), D fo(w) (@ + ®1,)?)

+%Q (Difo(u)(Q + ®11)%, Dufo(u)(Q + @1,1))
+Q(iDy f1(2,u)(Q + @11), Duf1(Z,u)(Q + @11))
Q (f>2, fz2)372 = Q(fs, f2) —iQ(f2, Duf1(Q + ®1.1) + Dy foP1,2)
—iQ(f1, Dufo(Q + ®1,1)* + Dufi®21) — iQ(fo, Dufi®31 + Dufo®s2)
+Q (Dufi(z,u)(Q + ®1,1), Dy fo(u)(Q + ®1,1)) — %Q(Diﬁ(Q + ®11)% fo)

We have

1 9Fdsy
al By 9z zPuY

_ 1 - _ _ 5 (1 K
>3 <f7 f 5(9 + g)) —®>3 (C2,C%,5u) = Z (Cz,CZ, su)f§2f§2 <2(9>3 + g>3)>
\a|+|£\>+1|7\:k

N ] (111)
where a, 8 € N" and v € N%. Hence, the (p, ¢) term of ®>3 (f, f, %(g + g))—<1>23 (Cz, Cz, su)
is a sum of terms of the form

D3 . N 5 1 )\
m((j% Cz, su) {22} poae >0} psas 5(923 + G>3) s (112)

p1,91

. 4 4
with Zi:1 Di =D, Zi:l q; = (.
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Let us first compute { f<s}po.q0 With p2, g2 < 3. In the following computations, f,g are
considered as vector valued functions except when computing f<, (g + g)? where f,g are
considered as scalar functions and «,~ as an integers.

In the sums below, the terms appear with some positive multiplicity that we do not
write since we are only interested in a lower bound of vanishing order of the terms. Fron
these computations, we easily obtain { fgz}pm in the following way : replace fi by f in
formula defining {f®},, in order to obtain {f®},,. Furthermore, we have

~ k"’
{ Ok dsg } _ " Py, +lal,1+18|
P11

0z00zPuY 0z0zPu

Let us set as notation

9+39 _ 9(z,u+i(Q(z,2) + P(z,2,u))) + §(z,u —i(Q(z, 2) + D(z, Z, u))
2

Re(g) = =

B Big denominators theorem for non-linear systems of PDEs

In this section we recall one of the main results of article [Stol6] about local analytic
solvability of some non-linear systems of PDEs that have the “big denominators property”.

B.1 The problem

Let 7 € N* and let m = (my,...,m,;) € N" be a fixed multiindex. Let us denote A¥
(resp. (Aﬁ) S Ak (Aﬁ)(l) ) the space of k-tuples of germs at 0 € R™ (or C") of analytic
functions (resp. vanishing at order d at the origin, formal power series maps, homogeneous
polynomials of degree i) of n variables. Let us set

]-"Egl = (A,) x (Ap) X - x (Ay)

>my >ma >my

Given F = (Fy,..., F.) € F2Y and z € (R",0), let us denote
WF =Gy, e, g, JPFLS = {(, PF), x € (RY,0), FeFm}-

Definition 9. A map T : FTZJ% — A7 is a differential analytic map of order m at the

point 0 € AX if there exists an analytic map germ
W (J™F i, 0) = R®

T,m?

such that T(F)(x) = W (z, ji*F) for any x € R" close to 0 and any function germ F € FZ0,
such that jg'F" is close to 0.

Denote by
U= (21, .0, Tn, Uja), 1< J<1, a=(al,...,an) €N, |a| <m;

the local coordinates in J™A! | where u; o, corresponds to the partial derivative §!°l /9z{" - - - Gadn
of the j-th component of a vector function F' € A} . As usual, we have set |a| = a1+ -+ .
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Definition 10. Let ¢ be a nonnegative integer. Let T : .7:%21 — AJ be a map.

e We shall say that it increases the order at the origin (resp. strictly) by q if for
all (F,G) € (FZY)? then

ordy (T(F) — T(G)) > ordy(F — G) + g,
(resp. > instead of >).

o Assume that T is an analytic differential map of order m defined by a map germ
W (Jm}'%?ﬂ, O) — R® as in Definition B We shall say that it is regular if, for any
formal map F = (Fy,...,F,) € F20  then

r,m’

Uj,ox

ow;
ordy <8 (fl‘,aF)> > Djjals

where
Pjla) = max(0,[a] + ¢+ 1 —my) (113)

oz

We have set OF := <8‘Q|Fi, 1<i<r,0< |al < m@').
Let us consider linear maps :

1.
S FR) — A3,

that increases the order by ¢ and is homogenous, i.e S (f;l,)n) C (A3)atD),

m: A) — Image (S) C A
is a projection onto Image (S).
Let us consider a differential analytic map of order m, T : ]:Egl — A

We consider the equation

S(F)=n(T(F)) (114)

In [Stol6], we gave a sufficient condition on the triple (S, 7T, 7) under which equation ((114))

has a solution F' € .7-"%91; this condition is called the “Big Denominators property” of the

triple (S, 7T, m) defined below.

B.2 Big denominators. Main theorem
Now we can define the big denominators property of the triple (S, 7,7) in equation ([114)).

Definition 11. The triple of maps (S, T,n) of form has big denominators prop-
erty of order m if there exists an nonnegative integer q such that the following holds:

1. T is an regular analytic differential map of order m that strictly increases the order

by q and jg_lT(O) =0, i.e. T(F)(z)=W(x,ji*F) for any x € R" close to 0 and
any function germ F € FZ9, such that ji'F is close to 0 and ordo(W (x,0)) > q .
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2.8 .7-"%91 — A7 is linear , increases the order by q and is homogenous, i.e.
5( 7(’211) C (A3)at),

3. the linear map m : AS — Image (S) C A is a projection.

4. the map S admits right-inverse S™' : Image(S) — A" such that the composition
S~ 1o r satisfies:

there exists C' > 0 such that for any G € A; of order > q, one has for all1 < j <r,
and all integer 1,

B (i+m;) Gi+a)

(i+mj+q)---(i+qg+1)

(115)

where Si_l denotes the ith component of S, 1 <i <r .

Remark 12. Let i > 0 and let F = (Fy, .., Fy) € (85)7. Let F; = 3 F, 42 where
the sum is taken over all j = 1,...,k and all multiindexes a = (v, ..., ay,) such that |a| =
a1 + -+ + ap = 1. The norm ||F|| used in (115]) is either

1Efll =D [Ejal, [IFIl = maz (|F]l,- -, |1Ex]]).

|af=i

e or the modified Fisher-Belitskii norm

o!
1117 =) W‘Fj’a’% IFIP = |F3]? + - + [ Fel[*-
|| =1 ’

Remark 13. In practice, for each 7, there is a decomposition into direct sums }}(fl)n = L,8K;
with Sz, is a bijection onto its range. The chosen right inverse is then the one with
zero component along K;. For instance, the case of the modified Fisher-Belitskii norm,
K; := kerS; is the natural one, where S’ denotes the adjoint of S; w.r.t. the scalar
product.

Theorem 14. [Stol6/[theorem 7] Let us consider a system of analytic non-linear pde’s
such as equation :

S(F) =m (W(z,j;"F)). (116)
If the triple (S, T, ) has big denominators property of order m, according to deﬁm’tion
then the equation has an analytic solution F' € .7:%31 .

Remark 15. The precise statement of [Stol6] holds for F' € .7:5121 and where the order of
W (x,0) at the origin is greater than ¢. The shift by 1 (i.e F' € F22, and where the order
of W(x,0) at the origin is greater or equal to ¢) of the above statement, doesn’t affect its
proof.
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B.3 Application

In this section we shall devise the strictly increasing condition in more detail. We look for a
formal solution F=0 =37, F® to (116). As above, F() stands for (Fl(mlﬂ)7 . ,F,gm"'ﬂ)).
We define

r (i+q+1)
S(FUHDy .= x, jy ZF

7>0

Here [G] () denotes the homogenous part of degree i of G in the Taylor expansion at the
origin. Therefore F' := Ziz F) is a solution of |D if

ordg x, Jy ZF - x, jo ZF >i4+q+ 1. (117)
j=>0 7>0

Indeed, we would have

- 7 (i+q+1)
ZF(i) = Z W | x, jx ZFQ
i>0 >0 | >0 |
- 7 (i+g+1)
= Z W | x, jx ZFU =aW (z,ji° F)
>0 | >0 |

We emphasize that condition - 117) just means that W strictly increases the order by ¢
as defined in Definition [10l Let us look closer to that condition. Let us denote F<' :=
Z o F FU) and F>' = D i FU). Let us Taylor expand W (z, j™F) at F<'. We thus have

ala\Fj>i
ox®

W(a, 2 F) = W, P =) = 3 o ((z, ;" F="))
7,00
oW s ORI QI
3 28%7((:0]117 ) ox® ox? T

aauj o’

We recall that ordg Fj>i > m; +1i and when considering a coordinate u; o, we have |a| < m;.

Hence, we have

a|a|F>z
ox®

In order that the first derivative part of this Taylor expansion satisfies (117]), it is sufficient

that

Ord()

>mj+1—|al.

oW
ordy 7 —((z, j"F=")) > |a] —m; + ¢+ 1.
Ija

This is nothing but the regularity condition as defined in Definition . Let us consider

the other terms in the Taylor expansion. We have, for instance,

ool F>i gle’ i
or® Oz

ordy >mj+i+1—|al+my+i+1l—|d

41



If i +1 > q, then not only the second but also any higher order derivative part of this
Taylor expansion satisfies (117)).

Corollary 16. If ¢ = 0 and if the system is regular, then it strictly increases the order by

0.

References

[Bel79] G.R. Belitskii. Invariant normal forms of formal series. Funct. Anal. Appl.,
13(1):46-47, 1979.

[Bel90] V. Beloshapka. Construction of the normal form of the equation of a surface of
high codimension. Mathematical Notes of the Academy of Sciences of the USSR,
48(2):721-725, August 1990.

[BER98] M. Salah Baouendi, P. Ebenfelt, and L. Rothschild. CR automorphisms of real
analytic manifolds in complex space. Communications in Analysis and Geometry,
6(2):291-315, 1998.

[BER99] M. Salah Baouendi, P. Ebenfelt, and L. Rothschild. Real submanifolds in complex
space and their mappings, volume 47 of Princeton Mathematical Series. Princeton
University Press, Princeton, NJ, 1999.

[BFG83] M. Beals, C. Fefferman, and R. Grossman. Strictly pseudoconvex domains in C™.
American Mathematical Society. Bulletin. New Series, 8(2):125-322, 1983.

[Car32] E. Cartan. Sur la géométrie pseudo-conforme des hypersurfaces de ’espace de deux
variables complexes II. Annali della Scuola Normale Superiore di Pisa. Classe di
Scienze. Serie II, 1(4):333-354, 1932.

[Car33] E. Cartan. Sur la géométrie pseudo-conforme des hypersurfaces de 1'espace de
deux variables complexes. Annali di Matematica Pura ed Applicata, Series 4,
11(1):17-90, December 1933.

[CMT74] S.S. Chern and J. Moser. Real hypersurfaces in complex manifolds. Acta Math-
ematica, 133:219-271, 1974.

[CS09]  A. Cap and J. Slovék. Parabolic geometries. I, volume 154 of Mathematical Surveys
and Monographs. American Mathematical Society, Providence, RI, 2009.

[ES96]  Vladimir V. Ezov and Gerd Schmalz. Normal form and two-dimensional chains
of an elliptic CR manifold in C*. .J. Geom. Anal., 6(4):495-529 (1997), 1996.

[ES98]  Vladimir V. Ezov and Gerd Schmalz. Special normal form of a hyperbolic CR-
manifold in C*.  Ann. Polon. Math., 70:99-107, 1998. Complex analysis and
applications (Warsaw, 1997).

[Fis17] E. Fischer. Uber die Differentiationsprozesse der Algebra. J. fiir Math. 148, 1-78.,

148:1-78, 1917.

42



[GL15]

[GS16]

[Hua04]

[HY09]

[HY16]

[HY17]

[Jac90]

[LS10]

[MWS3]

[Riis67]

[SS06]

[Sto16]

[Tan62]

[Vit85al

[Vit85b]

X. Gong and J. Lebl. Normal forms for CR singular codimension-two Levi-flat
submanifolds. Pacific J. Math., 275(1):115-165, 2015.

X. Gong and L. Stolovitch. Real submanifolds of maximum complex tangent space
at a CR singular point, I. Invent. Math., 206(2):293-377, 2016.

X. Huang. Local equivalence problems for real submanifolds in complex spaces.
In Real methods in complex and CR geometry, volume 1848 of Lecture Notes in
Math., pages 109-163. Springer, Berlin, 2004.

X. Huang and W. Yin. A Bishop surface with a vanishing Bishop invariant. Invent.
Math., 176(3):461-520, 2009.

X. Huang and W. Yin. Flattening of CR singular points and analyticity of the
local hull of holomorphy I. Math. Ann., 365(1-2):381-399, 2016.

X. Huang and W. Yin. Flattening of CR singular points and analyticity of the
local hull of holomorphy II. Adv. Math., 308:1009-1073, 2017.

H. Jacobowitz. An introduction to CR structures, volume 32 of Mathematical
Surveys and Monographs. American Mathematical Society, Providence, RI, 1990.

E. Lombardi and L. Stolovitch. Normal forms of analytic perturbations of quasiho-
mogeneous vector fields: Rigidity, invariant analytic sets and exponentially small
approximation. Ann. Scient. Ec. Norm. Sup., pages 659-718, 2010.

J. Moser and S. M. Webster. Normal forms for real surfaces in C? near complex
tangents and hyperbolic surface transformations. Acta Math., 150(3-4):255-296,
1983.

H. Riissmann. Uber die Normalform analytischer Hamiltonscher Differentialgle-
ichungen in der Nahe einer Gleichgewichtslosung. Math. Ann., 169:55-72, 1967.

G. Schmalz and A. F. Spiro. Explicit construction of a Chern-Moser connection
for CR manifolds of codimension two. Annali di Matematica Pura ed Applicata.
Series IV, 185(3):337-379, 2006.

L. Stolovitch. Big demonimators and analytic normal forms. with an appendix of
M. Zhitomirskii. J. Reine Angew. Math., 710:205-249, 2016.

N. Tanaka. On the pseudo-conformal geometry of hypersurfaces of the space of
n complex variables. Journal of the Mathematical Society of Japan, 14:397-429,
1962.

A. G. Vitushkin. Holomorphic mappings and the geometry of surfaces. In Current
problems in mathematics. Fundamental directions, Vol. 7, Itogi Nauki i Tekhniki,
pages 167226, 258. Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform.,
Moscow, 1985.

A. G. Vitushkin. Real-analytic hypersurfaces of complex manifolds. Uspekhi Mat.
Nauk, 40(2(242)):3-31, 237, 1985.

43



	Introduction
	Framework
	Initial quadric
	Complex defining equations
	Fischer inner product
	The normalization conditions

	Transformation of a perturbation of the initial quadric
	Equations for the (p,q)-term of the conjugacy equation
	(p,0)-terms
	 (p,1) -terms
	 (3,2) 
	  (2,2) -terms
	 (3,3) -terms

	A full formal normal form: Proof of thm:main1
	Analytic solution to the weak conjugacy problem: Proof of thm:main2
	Step 1: Preparation
	Step 2: Normalization of  (1,1), (2,2), (3,3), (2,1) and (3,1)-terms
	Normalization of terms (m,1), m>=4
	A linear map


	Convergence of the formal normal form
	On the Chern-Moser normal form
	Computations
	Big denominators theorem for non-linear systems of PDEs
	The problem
	Big denominators. Main theorem
	Application


